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Abstract We solve a problem posed by Mastylo (Math Japon 36(1), 85-92, 1991)
proving that every “non-trivial” subspace of a Banach space X generated by some
positive sublinear operator and an L ,-space with 1 < p < oo contains, for any
e >0, an (1 + &)-copy of [, which is (1 + ¢)-complemented in X.
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1 Introduction and preliminaries

Many Banach spaces which play an important role in functional analysis and its appli-
cations are obtained in a special way: the norms of these spaces are generated by
positive sublinear operators. The well-known examples of such spaces are real inter-
polation spaces (see [1,2]), extrapolation spaces (see [3-6]), Triebel spaces Bj, , and
F;,q [7], “tent” spaces [8].

Mastylo [9] investigated under some conditions Banach spaces of the above type.
In this paper, we weaken in a natural way the conditions imposed there and give a
solution of a problem of existing complemented [ ,-copies in such spaces raised in [9].
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Let (2, X, ) be a complete o-finite measure space and let L0 = LY%Q, x, 1)
denote the space of all (equivalence classes of) p-measurable real-valued functions,
equipped with the topology of convergence in measure on p-finite sets.

Throughout this paper by X = (X, ) we will denote an F-space, i.e., complete
topological vector space with a topology t generated by a translation-invariant metric.
Moreover, let S: X — L%(Q, ¥, ) be a positive sublinear operator vanishing only at
zero. Thismeans that (1) Sx > 0, (2) S(Ax) = [A|S(x)(A € R), 3) S(x+y) < Sx+Sy
forallx, y € X and (4) Sx = Oif and only if x = 0. For every Banach function lattice
F C LO(Q, 3, u) we define the linear space

Dp(S) ={xeX: SxeF}
with the norm

Ixlippesy = I1SxllF,  x € Dp(S).

We will be interested, mainly, in the case when F' = L, := L,(2, X, 1) (1 < p <
00) and will write D, (S) (or shortly D)) instead of Dz, (S).
Throughout we will assume that the following hold:

(a) The space Df(S) is continuously embedded into (X, 7);

(b) Forevery A e ¥(u) :={B e X: u(B) <oo}andanye > Othereisaset A, €
Y suchthat A, C A, £(Ag) > u(A)—e and the mapping P4, S: (Dp(S), 1) —
F is continuous at zero.
Here and in the sequel by Pp it will be denoted the multiplication operator by
the characteristic function xp, where B € X, i.e., Ppx :=x - xp(x € LO).
Clearly, in the case when 1 (£2) < oo condition (b) is equivalent to the following
one:

(c) For any ¢ > O there is a set 2, € X such that ©(2;) > w(2) — ¢ and the
mapping Pq, S: (Dr(S), T) — F is continuous at zero.

Note that Mastylo [9] considered instead of (b) a stronger condition:

(b") For every A € Z(u) the mapping P4S: (Dp(S), ) — F is continuous at
Zero.

An important advantage of condition (b) by comparison with (b’) is that in this case
the general construction described above includes various classes of spaces corre-
sponding to the case when 1 (€2) < oo, for example, extrapolation spaces and Cesaro
function spaces on [0, 1] (see Examples 2, 3).

Let us show first that conditions (a) and (b) guarantee that D (S) is a Banach space.
In fact, let {x,} C Dr(S) be a Cauchy sequence, i.e., [x, — Xnllpps) = IS, —
xu)llF = 0asn, m — oo. Since Sx, < S(x, —x;,) + Sx;,, then || Sx, —Sxp||lF — O
as n,m — oo. Therefore, ||Sx, — y||F — 0asn — oo for some y € F.

On the other hand, by (a), {x,} is a Cauchy sequence in X. Since X is complete,
then there is a x € X such that x,, 5 x Using condition (b), for every A € X (u) and
for any ¢ > 0, we can find a set A, € X such that A, C A, u(A;) > n(A) — ¢ and
I xa,S(x,—x)||[r — 0. This and sublinearity of S imply that || x4, (Sx, —Sx)||lr — O.
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Since A € Z(u) and ¢ > 0 are arbitrary, then Sx, — Sx in L? = LY(Q, T, ).
Thus, y = Sx and ||x, — x| ppcs) = O.

In what follows by a subspace of a topological vector space X we will mean an
infinite-dimensional closed subspace. By [x,,] we denote, as usual, the subspace gen-
erated by a sequence {x,}7°, from X'. Let ¢ > 0. We will say that Banach spaces
X and Y are (1 4 ¢)-isomorphic if there is an isomorphism H : X — Y such that
(1—=9)xllx < I|Hx|ly < (14¢)|lx]x forallx € X. A subspace N of a Banach space
X will be called (1 + ¢)-complemented in X if there exists a bounded linear projection
P : X — X whose image is N and such that | P|| < 1 + &. By 5, (or shortly by )
it will be denoted the norm topology of D, = D,(S) and by | - | an F-norm, which
induces a topology t on an F-space X'. Moreover, if (X, 7) is a topological vector
space and N is a subspace of X, then 7|y is the induced topology on N.

Mastylo [9, Theorem 6] proved that under condition (b’) for any ¢ > 0 every
non-closed in X" subspace of D, contains (1 + &)-isomorphic copy of /,,, which is
not closed in X'. Also he asked under which conditions on S any non-closed in X
subspace of D, contains a complemented in D, subspace which is isomorphic to [,,?
Here, we solve this problem in the affirmative, even under a weaker condition than
(b’), namely (b).

The paper is organized as follows. In Sect. 2 we consider some examples of Banach
spaces of the type D, (S). Section 3 contains the main result, Theorem 1, showing
that under conditions (a) and (b) for any ¢ > 0 every non-closed in X subspace X
of the space D, (S) contains a subspace Y., which is (1 + &)-isomorphic to [, and
(1 + &)-complemented in D, (S). In the last Sect. 4 we collect some applications of
obtained results to real interpolation spaces, extrapolation spaces and Cesaro spaces.

The author thanks the referee for suggestions which helped to improve the presen-
tation of the results of this article.

2 Examples of spaces of the type D, (S)

Example 1 (Real interpolation spaces) Recall that a pair (X, X1) of Banach spaces is
called a Banach couple if Xy and X are both linearly and continuously embedded in
some Hausdorff linear topological vector space. For a Banach couple (X¢, X1) we can
define the intersection XN X1 and the sum Xo-+ X1 as the Banach spaces with the nat-
ural norms: [lxl|xonx, = max {[lxllx, . xllx,} and [xllxox, = K1, x5 Xo, X1),
where K(¢, x; Xo, X1) is the Peetre K -functional, i.e.,

K(t, x; Xo, X1) = inf{||xollx, + tlIx1llx, : x =x0 +x1,x € X;,i =0,1}

forany x € Xo+ Xy and ¢ > 0.

Let (X0, X1) be an arbitrary Banach couple, X = Xy + X; with the topology
generated by the norm of Xy + X1, and let ¢ : [0, c0) — [0, c0) be a continuous
concave function with ¥ (0) = 0 such that

lim ¥ () = lim v o, (1)
t—0+

t— 400 t
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Then, define the positive sublinear operator S : X — LO(Z, ZZ, ), where pu is the
counting measure, by

Sx == {KQ", x; Xo, X)/Y @O} (x € X).

n=—oQ

Itis not hard to check that D, (S) satisfies properties (a) (see, for example, [2]) and (b).

In the interpolation theory of operators these spaces are well known as the real inter-

polation spaces [2] and they are denoted by v (Xo, X1). In particular, if ¥ (t) = 1?
4

(0 < 6 < 1), we obtain classical Lions—Peetre interpolation spaces (Xo, X1)g,p [1].

Example 2 (Extrapolation spaces) Let X = Ni<p<00L [0, 1] with the topology ©
generated by the family of usual L ,-norms ||x||,, 1 < p < oo (i.e., x, -~ 0 means
lx.ll, — O for every 1 < p < 00). Take for a measure space the interval [1, co)
with the measure d\ := 275¢'(27%) ds, where ¢ : [0, 1] — [0, 1] is a continuous
increasing concave function, ¢ (0) = 0. It is easy to see that the operator

Sx(t) :==|xll; (1 =t <o00)

satisfies conditions (1)—(4) and property (a) is fulfilled. Moreover, for every g > 1

28
1
AM(IB. 50)) —/dx—/z—%o’(z ) ds = —2/ "ydi = —go(z ).
0

@)

In particular, we see that A([1, 00)) = ¢(1/2)/log2 < oo, and therefore for proving
(b) it is sufficiently to check (c).
Let ¢ > 0 be arbitrary. Since lim,_, o+ ¢(u) = 0, then taking into account (2), we

can fix B > 1 so that A([8, 00)) < e. Suppose that x, € D,(S) and x, 5 0. Let us
show that

Pi1,g1Sxn (1) == x, g1 xpll; = 0 in L,(R). 3)

In fact,

| PuerSnll7 ) = / lxallP2 76/ @) dt

12
01D,
" / I ¢ 0 e = S0,

By assumption, the right-hand side of the last inequality tends to zero as n — oo, and
therefore (3) is proved.
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The spaces D, (S) are called the extrapolation spaces and originally they appeared
in connection with the well-known Yano theorem [10]. These spaces can be identified
with the appropriate rearrangement invariant spaces (see, for example, [11,12]). In
particular, as it is proved in [5, Theorem 4], D, (S) coincides with the Lorentz space
Ap(p) if and only if ¢ € AZ. Recall that the Lorentz space A p(@) consists of all
measurable on [0, 1] functions x () such that

1/p

1
1 la ) = /(x*(r))f’dw(r) < o0
0

(x*(¢) is the nonincreasing rearrangement of |x(¢)|) and the condition ¢ € A? means
that there exists a C > 0 such that (1) < Ce(t?) forall0 < ¢ < 1.

Example 3 (Cesaro function spaces) Let X = No<xp<1L1[0, h] with the topology t
generated by the family of semi-norms ||x]||,0,n) (0 < & < 1). Taking for a measure
space the segment [0, 1] with the usual Lebesgue measure and for an operator S the
well-known Hardy operator:

t
Sx(t) := %/ |x(s)|ds (0 <t <1),
0

we obtain the Cesaro function space D (S) := Ces[0, 1]. Inparticular, Ces [0, 1] =
L}U with the weight w(z) = In(1/7) and {x(¢) € Cesp[0,1]: x(z) =0if t > a} C
L0, a] continuously for any @ € (0, 1) but not for @ = 1 [13, Theorem 1(a,d)].
Therefore, for every 1 < p < oo, the continuous embedding Ces,[0, 1] C X holds,
i.e., we have (a). Moreover, it is not hard to check (see [14]) that {x(z) € Ces,[0, 1] :
x(t) =0ifr € [0, h) U (h, 1]} = L1[h, 1 — h] (with equivalence of norms) for every
h € (0, 1/2), which implies condition (c).

Similarly, if X = No<n<coL1[0, 1] with the topology t generated by the family of
semi-norms ||x||z[0,n] (0 < h < 00) and

t
Sx(t) := ;/ x(s)|ds (0 <t < 00),
0

we obtain the Cesaro function space D, (S) := Cesp[0, 00).

3 Main results

The proof of the following result only slightly differs from the one of Theorem 5 in
[9] (in view of the fact that we use condition (b) instead of (b")) and therefore it is
omitted.
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Proposition 1 Let 1 < p < oo and K be a compact subset (in D, = D,(S)) of the
unit sphere of D, and let X be a subspace of D, such that 1x is strictly weaker than
nx. Then, for every a > 0 and ¢ € (0, 1), there exists y € D), with ||y||Dp =1,
|y| < o and such that

(1= &)([M1” + 122)P < x4+ kayllp, < A+ e)(]” + 2N @)
foreach x € K and L1, A € R.

The following theorem resolves a problem posed by Mastylo [9, see p. 90].

Theorem 1 Let 1 < p < oo and let X be a subspace of D, such that Tx is strictly
weaker than n|x. Then, for any ¢ > 0, there exists a sequence {x;};>, C X with
Ixkllp, =1 (k=1,2,...) and satisfying the following properties:

(1) foranyy e R (k=1,2,...) we have that

o0 I/p o0 I/p
(a —e)(ZMkV’) < < (1+8)(Z|)\k|p) ;5
k=1 D,

k=1
(2) the subspace Xo := [xi] is (1 + &)-complemented in D ;
(3) the topology t|x,, is strictly weaker than nx, .

00
Z A Xk
k=1

Proof For a givene > 0,1let$§ € (0,1),0 € (0,1), and 6, € (0, 1) be such that
(1483 <146 (14+6)/(1—-0) <1+, and

1—s<[Ja-60<JJa+6) <1+s. (6)

n=1 n=1

Moreover, let {a,}°° | be a sequence of positive numbers tending to zero.
We define inductively a sequence {yj}‘/?il C X such that |ly;llp, = 1, |y;| <

a;(j € N) and for every m e NandforallAy,...,Ap € R
[Ta=en D7) =D rvi| <[Ta+ep{ D mir] - @
j=1 j=1 j=1 p, = j=1

Atfirst, since 7|x is strictly weaker than n|x, thereisa y; € X such that ||y || D, = 1
and |y1| < a. By Proposition 1, we can find y, € X suchthat ||y2llp, = 1, [y2] < a2
and

(1 =0 (A1P + [22)YP < [Iaiy1 + A2y2llp, < (1+60D)(MIP + [A2])P
for every Ay, Ay € R.

Assume that we already have chosen elements yy, ..., y,—1 € X with[|yjllp, = 1,
lyjl <ea; (j=1,...,n—1) and satisfying inequality (7) for m = n — 1 and for all
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Ay ooy Ap—1 € R.Itis clear that the set K := {x € span{yi, ..., ya—1}: [xllp, =
1} is compact in D). Therefore, by Proposition 1, there exists a y, € X such that
yallp, =1, |yn] < on and

(1 =01+ ¥ IHY? < llx + yyullp, < (1 + 61+ |y PP ®)

foreach x € K and y € R. Let A1, ..., A, € R be arbitrary. Clearly, we may (and
. -1 . -1 -1
will) assume that || 22721 A;y;llp, > 0. Setting y = A, - [| 22}, jyillp, and

X = (Z?;i Ajyi) -l Z’};i )”jyj”l_%l: (note that x € K) and using (8), we infer that

» 1/p
n—1 n
(1= 6,) Hzxm + |Anl? <D xvi
f=1 Dp j:l Dp
- P 1/p
<U+60) [ D nvi] +al?
Jj=1 D,
Hence, from (7) for m = n — 1 it follows that
1/p I/p

n n n n n
[Ta=ep D7) <D v =[la+en (D 7] .
j=I1 j=I j=1 j=I j=I

Dy

which means that (7) holds for m = n. Therefore, we can choose a sequence {y; }?‘):1 C
X with required properties, whence by (6) we obtain that

1/p 1/p

A= [ D17 | = D2 ryi| A+ D107 ©)
j=1 j=1

D, j=1

forany 2; € R(j = 1,2,...). Moreover, since ||yj|lp, = 1 and |y;| < &;(j € N),
where «j — 0, then 7y, is strictly weaker than [y ;. Let us show that there exists a
subsequence {x;} C {y; ;’O: 1» which spans an (1 + ¢)-complemented subspace in D,.

Firstly, using a procedure similar to the Kadec—Petczyniski disjointness method
[15], we prove that, for any positive §x(k = 1,2, ...) with Zﬁk+1 8; < &, there
exist pairwise disjoint sets Ay € X(u) and a subsequence {y,, } C {y.},—, such that
the functions z; := Syy,, satisfy the inequalities:

lzk — Pagzillp <8k (k=1,2,...). (10)
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Let B; € X(u) be arbitrary. Since |y,| — 0, then by (b), there is a set C; C Bj such
that || Pc, Sy, |l — 0. Hence,

1
1Peizillp = I1Pe, Symllp = =

for some n1 € N. In addition, there exists a set By € X(u) such that B, O Bj and

31
I1Pgzillp = 1PpySynllp = 3

where E' := Q\E(E C ). Furthermore, thereisa /| > 0 such that from u(E) < h
it follows: || Pez1llp, < 62/3. Applying (b) once more, we can find C; C B; such that
w(B2\C2) < hyand || Pc, Sy, |l — 0. Taking into account the choice of /21, we have
that

%3
”PBz\CzZl ”p = ||P32\C25Yn1 ”p = ?

Suppose that for some £k € N we already have chosen two sequences of sets {B,-}f.‘: 1
and {Ci}le, Ci C Bi(i =1,2,...,k) and a subsequence {y, }f;ll C {yn};2 so that
| Pc, Synllp — 0asn — oo and the functions z; = Syy, satisfy the inequalities:

3;
| Pe;zillp < 3 (11)
di
||PB;+IZi||p =< 3 (12)
and
Sit1 . .
| P \CipZjllp = = G=12,...,0) (13)

foranyi =1,2,...,k — 1. Then, it is clear that

k
1Pevzillp = 1PeSymllp = =

for some n; € N and that there exists Bxy1 € X () with By41 D By and

Ok
1Pg;, zkllp = 11 Ppy, Synellp < 3

k+1

Moreover, as above, we can find a h; > 0 such that from u(E) < hy it follows:
1Pezjllp < 8k+1/3 (j = 1, ..., k). Then, by (b), there is Cy41 C By such that
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m(Bry1\Cr+1) < hi and || Py Synllp — 0. In particular, we obtain that

Sk1
||PBk+1\Ck+lZ]||p<T ( "--,k)~

Thus, we have constructed sequences of sets {B; }k+l and {Ci}f‘+ll, Ci C Bii =
1,2,...,k+ 1) and a subsequence {y,,,} _1 Clynl52 sothat [|[Pc,, Syull, — Oas
n— 0o and the functions z; = Sy, satisfy inequalities (11), (12) and (13) forany i =
1,2, ..., k. Continuing in just the same way we obtain two sequences of infinite sets
{B; }"O1 and {Ci}?2,,Ci C Bi(i =1,2,...) and a subsequence {y,,}7°; C {yn}ro,
such that inequalities (11), (12) and (13) hold for all i € N.

Set

Uy := Bi\Cx and Ay := (Ux U Biy1\BO)\ (U244 Ui) (k=1,2,...).

It is not hard to check that Ay are pairwise disjoint sets. In fact, letk < j and w € Ag.
Clearly, ¢ U;. Therefore, assuming that ® € Aj, we obtain: € Bj11\B;j,
whence w ¢ B;. Since By C By41 C Bj, we obtain that w ¢ Ay, which contradicts
our assumption.

Futhermore, by (11), (12) and (13), we have that

o
1Pazk = zlly < 1Py 2kllp + I1Pezellpy + D 1Pzl

i=k+1
S Sk — &
XLk 2 - <5,
=3 + 3 +‘ 3 < 0k
i=k+1

and (10) is proved. Combining (10) with the equality [[zkll, = ISy ll, = 1, we
obtain that

| Pajzillp > 1 =38 (k=1,2,...). (14)

Setting xy := yy, (k € N), by [16, Theorem 1.25], for every k € N we can find a linear
operator Ly : D, — L such that Lyx; = Sxx = zx and |Lgx| < Sx forall x € D).
Define on D, the followmg linear operator

o
Lx := ) Py Lix.
i=1

Since the sets A; are pairwise disjoint, then

|Lx| < §u§|Lix| < Sx (x € Dp). (15)
IAS
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Furthermore, denote uy := Lx; (k =1,2,...). Since Pa,ur = Pa, Lixk = Pa, 2k,
then by (15) and (10)

luk — Payzrllp < llzx — Pagzrllp < 8 (k=1,2,...).

Therefore, from (14) it follows that

o0 o0
lux — Payzellp Sk
< . 16
> > o

—  IPazkllp

Since the sets Ay are pairwise disjoint, then { P4, zx /|| Pa,zk |l p} 32, is a basic sequence
which is 1-complemented in L, and isometrically equivalent to the canonical basis
of [, (see, for example, [17, Proposition 6.4.1]). Therefore, by the well-known princi-
ple of small perturbations [18, Proposition 1.a.9], choosing §; > 0 in an appropriate
way, we obtain that the subspace [uy] generated by the sequence {uy }7> ; will be both
(14+6)-isomorphicto/, and (146)-complemented in L ,. Moreover, the corresponding
projection Q : L, — [uy] can be represented in the following form:

o)
Ox = Z(x, V) Uk,
k=1
where vy € Ly(1/p+1/qg = 1), (ug, vp) := fQ ug(w)vg(w)du = 1and (u;, vi) =0
if i # k.
Let us show that the linear operator

o0
Tx = Z(Lx, V) Xk
k=1

is a bounded projection in D, with norm not exceeding 1 + ¢. In fact, firstly, taking
into account the definition of xj, properties of {u;} and Q and inequalities (9) and
(15), we obtain that for any x € D),

o0 1/p
ITxlp, < (1 +8>(Z |(Lx, ka’) <A+,
k=1
< +8)Lx], < (1+8)3Sxll, < A +8)xlp,.

Moreover, for every i € N

oo o0
Txi = D (Lxi, vo)xe = D (i, vi)xx = X;.
k=1 k=1
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Therefore, Xo := [x;] as the image of T is an (1 + ¢)-complemented subspace in
D,. Since {x;} C {yn ;’l":], then inequality (5) is an immediate consequence of (9).
Therefore, the proof is complete.

Corollary 1 For any & > 0 every non-closed in X subspace of D, contains (1 + ¢)-
isomorphic copy of l,, which is (1 + &)-complemented in D, and not closed in X

Arguing in the same way as in the proof of Corollary 8 from [9], we obtain the
following result.

Theorem 2 Let 1 < pg # p; < o0. Ifr|Dpi is strictly weaker than Dy, fori =0
andi =1, then D,, # Dp,.

4 Some applications

Applying Theorems 1 and 2 to various classes of spaces of the type D), we get a
number of results. Let us confine ourselves to the cases considered in Sect. 2.

Recall that a Banach couple (X, X1) is called nondegenerate if Xo N X; is a
non-closed subspace of X + X. If (Xo, X1) is a nondegenerate Banach couple and
Y 1 [0,00) — [0, 00) is a continuous concave function satisfying condition (1),
then the restrictions of the norms || - || x,+x, and | - ”’CL‘” (Xo,x,) t0 X9 N X are not

equivalent [2, Proposition 4.6.26]. Therefore, from Theorpem 1 we infer the following
result.

Theorem 3 [2, Theorem 4.6.25] Let 1 < p < oo and let ¥ : [0, 0c0) — [0, 00) be a
continuous concave function with ¥ (0) = 0 satisfying (1).

(@) If X is a non-closed in Xo + X1 subspace of the space ICL%, (Xo, X1), then for
every ¢ > 0 X contains a subspace Y., which is (1 + &)-isomorphic to I, and
(1 + &)-complemented in ICL%, (X0, X1).

(b) The same holds for X := K LY (X0, X1) under the assumption that the couple
(Xo, X1) is nondegenerate.

In particular, when ¥ (t) = (0 < 8 < 1), we obtain the well-known result of
M. Levy for the Lions—Peetre interpolation spaces (X, X1)g,p [19].

Theorem 4 [20] If a Banach couple (Xo, X1) is nondegenerate, then the equality
(X0, X1)69,po = (Xo, X1)g,,p, (With equivalence of norms) implies that 6y = 01 and
po = p1.

Let us proceed with extrapolation spaces (see Example 2).

Theorem 5 Let 1 < p < oo and let ¢ : [0, 1] — [0, 1] is a continuous increasing
concave function with ¢(0) = 0 such that ¢ € A>. If X is a subspace of the Lorentz
space A p (@), which is not closed with respect to the topology Tt generated by the
Samily of norms ||x||p, 1 < p < oo, then for every ¢ > 0 X contains a subspace Y
that is (1 + &)-isomorphic to I, and (1 + €)-complemented in A ().
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And finally, we consider Cesaro function spaces (see Example 3). In the case I =
[0, 1], the following result is proved in [21, Theorem 3].

Theorem 6 Let 1 < p < ocoandlet I = (0,00) or I = [0, 1]. Suppose that X is a
subspace of the Cesaro space Ces (1), which is not closed with respect to the topology
T generated by the family of semi-norms ||x||r,[0,n], where 0 < h < 1if I = [0, 1]
and 0 < h < oo if I = (0, 00). Then for every ¢ > 0 X contains a subspace Y, that
is (1 + &)-isomorphic to 1, and (1 + €)-complemented in Ces,(I).
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