Sbornik: Mathematics 203:4 514-533 © 2012 RAS(DoM) and LMS

Matematicheskit Sbornik 203:4 61-80 DOI 10.1070/SM2012v203n04ABEH004232

On the geometric properties of Cesaro spaces

S. V. Astashkin

Abstract. It is proved that the Cesaro space Cesy[0,1], 1 < p < o0,
contains a complemented subspace isomorphic to [? if and only if either
q=1or g =p A class of subspaces of this space that contain comple-
mented copies of the space [P is distinguished.
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§ 1. Introduction and preliminaries

As is well known, the norms of many of the Banach spaces which play an impor-
tant role in functional analysis and its applications are generated by L,-norms and
by positive sublinear operators. The Cesaro spaces are interesting examples of
spaces of this kind (for other examples, see [1], and also the concluding part of this
paper). These spaces became widely known at the end of the 1960s in connection
with the problem of finding their duals; this problem was posed by the Dutch Math-
ematical Society [2]. In what follows, we consider the Cesaro spaces Ces,[0, 1] which
consist of all measurable functions f on [0, 1] that satisfy the following conditions:

Lrq gt p 11/p
flew = | [ (7 [ 1rolas) at] <o 1spcoe
1 t
Il = sup 7 [ 175 ds < oo (12)

We note that the space Cess |0, 1], which is also known as the Korenblyum-Krein-
Levin space K, first arose in 1948 in connection with problems in the theory of
singular integrals (see [3] and [4], Chs. 0 and 1).

One of the most important characteristics of the geometric structure of a Banach
space is the existence of (complemented) [9-copies, that is, of (complemented) sub-
spaces isomorphic to the space 19, 1 < ¢ < oo, in the space in question (see, for
example, [5], Chs. 6, 10 and 11). In the case of Ly,-spaces, the following results
hold, which show the difference between the geometric properties of the spaces for
1<p<2and2<p< oo (see [b], Theorem 6.4.19 and Theorem 6.4.21 and also
Kadets-Pelczyriski’s classical paper [6]).
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Theorem A. Let 1 < ¢ < oo.
(a) If 1 < p < 2, then the space 19 can be embedded isomorphically in L,[0,1] if
and only if p < q < 2.
(b) If 2 < p < o0, then the space 17 can be embedded isomorphically in L,0,1]
if and only if g =p or q = 2.
(¢) If 1 < p < o0, then L,[0,1] contains a complemented subspace isomorphic to
11 if and only if g =p or q =2.

A similar description of the set of all ¢ for which isomorphic copies of [9 are
contained in the Cesaro space Ces,[0, 1] was given in [7], Theorem 10.

Theorem B. (a) If 1 < p < 2, then the space 19 can be embedded isomorphically
in Ces,[0,1] if and only if ¢ € [1,2].

(b) If 2 < p < o0, then the space 1 can be embedded isomorphically in Cesy[0, 1]
if and only if g € [1,2] or ¢ = p.

The main objective of this paper is to determine the set of all ¢, 1 < ¢ < o0, for
which a Cesaro space contains complemented [9-copies. It turns out (see Theorem 2)
that the space Cesp[0,1], 1 < p < o0, is in a sense a ‘combination’ of the spaces
Ly and L,, because it contains only complemented /'~ and [P-copies (examples of
these were presented earlier in [8], Theorem 1 and [7], Theorem 6, respectively). A
similar result is also obtained for the [?-copies of a Cesaro space that are spanned
by sequences of disjoint functions (Theorem 1 and Corollary 1). In §3, a theorem
of Kadets-Pelczyniski type [6] on the geometric structure of the space Cesy[0, 1],
1 < p < 0, is also obtained, namely Theorem 3, which shows that every ‘nontrivial’
subspace of Ces,[0, 1], p < 0o, contains a complemented [P-copy. The proofs of these
statements rely heavily on the results of § 2 (which are also of independent interest,
in our opinion). These state that the geometric properties of a Cesaro space ‘near’
zero and one are similar to those of the space L,[0,1]. In the concluding section,
§4, we give a general construction of spaces defined by sublinear operators.

We first recall the definitions we need below. Let L = L°[0, 1] be the set of all
real-valued functions that are finite almost everywhere and Lebesgue measurable
on [0, 1] (to be more precise, L° is the set of equivalence classes of these functions).
Then by a Banach lattice (a Banach ideal space) we mean a Banach space X C L°
with the following property: if |f| < |g| almost everywhere on [0,1] and g € X,
then f € X and ||f|| < ||lg||. For details concerning properties of Banach lattices,
see the monographs [9]-[11].

We recall that the lattice associated to a Banach lattice X on [0, 1] is the set X’
of all functions f € L° such that

1
[ fllxr == sup /0 |F(H)g(t)| dt < co.

gEX, llgllx <1

This is also a Banach lattice on [0,1]. Moreover, X C X" and | f||x~ < ||f||x for
any f € X, and we have X = X" and || f||x» = || f|lx if and only if the space X is
mazimal, that is, if 0 < f,, /" f almost everywhere on [0,1] and sup,en || fn]l < o0,
then f € X and ||f.|| /" ||f|l- The embedding X’ C X* holds, where X* stands for
the space dual to X. Moreover, X’ = X* if and only if X is separable.
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The following Holder-type inequality holds for an arbitrary Banach lattice X on
[0,1] and the associated lattice X': if f € X and g € X', then fg is integrable and

1
/0 |F)g(®)]dt <[ fllx llgllx-

The Cesaro space Ces,[0,1], 1 < p < oo, with the norm defined in (1.1) for any
finite p and in (1.2) for p = oo is obviously a maximal Banach lattice on [0, 1].
It can readily be shown that Ces;[0,1] coincides isometrically with the weighted
space L'(In(1/t)) (see [7], Theorem 1). We also note that the space Ces,[0,1],
1 < p < o0, is separable, whilst Cess[0, 1] is not. As was proved in [7], Theorem 4,
for any 1 < p < oo the Cesaro space is p-concave with constant 1, that is,

n 1/p n 1/p
(Cslg) < (i)
k=1 k=1

for any f1, fa, ..., fn € Cesp[0, 1].
For an arbitrary measurable function f on [0, 1] we write

C(p)

F(t) = esssup | f(s)].

s€(t,1]

Then (Cess[0,1]) = Ly and || fllcwey = Ifllz,, where [flz, = IfllL,, as was
proved in [12]. In the case 1 < p < oo, the dual (and thus also the associated)
space to Ces,[0, 1] was described in [7], Theorem 3,

(Ces0.1)° = (Ces,0.1) = U@, Ifllowy = v 5+ =1
where N N y
Fo | FeN
s e VA G 9

aq

Below we use the following notation. Let I = [a,b] and J = [¢, d] be two closed
intervals on the real line. Then the inequality I < J means that b < ¢. If Banach
spaces X and Y are isomorphic, we write X ~ Y. A closed linear subspace of
a Banach space is referred to below simply as a subspace. We denote the closed
linear span in X of a sequence {z,,}52; in X by [z,] and the support of a function
f, that is, the set {t € [0,1] : f(¢) # 0} by supp f. Finally, the expression F =< G
means that ¢cF' < G < CF for some constants ¢ > 0 and C > 0 independent of all
or some arguments of the functions (quasi-norms) F' and G.

§ 2. Complementable [P-copies in the
space Cesp[0,1] ‘near’ zero and one

In what follows, the following statement showing that, ‘near’ zero, the geometric
properties of the Cesaro space Ces, [0, 1] are similar to properties of the space L, [0, 1]
plays an important role.
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Proposition 1. Let 1 < p < co. Suppose that a sequence {x,} C Ces,[0,1] sat-
isfies the condition suppx, C I, = [an,by], n = 1,2,..., I} > Iy > ---, and
b, — 0T. Then there is a subsequence {x,, } C {x,} such that the inequalities

oo 1/p oo o 1/p
(Ctrnlt) < [Son], <e(Xlomtty) s 1<p<o
k=1 k=1 C(p) k=1
(2.1)
sup  [|lzn, [lc (o) < <C sup o, [log), (22)
=1,2,... C(0) k=1,2,...

hold for some constant C > 0 depending on p only.

Moreover, the subspace [z, ] is complemented in the space Ces,[0, 1].

Proof. Since the space Ces,[0,1], 1 < p < 00, is p-concave with constant 1 (see §1

r [7], Theorem 4), it follows that the left-hand inequalities in (2.1) and (2.2) hold
for an arbitrary sequence of disjoint functions. We claim that the reverse inequality
holds for some subsequence (and with some constant).

Obviously, we may assume that x,, > 0, z,, # 0 and by < 1/2. We first consider
the case 1 < p < o0.

It can readily be seen that from any given sequence of closed intervals
I, = [an,by], n = 1,2,..., one can extract a subsequence (the closed intervals in
the subsequence will again be denoted by I,, = [ay,, b,]) for which

> obe<2 Ve, n=1,2,.... (2.3)
k=n+1

We claim that the corresponding subsequence of functions (which we still denote
by {z,}, suppx, C I,) satisfies the right-hand inequality in (2.1).

For any n € N and ¢ € (0, 1]

b;
/ 24(5) 45 Xan s x 03 1a] (E)

J+27 %

1 t
+ ; Z / x”—j+1(s) ds Xlan—j4+1:bn—j+1] (t)

j=1Yan—j+1

1 n
EZ Z / xl dSX[bn G4 1s@n— J]()

=1li1=n—j+1

=Ti(t) + Ta(t) + T5(t) + Tu(t),
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where ag = 1 and

Tl(t)zfz Z / dsxaﬂ—j+17bn—j+1](t)’
1

UEED DD Sl R CL A RI O}
1 b

GIUEED DY AT )
: a

1 t
T4(t> = n Z/ ‘r’ﬂ*j+1(s) ds X[an—j+lgbn—j+1](t>'
—1Ja

Since [|X[a,5] y = IX[a,1lu(q) (see §1), it follows from (1.3) that

1— (1 b)Y
v(e) = Cillzillc) {(lwb)q—l]

< Cp(1— (1 —b;)7 )t

b;
/ £i(s) ds < Culzill o) - 1 Xjar

for any ¢ € N. This, together with the elementary inequality

1= (1—1)7 <2(g - 1t
which holds for any 1 < ¢ < co and 0 < ¢ < 1/2, implies that
b;
/ 2i(s)ds < Callailombl’®, i €N,
a;
where C's > 0 depends only on p. Thus,

bn—j+1dt
Iml; = (Ej wwas) [0
An—j+1

zn]+2a

n n y P bp71-+1 o ap71+1
n n
<ch( D lnlleh’") A

n ]Jrl n—j+1

n n n p—1
D S0 ST (D SIS M=

Jj=21i=n—j5+2 i=n—7+2
n n n n

<GY, D lmilleg2 P =053 lailleg, > 27T
Jj=2i=n—j5+2 =2 j=n—i+42

< il

by Holder’s inequality and by the relation (2.3), where C3 > 0 depends only on p.
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We can estimate [|T3[|} similarly,

n n p—1 bp 1
1/q Ap—j = On—jt1
1Tl < 2 ( la:llogb! ) Fn—o
: j; i= nzj+2 (pi]‘)a’fl ]bfL —J7+1

S

n n p—1
<Ay Y el X n) 6.

j=21i=n—j+42 i=n—j+2

3

n
< CZZ H%‘H%(,;ﬁinﬂil
j=21i=n—j+2

3

n

=01 2 llwille, Z 27 1<sz||xl”c<p>
=2

j=n—i+2
n
1
|T3Hp Cy ZHxn—j—&-l”I();(p)bﬁ g+1bn j+1 —CEZH%Hc(I,)a
j=1

where Cy > 0 depends only on p. Finally,

n—j+1 P
T4l < Z/ ( / ZTrn—j+1(9) ds) dt
An—j+1 An—j4+1
S Z~/0 (t/ Ln— J+1 ) Z ||xn j+1||p Z ||{L'ZH€,(p)
=t i=1

by the definition of the norm in the Cesaro space.
As a result, the above relations yield

4 1/p
<3 ITl, < (anznc@) ,

Cp) k=1

n
Tk
k=1

where C' > 0 depends only on p. Since the space Ces,[0,1] is maximal, it follows
that a similar inequality holds for infinite sums too. The inequality (2.1) is thus
proved.

If p = oo, then the proof is more or less the same; only minor modifications are
needed. In particular, we replace the condition (2.3) by the condition

Z by <an, n=12,.... (2.4)
k=n+1
Since [|x(a,b)llc(00) = IX[a,p) [z, in this case (see §1), it follows that

b;
/ 2i(s) ds < Clzillotoe) - IXtmen Iz, = C'llillotoe)bi

i
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for any ¢ € N, where C’ > 0 depends only on p. Hence, applying (2.4), we obtain

||T1||mf max ( Z e >
R an J+1

1=n— j+2 aq
l bi
<O max E: lzillc(oo)
J=2,...,m g2 An—j+1
<O ms oo Y U<
<O max 2] o SO mex willee,

i—n7j+2

||T2||Oo: max ( Z e

,Ln]+2a "]+1>

<Cl 7 (o]
Inax ( Z lzillc )b

i=n—j+2

/

Hax 2o

bn Jj+1
T = iy < ;
Tl =, g [t ”Sbn_m <o

and, finally, by the definition of the norm in the space Ces[0, 1] we have

1 t
Tl = g s (7 [ ansts)
0

=L2,...,n Ap—j+1<t<bn—j41

1 t
< — —j ds ) = j .
< (5 ) eonto)s) =l

Hence,

n
D

k=1

4
<D Tl <4C" max |z e oo
= j=12,....n

C(o0)

Since Cesso[0, 1] is maximal, this completes the proof of the relation (2.2).
In conclusion, we claim that the subspace [x,] thus constructed is complemented
in Ces,[0,1]. Let T,, = /|20l c(p) and let g, be functions in Ces,[0,1]" such that

1
||gnHC'(p)’ =1, supp gn C [anuan / gn(t)fn(t) dt=1, n=12,....
0

It is sufficient to prove that the projection

Z/ gn(t) f(t) dt - Ty (s)

acts boundedly on the space Ces,[0, 1].
If f € Cespl0,1] is arbitrary and f,, :== f - X[a, 5., * = 1,2, ..., it follows that

Qf =Y Qfue where QF,(5):= [ g.(Ofu(0) -7 (5)

n=1
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Moreover, since ||gn|lc@py < C”, n=1,2,..., it follows that

1Qfnllcw) < lgnllcwy I fallew) < CMfallew), n=1,2,....

Therefore, if 1 < p < 0o, then

o] 1/p e8] 1/p o)
I@flow < €S 10slEy) <GS Mnlty) <3 N
n=1 n=1 n=1 p

< Gsllfllewp)

by the relation (2.1) proved above and the p-concave property of Ces,|[0,1]. Since
the arguments for p = co are very similar, this completes the proof of the proposi-
tion.

If p is finite, then a similar result also holds for sequences of disjoint functions
whose supports ‘tend’ to one.

Proposition 2. Let 1 < p < co. Suppose that a sequence {x,} C Ces,[0,1] sat-
isfies the condition suppz, C I, = [an,bs], n = 1,2,..., [ < Iy < -+, and
a, — 17.

Then there is a subsequence {x,, } C {xn} such that the relation (2.1) holds for
some constant C' > 0 depending on p only, and the corresponding subspace [Tn,] s
also complemented in the space Ces,|0,1].

Proof. Since the space Cesp|0, 1] is p-concave (see § 1), we only need prove the right-
hand inequality in (2.1). We can also assume that z,, > 0, z,, # 0, and a; > 1/2.

We choose a subsequence of closed intervals (which we again denote by I, =
[@m, bin]) in such a way that the following inequalities hold:

m—1 p—1
(Z (1- bi)_l/(’"l)) (1—afhH<2™ m=1,2,.... (2.5)
=1

We claim that the corresponding subsequence of functions, which we again denote
by {®m}, supp &m C I, satisfies the desired properties.

For arbitrary n € N and ¢ € (0, 1] we have

1 t m—1 b; t
L [ aidst [ o)) e
0 a QAm

i=1 i

n

Z xi ()

k=1

1 n
dS:t7nzl<

+ ; Z Z/ 33‘1(8) ds X[bm-,am+1](t)

=14=1"a




522 S. V. Astashkin

where a,11 =1 and

n m-—1 b,
1 K3
S0 =12 Y [ is)dsxia, .
m=2 i=1 Y%
1 n m-—1 b
SQ(t) = ; Z / 1‘1(8) dSX[bm,am+1](t)7
m=2 j=1 v %
1 [bm
S3(t) = n Z / Tim(8) ds X[bmsama1] ()5
m=1"am
1 & [
54(??):;2:/ m(8) d5 X[apm,by] ()-
m=1"%m

Using the description of the space dual to Ces,|[0,1] again (see (1.3)), we can

write
b; 1/q
¢ dt
CleiHC(P) ’ (/0 (l—t)q>

1/q

1 Callzillcp)

= C|z; pp-DY 1 < 2iiee)
IHx ||C(p) (p ) |:(1 o bi)q71 :| (1 — bi)l/p )

b;
/ 2:(s)ds < Cllzillew - [Xfarm

i

where Cy > 0 depends only on p. Therefore, by (2.5),

n m—1 b; p b dt
il =32 (X [ wwas) [F
m=2 =1 Y% am

Yy (mi( b Plailog ) o

< 1—=05;)" T . m @ m

X Lo i i[|C(p) — —

m=2 \i=1 ") (o= Dak o
n m—1 p—1m—1

<y Y (Z (1- b,.>1/<p1>) S il (1 - att)
=1

m=2 “i=1

m—1 n—1
< Cy Z 27 Y willegy = Cs 3 lwille, Z 27 S CBZ lille: ).
i=1 i=1 m=i+1

where C35 > 0 also depends only on p. Similarly,

n m—1 ) p p+11 bpfl
||sz||z<052(2<1—bi>- /p||$¢||c<p)) S Sl
m=2 \i=1 (p = Dag, 1bm
n m—1 p—1m—1
<a Y (Xa-non) > el 1 -4
m=2 N i=1 )
m—1

<o Y2 Y iy (p)—cs,anznp Y 2 CJZH%HC@.
m=2

=1 m=i+1
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Moreover, by the definition of the norm in the space Ces,[0, 1],

5]z = Z /’“ 1dt</i:n Z(s) ds),,
< Z/ <t/ zm(s)ds>pdt—;meng(m,

||S4|P—Z ( / (s)ds)pdt

Am

t p n
) Z/o (3 [ amoras) ai= 32 ami
m=1 m=1

4 n 1/p
<l <03 lenlty )
m=1

Clp) k=1
where C' > 0 depends only on p. As above, this implies (2.1). That [z,] is comple-
mented can be proved in just the same way as in the previous proposition.

Finally,

n
T
k=1

A simple analysis of the proofs of Propositions 1 and 2 shows that the following
‘two-sided’ version of these propositions also holds.

Proposition 3. Let 1 <p<oo and let the sequence {z,} C Ces,[0,1] satisfy the

condition supp x, C I UI!/, n=1,2,..., where I, = [a},,b]] and I = [a ’,{,b;{] are
closed intervals on [0, 1] such that I1 > Ié > b 0T, I < 1) < - and
ar —1-.

Then there is a subsequence {x,, } C {x,} such that the inequalities (2.1) hold
for some constant C' > 0 depending only on p. Moreover, the subspace [Tn,] s
complemented in the space Ces,0, 1].

Remark 1. As we noted in §1, we have Ces;[0,1] = L1(In(1/¢)) isometrically (see
also [7], Theorem 1). Therefore, for an arbitrary sequence of disjoint functions
{zn} C Ces1[0,1] we have

an = Z lznllcq)-
n=1 c(1) n=1

Remark 2. The statements of Propositions 2 and 3 do not hold for p = co. Indeed,
if h € (0,1) and f is a measurable function on [0, 1] such that supp f C [h, 1], then

1/t 1
1 fllzina) < [ fllo(ee) = sup */ |f(s)lds < ~[[fllLyn-
n<t<1 t Jn h

Therefore, for any h € (0,1) Cess[0,1][fn,1) = Li[h, 1], and the norms are equiv-
alent. Thus, if a sequence {z,,} C Cesy[0,1] consists of disjoint functions whose
supports are contained in the closed interval [h, 1] for some h € (0, 1), then

oo 1 o0
hY llznlloe) < <5 Z 20 llc(o0)-
n=1 n=1

oo

>

n=1
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§ 3. The main results

The results in §2 let us characterize the set of ¢ for which the Cesaro space
contains a complemented copy of the [9-space. However, first we solve a similar
problem for [9-copies generated by sequences of disjoint functions.

As is well known (see, for example, [5], Proposition 6.4.1), every sequence of
disjoint functions {fn}n2; C Lp[0,1], [ fullz, = 1, n = 1,2,..., is equivalent to
the canonical basis of I[P. The following theorem shows that the Cesaro space has
a property close to this.

oo

Theorem 1. If a basic sequence {fn}o2; C Cespl0,1], 1 < p < oo, consisting of
disjoint functions is equivalent to each of its subsequences, then it is equivalent to
the canonical basis of one of the two spaces I and IP.

Proof. First of all, by Remark 1, the statement is obvious for p = 1. Suppose now
that 1 < p < co. We can and will assume that ||f,||cp) =1, 7 =1,2,.... There
are two cases.

(a) Let there be numbers hg € (0,1/2) and €9 > 0 such that || fnX[no,1-ho]llc) = €0
for all sufficiently large n. In this case, if g, := frX[ho,1—ho], then supp g, C [ho, 1—hg].
Since Ces, [0, 1][[n,1—ho] = L1[ho, 1 — ho] with an equivalence of norms [8], it follows
that [|gnllz, < gnllcm) <1, n=1,2,..., and, since g, are disjoint, we have

00 00
Z Angn Z angn
n=1

n=1
At the same time, it is clear that

o'} 00
§ Ungn § anfn
n=1 n=1

and thus the previous relation, together with || f,[|c) =1, n=1,2,..., yields

)
Z an frn
n=1

(b) Suppose now that the condition in the previous part of the proof fails to
hold. In this case, for arbitrary h € (0,1/2) and & > 0 there is an n such that
Il fnXn1—n)llc) < €. Hence, there exist a subsequence {f,;} C {f.} and two

~
~

= [I(an)ls2-

C(p) Ly

)

C(p)

<
C(p)

= [[(an)llin-
C(p)

sequences of segments I/, = [al,b)] and I/! = [a!,b'], n = 1,2,..., such that
I>I>- b, -0 I <If<--- al -1, and
oo
QKZ [ xr0rr = frslem <1, (3.1)
j=1
where K is the basis constant of the sequence {f,}. We write h; = fp, X1urs
J=12,.... Then supph; C I; UI} and [|h;llcpy < 1, 5 = 1,2,.... Applying

Proposition 3, we find a subsequence {h;, } C {h;} such that

o0
§ : akh’jk
k=1

= [|(ax)ler-
C(p)
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for any ar € R. On the other hand, using (3.1), the stability of the basis [5],
Theorem 1.3.9, and also the hypothesis of the theorem we obtain

Zanfn = Zakfnjk = Zakhjk
n=1 C(p) k=1 C(p) k=1 C(p)

This, together with the previous relation, implies that the sequence {f,}5, is
equivalent to the canonical basis of the space IP. The theorem is thus proved.

Corollary 1. Let1 < p < oo and1 < g < co. Suppose that { f,}52, C Cesp[0,1] is
a sequence of disjoint functions for which [f,] ~1%. Then ¢ =1 or q = p.

In [13], the authors studied the subspace [r,] of the Cesaro space spanned by
the Rademacher functions r,(t) = sign(sin2”nt), n € N. Together with other
results, they proved there that the sequence {r,}°2; in Ces,[0,1], 1 < p < oo, is
equivalent to the canonical basis in {2 and [r,] is not complemented in this space.
The following theorem, which characterizes the complemented copies of [?-spaces,
shows in particular that Cesy[0, 1] contains a complemented subspace X =~ 12 if and
only if p = 2.

Theorem 2. Let 1 < p< oo andl < q < oo. The Cesaro space Cesp[O, 1] contains
a complemented subspace isomorphic to 11 if and only if g=1 or ¢ = p.

Proof. First of all, as we mentioned in § 1, the space Ces,[0,1], 1 < p < o0, con-
tains complemented subspaces isomorphic to I* (see [8], Theorem 1) and to [P (see
Proposition 1, and also [7], Theorem 6). Now we prove the converse statement.

Since the space Ces1[0,1] = L1(In(1/¢)) contains no complemented subspaces
isomorphic to reflexive spaces ([5], Proposition 5.6.1), it follows that the statement
of the theorem is obvious for p = 1. Therefore, let 1 < p < oc.

Suppose that a sequence {f,}72; C Cesy[0,1], || fullces, = 1 is equivalent to the
canonical basis in 17 and the subspace [f,,] is complemented in Ces,[0, 1]. Moreover,
let ¢ # 1. To prove the theorem, it suffices to show that ¢ = p.

By assumption, there is a bounded projection P: Ces,[0,1] — [f,], which (as is
easily seen) can be represented in the form

P:L'(s):Zgok(x)fk(s), 0<s<1,
k=1

3

where ¢, € (Cesp[0,1))*, ¢x(fi) = 1, k = 1,2,..., and ¢r(f,) = 0 if k # n.
Since Cesp[0,1], 1 < p < o0, is a separable space, it follows that (Ces,[0,1])*

(Ces,[0,1])". Therefore,

or(x) = /0 gr(t)x(t) dt, x = z(t) € Ces,[0,1],

for some gi € (Ces,[0,1]), k=1,2,..., and thus
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where

1 1
[ anwi=1 k=12, [aonoda=o ke
0 0

Moreover, since { f,,}22 ; is equivalent to the canonical basis in {9, it follows that

o0

1Pzl < Z(/O dt)q, v = a(t) € Ces)[0,1].  (3.3)

In particular, this implies that g; — 0 weak-star in (Ces,[0,1])* and
||gk||C(p)’ < ]\47 k’: 1,2,..., (34)

for some M > 0.

We note that Cesp[0,1] C Ces1[0,1] = Li(In(1/t)) for every 1 < p < oco. Since
g # 1 by assumption, it follows that {f,} contains no sequences equlvalent to the
canonical basis in [!. Hence, by the Dunford-Pettis criterion (see, for example, [5],
Theorem 5.2.9), {f.} is a relatively weakly compact set in L;(In(1/t)). Passing
to a subsequence, we see that f, — f weakly in L;(In(1/t)). We recall (see §1)
that (Cesp[0,1])* = (Cespl0,1]) = U(q), where 1/g + 1/p = 1, with the norm
defined by the relation (1.3). It can readily be seen that the space L (In~'(1/t)) =
(L1(In(1/t)))* is dense in U(q). This, together with the relations || fullc@) = 1,
n=1,2,..., implies that f, — f weakly in Ces,[0,1]. In this case, in particular,

/Qk()fn t—>/gk t)dt asn— oo
0

for any k =1,2,.... Hence,

1
/gka)f(t)dt:o, k1o
0

Since f € [fy], it follows that f = 0, and thus f,, — 0 weakly in Ces,[0, 1].
Suppose that a subsequence {f,,} C {f.} and an element h € (0,1/2) exist for
which

1-h 1
/ G () fon () dt‘ > k=12 (3.5)
h

We introduce the operator Ppx:= P(xX[,1-p)). Since Cesp[0, 1]|{5,1— = L1[h, 1 = 1]
(see [8], Lemma 1) and P is bounded in Ces,[0, 1], it follows that P, is bounded as
an operator from Li[h,1 — h] to Ces,[0, 1]. Moreover, since f,X[n,1—n] — 0 weakly
in Ces,[0,1], it follows that f,X[s1-n) — 0 both weakly and in Ly[h, 1 — h].

As is well known ([5], Theorem 5.4.5), the space L;[h,1 — h] has the Dunford-
Pettis property. Therefore, the operator P}, takes sequences which converge weakly
to zero to sequences which converge to zero in the norm. Hence,

| Prfullc@w)y — 0 asn — oo,
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On the other hand, by (3.3) and (3.5), for any £k =1,2,... we have

a\ 1/a
) =
which contradicts the previous relation.
Thus, (3.5) does not hold, and therefore one of the two relations,

o0

1—h
1Pl = (Z /h Gu(8) fu (1)

=1

RO O RS
h

/11 gn<t)fn<t>dt] > L

h 1
/Ogn(t)fn(t)dt‘>4 or | [ :

holds for any h € (0,1/2) and for all sufficiently large n € N. Therefore, one can
single out a subsequence (which we shall still denote by{f,}), which satisfies one
of the following two conditions:

h
‘/ Gn () fr(t) dt‘ > 1, n €N, (3.6)
0 4
or

1
/1 () fo (D) dt‘ > i nen. (3.7)

—h

Suppose, for example, that (3.6) holds. Then, setting hg = 1/2, we can find an
ny € N and an hy € (0, ho) such that

ho 1
[ o 05 dt\ -1
h1

We write Un, = Gn, X(h1,ho) a0 f, = fauiX(h1,ho)- As we noted above, f, — 0
weakly in (Ces,[0,1])* and g, — 0 weak-star in (Ces,[0, 1])*. Therefore, and also
by (3.6), there is an ny > n; for which

max( / " g (Ot ] / o (1) (1) dtD <o
wax(| [ sl | [ a0 a]) < 5.

hy 1
/ Gns () frs (T) dt‘ >
0

But then hy € (0, hy) exists such that the functions

fy/LQ = anX(hg,hl) and = up, 1= Ina X (ha,h1)

satisfy the relations

/o1 tn, (£) F () dt‘ <

1
‘/ gnj(t)féi(t)dt‘éﬂ, 1<i#j<2,
0

! 1
/ Uy (8) [, () dt’ > 1
0
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Suppose that indices ny < ng < --- < ng and numbers 1/2 = hg > hy > -+ >
hr > 0 are chosen for some k € N in such a way that the functions f,,, gn,,
i = S X(hoshiz1), ad Un;, = Gn, X(hi k1), @ = 1,2, ..., k, satisfy the conditions

1
1
/u,,(t)fm(t)dt‘g.,, L<i#j<h (3.8)
0 J 2i+J
! 1
/ gn(t)f:,(t)dt‘s.w L<izi<h (3.9)
0 J i 2z+]
! 1
/ un,.<t>f;i<t>dt)>4, =12k (3.10)
0

Again using the fact that f, — 0 weakly in Ces,[0,1] and g, — 0 weak-star in
(Cesyp[0,1])* and also the relation (3.6), we find an index ng41 > ny for which

hi 1 .
max< /0 In; (t)f7lk+1 (t) dt‘, /0 Un,; (t>fn,k+1 (t) dt‘) < W, 1= 1, 2, ey ]{:7
hi 1 )
max( /O g’ﬂk+1(t)f’ﬂi(t)dt‘) /0 gnk+1( )f ( )dt‘> W’ 7= 1,27._.,k7

hi 1
‘/ gnk+1 (t)fnkJrl(t) dt' > Z
0

Obviously, hx11 € (0, hy) exists such that (3.8) and (3.9) hold for

/ . —
fnk+1 = fnk+1X(hk+1ahk) and Unpyr = ngg1 X(hpy1,hy)

for any 1 <4 # j < k+ 1 and the relations (3.10) hold for any i = 1,2,...,k + 1.
The above arguments let us single out sequences of indices 1y <ng <---<n; <
and numbers 1/2 = hg > hy > -+ > h; > --- > 0 for which the functions f,,, gn,,

e = X (hihio1), a0d Un, = Gn X(hihi1), ¢ = 1,2,..., satisfy the following
conditions:
! 1
’/ un.(t)fni(t)dt’< —_ 1<i#j <o, (3.11)
0 J 21+]
! 1
JOIA >dt] . 1<ifi<w (3.12)
! 1
/ Un, () f, (1) dt’ > i=1,2,.... (3.13)
0

By Proposition 1, we may assume that the sequence {f}, } is equivalent to the
canonical basis in {? and that the subspace [f;, ] is complemented in Ces,[0, 1].
Moreover, since ||f;,. lcp) < lfn:llop) = 1, it follows from the relations (3.4) and
(3.13) that

1
1 < ||unz||C(p)’ < Hgnz”C(p)’ <M

Therefore (see the proof of Proposition 1), the projection
-1

Z / m (6 ds 1,0, w= ([ luni<t>f;i<t>dt) .
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is bounded on Ces,[0,1]. This, together with our assumption, implies that

oS, <12

i=1
On the other hand, using (3.13) again, together with the inequality | f;,. [lc(p)
we obtain

o)

< O||Q|mY?,  meN. (3.14)
C(p)

<llell

C(p)

<1

)

m

Z / U, () fn,(5)ds - f},

j=1i=1 C(p)
S /u ) (s) ds
(p) i,j=1,1#j

We note that || f} |lcp) = (4M)™', i =1,2,..., by (3.4) and (3.13). Therefore,
using the last 1nequahty7 formulae (3.11) and (3.13), and also the p-concavity of the

space Ces,[0, 1], we obtain
1 P
[ w@n(s)as
0

oy, > (3

i=1
This, together with (3.14), implies that ¢ < p.

It is clear that the sequence { f,,, } has the properties similar to those of { f,,}, that
is, the sequence {f,,} is equivalent to the canonical basis in 19, and the subspace
[fn;] is complemented in Cesy[0,1]. Moreover, it can readily be seen that the
projection Pj, whose definition is similar to that of the projection P (see (3.2))
with fi replaced by f,,, and g by gn,, is bounded on the space Ces,[0,1]. Hence,
since {f,.} is equivalent to the canonical basis in {7, it follows that

m
i=1
for any m € N. At the same time, by (3.12) and (3.13),

]H(Zﬂh) 3 / Gy ()1 () d - fo,

i=1 j=11i=1

Z / 9o ()F), (5) ds - £,

um dS fm

C (p)

1
C(

A7 lle

m

>

=1

m 1/p
<cIpl(S Ml ) <Clnt
i=1
(3.15)

<Pl
C(p)

C(p)

C(p) C(p)

/0 gy ()71 (5)ds

o0

Clp)  ij=1,i#j

-1
C(p)

q\ 1/4q 1/q
) 42””4 —1

m

> c@ / ()1 (5) d

i=1

This, together with (3.15), implies that p < ¢, and if condition (3.6) holds, then
the theorem is proved. The arguments remain the same if condition (3.7) holds; we
only need apply Proposition 2 instead of Proposition 1.
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The following statement resulting from Theorem 2 and from Corollary 1 shows
that there is a substantial difference between the geometric properties of L,-spaces
and Cesaro spaces (cf. Theorem A).

Corollary 2. Let 1 < p < o0 and 1 < ¢ < oo. The Cesaro space Cesp[0, 1]
contains a complemented subspace X =~ 19 if and only if there is a sequence of
disjoint functions {f,}5%2; C Cespl0,1] such that [fy,] =~ 9.

As was proved in [7], Theorem 7, the space Cesp[0,1], 1 < p < oo, is not
isomorphic to L,4[0,1] for any 1 < ¢ < co. Using Theorem 2, together with the fact
that the space L,4[0,1], 1 < ¢ < oo, contains a complemented subspace isomorphic
to ? (see, for example, Theorem A), we obtain a sharpening of Corollary 2.

Corollary 3. Let1 < p < oo and p # 2. Then the Cesaro space Ces,|0, 1] contains
no complemented copies of the space L4[0,1] for any ¢ € (1, ).

Remark 3. As follows from Proposition 1 (see also [7], Theorem 6), the space
Cesy[0,1] contains a complemented copy of [? and hence of Ls[0,1]. Moreover,
as we have often mentioned above, the space Cesp[0,1] contains a complemented
copy of L1[0,1] for any p, 1 < p < co. Thus, the result of the last corollary does
not hold if p=2 or ¢ = 1.

We claim that the space Cesp[0,1], 1 < p < oo, is in a sense ‘saturated’ by
complemented copies of . We let .¥ denote the vector space of all functions
x = x(t) measurable on [0, 1] and such that

u
/ |x(t)|dt < oo forany 0 <wu < 1.
0

We equip .Z with a countable system of seminorms

1-1/n
pr(x) = / |x(t)| dt, n=23,..., (3.16)
0

which equips .Z with the structure of an F-space (that is, a complete metrizable
linear topological space). We denote the topology defined on .Z by the system of
seminorms (3.16) by 7. It is clear that for any p, 1 < p < oo, there is a continuous
embedding Ces,[0,1] C .Z.

Theorem 3. Let X be an arbitrary subspace of Cesp[0,1], 1 < p < oo, which is
not closed with respect to the topology 7. Then X contains a subspace Y ~ I,
complemented in Ces,[0, 1].

Proof. Since by assumption X is not closed with respect to the topology 7, there
is a sequence {z, } C X such that ||z,|cp) =1, n=1,2,..., and

1-h
/ |z, ()] dt =0 asn — oo (3.17)
h

for any h € (0,1/2). Hence, using the equation Ces,[0,1]|jn,1-n] = L1[h, 1 — h],
we have limy, oo [|[ZnX[h,1-n]llcp) = 0 for every h € (0,1/2), with an equivalence
of the norms (see [8]). However, it can readily be seen in this case that there is
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a subsequence {2} } C {z,} and a sequence of closed intervals I/, = [a},,b!,] and
Il = [all,bl], n = 1,2,..., such that I{ > I}, > ---, b, - 0", I{ < I < ---,
ar — 17, and
oo
> lahxaom =y ller < 1. (3.18)
n=1
We write z, := @, X1 urr, n = 1,2,.... Applying Proposition 3, we can find

a subsequence {z,, } C {zn} equlvalent to the canonical basis of [” and such that the
subspace [zy,] is complemented in Ces,[0, 1]. Passing to a subsequence if necessary,
we can assume by (3.18) that

* Nzp — !
el —hlew
i—1

Zn; ||C(p)

where K is the basis constant of the sequence {zn,}. Applying [5], Theorem 1.3.9
again, we conclude that the subspace Y := [z}, ] ~ I” is complemented in Ces,[0, 1],
together with [z,,]. Since {z], } C X, this completes the proof of the theorem.

Remark 4. The condition that the subspace X is not closed with respect to the
topology 7 is essential. If 1 < p < oo, then it is sufficient to consider the subspace
Cesy[0,1]|jn,1—n) = Li[h,1 — h] for an arbitrary h € (0,1/2), and, if p = 1, to
consider the subspace [r,] spanned by the Rademacher system. Since [r,] ~ [?
(see [13]), this subspace contains no subspaces isomorphic to .

§ 4. The general construction and related questions

The following general method of constructing Banach lattices using a sublinear
operator was suggested in [1].

Let (T, X, 1) be a space with o-finite measure p defined on a o-algebra 3 of sub-
sets of the set T'. The family of all measurable almost everywhere finite real-valued
functions on 7" with the natural algebraic operators and the topology of convergence
in the measure p on the sets of finite measure is a linear topological space, which
we denote by L°(T, ). Moreover, let % be a real F-space and S: % — LO(T, i)
an injective positive sublinear operator, so that the following properties hold for
any z,y € % and A € R:

(a) Sz >0,

(b) S(Az) = \IS(a),

(c) S(z +y) < Sz + Sy.

In this case, we can define a linear normed space

Dgp(S):={xe% :Sx € E}

with norm
lzllpgcs) = 1Sz, € Dg(S),

for an arbitrary Banach lattice E of ¥-measurable real-valued functions defined
on T. In particular, if E = L,(T, 1) with 1 < p < oo, then we denote this normed
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space by D,(S). In this case, if the closed interval [0, 1] with the Lebesgue measure
is taken for the measure space, .£ for the space % (see §3), and

1 t
Sx(t) == [ |x(s)|ds, 0<t<1,
tJo

then we obtain the Cesaro space Ces,|0, 1].

Another, more important example of spaces of this type is given by spaces
obtained using the real interpolation method (other interesting examples can be
found in [1]). A pair (Xo, X1) of two Banach spaces Xy and X; is said to be
a Banach pair if both the spaces are embedded linearly and continuously in the
same separable topological linear space. We can define the intersection Xog N X3
and sum Xy + X; of a Banach pair (X, X1) as Banach spaces with the norms
%] xonx, = max{|[z]|x,, [|z[|x,} and [[#[/x,+x, = # (1, 2; Xo, X1), where

H(t, x5 Xo, X1) = inf{||zo||x, + tl|z1]|x, : @ =20 + 71, 7 € X}

for any x € Xy + X; and ¢t > 0.

Let (Xo,X1) be an arbitrary Banach pair and 8 € (0,1). We take the set of
integers Z for the measure space, with measure p(A4) := card A, where A is an
arbitrary subset of Z, and we take the sum Xy + X; with the topology generated
by the norm of the sum for the space . We define a positive sublinear operator
S: Xo+ X1 — Lo(Z, ) as follows:

Swi= {27 (2" 7 Xo, X1)},_ ., weXo+ X,

In interpolation theory, the corresponding spaces D,(S) are the well known Lions-
Peetre spaces, which are denoted by (Xo, X1)g,p (see [14]).

The following result (similar to Theorem 3 proved above for Cesaro spaces) holds
for the spaces (Xo, X1)g,p: if the intersection Xy N X; is not closed in the sum
Xo + X1, then, by the Mireille Levy theorem [15], every subspace of (Xo, X1)g,
which is not closed in Xy 4+ X7 contains a subspace isomorphic to I and comple-
mented in (Xo, X1)gp. Thus, the following question (see [1]) seems to be quite
natural.

Suppose that there is a continuous embedding D, (S) C % and that D,(S) is
not closed in %. Under what conditions on the operator S does every subspace
of D,(S) which is not closed in % contain a complemented subspace isomorphic
to [P?

The author has just published a paper [16] in which conditions of this kind are
obtained.
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