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On the geometric properties of Cesàro spaces

S. V. Astashkin

Abstract. It is proved that the Cesàro space Cesp[0, 1], 1 6 p < ∞,
contains a complemented subspace isomorphic to lq if and only if either
q = 1 or q = p. A class of subspaces of this space that contain comple-
mented copies of the space lp is distinguished.
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Keywords: Banach lattices, Cesàro spaces, complemented subspaces, copies
of lq-spaces, sublinear operators.

§ 1. Introduction and preliminaries

As is well known, the norms of many of the Banach spaces which play an impor-
tant role in functional analysis and its applications are generated by Lp-norms and
by positive sublinear operators. The Cesàro spaces are interesting examples of
spaces of this kind (for other examples, see [1], and also the concluding part of this
paper). These spaces became widely known at the end of the 1960s in connection
with the problem of finding their duals; this problem was posed by the Dutch Math-
ematical Society [2]. In what follows, we consider the Cesàro spaces Cesp[0, 1] which
consist of all measurable functions f on [0, 1] that satisfy the following conditions:

∥f∥C(p) =
[∫ 1

0

(
1
t

∫ t

0

|f(s)| ds

)p

dt

]1/p

< ∞, 1 6 p < ∞, (1.1)

∥f∥C(∞) = sup
0<t61

1
t

∫ t

0

|f(s)| ds < ∞. (1.2)

We note that the space Ces∞[0, 1], which is also known as the Korenblyum-Krěın-
Levin space K, first arose in 1948 in connection with problems in the theory of
singular integrals (see [3] and [4], Chs. 0 and 1).

One of the most important characteristics of the geometric structure of a Banach
space is the existence of (complemented) lq-copies, that is, of (complemented) sub-
spaces isomorphic to the space lq, 1 6 q 6 ∞, in the space in question (see, for
example, [5], Chs. 6, 10 and 11). In the case of Lp-spaces, the following results
hold, which show the difference between the geometric properties of the spaces for
1 < p < 2 and 2 < p < ∞ (see [5], Theorem 6.4.19 and Theorem 6.4.21 and also
Kadets-Pe lczyński’s classical paper [6]).
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Theorem A. Let 1 6 q 6 ∞.
(a) If 1 6 p 6 2, then the space lq can be embedded isomorphically in Lp[0, 1] if

and only if p 6 q 6 2.
(b) If 2 < p < ∞, then the space lq can be embedded isomorphically in Lp[0, 1]

if and only if q = p or q = 2.
(c) If 1 < p < ∞, then Lp[0, 1] contains a complemented subspace isomorphic to

lq if and only if q = p or q = 2.

A similar description of the set of all q for which isomorphic copies of lq are
contained in the Cesàro space Cesp[0, 1] was given in [7], Theorem 10.

Theorem B. (a) If 1 6 p 6 2, then the space lq can be embedded isomorphically
in Cesp[0, 1] if and only if q ∈ [1, 2].

(b) If 2 < p < ∞, then the space lq can be embedded isomorphically in Cesp[0, 1]
if and only if q ∈ [1, 2] or q = p.

The main objective of this paper is to determine the set of all q, 1 6 q 6 ∞, for
which a Cesàro space contains complemented lq-copies. It turns out (see Theorem 2)
that the space Cesp[0, 1], 1 < p < ∞, is in a sense a ‘combination’ of the spaces
L1 and Lp, because it contains only complemented l1- and lp-copies (examples of
these were presented earlier in [8], Theorem 1 and [7], Theorem 6, respectively). A
similar result is also obtained for the lq-copies of a Cesàro space that are spanned
by sequences of disjoint functions (Theorem 1 and Corollary 1). In § 3, a theorem
of Kadets-Pe lczyński type [6] on the geometric structure of the space Cesp[0, 1],
1 6 p < ∞, is also obtained, namely Theorem 3, which shows that every ‘nontrivial’
subspace of Cesp[0, 1], p < ∞, contains a complemented lp-copy. The proofs of these
statements rely heavily on the results of § 2 (which are also of independent interest,
in our opinion). These state that the geometric properties of a Cesàro space ‘near’
zero and one are similar to those of the space Lp[0, 1]. In the concluding section,
§ 4, we give a general construction of spaces defined by sublinear operators.

We first recall the definitions we need below. Let L0 = L0[0, 1] be the set of all
real-valued functions that are finite almost everywhere and Lebesgue measurable
on [0, 1] (to be more precise, L0 is the set of equivalence classes of these functions).
Then by a Banach lattice (a Banach ideal space) we mean a Banach space X ⊂ L0

with the following property: if |f | 6 |g| almost everywhere on [0, 1] and g ∈ X,
then f ∈ X and ∥f∥ 6 ∥g∥. For details concerning properties of Banach lattices,
see the monographs [9]–[11].

We recall that the lattice associated to a Banach lattice X on [0, 1] is the set X ′

of all functions f ∈ L0 such that

∥f∥X′ := sup
g∈X, ∥g∥X61

∫ 1

0

|f(t)g(t)| dt < ∞.

This is also a Banach lattice on [0, 1]. Moreover, X ⊂ X ′′ and ∥f∥X′′ 6 ∥f∥X for
any f ∈ X, and we have X = X ′′ and ∥f∥X′′ = ∥f∥X if and only if the space X is
maximal, that is, if 0 6 fn ↗ f almost everywhere on [0, 1] and supn∈N ∥fn∥ < ∞,
then f ∈ X and ∥fn∥ ↗ ∥f∥. The embedding X ′ ⊂ X∗ holds, where X∗ stands for
the space dual to X. Moreover, X ′ = X∗ if and only if X is separable.



516 S.V. Astashkin

The following Hölder-type inequality holds for an arbitrary Banach lattice X on
[0, 1] and the associated lattice X ′: if f ∈ X and g ∈ X ′, then fg is integrable and∫ 1

0

|f(t)g(t)| dt 6 ∥f∥X ∥g∥X′ .

The Cesàro space Cesp[0, 1], 1 6 p 6 ∞, with the norm defined in (1.1) for any
finite p and in (1.2) for p = ∞ is obviously a maximal Banach lattice on [0, 1].
It can readily be shown that Ces1[0, 1] coincides isometrically with the weighted
space L1(ln(1/t)) (see [7], Theorem 1). We also note that the space Cesp[0, 1],
1 6 p < ∞, is separable, whilst Ces∞[0, 1] is not. As was proved in [7], Theorem 4,
for any 1 6 p < ∞ the Cesàro space is p-concave with constant 1, that is,( n∑

k=1

∥fk∥p
C(p)

)1/p

6

∥∥∥∥( n∑
k=1

|fk|p
)1/p∥∥∥∥

C(p)

for any f1, f2, . . . , fn ∈ Cesp[0, 1].
For an arbitrary measurable function f on [0, 1] we write

f̃(t) = ess sup
s∈[t,1]

|f(s)|.

Then (Ces∞[0, 1])′ = L̃1 and ∥f∥C(∞)′ ≍ ∥f∥L̃1
, where ∥f∥L̃1

= ∥f̃∥L1 , as was
proved in [12]. In the case 1 < p < ∞, the dual (and thus also the associated)
space to Cesp[0, 1] was described in [7], Theorem 3,

(Cesp[0, 1])∗ = (Cesp[0, 1])′ = U(q), ∥f∥C(p)′ ≍ ∥f∥U(q),
1
p

+
1
q

= 1,

where

∥f∥U(q) =
∥∥∥∥ f̃(t)

1− t

∥∥∥∥
Lq

=
[∫ 1

0

(
f̃(t)
1− t

)q

dt

]1/q

. (1.3)

Below we use the following notation. Let I = [a, b] and J = [c, d] be two closed
intervals on the real line. Then the inequality I < J means that b 6 c. If Banach
spaces X and Y are isomorphic, we write X ≃ Y . A closed linear subspace of
a Banach space is referred to below simply as a subspace. We denote the closed
linear span in X of a sequence {xn}∞n=1 in X by [xn] and the support of a function
f , that is, the set {t ∈ [0, 1] : f(t) ̸= 0} by supp f . Finally, the expression F ≍ G
means that cF 6 G 6 CF for some constants c > 0 and C > 0 independent of all
or some arguments of the functions (quasi-norms) F and G.

§ 2. Complementable lp-copies in the
space Cesp[0, 1] ‘near’ zero and one

In what follows, the following statement showing that, ‘near’ zero, the geometric
properties of the Cesàro space Cesp[0, 1] are similar to properties of the space Lp[0, 1]
plays an important role.
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Proposition 1. Let 1 < p 6 ∞. Suppose that a sequence {xn} ⊂ Cesp[0, 1] sat-
isfies the condition supp xn ⊂ In = [an, bn], n = 1, 2, . . . , I1 > I2 > · · · , and
bn → 0+. Then there is a subsequence {xnk

} ⊂ {xn} such that the inequalities

( ∞∑
k=1

∥xnk
∥p

C(p)

)1/p

6

∥∥∥∥ ∞∑
k=1

xnk

∥∥∥∥
C(p)

6 C

( ∞∑
k=1

∥xnk
∥p

C(p)

)1/p

, 1 < p < ∞,

(2.1)

sup
k=1,2,...

∥xnk
∥C(∞) 6

∥∥∥∥ ∞∑
k=1

xnk

∥∥∥∥
C(∞)

6 C sup
k=1,2,...

∥xnk
∥C(∞), (2.2)

hold for some constant C > 0 depending on p only.

Moreover, the subspace [xnk
] is complemented in the space Cesp[0, 1].

Proof. Since the space Cesp[0, 1], 1 6 p 6 ∞, is p-concave with constant 1 (see § 1
or [7], Theorem 4), it follows that the left-hand inequalities in (2.1) and (2.2) hold
for an arbitrary sequence of disjoint functions. We claim that the reverse inequality
holds for some subsequence (and with some constant).

Obviously, we may assume that xn > 0, xn ̸= 0 and b1 6 1/2. We first consider
the case 1 < p < ∞.

It can readily be seen that from any given sequence of closed intervals
In = [an, bn], n = 1, 2, . . . , one can extract a subsequence (the closed intervals in
the subsequence will again be denoted by In = [an, bn]) for which

∞∑
k=n+1

bk 6 2−n/(p−1)an, n = 1, 2, . . . . (2.3)

We claim that the corresponding subsequence of functions (which we still denote
by {xn}, supp xn ⊂ In) satisfies the right-hand inequality in (2.1).

For any n ∈ N and t ∈ (0, 1]

1
t

∫ t

0

∣∣∣∣ n∑
k=1

xk(s)
∣∣∣∣ ds =

1
t

n∑
j=1

n∑
i=n−j+2

∫ bi

ai

xi(s) ds χ[an−j+1,bn−j+1](t)

+
1
t

n∑
j=1

∫ t

an−j+1

xn−j+1(s) ds χ[an−j+1,bn−j+1](t)

+
1
t

n∑
j=1

n∑
i=n−j+1

∫ bi

ai

xi(s) ds χ[bn−j+1,an−j ](t)

= T1(t) + T2(t) + T3(t) + T4(t),
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where a0 = 1 and

T1(t) =
1
t

n∑
j=2

n∑
i=n−j+2

∫ bi

ai

xi(s) ds χ[an−j+1,bn−j+1](t),

T2(t) =
1
t

n∑
j=2

n∑
i=n−j+2

∫ bi

ai

xi(s) ds χ[bn−j+1,an−j ](t),

T3(t) =
1
t

n∑
j=1

∫ bn−j+1

an−j+1

xn−j+1(s) ds χ[bn−j+1,an−j ](t),

T4(t) =
1
t

n∑
j=1

∫ t

an−j+1

xn−j+1(s) ds χ[an−j+1,bn−j+1](t).

Since ∥χ[a,b]∥C(p)′ ≍ ∥χ[a,b]∥U(q) (see § 1), it follows from (1.3) that

∫ bi

ai

xi(s) ds 6 C1∥xi∥C(p) · ∥χ[ai,bi]∥U(q) = C1∥xi∥C(p)

[
1− (1− bi)q−1

(1− bi)q−1

]1/q

6 C ′1(1− (1− bi)q−1)1/q

for any i ∈ N. This, together with the elementary inequality

1− (1− t)q−1 6 2(q − 1)t,

which holds for any 1 < q < ∞ and 0 < t 6 1/2, implies that∫ bi

ai

xi(s) ds 6 C2∥xi∥C(p)b
1/q
i , i ∈ N,

where C2 > 0 depends only on p. Thus,

∥T1∥p
p =

n∑
j=2

( n∑
i=n−j+2

∫ bi

ai

xi(s) ds

)p ∫ bn−j+1

an−j+1

dt

tp

6 Cp
2

n∑
j=2

( n∑
i=n−j+2

∥xi∥C(p)b
1/q
i

)p bp−1
n−j+1 − ap−1

n−j+1

(p− 1)ap−1
n−j+1b

p−1
n−j+1

6 Cp
3

n∑
j=2

n∑
i=n−j+2

∥xi∥p
C(p)

( n∑
i=n−j+2

bi

)p−1

a1−p
n−j+1

6 Cp
3

n∑
j=2

n∑
i=n−j+2

∥xi∥p
C(p)2

−n+j−1 = Cp
3

n∑
i=2

∥xi∥p
C(p)

n∑
j=n−i+2

2−n+j−1

6 Cp
3

n∑
i=2

∥xi∥p
C(p)

by Hölder’s inequality and by the relation (2.3), where C3 > 0 depends only on p.
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We can estimate ∥T2∥p
p similarly,

∥T2∥p
p 6 Cp

2

n∑
j=2

( n∑
i=n−j+2

∥xi∥C(p)b
1/q
i

)p ap−1
n−j − bp−1

n−j+1

(p− 1)ap−1
n−jb

p−1
n−j+1

6 Cp
4

n∑
j=2

n∑
i=n−j+2

∥xi∥p
C(p)

( n∑
i=n−j+2

bi

)p−1

b1−p
n−j+1

6 Cp
4

n∑
j=2

n∑
i=n−j+2

∥xi∥p
C(p)2

−n+j−1

= Cp
4

n∑
i=2

∥xi∥p
C(p)

n∑
j=n−i+2

2−n+j−1 6 Cp
4

n∑
i=2

∥xi∥p
C(p),

∥T3∥p
p 6 Cp

4

n∑
j=1

∥xn−j+1∥p
C(p)b

p−1
n−j+1b

1−p
n−j+1 = Cp

4

n∑
i=1

∥xi∥p
C(p),

where C4 > 0 depends only on p. Finally,

∥T4∥p
p 6

n∑
j=1

∫ bn−j+1

an−j+1

(
1
t

∫ t

an−j+1

xn−j+1(s) ds

)p

dt

6
n∑

j=1

∫ 1

0

(
1
t

∫ t

0

xn−j+1(s) ds

)p

dt =
n∑

j=1

∥xn−j+1∥p
C(p) =

n∑
i=1

∥xi∥p
C(p)

by the definition of the norm in the Cesàro space.
As a result, the above relations yield

∥∥∥∥ n∑
k=1

xk

∥∥∥∥
C(p)

6
4∑

k=1

∥Tk∥p 6 C

( n∑
i=1

∥xi∥p
C(p)

)1/p

,

where C > 0 depends only on p. Since the space Cesp[0, 1] is maximal, it follows
that a similar inequality holds for infinite sums too. The inequality (2.1) is thus
proved.

If p = ∞, then the proof is more or less the same; only minor modifications are
needed. In particular, we replace the condition (2.3) by the condition

∞∑
k=n+1

bk 6 an, n = 1, 2, . . . . (2.4)

Since ∥χ[a,b]∥C(∞)′ ≍ ∥χ[a,b]∥L̃1
in this case (see § 1), it follows that

∫ bi

ai

xi(s) ds 6 C ′∥xi∥C(∞) · ∥χ[ai,bi]∥L̃1
= C ′∥xi∥C(∞)bi
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for any i ∈ N, where C ′ > 0 depends only on p. Hence, applying (2.4), we obtain

∥T1∥∞ = max
j=2,...,n

( n∑
i=n−j+2

∫ bi

ai

xi(s) ds
1

an−j+1

)

6 C ′ max
j=2,...,n

( n∑
i=n−j+2

∥xi∥C(∞)
bi

an−j+1

)

6 C ′ max
j=2,...,n

∥xj∥C(∞)

n∑
i=n−j+2

bi

an−j+1
6 C ′ max

j=2,...,n
∥xj∥C(∞),

∥T2∥∞ = max
j=2,...,n

( n∑
i=n−j+2

∫ bi

ai

xi(s) ds
1

bn−j+1

)

6 C ′ max
j=2,...,n

( n∑
i=n−j+2

∥xi∥C(∞)
bi

bn−j+1

)
6 C ′ max

j=2,...,n
∥xj∥C(∞),

∥T3∥∞ = max
j=1,2,...,n

∫ bn−j+1

an−j+1

xn−j+1(s) ds
1

bn−j+1
6 C ′ max

j=1,2,...,n
∥xj∥C(∞)

and, finally, by the definition of the norm in the space Ces∞[0, 1] we have

∥T4∥∞ = max
j=1,2,...,n

sup
an−j+16t6bn−j+1

(
1
t

∫ t

0

xn−j+1(s) ds

)
6 max

j=1,2,...,n
sup

0<t61

(
1
t

∫ t

0

xn−j+1(s) ds

)
= max

j=1,2,...,n
∥xj∥C(∞).

Hence, ∥∥∥∥ n∑
k=1

xk

∥∥∥∥
C(∞)

6
4∑

k=1

∥Tk∥∞ 6 4C ′ max
j=1,2,...,n

∥xj∥C(∞).

Since Ces∞[0, 1] is maximal, this completes the proof of the relation (2.2).
In conclusion, we claim that the subspace [xn] thus constructed is complemented

in Cesp[0, 1]. Let xn = xn/∥xn∥C(p) and let gn be functions in Cesp[0, 1]′ such that

∥gn∥C(p)′ ≍ 1, supp gn ⊂ [an, bn],
∫ 1

0

gn(t)xn(t) dt = 1, n = 1, 2, . . . .

It is sufficient to prove that the projection

Qf(s) :=
∞∑

n=1

∫ 1

0

gn(t)f(t) dt · xn(s)

acts boundedly on the space Cesp[0, 1].
If f ∈ Cesp[0, 1] is arbitrary and fn := f · χ[an,bn], n = 1, 2, . . . , it follows that

Qf =
∞∑

n=1

Qfn, where Qfn(s) :=
∫ 1

0

gn(t)fn(t) dt · xn(s).
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Moreover, since ∥gn∥C(p)′ 6 C ′′, n = 1, 2, . . . , it follows that

∥Qfn∥C(p) 6 ∥gn∥C(p)′∥fn∥C(p) 6 C ′′∥fn∥C(p), n = 1, 2, . . . .

Therefore, if 1 < p < ∞, then

∥Qf∥C(p) 6 C5

( ∞∑
n=1

∥Qfn∥p
C(p)

)1/p

6 C6

( ∞∑
n=1

∥fn∥p
C(p)

)1/p

6 C6

∥∥∥∥ ∞∑
n=1

fn

∥∥∥∥
C(p)

6 C6∥f∥C(p)

by the relation (2.1) proved above and the p-concave property of Cesp[0, 1]. Since
the arguments for p = ∞ are very similar, this completes the proof of the proposi-
tion.

If p is finite, then a similar result also holds for sequences of disjoint functions
whose supports ‘tend’ to one.

Proposition 2. Let 1 < p < ∞. Suppose that a sequence {xn} ⊂ Cesp[0, 1] sat-
isfies the condition supp xn ⊂ In = [an, bn], n = 1, 2, . . . , I1 < I2 < · · · , and
an → 1−.

Then there is a subsequence {xnk
} ⊂ {xn} such that the relation (2.1) holds for

some constant C > 0 depending on p only, and the corresponding subspace [xnk
] is

also complemented in the space Cesp[0, 1].

Proof. Since the space Cesp[0, 1] is p-concave (see § 1), we only need prove the right-
hand inequality in (2.1). We can also assume that xn > 0, xn ̸= 0, and a1 > 1/2.

We choose a subsequence of closed intervals (which we again denote by Im =
[am, bm]) in such a way that the following inequalities hold:

(m−1∑
i=1

(1− bi)−1/(p−1)

)p−1

· (1− ap−1
m ) 6 2−m, m = 1, 2, . . . . (2.5)

We claim that the corresponding subsequence of functions, which we again denote
by {xm}, supp xm ⊂ Im, satisfies the desired properties.

For arbitrary n ∈ N and t ∈ (0, 1] we have

1
t

∫ t

0

∣∣∣∣ n∑
k=1

xk(s)
∣∣∣∣ ds =

1
t

n∑
m=1

(m−1∑
i=1

∫ bi

ai

xi(s) ds +
∫ t

am

xm(s) ds

)
χ[am,bm](t)

+
1
t

n∑
m=1

m∑
i=1

∫ bi

ai

xi(s) ds χ[bm,am+1](t)

= S1(t) + S2(t) + S3(t) + S4(t),
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where an+1 = 1 and

S1(t) =
1
t

n∑
m=2

m−1∑
i=1

∫ bi

ai

xi(s) ds χ[am,bm](t),

S2(t) =
1
t

n∑
m=2

m−1∑
i=1

∫ bi

ai

xi(s) ds χ[bm,am+1](t),

S3(t) =
1
t

n∑
m=1

∫ bm

am

xm(s) ds χ[bm,am+1](t),

S4(t) =
1
t

n∑
m=1

∫ t

am

xm(s) ds χ[am,bm](t).

Using the description of the space dual to Cesp[0, 1] again (see (1.3)), we can
write∫ bi

ai

xi(s) ds 6 C1∥xi∥C(p) · ∥χ[ai,bi]∥U(q) = C1∥xi∥C(p) ·
(∫ bi

0

dt

(1− t)q

)1/q

= C1∥xi∥C(p) · (p− 1)1/q

[
1

(1− bi)q−1
− 1

]1/q

6
C2∥xi∥C(p)

(1− bi)1/p
,

where C2 > 0 depends only on p. Therefore, by (2.5),

∥S1∥p
p =

n∑
m=2

(m−1∑
i=1

∫ bi

ai

xi(s) ds

)p ∫ bm

am

dt

tp

6 Cp
2

n∑
m=2

(m−1∑
i=1

(1− bi)−1/p∥xi∥C(p)

)p
bp−1
m − ap−1

m

(p− 1)ap−1
m bp−1

m

6 C3

n∑
m=2

(m−1∑
i=1

(1− bi)−1/(p−1)

)p−1 m−1∑
i=1

∥xi∥p
C(p)(1− ap−1

m )

6 C3

n∑
m=2

2−m
m−1∑
i=1

∥xi∥p
C(p) = C3

n−1∑
i=1

∥xi∥p
C(p)

n∑
m=i+1

2−m 6 C3

n−1∑
i=1

∥xi∥p
C(p),

where C3 > 0 also depends only on p. Similarly,

∥S2∥p
p 6 Cp

2

n∑
m=2

(m−1∑
i=1

(1− bi)−1/p∥xi∥C(p)

)p ap−1
m+1 − bp−1

m

(p− 1)ap−1
m+1b

p−1
m

6 C3

n∑
m=2

(m−1∑
i=1

(1− bi)−1/(p−1)

)p−1 m−1∑
i=1

∥xi∥p
C(p)(1− bp−1

m )

6 C3

n∑
m=2

2−m
m−1∑
i=1

∥xi∥p
C(p) = C3

n−1∑
i=1

∥xi∥p
C(p)

n∑
m=i+1

2−m 6 C3

n−1∑
i=1

∥xi∥p
C(p).
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Moreover, by the definition of the norm in the space Cesp[0, 1],

∥S3∥p
p =

n∑
m=1

∫ am+1

bm

1
tp

dt

(∫ bm

am

xm(s) ds

)p

6
n∑

m=1

∫ 1

0

(
1
t

∫ t

0

xm(s) ds

)p

dt =
n∑

m=1

∥xm∥p
C(p),

∥S4∥p
p =

n∑
m=1

∫ bm

am

(
1
t

∫ t

am

xm(s) ds

)p

dt

6
n∑

m=1

∫ 1

0

(
1
t

∫ t

0

xm(s) ds

)p

dt =
n∑

m=1

∥xm∥p
C(p).

Finally, ∥∥∥∥ n∑
k=1

xk

∥∥∥∥
C(p)

6
4∑

k=1

∥Sk∥p 6 C

( n∑
m=1

∥xm∥p
C(p)

)1/p

,

where C > 0 depends only on p. As above, this implies (2.1). That [xn] is comple-
mented can be proved in just the same way as in the previous proposition.

A simple analysis of the proofs of Propositions 1 and 2 shows that the following
‘two-sided’ version of these propositions also holds.

Proposition 3. Let 1 < p<∞ and let the sequence {xn}⊂ Cesp[0, 1] satisfy the
condition supp xn ⊂ I ′n ∪ I ′′n , n = 1, 2, . . . , where I ′n = [a′n, b′n] and I ′′n = [a′′n, b′′n] are
closed intervals on [0, 1] such that I ′1 > I ′2 > · · · , b′n → 0+, I ′′1 < I ′′2 < · · · , and
a′′n → 1−.

Then there is a subsequence {xnk
} ⊂ {xn} such that the inequalities (2.1) hold

for some constant C > 0 depending only on p. Moreover, the subspace [xnk
] is

complemented in the space Cesp[0, 1].

Remark 1. As we noted in § 1, we have Ces1[0, 1] = L1(ln(1/t)) isometrically (see
also [7], Theorem 1). Therefore, for an arbitrary sequence of disjoint functions
{xn} ⊂ Ces1[0, 1] we have ∥∥∥∥ ∞∑

n=1

xn

∥∥∥∥
C(1)

=
∞∑

n=1

∥xn∥C(1).

Remark 2. The statements of Propositions 2 and 3 do not hold for p = ∞. Indeed,
if h ∈ (0, 1) and f is a measurable function on [0, 1] such that supp f ⊂ [h, 1], then

∥f∥L1[h,1] 6 ∥f∥C(∞) = sup
h6t61

1
t

∫ t

h

|f(s)| ds 6
1
h
∥f∥L1[h,1].

Therefore, for any h ∈ (0, 1) Ces∞[0, 1]|[h,1] = L1[h, 1], and the norms are equiv-
alent. Thus, if a sequence {xn} ⊂ Ces∞[0, 1] consists of disjoint functions whose
supports are contained in the closed interval [h, 1] for some h ∈ (0, 1), then

h

∞∑
n=1

∥xn∥C(∞) 6

∥∥∥∥ ∞∑
n=1

xn

∥∥∥∥
C(∞)

6
1
h

∞∑
n=1

∥xn∥C(∞).
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§ 3. The main results

The results in § 2 let us characterize the set of q for which the Cesàro space
contains a complemented copy of the lq-space. However, first we solve a similar
problem for lq-copies generated by sequences of disjoint functions.

As is well known (see, for example, [5], Proposition 6.4.1), every sequence of
disjoint functions {fn}∞n=1 ⊂ Lp[0, 1], ∥fn∥Lp

= 1, n = 1, 2, . . . , is equivalent to
the canonical basis of lp. The following theorem shows that the Cesàro space has
a property close to this.

Theorem 1. If a basic sequence {fn}∞n=1 ⊂ Cesp[0, 1], 1 6 p < ∞, consisting of
disjoint functions is equivalent to each of its subsequences, then it is equivalent to
the canonical basis of one of the two spaces l1 and lp.

Proof. First of all, by Remark 1, the statement is obvious for p = 1. Suppose now
that 1 < p < ∞. We can and will assume that ∥fn∥C(p) = 1, n = 1, 2, . . . . There
are two cases.

(a) Let there be numbers h0∈(0, 1/2) and ε0 >0 such that ∥fnχ[h0,1−h0]∥C(p) >ε0

for all sufficiently large n. In this case, if gn :=fnχ[h0,1−h0], then supp gn⊂ [h0, 1−h0].
Since Cesp[0, 1]|[h0,1−h0] =L1[h0, 1−h0] with an equivalence of norms [8], it follows
that ∥gn∥L1 ≍ ∥gn∥C(p) ≍ 1, n = 1, 2, . . . , and, since gn are disjoint, we have∥∥∥∥ ∞∑

n=1

angn

∥∥∥∥
C(p)

≍
∥∥∥∥ ∞∑

n=1

angn

∥∥∥∥
L1

≍ ∥(an)∥l1 .

At the same time, it is clear that∥∥∥∥ ∞∑
n=1

angn

∥∥∥∥
C(p)

6

∥∥∥∥ ∞∑
n=1

anfn

∥∥∥∥
C(p)

,

and thus the previous relation, together with ∥fn∥C(p) = 1, n = 1, 2, . . . , yields∥∥∥∥ ∞∑
n=1

anfn

∥∥∥∥
C(p)

≍ ∥(an)∥l1 .

(b) Suppose now that the condition in the previous part of the proof fails to
hold. In this case, for arbitrary h ∈ (0, 1/2) and ε > 0 there is an n such that
∥fnχ[h,1−h]∥C(p) 6 ε. Hence, there exist a subsequence {fnj

} ⊂ {fn} and two
sequences of segments I ′n = [a′n, b′n] and I ′′n = [a′′n, b′′n], n = 1, 2, . . . , such that
I ′1 > I ′2 > · · · , b′n → 0+, I ′′1 < I ′′2 < · · · , a′′n → 1−, and

2K

∞∑
j=1

∥fnj
χI′j∪I′′j

− fnj
∥C(p) < 1, (3.1)

where K is the basis constant of the sequence {fn}. We write hj := fnj
χI′j∪I′′j

,
j = 1, 2, . . . . Then supp hj ⊂ I ′j ∪ I ′′j and ∥hj∥C(p) ≍ 1, j = 1, 2, . . . . Applying
Proposition 3, we find a subsequence {hjk

} ⊂ {hj} such that∥∥∥∥ ∞∑
k=1

akhjk

∥∥∥∥
C(p)

≍ ∥(ak)∥lp .
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for any ak ∈ R. On the other hand, using (3.1), the stability of the basis [5],
Theorem 1.3.9, and also the hypothesis of the theorem we obtain∥∥∥∥ ∞∑

n=1

anfn

∥∥∥∥
C(p)

≍
∥∥∥∥ ∞∑

k=1

akfnjk

∥∥∥∥
C(p)

≍
∥∥∥∥ ∞∑

k=1

akhjk

∥∥∥∥
C(p)

.

This, together with the previous relation, implies that the sequence {fn}∞n=1 is
equivalent to the canonical basis of the space lp. The theorem is thus proved.

Corollary 1. Let 1 6 p < ∞ and 1 6 q 6 ∞. Suppose that {fn}∞n=1 ⊂ Cesp[0, 1] is
a sequence of disjoint functions for which [fn] ≃ lq . Then q = 1 or q = p.

In [13], the authors studied the subspace [rn] of the Cesàro space spanned by
the Rademacher functions rn(t) = sign(sin 2nπt), n ∈ N. Together with other
results, they proved there that the sequence {rn}∞n=1 in Cesp[0, 1], 1 6 p < ∞, is
equivalent to the canonical basis in l2 and [rn] is not complemented in this space.
The following theorem, which characterizes the complemented copies of lq-spaces,
shows in particular that Cesp[0, 1] contains a complemented subspace X ≃ l2 if and
only if p = 2.

Theorem 2. Let 1 6 p < ∞ and 1 6 q 6 ∞. The Cesàro space Cesp[0, 1] contains
a complemented subspace isomorphic to lq if and only if q = 1 or q = p.

Proof. First of all, as we mentioned in § 1, the space Cesp[0, 1], 1 6 p < ∞, con-
tains complemented subspaces isomorphic to l1 (see [8], Theorem 1) and to lp (see
Proposition 1, and also [7], Theorem 6). Now we prove the converse statement.

Since the space Ces1[0, 1] = L1(ln(1/t)) contains no complemented subspaces
isomorphic to reflexive spaces ([5], Proposition 5.6.1), it follows that the statement
of the theorem is obvious for p = 1. Therefore, let 1 < p < ∞.

Suppose that a sequence {fn}∞n=1 ⊂ Cesp[0, 1], ∥fn∥Cesp
= 1 is equivalent to the

canonical basis in lq and the subspace [fn] is complemented in Cesp[0, 1]. Moreover,
let q ̸= 1. To prove the theorem, it suffices to show that q = p.

By assumption, there is a bounded projection P : Cesp[0, 1] → [fn], which (as is
easily seen) can be represented in the form

Px(s) =
∞∑

k=1

ϕk(x)fk(s), 0 6 s 6 1,

where ϕk ∈ (Cesp[0, 1])∗, ϕk(fk) = 1, k = 1, 2, . . . , and ϕk(fn) = 0 if k ̸= n.
Since Cesp[0, 1], 1 6 p < ∞, is a separable space, it follows that (Cesp[0, 1])∗ =
(Cesp[0, 1])′. Therefore,

ϕk(x) =
∫ 1

0

gk(t)x(t) dt, x = x(t) ∈ Cesp[0, 1],

for some gk ∈ (Cesp[0, 1])′, k = 1, 2, . . . , and thus

Px(s) =
∞∑

k=1

∫ 1

0

gk(t)x(t) dt · fk(s), 0 6 s 6 1, (3.2)
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where∫ 1

0

gk(t)fk(t) dt = 1, k = 1, 2, . . . ,

∫ 1

0

gk(t)fn(t) dt = 0, k ̸= n.

Moreover, since {fn}∞n=1 is equivalent to the canonical basis in lq, it follows that

∥Px∥q
C(p) ≍

∞∑
k=1

(∫ 1

0

gk(t)x(t) dt

)q

, x = x(t) ∈ Cesp[0, 1]. (3.3)

In particular, this implies that gk → 0 weak-star in (Cesp[0, 1])∗ and

∥gk∥C(p)′ 6 M, k = 1, 2, . . . , (3.4)

for some M > 0.
We note that Cesp[0, 1] ⊂ Ces1[0, 1] = L1(ln(1/t)) for every 1 6 p < ∞. Since

q ̸= 1 by assumption, it follows that {fn} contains no sequences equivalent to the
canonical basis in l1. Hence, by the Dunford-Pettis criterion (see, for example, [5],
Theorem 5.2.9), {fn} is a relatively weakly compact set in L1(ln(1/t)). Passing
to a subsequence, we see that fn → f weakly in L1(ln(1/t)). We recall (see § 1)
that (Cesp[0, 1])∗ = (Cesp[0, 1])′ = U(q), where 1/q + 1/p = 1, with the norm
defined by the relation (1.3). It can readily be seen that the space L∞(ln−1(1/t)) =
(L1(ln(1/t)))∗ is dense in U(q). This, together with the relations ∥fn∥C(p) = 1,
n = 1, 2, . . . , implies that fn → f weakly in Cesp[0, 1]. In this case, in particular,∫ 1

0

gk(t)fn(t) dt →
∫ 1

0

gk(t)f(t) dt as n →∞

for any k = 1, 2, . . . . Hence,∫ 1

0

gk(t)f(t) dt = 0, k = 1, 2, . . . .

Since f ∈ [fn], it follows that f = 0, and thus fn → 0 weakly in Cesp[0, 1].
Suppose that a subsequence {fnk

} ⊂ {fn} and an element h ∈ (0, 1/2) exist for
which ∣∣∣∣∫ 1−h

h

gnk
(t)fnk

(t) dt

∣∣∣∣ >
1
2
, k = 1, 2, . . . . (3.5)

We introduce the operator Phx :=P (xχ[h,1−h]). Since Cesp[0, 1]|[h,1−h] =L1[h, 1−h]
(see [8], Lemma 1) and P is bounded in Cesp[0, 1], it follows that Ph is bounded as
an operator from L1[h, 1− h] to Cesp[0, 1]. Moreover, since fnχ[h,1−h] → 0 weakly
in Cesp[0, 1], it follows that fnχ[h,1−h] → 0 both weakly and in L1[h, 1− h].

As is well known ([5], Theorem 5.4.5), the space L1[h, 1 − h] has the Dunford-
Pettis property. Therefore, the operator Ph takes sequences which converge weakly
to zero to sequences which converge to zero in the norm. Hence,

∥Phfn∥C(p) → 0 as n →∞.
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On the other hand, by (3.3) and (3.5), for any k = 1, 2, . . . we have

∥Phfnk
∥C(p) ≍

( ∞∑
i=1

∣∣∣∣∫ 1−h

h

gi(t)fnk
(t) dt

∣∣∣∣q)1/q

>

∣∣∣∣∫ 1−h

h

gnk
(t)fnk

(t) dt

∣∣∣∣ >
1
2
,

which contradicts the previous relation.
Thus, (3.5) does not hold, and therefore one of the two relations,∣∣∣∣∫ h

0

gn(t)fn(t) dt

∣∣∣∣ >
1
4

or
∣∣∣∣∫ 1

1−h

gn(t)fn(t) dt

∣∣∣∣ >
1
4
,

holds for any h ∈ (0, 1/2) and for all sufficiently large n ∈ N. Therefore, one can
single out a subsequence (which we shall still denote by{fn}), which satisfies one
of the following two conditions:∣∣∣∣∫ h

0

gn(t)fn(t) dt

∣∣∣∣ >
1
4
, n ∈ N, (3.6)

or ∣∣∣∣∫ 1

1−h

gn(t)fn(t) dt

∣∣∣∣ >
1
4
, n ∈ N. (3.7)

Suppose, for example, that (3.6) holds. Then, setting h0 = 1/2, we can find an
n1 ∈ N and an h1 ∈ (0, h0) such that∣∣∣∣∫ h0

h1

gn1(t)fn1(t) dt

∣∣∣∣ >
1
4
.

We write un1 := gn1χ(h1,h0) and f ′n1
:= fn1χ(h1,h0). As we noted above, fn → 0

weakly in (Cesp[0, 1])∗ and gn → 0 weak-star in (Cesp[0, 1])∗. Therefore, and also
by (3.6), there is an n2 > n1 for which

max
(∣∣∣∣∫ h1

0

gn1(t)fn2(t) dt

∣∣∣∣, ∣∣∣∣∫ 1

0

un1(t)fn2(t) dt

∣∣∣∣) 6
1
23

,

max
(∣∣∣∣∫ h1

0

gn2(t)fn1(t) dt

∣∣∣∣, ∣∣∣∣∫ 1

0

gn2(t)f ′n1
(t) dt

∣∣∣∣) 6
1
23

,∣∣∣∣∫ h1

0

gn2(t)fn2(t) dt

∣∣∣∣ >
1
4
.

But then h2 ∈ (0, h1) exists such that the functions

f ′n2
:= fn2χ(h2,h1) and un2 := gn2χ(h2,h1)

satisfy the relations∣∣∣∣∫ 1

0

unj
(t)fni

(t) dt

∣∣∣∣ 6
1
23

, 1 6 i ̸= j 6 2,∣∣∣∣∫ 1

0

gnj
(t)f ′ni

(t) dt

∣∣∣∣ 6
1
23

, 1 6 i ̸= j 6 2,∣∣∣∣∫ 1

0

un2(t)f ′n2
(t) dt

∣∣∣∣ >
1
4
.
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Suppose that indices n1 < n2 < · · · < nk and numbers 1/2 = h0 > h1 > · · · >
hk > 0 are chosen for some k ∈ N in such a way that the functions fni

, gni
,

f ′ni
:= fni

χ(hi,hi−1), and uni
= gni

χ(hi,hi−1), i = 1, 2, . . . , k, satisfy the conditions∣∣∣∣∫ 1

0

unj
(t)fni

(t) dt

∣∣∣∣ 6
1

2i+j
, 1 6 i ̸= j 6 k, (3.8)∣∣∣∣∫ 1

0

gnj
(t)f ′ni

(t) dt

∣∣∣∣ 6
1

2i+j
, 1 6 i ̸= j 6 k, (3.9)∣∣∣∣∫ 1

0

uni(t)f
′
ni

(t) dt

∣∣∣∣ >
1
4
, i = 1, 2, . . . , k. (3.10)

Again using the fact that fn → 0 weakly in Cesp[0, 1] and gn → 0 weak-star in
(Cesp[0, 1])∗ and also the relation (3.6), we find an index nk+1 > nk for which

max
(∣∣∣∣∫ hk

0

gni
(t)fnk+1(t) dt

∣∣∣∣, ∣∣∣∣∫ 1

0

uni
(t)fnk+1(t) dt

∣∣∣∣) 6
1

2i+k+1
, i = 1, 2, . . . , k,

max
(∣∣∣∣∫ hk

0

gnk+1(t)fni
(t) dt

∣∣∣∣, ∣∣∣∣∫ 1

0

gnk+1(t)f ′ni
(t) dt

∣∣∣∣) 6
1

2i+k+1
, i = 1, 2, . . . , k,∣∣∣∣∫ hk

0

gnk+1(t)fnk+1(t) dt

∣∣∣∣ >
1
4
.

Obviously, hk+1 ∈ (0, hk) exists such that (3.8) and (3.9) hold for

f ′nk+1
:= fnk+1χ(hk+1,hk) and unk+1 := gnk+1χ(hk+1,hk)

for any 1 6 i ̸= j 6 k + 1 and the relations (3.10) hold for any i = 1, 2, . . . , k + 1.
The above arguments let us single out sequences of indices n1 <n2 < · · ·<ni < · · ·

and numbers 1/2 = h0 > h1 > · · · > hi > · · · > 0 for which the functions fni
, gni

,
f ′ni

:= fniχ(hi,hi−1), and uni = gniχ(hi,hi−1), i = 1, 2, . . . , satisfy the following
conditions: ∣∣∣∣∫ 1

0

unj
(t)fni

(t) dt

∣∣∣∣ 6
1

2i+j
, 1 6 i ̸= j < ∞, (3.11)∣∣∣∣∫ 1

0

gnj (t)f ′ni
(t) dt

∣∣∣∣ 6
1

2i+j
, 1 6 i ̸= j < ∞, (3.12)∣∣∣∣∫ 1

0

uni
(t)f ′ni

(t) dt

∣∣∣∣ >
1
4
, i = 1, 2, . . . . (3.13)

By Proposition 1, we may assume that the sequence {f ′ni
} is equivalent to the

canonical basis in lp and that the subspace [f ′ni
] is complemented in Cesp[0, 1].

Moreover, since ∥f ′ni
∥C(p) 6 ∥fni∥C(p) = 1, it follows from the relations (3.4) and

(3.13) that
1
4

6 ∥uni
∥C(p)′ 6 ∥gni

∥C(p)′ 6 M.

Therefore (see the proof of Proposition 1), the projection

Qf(t) :=
∞∑

i=1

∫ 1

0

uni(s)f(s) ds · f ′ni
(t), uni :=

(∫ 1

0

uni(t)f
′
ni

(t) dt

)−1

uni
,
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is bounded on Cesp[0, 1]. This, together with our assumption, implies that∥∥∥∥Q

( m∑
i=1

fni

)∥∥∥∥
C(p)

6 ∥Q∥
∥∥∥∥ m∑

i=1

fni

∥∥∥∥
C(p)

6 C∥Q∥m1/q, m ∈ N. (3.14)

On the other hand, using (3.13) again, together with the inequality ∥f ′ni
∥C(p) 6 1,

we obtain∥∥∥∥Q

( m∑
i=1

fni

)∥∥∥∥
C(p)

=
∥∥∥∥ ∞∑

j=1

m∑
i=1

∫ 1

0

unj
(s)fni

(s) ds · f ′nj

∥∥∥∥
C(p)

>

∥∥∥∥ m∑
i=1

∫ 1

0

uni
(s)fni

(s) ds · f ′ni

∥∥∥∥
C(p)

− 4
∞∑

i,j=1, i ̸=j

∣∣∣∣∫ 1

0

unj
(s)fni

(s) ds

∣∣∣∣.
We note that ∥f ′ni

∥C(p) > (4M)−1, i = 1, 2, . . . , by (3.4) and (3.13). Therefore,
using the last inequality, formulae (3.11) and (3.13), and also the p-concavity of the
space Cesp[0, 1], we obtain∥∥∥∥Q

( m∑
i=1

fni

)∥∥∥∥
C(p)

>

( m∑
i=1

∣∣∣∣∫ 1

0

uni
(s)fni

(s) ds

∣∣∣∣p · ∥f ′ni
∥p

C(p)

)1/p

− 4 >
m1/p

4M
− 4.

This, together with (3.14), implies that q 6 p.
It is clear that the sequence {fni

} has the properties similar to those of {fn}, that
is, the sequence {fni

} is equivalent to the canonical basis in lq, and the subspace
[fni

] is complemented in Cesp[0, 1]. Moreover, it can readily be seen that the
projection P1, whose definition is similar to that of the projection P (see (3.2))
with fk replaced by fni and gk by gni , is bounded on the space Cesp[0, 1]. Hence,
since {f ′ni

} is equivalent to the canonical basis in lp, it follows that∥∥∥∥P1

( m∑
i=1

f ′ni

)∥∥∥∥
C(p)

6 ∥P1∥
∥∥∥∥ m∑

i=1

f ′ni

∥∥∥∥
C(p)

6 C∥P1∥
( m∑

i=1

∥f ′ni
∥p

C(p)

)1/p

6 C∥P1∥m1/p

(3.15)
for any m ∈ N. At the same time, by (3.12) and (3.13),∥∥∥∥P1

( m∑
i=1

f ′ni

)∥∥∥∥
C(p)

=
∥∥∥∥ ∞∑

j=1

m∑
i=1

∫ 1

0

gnj (s)f ′ni
(s) ds · fnj

∥∥∥∥
C(p)

>

∥∥∥∥ m∑
i=1

∫ 1

0

gni
(s)f ′ni

(s) ds · fni

∥∥∥∥
C(p)

−
∞∑

i,j=1, i ̸=j

∣∣∣∣∫ 1

0

gnj
(s)f ′ni

(s) ds

∣∣∣∣
>

∥∥∥∥ m∑
i=1

∫ 1

0

uni
(s)f ′ni

(s) ds · fni

∥∥∥∥
C(p)

− 1

> c

( m∑
i=1

∣∣∣∣∫ 1

0

uni(s)f ′ni
(s) ds

∣∣∣∣q)1/q

− 1 >
cm1/q

4
− 1.

This, together with (3.15), implies that p 6 q, and if condition (3.6) holds, then
the theorem is proved. The arguments remain the same if condition (3.7) holds; we
only need apply Proposition 2 instead of Proposition 1.
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The following statement resulting from Theorem 2 and from Corollary 1 shows
that there is a substantial difference between the geometric properties of Lp-spaces
and Cesàro spaces (cf. Theorem A).

Corollary 2. Let 1 6 p < ∞ and 1 6 q 6 ∞. The Cesàro space Cesp[0, 1]
contains a complemented subspace X ≃ lq if and only if there is a sequence of
disjoint functions {fn}∞n=1 ⊂ Cesp[0, 1] such that [fn] ≃ lq .

As was proved in [7], Theorem 7, the space Cesp[0, 1], 1 < p 6 ∞, is not
isomorphic to Lq[0, 1] for any 1 6 q 6 ∞. Using Theorem 2, together with the fact
that the space Lq[0, 1], 1 < q < ∞, contains a complemented subspace isomorphic
to l2 (see, for example, Theorem A), we obtain a sharpening of Corollary 2.

Corollary 3. Let 1 < p < ∞ and p ̸= 2. Then the Cesàro space Cesp[0, 1] contains
no complemented copies of the space Lq[0, 1] for any q ∈ (1,∞].

Remark 3. As follows from Proposition 1 (see also [7], Theorem 6), the space
Ces2[0, 1] contains a complemented copy of l2 and hence of L2[0, 1]. Moreover,
as we have often mentioned above, the space Cesp[0, 1] contains a complemented
copy of L1[0, 1] for any p, 1 6 p 6 ∞. Thus, the result of the last corollary does
not hold if p = 2 or q = 1.

We claim that the space Cesp[0, 1], 1 6 p < ∞, is in a sense ‘saturated’ by
complemented copies of lp. We let L denote the vector space of all functions
x = x(t) measurable on [0, 1] and such that∫ u

0

|x(t)| dt < ∞ for any 0 < u < 1.

We equip L with a countable system of seminorms

pn(x) :=
∫ 1−1/n

0

|x(t)| dt, n = 2, 3, . . . , (3.16)

which equips L with the structure of an F -space (that is, a complete metrizable
linear topological space). We denote the topology defined on L by the system of
seminorms (3.16) by τ . It is clear that for any p, 1 6 p 6 ∞, there is a continuous
embedding Cesp[0, 1] ⊂ L .

Theorem 3. Let X be an arbitrary subspace of Cesp[0, 1], 1 6 p < ∞, which is
not closed with respect to the topology τ . Then X contains a subspace Y ≃ lp
complemented in Cesp[0, 1].

Proof. Since by assumption X is not closed with respect to the topology τ , there
is a sequence {xn} ⊂ X such that ∥xn∥C(p) = 1, n = 1, 2, . . . , and∫ 1−h

h

|xn(t)| dt → 0 as n →∞ (3.17)

for any h ∈ (0, 1/2). Hence, using the equation Cesp[0, 1]|[h,1−h] = L1[h, 1 − h],
we have limn→∞ ∥xnχ[h,1−h]∥C(p) = 0 for every h ∈ (0, 1/2), with an equivalence
of the norms (see [8]). However, it can readily be seen in this case that there is
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a subsequence {x′n} ⊂ {xn} and a sequence of closed intervals I ′n = [a′n, b′n] and
I ′′n = [a′′n, b′′n], n = 1, 2, . . . , such that I ′1 > I ′2 > · · · , b′n → 0+, I ′′1 < I ′′2 < · · · ,
a′′n → 1−, and

∞∑
n=1

∥x′nχI′n∪I′′n
− x′n∥C(p) < 1. (3.18)

We write zn := x′nχI′n∪I′′n
, n = 1, 2, . . . . Applying Proposition 3, we can find

a subsequence {zni
} ⊂ {zn} equivalent to the canonical basis of lp and such that the

subspace [zni
] is complemented in Cesp[0, 1]. Passing to a subsequence if necessary,

we can assume by (3.18) that

2K

∞∑
i=1

∥zni
− x′ni

∥C(p)

∥zni
∥C(p)

< 1,

where K is the basis constant of the sequence {zni
}. Applying [5], Theorem 1.3.9

again, we conclude that the subspace Y := [x′ni
] ≃ lp is complemented in Cesp[0, 1],

together with [zni ]. Since {x′ni
} ⊂ X, this completes the proof of the theorem.

Remark 4. The condition that the subspace X is not closed with respect to the
topology τ is essential. If 1 < p < ∞, then it is sufficient to consider the subspace
Cesp[0, 1]|[h,1−h] = L1[h, 1 − h] for an arbitrary h ∈ (0, 1/2), and, if p = 1, to
consider the subspace [rn] spanned by the Rademacher system. Since [rn] ≃ l2

(see [13]), this subspace contains no subspaces isomorphic to l1.

§ 4. The general construction and related questions

The following general method of constructing Banach lattices using a sublinear
operator was suggested in [1].

Let (T, Σ, µ) be a space with σ-finite measure µ defined on a σ-algebra Σ of sub-
sets of the set T . The family of all measurable almost everywhere finite real-valued
functions on T with the natural algebraic operators and the topology of convergence
in the measure µ on the sets of finite measure is a linear topological space, which
we denote by L0(T, µ). Moreover, let U be a real F -space and S : U → L0(T, µ)
an injective positive sublinear operator, so that the following properties hold for
any x, y ∈ U and λ ∈ R:

(a) Sx > 0,
(b) S(λx) = |λ|S(x),
(c) S(x + y) 6 Sx + Sy.
In this case, we can define a linear normed space

DE(S) := {x ∈ U : Sx ∈ E}

with norm
∥x∥DE(S) = ∥Sx∥E , x ∈ DE(S),

for an arbitrary Banach lattice E of Σ-measurable real-valued functions defined
on T . In particular, if E = Lp(T, µ) with 1 6 p 6 ∞, then we denote this normed
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space by Dp(S). In this case, if the closed interval [0, 1] with the Lebesgue measure
is taken for the measure space, L for the space U (see § 3), and

Sx(t) :=
1
t

∫ t

0

|x(s)| ds, 0 6 t 6 1,

then we obtain the Cesàro space Cesp[0, 1].
Another, more important example of spaces of this type is given by spaces

obtained using the real interpolation method (other interesting examples can be
found in [1]). A pair (X0, X1) of two Banach spaces X0 and X1 is said to be
a Banach pair if both the spaces are embedded linearly and continuously in the
same separable topological linear space. We can define the intersection X0 ∩ X1

and sum X0 + X1 of a Banach pair (X0, X1) as Banach spaces with the norms
∥x∥X0∩X1 = max{∥x∥X0 , ∥x∥X1} and ∥x∥X0+X1 = K (1, x; X0, X1), where

K (t, x; X0, X1) = inf
{
∥x0∥X0 + t∥x1∥X1 : x = x0 + x1, xi ∈ Xi

}
for any x ∈ X0 + X1 and t > 0.

Let (X0, X1) be an arbitrary Banach pair and θ ∈ (0, 1). We take the set of
integers Z for the measure space, with measure µ(A) := card A, where A is an
arbitrary subset of Z, and we take the sum X0 + X1 with the topology generated
by the norm of the sum for the space U . We define a positive sublinear operator
S : X0 + X1 → L0(Z, µ) as follows:

Sx :=
{

2−nθK (2n, x; X0, X1)
}∞

n=−∞, x ∈ X0 + X1.

In interpolation theory, the corresponding spaces Dp(S) are the well known Lions-
Peetre spaces, which are denoted by (X0, X1)θ,p (see [14]).

The following result (similar to Theorem 3 proved above for Cesàro spaces) holds
for the spaces (X0, X1)θ,p : if the intersection X0 ∩ X1 is not closed in the sum
X0 + X1, then, by the Mireille Levy theorem [15], every subspace of (X0, X1)θ,p

which is not closed in X0 + X1 contains a subspace isomorphic to lp and comple-
mented in (X0, X1)θ,p. Thus, the following question (see [1]) seems to be quite
natural.

Suppose that there is a continuous embedding Dp(S) ⊂ U and that Dp(S) is
not closed in U . Under what conditions on the operator S does every subspace
of Dp(S) which is not closed in U contain a complemented subspace isomorphic
to lp?

The author has just published a paper [16] in which conditions of this kind are
obtained.
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[14] J. Bergh and J. Löfström, Interpolation spaces. An introduction, Springer-Verlag,
Berlin–Heidelberg–New York 1976.
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