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ABSTRACT

Let X be a symmetric Banach function space on [0, 1] and let E be a sym-

metric (quasi)-Banach sequence space. Let f = {fk}nk=1
, n ≥ 1 be an arbi-

trary sequence of independent random variables in X and let {ek}∞k=1
⊂ E

be the standard unit vector sequence in E. This paper presents a deter-

ministic characterization of the quantity
∥∥∥∥

∥∥∥∥
n∑

k=1

fkek

∥∥∥∥
E

∥∥∥∥
X

in terms of the sum of disjoint copies of individual terms of f . We acknowl-

edge key contributions by previous authors in detail in the introduction,

however our approach is based on the important recent advances in the

study of the Kruglov property of symmetric spaces made earlier by the

authors.
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1. Introduction

Let X be a symmetric Banach function space on [0, 1]. For an arbitrary sequence

f := {fk}nk=1
⊂ X consider its disjointification, that is, the function

(1) F (u) :=

n∑
i=1

f̄i(u) (u > 0),

where the sequence {f̄k}nk=1 is a disjointly supported sequence of equimeasur-

able copies of the individual elements from the sequence f . Denote by F ∗ the

decreasing rearrangement of |F | (see relevant definitions in the next section).

The purpose of this paper is to provide sharp conditions on X under which

the following estimates hold:

C−1

(
‖F ∗χ[0,1]‖X +

∥∥∥∥
n∑

k=1

F ∗(k)ek

∥∥∥∥
E

)
≤

∥∥∥∥
∥∥∥∥

n∑
k=1

fkek

∥∥∥∥
E

∥∥∥∥
X

(2)

≤ C

(
‖F ∗χ[0,1]‖X +

∥∥∥∥
n∑

k=1

F ∗(k)ek

∥∥∥∥
E

)
(3)

for every sequence f ⊂ X of independent random variables (i.r.v.’s). Various

special cases of this problem have been considered by various authors. The

first result in this direction is the remarkable Rosenthal’s inequality [27] which

can be interpreted as the validity of (2) and (3) in the case when E = l1 and

X = Lp (1 ≤ p < ∞). This was extended by Carothers and Dilworth [10] to

the case when X is a Lorentz space Lp,q (1 < p < ∞, 1 ≤ q ≤ ∞), and further

by Johnson and Schechtman [14] to the case when X is any symmetric space

such that X ⊃ Lp for p < ∞ and E = l1. Subsequently, Montgomery-Smith

[23, Theorem 1] showed that inequality (2) holds for an arbitrary symmetric

function space X and symmetric Banach sequence space E and inequality (3)

holds for any symmetric Banach sequence space E when X ⊃ Lp for some

p < ∞. In all these works, a crucial component of the proof is an application

of a well-known inequality by Hoffman-Jørgensen [13] or its versions. On the

other hand, in [4, 3, 5, 6] the current authors investigated (3) using the operator

approach to the study of the Kruglov property introduced and extensively used

earlier by Braverman [8]. It is important to point out that the latter property

of a symmetric space X is less restrictive than the assumption X ⊃ Lp for some

p < ∞. In particular, there exist symmetric spaces with the Kruglov property
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which do not contain any reflexive Lp-spaces. A standard example is given

by an exponential Orlicz space Exp(Lp), 0 < p < ∞, which has the Kruglov

property if and only if p ∈ (0, 1]. In [4, Theorem 6.7], estimate (3) was obtained

for any symmetric space X with the Kruglov property but only for a special

case E = lp, 1 ≤ p ≤ ∞. Here, we extend this result to an arbitrary Banach

symmetric sequence space. Moreover, using also some ideas from the recent

work of Junge [16], we establish (3) for any quasi-Banach symmetric sequence

spaces satisfying some rather mild restrictions. It is important to point out

that our main result here (see Theorem 1) is sharp in the following sense. If

estimate (3) holds for E = l1, for every n ≥ 1 and for an arbitrary sequence

{fk}nk=1 ⊂ X of i.r.v.’s, where X is a symmetric Banach function space with

the Fatou property, then X has the Kruglov property [4, Theorem 3.5]. As a

byproduct we obtain a rather general version of Theorem 27 from [24] related

to random permutations (see Corollary 5).

In the final section of this paper we provide two applications of our main

result.

Firstly, we briefly discuss the problem of finding the deterministic expression

for the functional ‖‖{αifi}∞i=1‖lN‖LM , where LM is an Orlicz function space on

[0, 1] and lN is an Orlicz sequence space. Such a problem was first studied by

Gordon, Litvak, Schütt and Werner in [11] for the special case LM = L1 and

later by Montgomery-Smith in [23] under the assumption that LM contains an

Lq-space for some q < ∞. Our main result (see Theorem 1 below) extends

results from [11, 23] to an arbitrary Orlicz space LM with the Kruglov property

and, in Corollary 9, we present such an extension for the case LM = Exp(Lp),

0 < p ≤ 1.

Secondly, we consider the problem of describing the space Ais(p, q) consisting

of all sequences α = (αk)
∞
k=1 ⊂ R such that the series

∞∑
k=1

αkfk

converges with respect to the norm of the space Lp,q = Lp,q[0, 1] for any se-

quence (fk)
∞
k=1 ⊂ Lp,q of independent identically distributed symmetric random

variables. This problem has been previously studied by S.Ya. Novikov who es-

tablished in [25, Theorems 3.5.6 and 4.3.8] that Ais(2,∞) coincides with the

Orlicz sequence space lM0 , where M0(t) := t2 · ln(1 + 1/t) (t > 0). We shall



458 S. V. ASTASHKIN AND F. A. SUKOCHEV Isr. J. Math.

present an easy and straightforward proof of this result as a consequence of our

disjointification formula from Theorem 1.

2. Preliminaries

2.1. Symmetric function and sequence spaces. In this subsection we

present some definitions from the theory of symmetric spaces. For more de-

tails on the latter theory we refer to [17, 21, 7].

Let I denote either [0, 1] or (0,∞) with Lebesgue measure λ. If f ∈
L1(I) + L∞(I) we denote by f∗ the decreasing rearrangement of |f |, i.e.,

f∗(t) = inf
λ(A)=t

sup
s∈I\A

|f(s)|.

A Banach function space X on I is said to be symmetric if the conditions

f ∈ X and g∗ ≤ f∗ imply that g ∈ X and ‖g‖X ≤ ‖f‖X . We will assume

the normalization that ‖χ(0,1)‖X = 1, where χA is the characteristic function

of a set A ⊂ I. Let ϕX(t) = ‖χ(0,t)‖X be the fundamental function of

X. A symmetric space X is said to have the Fatou property if for every

sequence (fn)
∞
n=1 ⊂ X of nonnegative functions such that fn ↑ f a.e. and

limn→∞ ‖fn‖X < ∞ we have f ∈ X and ‖f‖X = limn→∞ ‖fn‖X .

Let us recall some classical examples of symmetric spaces on [0, 1].

Let M(t) be an increasing convex function on [0,∞) such that M(0) = 0. By

LM we denote the Orlicz space on [0, 1] (see, e.g., [17, 21]) endowed with the

norm

‖x‖LM = inf

{
λ > 0 :

∫ 1

0

M(|x(t)|/λ)dt ≤ 1

}
.

We recall that x ∈ Lp,q(0, 1), 1 < p < ∞, 1 ≤ q ≤ ∞, if

‖x‖Lp,q =

⎧⎨
⎩
(

q
p

∫ 1

0 (x
∗(t)t1/p)q dt

t

)1/q

, q < ∞,

sup0<t≤1 x
∗(t)t1/p, q = ∞,

is finite. The expression ‖ · ‖Lp,q is a norm for q ≤ p and is equivalent to a norm

for q > p [21, p. 142].

We next discuss briefly symmetric sequence spaces. If ξ = (ξn)
∞
n=1 is a

bounded sequence, then ξ∗ = (ξ∗n)∞n=1 denotes its decreasing rearrangement:

ξ∗n = inf
|A|=n−1

sup
k∈N\A

|ξk|.

where |A| is a cardinality of A.
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A quasi-Banach sequence spaceE is called symmetric if the conditions a ∈ E

and b∗ ≤ a∗ imply that b ∈ E and ‖b‖E ≤ ‖a‖E. So, the functional ‖·‖E satisfies

the generalized triangle inequality

(4) ‖a+ b‖E ≤ L(‖a‖E + ‖b‖E), a, b ∈ E,

where L ≥ 1. If we may take in the last inequality L = 1, then E said to be a

(Banach) symmetric sequence space.

We shall assume (without loss of generality) that ‖ek‖E = 1, k ≥ 1, where

ek := (0, 0, . . . , 0, 1︸︷︷︸
kth place

, 0, 0, . . . ).

Moreover, we will need further to have placed some restrictions upon a quasi-

Banach symmetric sequence space E. Let, for every k ∈ N, the dilation operator

σk({aj}j≥1) := (a1, . . . , a1︸ ︷︷ ︸
k times

, a2, . . . , a2︸ ︷︷ ︸
k times

, . . . , aj , . . . , aj︸ ︷︷ ︸
k times

, . . . )

act boundedly in E and let

(i) ‖σk‖E→E ≤ k, k ∈ N.

We shall assume also sometimes that the quasi-Banach sequence space E satis-

fies the condition

(ii) l1 ⊆ E.

Observe that in the case when E is a Banach symmetric sequence space, the

latter assumptions are satisfied automatically.

2.2. The Kruglov property in symmetric function spaces. Let f be

a measurable function (a random variable) on [0, 1]. By π(f) we denote the

random variable
∑N

i=1 fi, where fi’s are independent copies of f and N is a

Poisson random variable with parameter 1 independent of the sequence {fi}.
Definition: A symmetric function space X is said to have the Kruglov prop-

erty if and only if f ∈ X ⇐⇒ π(f) ∈ X.

This property has been studied by M. Sh. Braverman [8] who used some prob-

abilistic constructions of V. M. Kruglov [18] and by the authors in [4, 3, 5, 6]

via an operator approach. We refer to the latter papers for various equiva-

lent characterizations of the Kruglov property. Note that only the implication

f ∈ X =⇒ π(f) ∈ X is nontrivial, since the implication π(f) ∈ X =⇒ f ∈ X
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is always satisfied [8, p. 11]. Moreover, a symmetric space X has the Kruglov

property if X ⊇ Lp for some p < ∞ [8, Theorem 1.2] and [4, Corollaries 5.4,

5.6]. At the same time, some exponential Orlicz spaces which do not contain Lq

for any q < ∞ also possess this property (see [8], [4] and the preceding section).

3. Main result

Our main result concerns the general version of the inequality (6.1)′ from [4] in

which the space lp is replaced by an arbitrary Banach sequence space or even

by an arbitrary quasi-Banach symmetric sequence space E satisfying properties

(i) and (ii) above.

Theorem 1: If a symmetric Banach function spaceX has the Kruglov property

and if E is an arbitrary symmetric Banach sequence space, then there exists

a constant C > 0 which depends only on X such that for all n ∈ N and any

sequence {fk}nk=1 ⊂ X of i.r.v.’s, inequalities (2) and (3) hold. Moreover,

inequality (3) holds for an arbitrary quasi-Banach symmetric sequence space E

satisfying assumptions (i) and (ii).

Proof. In fact, inequality (2) holds in the case of arbitrary symmetric function

space X and symmetric Banach sequence space E (see, e.g., [23, Theorem 1]).

Therefore, we concentrate on proving (3). Our approach is based on a key

observation that a central role in question is played by the weak l1-space, l1,∞
(see also [16, the proof of Theorem 0.2]). The latter space is defined as the

space of all sequences a = {ak}k≥1 such that

‖a‖1,∞ := sup
k≥1

ka∗k < ∞.

It is obvious that l1,∞ is a quasi-Banach sequence space such that

(5) ‖a+ b‖1,∞ ≤ 2(‖a‖1,∞ + ‖b‖1,∞)

for all a.b ∈ l1,∞.

We shall begin therefore with the proof of (3) in this special case. Recall that

the notation F was introduced in (1).

Proposition 2: If a symmetric function space X has the Kruglov property,

then there exists a universal constant C0 > 0 such that for all n ∈ N and any
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sequence {fk}nk=1 ⊂ X of i.r.v.’s, the following inequality holds:

(6)

∥∥∥∥
∥∥∥∥

n∑
k=1

fkek

∥∥∥∥
l1,∞

∥∥∥∥
X

≤ C0

(
‖F ∗χ[0,1]‖X +

∥∥∥∥
n∑

k=1

F ∗(k)ek

∥∥∥∥
l1,∞

)
.

Proof. It is obvious that we may (and shall) assume that the sequence

{fk}nk=1 ⊂ X of i.r.v.’s consists of nonnegative functions. Set t0 := F ∗(1)
and observe that

n∑
k=1

λ{s ∈ [0, 1] : fk(s) > t0} = λ{s > 0 : F (s) > t0} ≤ 1.

Therefore, setting

gk := fkχ{fk>t0}, hk := fkχ{fk≤t0}, k = 1, 2, . . . , n,

we have fk = gk + hk and
∑n

k=1 λ(supp(gk)) ≤ 1. We shall estimate quantities

‖‖∑n
k=1 gkek‖l1,∞‖X and ‖‖∑n

k=1 hkek‖l1,∞‖X separately. Let G and H be

functions defined for sequences {gk}nk=1 and {hk}nk=1 respectively analogously

to the definition of the function F in (1). Then, from the definition we have

the equality G∗ = G∗χ[0,1] = F ∗χ[0,1]. Since ‖a‖l1,∞ ≤ ‖a‖l1 (a ∈ l1), it follows

from [8, Lemma 4] that there exists a (universal) constant α such that

(7)

∥∥∥∥
∥∥∥∥

n∑
k=1

gkek

∥∥∥∥
l1,∞

∥∥∥∥
X

≤
∥∥∥∥

n∑
k=1

gk

∥∥∥∥
X

≤ α‖G∗‖X = α‖F ∗χ[0,1]‖X .

Now, we shall concentrate on obtaining the estimate analogous to (6) for the

sequence {hk}nk=1 of uniformly bounded i.r.v’s. Firstly, we intend to prove (6)

for this sequence when X = Lp, p ≥ 1, with the constant equivalent in order

to p/
√
ln(p+ 1) and then infer the required inequality for general X ’s with the

Kruglov property. To this end, observe that

(8) H(s) ≤ t0 and H∗(s) ≤ F ∗(s+ 1) (s > 0).

Therefore,

sup
t>0

tλ{s > 0 : H(s) > t} = sup
0<t≤t0

tλ{s > 0 : H∗(s) > t}

≤ sup
0<t≤t0

tλ{s > 0 : F ∗(s+ 1) > t}

= sup
0<t≤t0

tλ{s > 1 : F ∗(s) > t}

= sup
s≥1

F ∗(s)(s− 1) ≤ sup
k≥1

kF ∗(k).
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Setting

A := sup
k≥1

kF ∗(k) =
∥∥∥∥

n∑
k=1

F ∗(k)ek

∥∥∥∥
l1,∞

we arrive at

(9) sup
t>0

tλ{s > 0 : H(s) > t} ≤ A.

Now, consider a sequence {h′
k}k≥1 such that (h′

k)
∗ = h∗

k for every k ≥ 1 and

such that the family {hk, h
′
k}k≥1 consists of i.r.v.’s. In view of (9), we have

t

n∑
k=1

λ{h′
k > t} = t

n∑
k=1

λ{hk > t} = tλ{s > 0 : H(s) > t} ≤ A.

Using an elementary inequality (a+ b)p ≤ 2p(ap+ bp) (for a, b > 0), we have for

every v ∈ [0, 1] that

∫ 1

0

∥∥∥∥
n∑

k=1

hk(u)ek

∥∥∥∥
p

l1,∞

du

=

∫ 1

0

(
sup
t>0

t

n∑
k=1

χ{hk(u)>t}

)p

du

≤
∫ 1

0

(∣∣∣∣ sup
t>0

[
t

n∑
k=1

(χ{hk(u)>t} − λ{h′
k(v) > t})

]∣∣∣∣
+ sup

t>0
t

n∑
k=1

λ{h′
k(v) > t}

)p

du

≤ 2p
∫ 1

0

∣∣∣∣ sup
t>0

[
t

n∑
k=1

(χ{hk(u)>t} − λ{h′
k(v) > t})

]∣∣∣∣
p

du+ 2pAp.

By an elementary convexity argument, we deduce

∫ 1

0

∥∥∥∥
n∑

k=1

hk(u)ek

∥∥∥∥
p

l1,∞

du

≤ 2p
∫ 1

0

∫ 1

0

∣∣∣∣ sup
t>0

[
t

n∑
k=1

(χ{hk(u)>t} − χ{h′
k(v)>t})

]∣∣∣∣
p

dudv + 2pAp.
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Since the sequence {χ{hk(u)>t} − χ{h′
k
(v)>t}}nk=1 consists of symmetrically dis-

tributed i.r.v.’s, we can further modify the estimate above as

∫ 1

0

∥∥∥∥
n∑

k=1

hk(u)ek

∥∥∥∥
p

l1,∞

du

≤ 2p
∫ 1

0

∫ 1

0

∣∣∣∣ sup
t>0

[
t

n∑
k=1

rk(χ{hk(u)>t} − χ{h′
k(v)>t})

]∣∣∣∣
p

dudv + 2pAp,

where {rk}k≥1 is a sequence of identically and symmetrically distributed Be-

rnoulli variables taking on values ±1 and independent of the family {hk, h
′
k}k≥1.

If functions x, y ∈ Lp are equidistributed, then obviously∫ 1

0

∫ 1

0

|x(u) + y(v)|pdudv ≤ 2p
∫ 1

0

|x(u)|pdu.

Combining this observation with the previous estimates we arrive at the in-

equality

(10)

∫ 1

0

∥∥∥∥
n∑

k=1

hk(u)ek

∥∥∥∥
p

l1,∞

du ≤ 22p
∫ 1

0

sup
t>0

tp
∣∣∣∣

n∑
k=1

rkχ{hk(u)>t}

∣∣∣∣
p

du+ 2pAp.

At this moment in the proof, we have to pause and establish one auxiliary result.

The proof of the latter is almost identical to the proof of [22, Lemma 3.4] when

p = 2. However, we need to estimate the order of the constant with respect to

p.

Lemma 3: Let 1 ≤ p < ∞ and n ∈ N. For every nonnegative scalar sequence

{uk}nk=1, we have

∫ 1

0

sup
t>0

tp
∣∣∣∣

n∑
k=1

rk(s)χ{uk>t}

∣∣∣∣
p

ds ≤ 2ppp/2
( n∑

k=1

u2
k

)p/2

.

Proof. Let π : {1, . . . , n} → {1, . . . , n} be a permutation such that uπ(k) = u∗
k

(1 ≤ k ≤ n). Then

(11) sup
t>0

tp
∣∣∣∣

n∑
k=1

rk(s)χ{uk>t}

∣∣∣∣
p

= sup
1≤i≤n

(u∗
i )

p

∣∣∣∣
i∑

k=1

rπ(k)(s)

∣∣∣∣
p

.

Denote

Si := u∗
i

i∑
k=1

rπ(k) , Ti :=

i∑
k=1

u∗
krπ(k) (1 ≤ i ≤ n) and T0 = 0.
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Applying Abel’s transform, we estimate

Si = u∗
i

i∑
k=1

(Tk − Tk−1)(u
∗
k)

−1 = Ti − u∗
i

i−1∑
k=1

Tk((u
∗
k+1)

−1 − (u∗
k)

−1)

≤ |Ti|+ u∗
i

i−1∑
k=1

sup
1≤k≤i

|Tk|((u∗
k+1)

−1 − (u∗
k)

−1),

whence

sup
1≤i≤n

|Si|p ≤ 2p sup
1≤i≤n

|Ti|p.

Since the sequence {Ti}ni=1 is distributed exactly as the sequence {∑i
k=1 u

∗
krk}ni=1,

we obtain via the maximal Khintchine inequality (see, e.g., [26, §5])
∫ 1

0

sup
1≤i≤n

|Ti|p ds =
∫ 1

0

sup
1≤i≤n

∣∣∣∣
i∑

k=1

u∗
krk(s)

∣∣∣∣
p

ds

≤ pp/2
( n∑

k=1

(u∗
k)

2

)p/2

= pp/2
( n∑

k=1

u2
k

)p/2

.

Combining the last two inequalities yields

∫ 1

0

sup
1≤i≤n

|Si|p ds ≤ 2ppp/2
( n∑

k=1

u2
k

)p/2

.

In view of (11) this completes the proof of Lemma 3.

Let us continue the proof of Proposition 2. Integrating inequality (10), we

obtain∫ 1

0

∥∥∥∥
n∑

k=1

hk(u)ek

∥∥∥∥
p

l1,∞

du ≤ 22p
∫ 1

0

∫ 1

0

sup
t>0

tp
∣∣∣∣

n∑
k=1

rk(s)χ{hk(u)>t}

∣∣∣∣
p

duds+ 2pAp

= 22p
∫ 1

0

∫ 1

0

sup
t>0

tp
∣∣∣∣

n∑
k=1

rk(s)χ{hk(u)>t}

∣∣∣∣
p

dsdu + 2pAp

≤ 23ppp/2
∫ 1

0

( n∑
k=1

h2
k(u)

)p/2

du+ 2pAp.(12)

Now we are going to estimate the quantity

∫ 1

0

( n∑
k=1

h2
k(u)

)p/2

du =

∥∥∥∥
( n∑

k=1

h2
k

)1/2∥∥∥∥
p

p

.
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Firstly, Theorem 13 from [6] and inequalities (8) show that

∫ 1

0

( n∑
k=1

h2
k(u)

)p/2

du ≤ αp
( p

ln(p+ 1)

)p/2
(
F ∗(1) +

( n∑
k=1

F ∗(k)2
)1/2)p

≤ (2α)p
( p

ln(p+ 1)

)p/2
( n∑

k=1

F ∗(k)2
)p/2

.

Since l1,∞ is continuously embedded into l2, we have for some universal constant

β > 0 that ( n∑
k=1

F ∗(k)2
)1/2

≤ β sup
k≥1

kF ∗(k) = βA.

Thus, it follows from (12) that for some universal constant γ > 0

∫ 1

0

∥∥∥∥
n∑

k=1

hk(u)ek

∥∥∥∥
p

l1,∞

du ≤ 24ppp/2αp
( p

ln(p+ 1)

)p/2

βpAp + 2pAp

= γpAp
( p√

ln(p+ 1)

)p

,

or, equivalently,

∥∥∥∥
∥∥∥∥

n∑
k=1

hk(u)ek

∥∥∥∥
l1,∞

∥∥∥∥
p

≤ γA
p√

ln(p+ 1)
, p ≥ 1,

implying further

sup
p≥1

(√
ln(p+ 1)

p

∥∥∥∥
∥∥∥∥

n∑
k=1

hk(u)ek

∥∥∥∥
l1,∞

∥∥∥∥
p

)
≤ γA.

The quantity standing on the left-hand side in this inequality is equivalent to

the norm of the function u �→ ‖∑n
k=1 hk(u)ek‖l1,∞ in the Orlicz space LM ,

where M(u) = eu
√

ln(u+1) − 1 (see, e.g., [1, Corollary 1] or [15, Proposition

3.6]). Since X has the Kruglov property, it follows from [4, Theorem 7.2] that

LM ⊆ X and so, for some universal constant γ′ > 0, we have

∥∥∥∥
∥∥∥∥

n∑
k=1

hk(u)ek

∥∥∥∥
l1,∞

∥∥∥∥
X

≤ γ′A.

Combining this estimate with (7) and using the fact that fk = hk + gk, k ≥ 1

along with (5), we infer (6). This completes the proof of Proposition 2.
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Before we proceed with the completion of the proof of Theorem 1, we need

some additional notation. Fix a quasi-Banach symmetric space E. Given n ∈ N,

we first define an operator UE
n acting on the set of all square n × n matrices

into nn-dimensional space of step-functions in L1(0, 1) spanned by characteristic

functions of the intervals

Δi :=
[ i− 1

nn
,
i

nn

)
, i = 1, . . . , nn.

To define this operator, we consider the set {1, 2, . . . , n}n and an arbitrary one-

to-one mapping φ from this set onto the collection of intervals {Δi}nn

i=1. Fix

an n × n matrix α = (αi,j}ni,j=1. We define the image UE
n (α) as the following

function:

UE
n α(t) :=

n∑
j1,j2,...,jn=1

∥∥∥∥
n∑

k=1

αk,jkek

∥∥∥∥
E

χ
Δφ(j1,j2,...,jn)

(t) (0 ≤ t ≤ 1).

Of course, the definition of the operator UE
n depends on the choice of the

mapping φ. However, if X is a symmetric space on [0, 1], then the quantity

‖UE
n (α)‖X remains the same for any choice of φ.

Next, we shall use bistochastic matrices μ = (μi,j}ni,j=1, that is, matrices

satisfying

μi,j ≥ 0,

n∑
i=1

μi,j =

n∑
j=1

μi,j = 1, ∀1 ≤ i, j ≤ n.

For every such matrix, we define a family ξμ = {ξμk }nk=1 of i.r.v.’s on the prob-

ability space [0, 1]n as follows. If k ∈ [1, n] and t = (t1, t2, . . . , tn) ∈ [0, 1]n,

then

ξμk (t) = ξμk (tk) = 1/i,

on a subset whose measure is equal to μi,k. Here, i runs through the values

1, 2, . . . , n. Observe that the assumption that μ is bistochastic guarantees

(13)

n∑
k=1

λ{ξμk = 1/i} = 1, ∀i = 1, 2, . . . , n.

Observe also that if for t ∈ [0, 1]n we have ξμk (t) = 1/ik for some 1 ≤ ik ≤ n

and 1 ≤ k ≤ n, then

‖ξμk (t)‖l1,∞ = sup
k=1,2,...,n

kξμk (t)
∗ = sup

r=1,2,...,n

1

r
card{j : ξμj (t) ≥ 1/r}

= sup
r=1,2,...,n

1

r
card{k : jk ≤ r}.
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In this notation, we now restate the assertion which is implicitly contained

in the proof of [16, Proposition 2.1] as follows.

Proposition 4: Let X be an arbitrary symmetric function space and let E

be a quasi-Banach symmetric sequence space satisfying condition (i). Then for

every matrix α = (αi,j}ni,j=1, there exists a bistochastic matrix μ = (μi,j}ni,j=1

such that

‖UE
n α‖X ≤ 2‖max{1, ‖ξμ‖1,∞} ‖X ·

∥∥∥∥
n∑

k=1

α∗
(k−1)n+1ek

∥∥∥∥
E

,

where {α∗
j}n

2

j=1 is the nonincreasing permutation of the sequence {|αi,j |}ni,j=1.

We shall combine results of Proposition 2 and Proposition 4 in the proof

of Theorem 1 as follows. If a symmetric function space X has the Kruglov

property, then by Proposition 2 we have

‖‖ξμ‖1,∞‖X ≤ C0

(
‖F ∗

ξ χ[0,1]‖X +

∥∥∥∥
n∑

k=1

F ∗
ξ (k)ek

∥∥∥∥
l1,∞

)
,

where Fξ is a disjointification of the sequence ξμ = {ξμk }nk=1 (see (1)). It now

immediately follows from (13) that

F ∗
ξ (u) =

n∑
i=1

1

i
χ[i−1,i)(u),

and therefore ‖F ∗
ξ χ[0,1]‖X ≤ 1 and ‖∑n

k=1 F
∗
ξ (k)ek‖1,∞ ≤ 1, which yields

‖ ‖ξμ‖1,∞ ‖X ≤ 2C0.

In particular, Proposition 4 now yields the following rather general version of

Theorem 27 from [24] (see also [19]).

Corollary 5: If a symmetric function spaceX has the Kruglov property, then

for every n ∈ N, for every quasi-Banach symmetric sequence space E satisfying

condition (i) and for any matrix α = (αi,j}ni,j=1 we have

‖UE
n α‖X ≤ K0

∥∥∥∥
n∑

k=1

α∗
(k−1)n+1ek

∥∥∥∥
E

,

where K0 depends only on X.

Now, we are ready to complete the proof of Theorem 1. Since fk’s (k =

1, 2, . . . , n) are i.r.v.’s and since E is symmetric, we may (and shall) assume
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that f1, f2, . . . , fn are defined on [0, 1]n and, for every k = 1, 2, . . . , n, the func-

tion fk(s1, s2, . . . , sn) = fk(sk) is nonnegative and nonincreasing. Each of these

functions we split into the sum of three disjointly supported summands as fol-

lows. If t0 = F ∗(1), then

f1
k := fkχ{fk>t0}, f2

k := (fk − f1
k )χ[0,1/n), f3

k := f − f1
k − f2

k .

Observe that for i = 1, 2 we have

n∑
k=1

λ(supp f i
k) ≤ 1.

This observation and condition (ii) imposed on E allow us to appeal once more

to [8, Lemma 4] and thus obtain

(14)

∥∥∥∥
∥∥∥∥

n∑
k=1

f i
kek

∥∥∥∥
E

∥∥∥∥
X

≤
∥∥∥∥

n∑
k=1

f i
k

∥∥∥∥
X

≤ α‖F ∗χ[0,1]‖X (i = 1, 2).

It remains to obtain a similar estimate for ‖‖∑n
k=1 f

3
kek‖E‖X . To this end,

we shall employ Corollary 5. Analogously to [16, proof of Theorem 0.2], we

introduce the matrix α = (αi,j}ni,j=1 by

αi,j := sup
j/n<si≤(j+1)/n

f3
i (si), j = 1, 2, . . . , n− 1, αi,n = 0.

Fix (j1, j2, . . . , jn) ∈ {1, 2, . . . , n}n. Then for an arbitrary s := (s1, s2, . . . , sn)

such that ji/n < si ≤ (ji + 1)/n we have∥∥∥∥
n∑

i=1

f3
i (si)ei

∥∥∥∥
E

≤
∥∥∥∥

n∑
i=1

αi,jiei

∥∥∥∥
E

(observe that f3
i (si) = 0 when 0 ≤ si ≤ 1/n). Since for any (j1, j2, . . . , jn) ∈

{1, 2, . . . , n}n we have

λ{s ∈ [0, 1]n : ji/n < si ≤ (ji + 1)/n, i = 1, 2, . . . , n} = n−n,

we infer from Corollary 5 that

(15)

∥∥∥∥
∥∥∥∥

n∑
k=1

f3
kek

∥∥∥∥
E

∥∥∥∥
X

≤ ‖UE
n α‖X ≤ K0

∥∥∥∥
n∑

k=1

α∗
(k−1)n+1ek

∥∥∥∥
E

.

To estimate the right-hand side of (15) in the form required in Theorem 1, we

introduce a family of i.r.v.’s {f̃i}ni=1 on [0, 1]n associated with a given matrix
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α = (αi,j}ni,j=1 as follows:

f̃i(t) = f̃i(ti) =

n∑
j=1

αi,jχ[ j−1
n , j

n ](ti), i = 1, 2, . . . , n.

Since f̃i(t) ≤ fi(t) (i = 1, 2, . . . , n), then for the corresponding disjoint sums

F (t) :=

n∑
i=1

fi(t−i+1)χ(i−1,i](t) and F̃ (t) :=

n∑
i=1

f̃i(t−i+1)χ(i−1,i](t) (t > 0)

we have: F̃ (t) ≤ F (t) (t > 0). Moreover, F̃ ∗(k) = α∗
kn+1 (k = 0, 1, 2, . . . , n− 1)

and

α∗
1 = sup

i=1,2,...,n
sup

0<si≤1
f3
i (si) ≤ t0 = F ∗(1).

Hence, if L is the constant in the triangle inequality for the space E, then

∥∥∥∥
n∑

k=1

α∗
(k−1)n+1ek

∥∥∥∥
E

≤ L

(
α∗
1 +

∥∥∥∥
n−1∑
k=1

α∗
kn+1ek

∥∥∥∥
E

)

≤ L

(
F ∗(1) +

∥∥∥∥
n−1∑
k=1

F̃ ∗(k)ek

∥∥∥∥
E

)

≤ L

(
F ∗(1) +

∥∥∥∥
n−1∑
k=1

F ∗(k)ek

∥∥∥∥
E

)
≤ 2L

∥∥∥∥
n−1∑
k=1

F ∗(k)ek

∥∥∥∥
E

.

Hence, by (15), we have

(16)

∥∥∥∥
∥∥∥∥

n∑
k=1

f3
kek

∥∥∥∥
E

∥∥∥∥
X

≤ 2K0L

∥∥∥∥
n−1∑
k=1

F ∗(k)ek

∥∥∥∥
E

.

Now, the pointwise estimate

∥∥∥∥
n∑

k=1

fk(t)ek

∥∥∥∥
E

≤ L2

(∥∥∥∥
n∑

k=1

f1
k (t)ek

∥∥∥∥
E

+

∥∥∥∥
n∑

k=1

f2
k (t)ek

∥∥∥∥
E

+

∥∥∥∥
n∑

k=1

f3
k (t)ek

∥∥∥∥
E

)

together with (14) and (16) yield the assertion of Theorem 1.

Corollary 6: If a symmetric Banach function space X has the Kruglov prop-

erty and if E is an arbitrary symmetric Banach sequence space, then there exists

a constant C > 0 which depends only on X such that, for all n ∈ N and any
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sequence {fk}nk=1 ⊂ X of i.r.v.’s, the following inequality holds:

C−1

(
‖F ∗χ[0,1]‖X +

∥∥∥∥
∥∥∥∥

n∑
k=1

fkek

∥∥∥∥
E

∥∥∥∥
L1

)

≤
∥∥∥∥
∥∥∥∥

n∑
k=1

fkek

∥∥∥∥
E

∥∥∥∥
X

≤ C

(
‖F ∗χ[0,1]‖X +

∥∥∥∥
∥∥∥∥

n∑
k=1

fkek

∥∥∥∥
E

∥∥∥∥
L1

)
.(17)

Proof. From [12, Proposition 1] it follows that the estimate from below in (17)

holds in an arbitrary symmetric Banach function space X . To obtain the esti-

mate from the above in (17), we note that estimate (2) applied to the special

case X = L1 yields

∥∥∥∥
n∑

k=1

F ∗(k)ek

∥∥∥∥
E

≤ C′
∥∥∥∥
∥∥∥∥

n∑
k=1

fkek

∥∥∥∥
E

∥∥∥∥
L1

.

This observation together with inequality (3) guarantee the right hand side

inequality in (17).

Remark 7: Theorem 1 and Corollary 6 strengthen and make precise a number

of earlier results. For example, the estimates from the above in (3) and (17)

were established earlier in [23, Theorem 1] and [12, Theorem 5], respectively,

under the more restrictive assumption that X ⊃ Lp for p < ∞. In both papers,

the proof was based on an application of a well-known inequality by Hoffman-

Jørgensen [13]. The methods employed in [23] and in [12] do not seem to extend

to our present setting. In [4, Theorem 6.7] estimate (3) was obtained under the

same assumption on the space X as in Theorem 1, but only for a special case

E = lp (1 ≤ p ≤ ∞). It is further important to point out that the statement of

Theorem 1 is exact in the following sense. If the estimate from the above in (3)

(as well as in (17)) holds for E = l1, for every n ∈ N and an arbitrary sequence

{fk}nk=1 ⊂ X of i.r.v.’s, where X is a symmetric function space with the Fatou

property, then X has the Kruglov property [4, Theorem 3.5].

Remark 8: It is easy to see that in the case when the spaces X and E have the

Fatou property, inequalities (2), (3) and (17) hold also for all infinite sequences

{fk}∞k=1 ⊂ X of i.r.v.’s.
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4. Two applications

4.1. Orlicz norms of sequences of random variables. Let lN be an

Orlicz sequence space generated by an Orlicz function N and let {fk}∞k=1 ⊂ L1

be a sequence of identically distributed i.r.v.’s. It is shown in [11] that the

mapping

(αi)
∞
i=1 �→ E (‖{αifi}∞i=1‖lN ) :=

∫ 1

0

‖(αifi(t))
∞
i=1‖lNdt

defines a norm in some Orlicz space. The latter norm was explicitly computed

in [11] in some interesting cases. This result was strengthened in [23] as follows.

Suppose that LM is an Orlicz space on [0, 1] containing an Lq-space for some

q < ∞. Then for any sequence {fk}∞k=1 ⊂ LM of independent identically

distributed random variables, the functional ‖ ‖{αifi}∞i=1‖lN ‖LM is a norm in

the Orlicz sequence space lΛ, where

Λ(x) :=

∫ 1

0

θ(xf1(u))du, θ(x) := N(x), ∀0<x ≤1, and θ(x) := M(x), ∀x>1.

Using now the result of Theorem 1 (see also Remark 8) and arguing exactly

as in [23, Lemma 7 and Theorem 8], the result of [23] can be extended to an

arbitrary Orlicz space with Kruglov property. We state below only the special

case when such a space is Exp(Lp), 0 < p ≤ 1 (see [8], [4]). Clearly the latter

space does not contain an Lq-space for any q < ∞.

Corollary 9: Suppose that N is an arbitrary increasing convex function on

[0,∞) satisfying N(0) = 0 and suppose that 0 < p ≤ 1. Then for any sequence

{fk}∞k=1 ⊂ Exp(Lp) of identically distributed i.r.v’s, the mapping

(αi)
∞
i=1 �→ ‖‖{αifi}∞i=1‖lN‖Exp(Lp)

is equivalent to the norm in the Orlicz space lΛ, where

Λ(x) :=

∫ 1

0

θ(xf1(u))du, θ(x) := N(x), ∀0<x ≤ 1, and θ(x) � ex
p−1, ∀x>1.

4.2. Classes of sequences generated by the convergent series of

identically distributed symmetric i.r.v’s. Let us recall the following no-

tion (see [25] for more details and additional references). Fix 1 < p < ∞,

1 ≤ q ≤ ∞ and let Ais(p, q) consist of all sequences α = (αk)
∞
k=1 ⊂ R such that
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the series
∞∑
k=1

αkfk

converges with respect to the norm of the space Lp,q = Lp,q[0, 1] for any sequence

(fk)
∞
k=1 ⊂ Lp,q of identically distributed symmetric i.r.v.’s. In [25, Theorems

3.5.6 and 4.3.8], it is established that

(18) Ais(2,∞) = lM0 ,

where lM0 is the Orlicz sequence space generated by M0(t) := t2 · ln(1 + 1/t)

(t > 0) (see, e.g., [21]). We shall prove (18) with the help of our disjointification

formula from Theorem 1.

Since ‖f‖L2,∞ � sup0<t≤1 f
∗(t)t1/2, then, by [20, Theorem 3.2.1], it is suffi-

cient to verify that ∥∥∥∥
∞∑
k=1

αkg
(2)
k

∥∥∥∥
2,∞

� ‖α‖lM0
,

where {g(2)k }∞k=1 is a sequence of identically distributed symmetric i.r.v.’s such

that, for all k ≥ 1,

λ{t ∈ (0, 1] : |g(2)k (t)| > τ} = λ{t ∈ (0, 1] : t−1/2 > τ} = τ−2 (τ > 1).

It is well known (see, for example, [9, Lemma 2.2] or in a more general setting

[2, Theorem 1]) that

∥∥∥∥
∞∑
k=1

αkg
(2)
k

∥∥∥∥
2,∞

� ‖‖{αkg
(2)
k }∞k=1‖2‖2,∞.

Therefore, by Theorem 1 (see also [23, Theorem 1]), we have

∥∥∥∥
∞∑
k=1

αkg
(2)
k

∥∥∥∥
2,∞

� ‖G∗χ[0,1]‖2,∞ +

(∫ ∞

1

(G∗(t))2 dt
)1/2

,

where G is the disjointification of the sequence αkg
(2)
k (k = 1, 2, . . . ); see (1).

Thus, it suffices to show that

(19) ‖G∗χ[0,1]‖2,∞ +

(∫ ∞

1

(G∗(t))2 dt
)1/2

� ‖α‖lM0
.
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Without loss of generality, we may assume that αk ↓ 0. Let us compute the

distribution function of |G|. If τ > 0, then

nG(τ) : = λ{t > 0 : |G(t)| > τ} =

∞∑
k=1

λ{0 < t ≤ 1 : αkt
−1/2 > τ}

=
∑

k:αk>τ

1 +
∑

k:αk≤τ

α2
k

τ2
= card{k : αk > τ} + 1

τ2

∑
k:αk≤τ

α2
k.(20)

First, we shall demonstrate that

(21) ‖G∗χ[0,1]‖2,∞ = ‖α‖2.

Indeed, letting τ0 := G∗(1), we see that α1 = (α1g
(2)
1 )∗(1) ≤ τ0 and so

αk ≤ α1 ≤ τ0 for all k ≥ 1, and therefore it follows from (20) that
1
τ2
0

∑
k≥1 α

2
k = 1, that is, τ0 = ‖α‖2. Thus, in view of (20), we obtain (21)

as follows:

‖G∗χ[0,1]‖2,∞ = sup
τ≥G∗(1)=τ0

(τnG(τ)
1/2) = sup

τ≥‖α‖2

τ · 1
τ
· ‖α‖2 = ‖α‖2.

To estimate the second summand on the left-hand side of (19), we first apply

(20) to obtain

(22)

∫ ∞

1

(G∗(t))2 dt = 2

∫ ‖α‖2

0

τnG(τ)dτ

= 2

∫ ‖α‖2

0

τ
∑

k:αk>τ

1dτ + 2

∫ ‖α‖2

0

1

τ

∑
k:αk≤τ

α2
k.

For the first summand, we have

∫ ‖α‖2

0

τ
∑

k:αk>τ

1dτ =

∞∑
i=1

i ·
∫ αi

αi+1

τ dτ =
1

2

∞∑
i=1

i(α2
i − α2

i+1)

=
1

2

( ∞∑
i=1

i · α2
i −

∞∑
i=2

i · α2
i +

∞∑
i=2

α2
i

)
=

1

2
‖α‖22.(23)
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Similarly, computing the second summand in (21), we have∫ ‖α‖2

0

1

τ

∑
k:αk≤τ

α2
k =

∞∑
i=1

∫ αi

αi+1

1

τ

∞∑
k=i+1

α2
kdτ +

∫ ‖α‖2

α1

1

τ

∞∑
i=1

α2
kdτ

=

∞∑
i=1

∞∑
k=i+1

α2
k ln

( αi

αi+1

)
+

∞∑
i=1

α2
i ln

(‖α‖2
α1

)

=

∞∑
k=2

k−1∑
i=1

α2
k ln

( αi

αi+1

)
+

∞∑
k=1

α2
k ln

(‖α‖2
α1

)

=

∞∑
k=2

α2
k ln

( k−1∏
i=1

αi

αi+1

)
+

∞∑
k=1

α2
k ln

(‖α‖2
α1

)

=

∞∑
k=2

α2
k ln

(α1

αk

)
+

∞∑
k=1

α2
k ln

(‖α‖2
α1

)

=

∞∑
k=1

α2
k ln

(‖α‖2
αk

)
.

It follows from the last computation and from (21)–(23) that

‖G∗χ[0,1]‖2,∞ +

(∫ ∞

1

(G∗(t))2 dt
)1/2

(24)

� max

{
‖α‖2,

( ∞∑
k=1

α2
k ln

(‖α‖2
αk

))1/2}
.

Let us assume that ‖α‖lM0
= 1, that is,

∑∞
k=1 α

2
k ln(1 + 1/αk) ≤ 1. This

assumption guarantees, in particular, that ‖α‖2 ≤ C′
1 for some constant C′

1 > 0.

Thus

ln
(‖α‖2

αk

)
≤ C′′

1 ln
(
1 +

1

αk

)
,

and we infer from (24) that

‖G∗χ[0,1]‖2,∞ +

(∫ ∞

1

(G∗(t))2 dt
)1/2

≤ C1

for some constant C1 > 0. To establish the converse estimate, we may assume

(in view of (24)) that 0 < ‖α‖2 < 1 and that
∑∞

k=1 α
2
k ln(‖α‖2/αk) < 1. Due

to concavity of the logarithmic function, we have

ln
(‖α‖2

αk

)
≥ ‖α‖2 ln

( 1

αk

)
≥ c‖α‖2 ln

(
1 +

1

αk

)
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for some constant c > 0, which implies

∞∑
k=1

α2
k ln

(
1 +

1

αk

)
< ∞.

The latter implies that α ∈ lM0 and, invoking Banach’s inverse mapping theo-

rem, we conclude that

‖α‖lM0
≤ C2,

for some C2 > 0. This completes the verification of (19) and (18).

References

[1] S. V. Astashkin, Extrapolation functors on a family of scales generated by the real

interpolation method, Siberian Mathematical Journal 46 (2005), 205–225.

[2] S. V. Astashkin, Independent functions in rearrangement invariant spaces and the

Kruglov property, Sbornik: Mathematics 199 (2008), 945–963.

[3] S. V. Astashkin and F. A. Sukochev, Comparison of the sums of independent and disjoint

functions in symmetric spaces, Mathematical Notes 76 (2004), 449–454.

[4] S. V. Astashkin and F. A. Sukochev, Series of independent random variables in rearrange-

ment invariant spaces: an operator approach, Israel Journal of Mathematics 145 (2005),

125–156.

[5] S. V. Astashkin and F. A. Sukochev, Series of independent mean zero random variables

in rearrangement-invariant spaces having the Kruglov property, Journal of Mathematical

Sciences 148 (2008), 795–809.

[6] S. V. Astashkin and F. A. Sukochev, Best constants in Rosenthal type inequalities and

Kruglov operator, The Annals of Probability 38 (2010), 1986–2008.

[7] C. Bennett and R. Sharpley, Interpolation of Operators, Pure and Applied Mathematics

129, Academic Press, Boston, MA, 1988.

[8] M. Sh. Braverman, Independent random variables and rearrangement invariant spaces,

London Mathematical Society Lecture Note Series 194, Cambridge University Press,

Cambridge, 1984.

[9] N. L. Carothers and S. J. Dilworth, Geometry of Lorentz spaces via interpolation, Func-

tional Analysis Seminar Longhorn Notes 1985–86, University of Texas at Austin, 1987,

pp. 107–134.

[10] N. L. Carothers and S. J. Dilworth, Inequalities for sums of independent random vari-

ables, Proceedings of the American Mathematical Society 194 (1988), 221–226.
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