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ABSTRACT

Let X be a symmetric Banach function space on [0, 1] and let E be a sym-

metric (quasi)-Banach sequence space. Let f = {fx} n > 1 be an arbi-

n

k=1’
trary sequence of independent random variables in X and let {ex}>°  C E
be the standard unit vector sequence in E. This paper presents a deter-

ministic characterization of the quantity

n
H > frex
k=1

in terms of the sum of disjoint copies of individual terms of f. We acknowl-

ol

edge key contributions by previous authors in detail in the introduction,
however our approach is based on the important recent advances in the
study of the Kruglov property of symmetric spaces made earlier by the
authors.
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1. Introduction

Let X be a symmetric Banach function space on [0, 1]. For an arbitrary sequence
f:={fx}?_, C X consider its disjointification, that is, the function

0 F(w) =Y fitw) (u>0)

where the sequence { fk}};:l is a disjointly supported sequence of equimeasur-
able copies of the individual elements from the sequence f. Denote by F* the
decreasing rearrangement of |F'| (see relevant definitions in the next section).

the following estimates hold:
(2)

c! <|F*X[o,1] IIx +

n

The purpose of this paper is to provide sharp conditions on X under which
> F (ke

n
> < H kaek
k=1 E k=1

3) chwwmmx+

EIlX

n

> Fr(k)er,

k=1

)

for every sequence f C X of independent random variables (i.r.v.’s). Various
special cases of this problem have been considered by various authors. The
first result in this direction is the remarkable Rosenthal’s inequality [27] which
can be interpreted as the validity of (2) and (3) in the case when E = [; and
X =L, (1 <p< o0). This was extended by Carothers and Dilworth [10] to
the case when X is a Lorentz space L, , (1 < p < 00,1 < ¢ < 00), and further
by Johnson and Schechtman [14] to the case when X is any symmetric space
such that X D L, for p < co and E = [;. Subsequently, Montgomery-Smith
[23, Theorem 1] showed that inequality (2) holds for an arbitrary symmetric
function space X and symmetric Banach sequence space E and inequality (3)
holds for any symmetric Banach sequence space F2 when X DO L, for some
p < oo. In all these works, a crucial component of the proof is an application
of a well-known inequality by Hoffman-Jgrgensen [13] or its versions. On the
other hand, in [4, 3, 5, 6] the current authors investigated (3) using the operator
approach to the study of the Kruglov property introduced and extensively used
earlier by Braverman [8]. It is important to point out that the latter property
of a symmetric space X is less restrictive than the assumption X D L, for some
p < oo. In particular, there exist symmetric spaces with the Kruglov property
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which do not contain any reflexive L,-spaces. A standard example is given
by an exponential Orlicz space Exp(Ly), 0 < p < oo, which has the Kruglov
property if and only if p € (0,1]. In [4, Theorem 6.7], estimate (3) was obtained
for any symmetric space X with the Kruglov property but only for a special
case I/ =1,, 1 < p < oo. Here, we extend this result to an arbitrary Banach
symmetric sequence space. Moreover, using also some ideas from the recent
work of Junge [16], we establish (3) for any quasi-Banach symmetric sequence
spaces satisfying some rather mild restrictions. It is important to point out
that our main result here (see Theorem 1) is sharp in the following sense. If
estimate (3) holds for E = Iy, for every n > 1 and for an arbitrary sequence
{fr}?_y C X of i.r.v.’s, where X is a symmetric Banach function space with
the Fatou property, then X has the Kruglov property [4, Theorem 3.5]. As a
byproduct we obtain a rather general version of Theorem 27 from [24] related
to random permutations (see Corollary 5).

In the final section of this paper we provide two applications of our main
result.

Firstly, we briefly discuss the problem of finding the deterministic expression
for the functional ||||[{c:fi}52; lix | Lar» Where Ly is an Orlicz function space on
[0,1] and Iy is an Orlicz sequence space. Such a problem was first studied by
Gordon, Litvak, Schiitt and Werner in [11] for the special case Ly, = L; and
later by Montgomery-Smith in [23] under the assumption that Lj; contains an
Ls-space for some ¢ < co. Our main result (see Theorem 1 below) extends
results from [11, 23] to an arbitrary Orlicz space Lj; with the Kruglov property
and, in Corollary 9, we present such an extension for the case Ly = Exp(L,),
0<p<1.

Secondly, we consider the problem of describing the space A;s(p, ¢) consisting
of all sequences a = ()32, C R such that the series

oo
>t
h=1

converges with respect to the norm of the space L, , = L, 4[0,1] for any se-
quence (fx)32, C Ly 4 of independent identically distributed symmetric random
variables. This problem has been previously studied by S.Ya. Novikov who es-
tablished in [25, Theorems 3.5.6 and 4.3.8] that A;5(2,00) coincides with the
Orlicz sequence space lpr,, where My(t) := t - In(1 + 1/t) (¢t > 0). We shall
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present an easy and straightforward proof of this result as a consequence of our
disjointification formula from Theorem 1.

2. Preliminaries

2.1. SYMMETRIC FUNCTION AND SEQUENCE SPACES. In this subsection we
present some definitions from the theory of symmetric spaces. For more de-
tails on the latter theory we refer to [17, 21, 7].

Let I denote either [0,1] or (0,00) with Lebesgue measure A. If f €
Li(I) 4+ Loo(I) we denote by f* the decreasing rearrangement of |f], i.e.,

*(t) = inf su s)|.
P =t s 1)

A Banach function space X on [ is said to be symmetric if the conditions
f € X and g* < f* imply that ¢ € X and |lg/|x < ||fllx- We will assume
the normalization that |[x,1)||x = 1, where x4 is the characteristic function
of a set A C I. Let ox(t) = [[X(0,¢llx be the fundamental function of
X. A symmetric space X is said to have the Fatou property if for every
sequence (f,)52,; C X of nonnegative functions such that f, 1 f a.e. and
limy, o0 || fullx < 0o we have f € X and || f||x = limp—o0 || fn]lx-

Let us recall some classical examples of symmetric spaces on [0, 1].

Let M (t) be an increasing convex function on [0, 00) such that M (0) = 0. By
Lys we denote the Orlicz space on [0, 1] (see, e.g., [17, 21]) endowed with the
norm

2|y, = inf{)\ S0 /OIM(|:c(t)|/)\)dt < 1}.

We recall that € L, 4(0,1), 1 <p < o0, 1 < ¢ < o0, if

1/q
(fo tl/p th) . g < oo,

fols,, = )
Supg<p<y ()t /P, q =00

is finite. The expression || - ||z, , is a norm for ¢ < p and is equivalent to a norm
for ¢ > p [21, p. 142].

We next discuss briefly symmetric sequence spaces. If £ = (£,)52, is a
bounded sequence, then £* = (£%)5° ; denotes its decreasing rearrangement:

& = inf  sup [&].
|Al=n—1 geN\A

where |A| is a cardinality of A.
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A quasi-Banach sequence space F is called symmetric if the conditions a € F
and b* < ¢* imply that b € E and ||b||g < ||a||g. So, the functional ||-|| g satisfies
the generalized triangle inequality

(4) la+0lle < L(llalle + [Ibll&),  a,b € E,

where L > 1. If we may take in the last inequality L = 1, then E said to be a
(Banach) symmetric sequence space.
We shall assume (without loss of generality) that |ex||z = 1, k > 1, where

e :=(0,0,...,0, 1 ,0,0,...).
kth place
Moreover, we will need further to have placed some restrictions upon a quasi-
Banach symmetric sequence space E. Let, for every k& € N, the dilation operator
O'k({aj}j21) = (al,...,al,ag,...,ag,...,aj,...,aj,...)
- ~ - . -~ - N~ ~ -

k times k times k times

act boundedly in E and let
(i) ||0-kHE—>E§ka ke N.

We shall assume also sometimes that the quasi-Banach sequence space E satis-
fies the condition

(ii) {1 CE.

Observe that in the case when E is a Banach symmetric sequence space, the
latter assumptions are satisfied automatically.

2.2. THE KRUGLOV PROPERTY IN SYMMETRIC FUNCTION SPACES. Let f be
a measurable function (a random variable) on [0,1]. By m(f) we denote the
random variable Zfil fi, where f;’s are independent copies of f and N is a
Poisson random variable with parameter 1 independent of the sequence { f;}.

Definition: A symmetric function space X is said to have the Kruglov prop-
erty if and only if f € X < 7(f) € X.

This property has been studied by M. Sh. Braverman [8] who used some prob-
abilistic constructions of V. M. Kruglov [18] and by the authors in [4, 3, 5, 6]
via an operator approach. We refer to the latter papers for various equiva-
lent characterizations of the Kruglov property. Note that only the implication
f € X = 7(f) € X is nontrivial, since the implication 7(f) € X = f € X
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is always satisfied [8, p. 11]. Moreover, a symmetric space X has the Kruglov
property if X D L, for some p < oo [8, Theorem 1.2] and [4, Corollaries 5.4,
5.6]. At the same time, some exponential Orlicz spaces which do not contain L,
for any ¢ < oo also possess this property (see [8], [4] and the preceding section).

3. Main result

Our main result concerns the general version of the inequality (6.1)" from [4] in
which the space [, is replaced by an arbitrary Banach sequence space or even
by an arbitrary quasi-Banach symmetric sequence space E satisfying properties
(i) and (ii) above.

THEOREM 1: If a symmetric Banach function space X has the Kruglov property
and if E is an arbitrary symmetric Banach sequence space, then there exists
a constant C' > 0 which depends only on X such that for all n € N and any
sequence {fy}r_; C X of ir.v.’s, inequalities (2) and (3) hold. Moreover,
inequality (3) holds for an arbitrary quasi-Banach symmetric sequence space E
satistying assumptions (i) and (ii).

Proof. In fact, inequality (2) holds in the case of arbitrary symmetric function
space X and symmetric Banach sequence space E (see, e.g., [23, Theorem 1]).

Therefore, we concentrate on proving (3). Our approach is based on a key
observation that a central role in question is played by the weak [;-space, |1
(see also [16, the proof of Theorem 0.2]). The latter space is defined as the
space of all sequences a = {ay }x>1 such that

llall1,00 := sup kaj, < oco.
E>1
It is obvious that [; o is a quasi-Banach sequence space such that

() lla +bll1,00 < 2([|al

1o+ [1B]]1,00)

for all a.b € 11,00-
We shall begin therefore with the proof of (3) in this special case. Recall that
the notation F' was introduced in (1).

PROPOSITION 2: If a symmetric function space X has the Kruglov property,
then there exists a universal constant Cy > 0 such that for all n € N and any
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sequence { fr}}!_; C X of i.r.v.’s, the following inequality holds:
n n
> fren 3" Fr(k)es ) .
k=1 l1,00

k=1
Proof. Tt is obvious that we may (and shall) assume that the sequence

© |

< (||F*X[o,1]||x n
X

l1,00

{fr}?-y C X of ir.v.’s consists of nonnegative functions. Set ¢y := F*(1)
and observe that

D Mse[0,1]: fuls) >t} =Ms>0: F(s) >t} < 1.
k=1

Therefore, setting

gk = ka{fk>t0}a hi = ka{kato}’ k=1,2,...,n,
we have f, = gi + h and > _; AM(supp(gr)) < 1. We shall estimate quantities
1Sy geenlin - llx and |5y Arexll, . llx separately. Let G and H be
functions defined for sequences {gr}7_, and {h;}}_, respectively analogously
to the definition of the function F' in (1). Then, from the definition we have
the equality G* = G*x[0,1] = F"*X|0,1)- Since [la||i, ., < [lall;, (a € I1), it follows
from [8, Lemma 4] that there exists a (universal) constant o such that

n n
Z 9kCk Z 9k
k=1 k=1

Now, we shall concentrate on obtaining the estimate analogous to (6) for the

<
X

<al|Glx = allF"xqo.llx-

o |

1,00 X

sequence {hy}7_; of uniformly bounded i.r.v’s. Firstly, we intend to prove (6)
for this sequence when X = L,, p > 1, with the constant equivalent in order
to p/+/In(p + 1) and then infer the required inequality for general X’s with the
Kruglov property. To this end, observe that

(8) H(s)<tp and H"(s) < F*(s+1)(s>0).
Therefore,

suptA{s >0: H(s) >t} = sup tA{s>0: H"(s) >t}

>0 0<t<to
< sup tM{s>0:F*(s+1)>t}
0<t<to
= sup tA{s>1: F*(s) >t}
0<t<to

=sup F*(s)(s — 1) < sup kF*(k).
s>1 k>1
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Setting
n

> F*(k)ex

A:=supkF*(k) =

k>1 b—1 11,00
we arrive at
(9) suptA{s >0: H(s) >t} < A.
t>0

Now, consider a sequence {h} }r>1 such that (h})* = hj for every k > 1 and
such that the family {hy, hj }r>1 consists of i.r.v.’s. In view of (9), we have

tik{h; >t}:ti>\{hk >t =tMs>0: H(s) >t} <A

k=1

Using an elementary inequality (a+ b)P < 2P(a? 4 bP) (for a,b > 0), we have for
every v € [0,1] that

/

n

Z hk (u)ek

k=1

1
:/ (SUPtZX{hk u)>t}) du
0

t>0
1
0

p
du

lloo

t>0

sup |:ti()({hk(u)>t} — Mhi(v) > t})] ‘

k=1
p
+supt M (v >t>
;5 Z i) >
1 n p
<2 [ fsup [13 (o — M) > )|t 22
0

k=1
By an elementary convexity argument, we deduce

/

n

Z hk (u)ek

p

du

p

dudv + 2P AP,

sup [t (X{he(u)y>t} — X{h;(@»})}
>0 | =
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Since the sequence {X{n,(u)>t} — X{h;(u)>t}}Z:1 consists of symmetrically dis-
tributed i.r.v.’s, we can further modify the estimate above as

du

lloo

p

dudv + 2P AP,

ﬁ’/o/o

where {ry}r>1 is a sequence of identically and symmetrically distributed Be-

Sup [ Zrk X{hk(u)>t} — X{h, ('u)>t}):|

t>0

rnoulli variables taking on values +1 and independent of the family {hy, hj }r>1.
If functions z,y € L, are equidistributed, then obviously

/01 /01 |x(u) + y(v)|Pdudv < 2P /O1 |2 (w)|P du.

Combining this observation with the previous estimates we arrive at the in-

equality

(10) / 1

At this moment in the proof, we have to pause and establish one auxiliary result.

n

Z hk (u)ek ’

k=1 ll,oo

n

Z Tk X {hie (u) >t}
k=1

1 P
du < 22p/ sup tP du + 2P AP,
0

t>0

The proof of the latter is almost identical to the proof of [22, Lemma 3.4] when
p = 2. However, we need to estimate the order of the constant with respect to

p-

LEMMA 3: Let 1 < p < oo and n € N. For every nonnegative scalar sequence
{ur}y_,, we have

1 n
/ sup t* Zrk(s)X{uk»}
o t>0 =1

Proof. Let 7 : {1,...,n} — {1,...,n} be a permutation such that w, ) = u}
(1 <k <n). Then

P n p/2
ds < 2ppp/2<2ui) .

k=1

p
= sup
<z<n

(11) sup t¥
>0

Z Tk (S)X{uk >t}
k=1

Denote

S; = er(k) , Ty = Zu};rﬂ(k) (1<i<n) and T =0.



464 S. V. ASTASHKIN AND F. A. SUKOCHEV Isr. J. Math.

Applying Abel’s transform, we estimate

Si = uj Z(Tk —Tp1)(up) ' =T — uf ZTk((“ZH)_l — (up)™h)

k=1
i—1
<L uar Y sup [Til((upyn) ™ — () ™),
oy 1<k<i

whence

sup |S;[P < 2P sup |T;|P.
1<i<n 1<i<n

Since the sequence {T}}™, is distributed exactly as the sequence {3 et WETE Y i
we obtain via the maximal Khintchine inequality (see, e.g., [26, §5])

i

1 1 p
/ sup |Ti|pds:/ sup ZUZW(S) ds
0 1<i<n 0 1<i<n k=1
n p/2 n p/2
Spp/2<2(u2)2) pp/Q( Ui) :
k=1 k=1

Combining the last two inequalities yields

1 n p/2
/ sup |S;|Pds < 2ppp/2(2ui) .
o0 12

1<i<n b—1
In view of (11) this completes the proof of Lemma 3.

Let us continue the proof of Proposition 2. Integrating inequality (10), we

du<22p/ / supt”

0 t>0
:22’”/ / sup tP “

o Jo t>Ig ; X{hk( )>t}

p/2
(12) < 93/ / (Z hi(u)) du + 2P AP,
0 Ng=1

Now we are going to estimate the quantity

(G =)

obtain

P

ek (S)X{hk(u)>t} duds + 2P AP

p
dsdu + 2P AP

p

P
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Firstly, Theorem 13 from [6] and inequalities (8) show that

[ () “aes el b (0 (Srer) )
< () (S rwr)”

Since [ is continuously embedded into /3, we have for some universal constant
6 > 0 that

n 1/2
(Z F*(k)2) < Bsup kF*(k) = BA.

k>1
Thus, it follows from (12) that for some universal constant v > 0

/

n

Z hk (u)ek

k=1

p /2
du < 24ppp/2ap( b )p P AP + 2P AP
. In(p+ 1)

— WPAP(\/IH(Z . 1))p,

or, equivalently,

implying further

n

Z hk (u)ek

k=1

p
<4 , p=>1
» \/ln(er 1)

3

ll,oo

sup
p>1

(¢m%+n

> hi(u)ex
k=1

The quantity standing on the left-hand side in this inequality is equivalent to

)SWA

l1,00 11D
the norm of the function w — || 3>, _; hx(u)e ||, . in the Orlicz space Ly,
where M (u) = euV/In(utl) _ g (see, e.g., [1, Corollary 1] or [15, Proposition
3.6]). Since X has the Kruglov property, it follows from [4, Theorem 7.2] that
Lj; € X and so, for some universal constant v > 0, we have

Combining this estimate with (7) and using the fact that fr = hx +gx, k> 1
along with (5), we infer (6). This completes the proof of Proposition 2.

n

Z hk (u)ek

k=1

<+ A.

X

ll,oo
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Before we proceed with the completion of the proof of Theorem 1, we need
some additional notation. Fix a quasi-Banach symmetric space E. Givenn € N,
we first define an operator U acting on the set of all square n x n matrices
into n"-dimensional space of step-functions in L (0, 1) spanned by characteristic
functions of the intervals

i—1 14
Ai:z[ , ), i=1,...,n"
n" "
To define this operator, we consider the set {1,2,...,n}" and an arbitrary one-

to-one mapping ¢ from this set onto the collection of intervals {Ai}?:nl. Fix
an n X n matrix a = (a;;}7,—,. We define the image U} () as the following

function:

n

UEa(t) = Z

J1:J2,--Jn=1

n
E Ak, 53, €k

k=1

(t) (0<t<1).

Of course, the definition of the operator UF depends on the choice of the
mapping ¢. However, if X is a symmetric space on [0, 1], then the quantity
|UE ()|l x remains the same for any choice of ¢.

Next, we shall use bistochastic matrices 1 = (p;;};' 1, that is, matrices
satisfying

n n
pig >0, > = mig=1, V1<ij<n
1=1 j=1

For every such matrix, we define a family &* = {&}'}7_; of i.r.v.’s on the prob-
ability space [0,1]™ as follows. If k¥ € [1,n] and t = (¢1,t2,...,t,) € [0,1]7,
then

E4(t) = () = 14,

on a subset whose measure is equal to p; . Here, ¢ runs through the values

1,2,...,n. Observe that the assumption that u is bistochastic guarantees
(13) SMMg =1/ =1, Vi=12,...,n
k=1

Observe also that if for ¢ € [0,1]™ we have & (t) = 1/iy for some 1 < i < n
and 1 < k < n, then

6Ol = sup KELW = sup | eardfj: €4(1) > 1/r)

k=1,2,....n r=1,2,....,n

1
= sup card{k : jp <r}.
r

r=1,2,....n
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In this notation, we now restate the assertion which is implicitly contained
in the proof of [16, Proposition 2.1] as follows.

PROPOSITION 4: Let X be an arbitrary symmetric function space and let E
be a quasi-Banach symmetric sequence space satistying condition (i). Then for
every matrix o = (a; ;}7

I'j—1, there exists a bistochastic matrix p = (pi,;}; ;-
such that

U7 allx <

)

E a(k 1n+1ek

2 . . .
where {a’}""_, is the nonincreasing permutation of the sequence {|a j|}7;_;-
;

We shall combine results of Proposition 2 and Proposition 4 in the proof
of Theorem 1 as follows. If a symmetric function space X has the Kruglov

)
l1,00

where F¢ is a disjointification of the sequence £# = {&'}7_, (see (1)). It now

property, then by Proposition 2 we have

> Ff (ke

wwmausa(wwmmx+
k=1

immediately follows from (13) that

n

N 1
Fg (u) = Z Z.X[zel,z') (u),

i=1

and therefore HFgX[o,uHX <1and | 22:1 Fg(k)ek”lm < 1, which yields
I 16*]11,00 [lx < 2Co.

In particular, Proposition 4 now yields the following rather general version of
Theorem 27 from [24] (see also [19]).

COROLLARY b5: If a symmetric function space X has the Kruglov property, then
for every n € N, for every quasi-Banach symmetric sequence space E satisfying
condition (i) and for any matrix o = (o ;}7';_, we have

n
*
E Q(k—1)n+1€k

k=1

)

U7 allx < Ko

where K¢ depends only on X.

Now, we are ready to complete the proof of Theorem 1. Since fi’s (k =
1,2,...,n) are i.r.v.’s and since F is symmetric, we may (and shall) assume
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that f1, fa,..., fn are defined on [0,1]" and, for every k = 1,2,...,n, the func-
tion fr(s1,$2,-..,8n) = fr(sk) is nonnegative and nonincreasing. Each of these
functions we split into the sum of three disjointly supported summands as fol-
lows. If tg = F*(1), then

fo = feXggestor,  Jr= (e — f)Xoa/m), fii=rf—Ffr—fr-

Observe that for ¢ = 1,2 we have

> Alsupp fi) <
k=1

This observation and condition (ii) imposed on E allow us to appeal once more
to [8, Lemma 4] and thus obtain

(14) <allF*xpyllx (i=1,2).

It remains to obtain a similar estimate for ||| >°,_; flex| rllx. To this end,
we shall employ Corollary 5. Analogously to [16, proof of Theorem 0.2], we
introduce the matrix a = (v ;},—; by

Q= sup ff’(sl), i=L12,....n—1, «a;,=0.
j/n<si<(j+1)/n

Fix (j1,72,---,Jn) € {1,2,...,n}"™. Then for an arbitrary s := (s1, S2,...,5n)
such that j;/n < s; < (j; + 1)/n we have

n n
> fsies Y aige
i=1 i=1 E

(observe that f3(s;) = 0 when 0 < s; < 1/n). Since for any (j1,J2,.--,Jjn) €
{1,2,...,n}"™ we have

Msel0,1]":ji/n<s<(ji+1)/n, i=1,2,...,n} =n"",
we infer from Corollary 5 that

(15) < |U7allx < Ko

n
*
E Q(k—1)n+1Ck
k=1 E

To estimate the right-hand side of (15) in the form required in Theorem 1, we

EllX

introduce a family of i.r.v.’s {fi}?, on [0,1]" associated with a given matrix
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a = (@i j}7 -, as follows:

filt) = filti) = Y aigxpior ay(t), i=1,2,...,n.
j=1

Since fi(t) < fi(t) (i =1,2,...,n), then for the corresponding disjoint sums

n

F(t) = Z filt—=i+1)x(i-1,(t) and F(t) = Z fi(t_i"i_l))((ifl,i] (t) (t>0)

i=1
we have: F(t) < F(t) (t > 0). Moreover, F*(k) = Qopyr (k=0,1,2,...,n—1)
and

o) =  sup sup fzg(sz) <to=F*(1).
i=1,2,....,n 0<s;<1

Hence, if L is the constant in the triangle inequality for the space E, then

n n—1
Z Al 1ynir€k|| < L(@ + Z kn 1€k )
k=1 E k=1 E
nfl~
< L<F*(1) D (k)ex )
k=1 E
n—1 n—1
< L(F*(l) | D Fr(k)ex ) <2L| Y Fr(k)ex
k=1 E k=1 E
Hence, by (15), we have
n n—1
(16) H > fiex < 2KoL|[ Y F*(k)ex
k=1 EllX k=1 E
Now, the pointwise estimate
S htal <i2(|Sioa] +|Sr0a] +| k0] )
k=1 E k=1 E k=1 E k=1 E

together with (14) and (16) yield the assertion of Theorem 1.

COROLLARY 6: If a symmetric Banach function space X has the Kruglov prop-
erty and if F is an arbitrary symmetric Banach sequence space, then there exists
a constant C' > 0 which depends only on X such that, for all n € N and any
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sequence { fr}}!_; C X of i.r.v.’s, the following inequality holds:

)

n

kaek

o (HF*X[O,HHX n H

k=1 E
< H kaek
k=1 EllX
an SC(IIF*X[o,uIIXJrH S fuer )
k=1 ENL,

Proof. From [12, Proposition 1] it follows that the estimate from below in (17)
holds in an arbitrary symmetric Banach function space X. To obtain the esti-
mate from the above in (17), we note that estimate (2) applied to the special
case X = L yields

ZF*(k)ek kaek
k=1 k=1

This observation together with inequality (3) guarantee the right hand side

<
E

ENLy

inequality in (17).

Remark 7: Theorem 1 and Corollary 6 strengthen and make precise a number
of earlier results. For example, the estimates from the above in (3) and (17)
were established earlier in [23, Theorem 1] and [12, Theorem 5|, respectively,
under the more restrictive assumption that X D L, for p < co. In both papers,
the proof was based on an application of a well-known inequality by Hoffman-
Jorgensen [13]. The methods employed in [23] and in [12] do not seem to extend
to our present setting. In [4, Theorem 6.7] estimate (3) was obtained under the
same assumption on the space X as in Theorem 1, but only for a special case
E =1, (1 <p<oo). It is further important to point out that the statement of
Theorem 1 is exact in the following sense. If the estimate from the above in (3)
(as well as in (17)) holds for E = [y, for every n € N and an arbitrary sequence
{fr}?_; C X of i.r.v.’s, where X is a symmetric function space with the Fatou
property, then X has the Kruglov property [4, Theorem 3.5].

Remark 8: It is easy to see that in the case when the spaces X and E have the
Fatou property, inequalities (2), (3) and (17) hold also for all infinite sequences
{fe}2, C X of ir.v.’s.
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4. Two applications

4.1. ORLICZ NORMS OF SEQUENCES OF RANDOM VARIABLES. Let [y be an
Orlicz sequence space generated by an Orlicz function N and let {fx}22, C L1
be a sequence of identically distributed i.r.v.’s. It is shown in [11] that the

mapping

(@)1 = E([{0s £} 1 l) = / s fo(8) 2 i

defines a norm in some Orlicz space. The latter norm was explicitly computed
in [11] in some interesting cases. This result was strengthened in [23] as follows.
Suppose that Ly is an Orlicz space on [0, 1] containing an L,-space for some
g < oo. Then for any sequence {f;}?°, C La of independent identically
distributed random variables, the functional || ||[{c.fi}21]lix |L, 18 @ norm in
the Orlicz sequence space [y, where

A(z) ::/O O(xfi(u))du, 6(x):=N(z),Y0<z <1, and O(z) := M(z),Vz>1.

Using now the result of Theorem 1 (see also Remark 8) and arguing exactly
as in [23, Lemma 7 and Theorem 8], the result of [23] can be extended to an
arbitrary Orlicz space with Kruglov property. We state below only the special
case when such a space is Exp(Ly), 0 < p <1 (see [8], [4]). Clearly the latter
space does not contain an Lg-space for any ¢ < oo.

COROLLARY 9: Suppose that N is an arbitrary increasing convex function on
[0, 00) satisfying N(0) = 0 and suppose that 0 < p < 1. Then for any sequence
{fx}2, C Exp(L,) of identically distributed i.r.v’s, the mapping

()21 = e fi} i llin | Ezp(z,)

is equivalent to the norm in the Orlicz space lp, where

1
A(z) :/O O(zf(u))du, 6(z):=N(z),Y0<z <1, and f(z) < ' —1,Vz>1.

4.2. CLASSES OF SEQUENCES GENERATED BY THE CONVERGENT SERIES OF
IDENTICALLY DISTRIBUTED SYMMETRIC I.R.V’S. Let us recall the following no-
tion (see [25] for more details and additional references). Fix 1 < p < oo,
1 < g < oo and let A;5(p, q) consist of all sequences & = ()52, C R such that
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the series
o
§ ok fr
k=1

converges with respect to the norm of the space L, = L, 4]0, 1] for any sequence
(fr)i2y C Lp,q of identically distributed symmetric i.r.v.’s. In [25, Theorems
3.5.6 and 4.3.8], it is established that

(18) Ai5(2,00) = ZMU;

where [y, is the Orlicz sequence space generated by My(t) := t? - In(1 + 1/t)
(t > 0) (see, e.g., [21]). We shall prove (18) with the help of our disjointification
formula from Theorem 1.

Since || f||L, .. < SUPgei<y f*(¢)t1/2, then, by [20, Theorem 3.2.1], it is suffi-
cient to verify that -

= ||aHlM0’

2,00

> argy
k=1

where {g,(f)}z‘;l is a sequence of identically distributed symmetric i.r.v.’s such
that, for all £k > 1,

Mte(0,1]: [P >rr=Mte(0,1]: 72> 7 =72 (r>1).

It is well known (see, for example, [9, Lemma 2.2] or in a more general setting
[2, Theorem 1)) that

2
= [[{angs? 3221 ll2ll2,00-

2,00

2
> gy
k=1

Therefore, by Theorem 1 (see also [23, Theorem 1]), we have

) 00 1/2
Sad?| =16l ([ @ @)
k=1 1

2,00

where G is the disjointification of the sequence ozkgl(f) (k=1,2,...); see (1).
Thus, it suffices to show that

S 1/2
(19) 1G" X011 ll2.00 + </1 (G (1)) dt> = ledling -
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Without loss of generality, we may assume that «y | 0. Let us compute the
distribution function of |G|. If 7 > 0, then

ng(t):=Mt>0: |G(t)] >71} = i)\{o <t<1: apt™/2>1}

k=1
(20) = > 1+ Z S fcard{k ak>T}+ > o
ko >T ko <1 ko <t
First, we shall demonstrate that
(21) 1G*X10,1)ll2,00 = ll[|2-
Indeed, letting 79 := G*(1), we see that a; = (alg(z)) (1) < 79 and so
ar < a3 < 719 for all k > 1, and therefore it follows from (20) that
L3 ks1af =1, that is, 70 = [lall2. Thus, in view of (20), we obtain (21)
2 >
as follows:
* 1/2 1
1G"Xll200 = sup  (Tng(7) /") = sup 7. - [laf2 = [lof2.
T>G*(1)=T19 72 |lel2 T

To estimate the second summand on the left-hand side of (19), we first apply
(20) to obtain

/loo (G*(t))thQ/la”zTng( Ydr

(22) llallz lalla
/ T Y ldr+2 / > o
kiap>T k ap<T
For the first summand, we have
el e
/ Z ldr = Z / Tdr = z'(ozf - aerl)
kiap>T1 it i= 1

_ 1 . P 1 2
(23) = Q(i_zlz-ai —;z-ai —i—;ai) = 2||04H2.
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Similarly, computing the second summand in (21), we have

/lall2 ! Z i = Z/ Z o%clT—i—/lal|2 ! Zade

ki <t 0‘1+1 k=i+1
— @i [lell
S35 et ([ )t (100R)
i=1 k=i+1 Qit1 i=1
N oy (@), s oy (ol
:Z akln( )—i—Zakln( )
k=2 i=1 Qitl k=1 a1
= (e )Ly (el
= Z o In H _ + o 1n ( )
k=2 =1 it k=1 a1
- & - o
:Zailn( 1)+Zailn( 2)
k=2 Ak k=1 a1
- el
= Z a3 In ( 2)
ay
k=1

It follows from the last computation and from (21)—(23) that

@) G xpyllaee + ( | @ dt) v

xnmx{um%<§:a1 (”'ﬁ) }

Let us assume that ||, = 1, that is, Y77, ajIn(1 + 1/ay) < 1. This
assumption guarantees, in particular, that ||«|l2 < C] for some constant Cf > 0.

Thus
1
nomm)chm(r+ ),
(677 (673

and we infer from (24) that

oo 1/2
|Gwmmm+(/ @%Nﬁ) <0y
1

for some constant C7; > 0. To establish the converse estimate, we may assume
(in view of (24)) that 0 < [lall2 < 1 and that > r-; o2 In(||a||2/ax) < 1. Due
to concavity of the logarithmic function, we have

1 1
nomm)zﬂﬂbm( )qumh(1+ )
Qg Qg Qg
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for some constant ¢ > 0, which implies

- 1
Za%ln(l—i— )<oo.
— Ak

k=1

The latter implies that o € ljs, and, invoking Banach’s inverse mapping theo-

rem, we conclude that

llliagy < Co,

for some Co > 0. This completes the verification of (19) and (18).
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