Extrapolation description
of rearrangement invariant spaces
and related problems

Sergey Astashkin and Konstantin Lykov

Abstract. Problems of the extrapolation theory of operators
in the scale of L,—spaces are considered. Mainly we focus on the
problem of an extrapolation description of rearrangement invariant
(r.i.) spaces on [0, 1]. Generalizing Jawerth-Milman’s approach we
introduce and study a new class S€ of extrapolation r.i. spaces
with respect to the scale of L,—spaces. In spite of the fact that the
class S€ contains almost all known by now extrapolation spaces
”close” to Lo it has a rather simple description. We completely
characterize Marcinkiewicz and Lorentz spaces belonging to this
class and present some examples of not extrapolation r.i. spaces
X such that X C L, for every p < oc. Under mild assumptions it
is proved that Peetre’s K—functional of a couple (X, L) has an
extrapolation description if and only if X € S€. Moreover, it is
investigated the problem when an Orlicz space is representable as
an intersection of L,—spaces with scalar weights. As an applica-
tion, a sharp Yano type theorem for operators bounded in L, is
established.

1 Introduction and preliminaries

The starting point of the extrapolation theory of operators is the fol-
lowing remarkable theorem proved by Japanese mathematician S.Yano
in 1951.
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Theorem 1.1 ([45]). (a) Suppose that a linear operator T is bounded

in Ly for every p € (1,po), po > 1, and

(1) I, 1, < Clp—1)7", pe (1,po),

for some B > 0, with a constant C > 0 independent of p. Then,
T: L(og L)’ — Ly,

where the Zygmund space L(log L) consists of all measurable on [0,1]

functions x(t) such that

1
2/l £og £y = /logﬁ(e/t)x*(t) dt < oo.
0

Here and next, x*(t) stands for the non-increasing rearrangement of
|(t)].

(b) If T is a linear operator bounded in L, for all p > py and
(2) T2, ~z, < CPP, p € (po,0),
for some B > 0, with a constant C > 0 independent of p, then
T: Lo — ExpLP.

The Zygmund space Exp LP consists of all measurable functions x(t)
such that

|2l xp 2o = sup log™"/P(e/t)a’(t) < oc.
0<t<1
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In fact, the paper [45] contains only the part (a) of Theorem 1.1
but in the classical Zygmund’s book ”Trigonometric series” both parts
were published (see [47, Theorem 12.4.41]). Yano’s theorem at once has
found valuable applications to studying classical operators of analysis
such that the maximal Hardy-Littlewood operator and the operator of
trigonometric conjugate function [45, 47]. Their norms in L,-spaces
satisfy estimates of the form (1) or (2) and therefore, by Theorem 1.1, we
immediately obtain the appropriate estimates in Zygmund spaces. Thus
Yano’s theorem can be treated as a converse statement with respect to
interpolation theorems: estimates of operator norms in L,-spaces imply
these in appropriate limiting spaces of this scale. So, Yano’s result has
been called an extrapolation theorem.

Soon after that some more papers devoted to extrapolation problems
were appeared (see, for instance, [46, 43, 19]). In particular, in [46] and
[43] Yano’s result was really rediscovered.

Later, in nineties, B. Jawerth and M. Milman laid down the founda-
tions of the general extrapolation theory, which studies natural limiting
spaces associated with various interpolation scales and provides esti-
mates for norms of appropriate operators [16, 17]. Mainly, they consider
scales generated by the real method of interpolation.

Recall that for any Banach couple (Ag, A1) (i.e., Ap and A; are Ba-
nach spaces linearly and continuously embedded in a common Hausdorff
topological vector space) and ¢ > 0, the Peetre K—functional is defined
as follows:

K(t,a; Ao, A1) = inf{||aol| 4, + t||la1]|a, : @ = a0+ a1,a; € A;,i =0,1}.

Then, for every 0 < § < 1 and 1 < g < 00, the space g&q consists of all
a € Ag + Aj such that

00 1/q
_ q dt .
lall 5, = /(t "Kit,a; Ao, An)" T | <oo it g <o
0

and
lallg,., = sup 70K (t, a; Ag, Ay) < 0.
! <t<oo

If we replace in the last formulas the function ¢~¢ with an arbitrary
positive function W (t) we get the space Ayw,.
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As extrapolation methods (functors) B.Jawerth and M.Milman in-
troduce the sum and the intersection of families of Banach spaces. Let
{Ag}o<p<1 be a family of Banach spaces such that there exist two Ba-
nach spaces U and V for which the continuous inclusions

UCAyCV (0<h<1)

hold with uniformly bounded norms. Then the sum

Y(Ay) = {a = Zag inV : ay € Ay for some 0 and Z llaglla, < oo},
0 0

with the norm [|a||s(4,) = inf ) |lag 4,, where infimum is taken over all
[4

admissible representations of a € 3(Ay). Analogously, the intersection
A(Ap) consists of all a € [,.9-; A such that

lallacay) = sup lafla, < oo.
0<6<1

In what follows, the expression f =< g means that ¢f < g < Cf
for some constants ¢ > 0 and C' > 0 independent of all or of a part of
arguments of f and g. Finally, if X is a Banach space and b > 0, then
bX consists of the same elements as X and ||z||yx = b||z| x-

Jawerth—Milman’s approach to calculation of norms of extrapolation
spaces is based on two key facts. Firstly, ¥— and A—functors commute
with appropriate interpolation functors. For example,

3) Bococt (M(0) Ao ) = Koo,

where M (6) is an arbitrary positive function and W (t) = sup, t =M (6).
The second fact is valid for any tempered function M (0) which satisfies
the conditions

140
M(6) = M (6/2) as § — 0 and M(e)xM<‘;) as 0 — 1.

By this assumption, we have the following stability: for all 1 < ¢, < oo

A0<9<1 (M(9)<E9,q>) = A0<<9<1 (M(9)<A9,r>> ,
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where (Ap ) == (A(1 — H)q)l/qzéfg,q. In particular, for the Banach couple

—

A = (L1, L) of the spaces on the segment [0, 1] we have

v - - 1
(Ag1) C Ly = (Agyp) C (Agoo) for 6 =1— ,

uniformly with respect to 1 < p < oo. Therefore, assuming that w(p) <
w(2p) as p — oo we obtain

M) = (15 ) =) =) =01 (57) w001

whence

1 o
Algpeco (W(p)Lp) = Ap<gc1w <1_9) Ap oo

Hence, using (3), we are able to find an extrapolation description of
Zygmund spaces from Yano’s theorem (see, for instance, [34, p. 22-23]).
For every 8 > 0 and pg > 1 we have

(4) Yi<p<po ((p - 1)_'8Lp> = L(log L)ﬁ
and
(5) Apzpo (pil/BLp) = Exp L.

These relations recover the spaces L(log L)? and Exp L’ as limiting
spaces of the scale of L,-spaces and, in addition, immediately imply both
parts of Yano’s theorem. In fact, for example, assuming ||T'|[z, -z, <

Cp'/8, by (5), we obtain

T2 s = sup p~ /7| T, < C sup 2], = Ol co-
j =30 p=po

Next, we will concentrate on studying the extrapolation A—functor.
By (5),

©)  Wolleprs = sup 5 el = el 5|

u )
P=po Loo (po,00)

Therefore, the Zygmund space Exp L? is the result of applying a weigh-
ted Loo-norm to the function fy(p) := |zf|,. In [18], Lo is replaced
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with the more general space L, (1 < r < oo) which allows to obtain
new extrapolation spaces. In [6] and [9], we focused on the following in
a sense opposite problem: which rearrangement invariant spaces such
that X C L, for every p < oo have an extrapolation description with
respect to the scale of L,-spaces or, in other words, when the norm of
an r.i. space X can be expressed by L, norms?

First of all, recall basic definitions of the theory of r.i. spaces on [0, 1]
(its detailed exposition can be found in [21, 22]). A Banach function
space X is called a Banach lattice if the conditions y = y(¢t) € X and
|z(t)] < |y(t)] imply that z = z(t) € X and ||z| < ||y|. A Banach
lattice X is said to be an rearrangement invariant (r.i.) space if from
y = y(t) € X and z*(t) < y*(t) it follows that z = z(t) € X and
lellx < lylx.

The simplest and most important example of an r.i. space is given
by L,-space (1 < p < 00), with the usual norm

; 1/p
lell, = ( [letPat) (1< p < 00) and el = ess sup [o(0)
0 <i<1
Note that Lo is the smallest space among all r.i. spaces on [0, 1] and
Ly is the largest one [21, Theorem 2.4.1]. Let 1 < p < 00, 1 < ¢ < oc.
Then, the space L, 4 is defined as the set of all functions for which the
following quasi-norm is finite:

1/q

1
q . q dt
lallpg = |2 [ (20 )" § ] (1<a<o)
0
and
|20 = sup 7727 (2).
) 0 <
Replacing in the previous formulas z*(t) by z**(t) := %fg x*(s) ds, we

get in Ly, ; an equivalent r.i. norm for every 1 < p < o0, 1 < ¢ < oc0. In
particular, L, = Ly, .

An another natural generalization of L,—spaces are Orlicz spaces [20].
Let M (u) be an Orlicz function, that is, an increasing convex function
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on [0,00) such that M(0) = 0. The Orlicz space Ly consists of all
measurable functions z(¢) on [0, 1] such that the function M (@) €Ly
for some u > 0, with the norm

1
: ()]
lzlly,, = inf u>0:/M< " dt <1

0

In the case of the power function M(u) = uP (1 < p < c0) we obtain
L,-—space; if M(u) is equivalent to the function e’ (8 > 0) for all u
large enough, Ly coincides with the Zygmund space Exp L? appeared
in Yano’s theorem. Moreover, the exponential Orlicz space Exp LY is
generated by the function e¥® — 1 (N(t) is an Orlicz function).

Other examples of r.i. spaces are Lorentz and Marcinkiewicz spaces.
Let ¢(t) be an increasing concave function on [0, 1], with ¢(0) = 0. The
Marcinkiewicz space M () consists of all measurable functions z(t) such
that

s

'/x*(t)dt < 0.

0

©(s)
x = sup —~=
|| ||M(4p) 0cs<l S

The Lorentz space A.(¢) (1 <7 < o0) is defined by the norm
1 1/r

lolla,ip = | [ 2@ et

0

An important characteristic of an r.i. space X is its fundamental
function ¢x(t) = [Ix (0,5l y» Where x(o,) is the characteristic function of
the interval (0,t). In particular,

1

— ¢l — — —
¢r,(t) =t /P, D) () = O (o) () = @(t), by, (1) = m
Moreover, A(p) := A1(p) is the smallest space and M (¢) is the largest
space among all r.i. spaces with the fundamental function ¢(t) [21,
Theorems 4.5.5 and 4.5.7]. Every fundamental function ¢(t) is quasi-
concave (this means that ¢(0) = 0, ¢(t) > 0, p(t) increases, and ¢(t)/t
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decreases). Every such function is equivalent to its least concave ma-
jorant ¢(t); more exactly, 1/2¢(t) < ¢(t) < ¢(t) (0 < t < 1) [21,
Theorem 4.1.1]. An r.i. space X is said to have the Fatou property if the
conditions 0 < z,, T  a.e. on [0,1] and sup,en ||Zn|| < oo imply z € X
and |[zn| T |z]].

An Orlicz space Ly ”"close” to Lo, coincides with the Marcinkiewicz
space with the same fundamental function ¢. More precisely [23, 42],
Ly = M(p) if and only if 1/¢ € Lps. In view of the expression for
the fundamental function of L, the last condition is equivalent to the
following: there exists a A > 0 such that

. o (Gt (1)) o<
0

In particular, a Zygmund space Exp L? and an exponential Orlicz space
Exp LY coincide with the Marcinkiewicz space M (y) generated by the
function ¢(t) =< log~#(e/t) and o(t) = 1/N~1(log(e/t)), respectively.

Let us recall the definition from [6], where instead of weighted L,-
parameters arbitrary Banach lattices are considered. Let F' be a Banach
lattice of measurable functions on [1,00) (it will be called an extrapola-
tion parameter). The set Lp consists of all functions z(t) for which the
function fi(p) := |z[|, € F}, with the norm

)l = [ fallp-
It is not hard to check that Lr is an r.i. space such that Lr C L, for
every p < oQ.
Definition 1.2 ([6]). We will say that an r.i. space X on [0,1] is an
extrapolation space with respect to the scale of Ly—spaces (X € &) if there
is a Banach lattice F on [1,00) such that X = Lp (with equivalence of
norms).

The simplest example of such a space is the space L. Since

£l =l 1],
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then Loo = L1, [1,00)- Other examples are Zygmund spaces Exp LB (3 >
0) (see (6)) and exponential Orlicz spaces Exp L since, by [4],

Hpr
8 Tl gxp [N =~ Sup .
( ) H H Xp P>Po _]\7_1( )

Note that in both cases we can take for a parameter F' an appropriate
weighted Lo,—space.

Some basic properties of Banach spaces Lr were studied in [27].
Moreover, in [6] necessary and sufficient conditions under which impor-
tant in applications Marcinkiewicz and Lorentz spaces belong to the
class £ have been found. Next, in the paper [9] the following interesting
subclass of strong or nice extrapolation spaces was singled out. If X is
an r.i. space on [0,1], then by X we denote the Banach lattice of all
measurable on [1,00) functions f such that

1l == £ (loga(2/))]l < 0.

Definition 1.3 ([9]). An r.i. space X is called a strong extrapolation
space (X € SE) if X = L (with equivalence of norms).

In particular, relations (6) and (8) demonstrate that all Zygmund
spaces Exp L? (8 > 0) and exponential Orlicz spaces Exp LN are strong
extrapolation spaces.

Thus, for a strong extrapolation space X the corresponding extrap-
olation parameter X is completely and explicitly determined by X. We
observe the following surprised phenomenon: the norm of any function
in every strong extrapolation r.i. space X is equivalent to the norm in
X of its L, norm. More precisely, ||z| y = H 12 [l10g, (2/1) HX

In [9], a rather simple characterization of strong extrapolation spaces
has been found. Namely, an r.i. space X € S& if and only if the
operator Sx(t) = z(t?) is bounded in X. Moreover, in a partial case
including Marcinkiewicz and Lorentz spaces a simpler criterion holds. In
Section 2, we review these results. Moreover, we introduce the concept of
a tempered extrapolation parameter generalizing the Jawerth-Milman’s
idea of a tempered weight. Then, we prove that an r.i. space X €
S& if and only if X = Lp with a tempered extrapolation parameter
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F (see Theorem 2.2). This implies, in particular, that every limiting
space of the L,-scale "near” to Lo, whose norm can be calculated by
Jawerth-Milman’s approach is a strong extrapolation space. At the same
time, in this section some examples of extrapolation but not strong
extrapolation Marcinkiewicz spaces are presented. By Theorem 2.2,
every such space is generated by a not tempered parameter and therefore
cannot be obtained by Jawerth-Milman’s approach. Section 3 contains
a review of results from [9] about an extrapolation description of the
K-functional KC(t,x; X, L) provided that X is a strong extrapolation
space (Theorem 3.1). In Section 4, it is investigated the problem when
an Orlicz space Ly is representable in the form:

(9) Ly = Aigpeoo (w(p)Lyp) ,

with some bounded measurable function w(p). We find some sufficient
conditions (see Theorems 4.6 and 4.7) and prove extrapolation relations
for corresponding dual spaces which are both Orlicz and Lorentz spaces.
In concluding part of this section we provide some examples of equalities
of the form (9) both with tempered and not tempered functions w(p).
At last, Section 5 contains some concluding remarks and applications.
Firstly, we consider a discrete version of the extrapolation A—functor
and show that in contrast to the case of the continuous scale any ex-
trapolation A—functor always gives on the scale { L }7°; an Orlicz space.
Secondly, we prove a sharp extrapolation Yano type theorem. Finally,
using a description of strong extrapolation spaces derived in Theorem
2.2, we find sufficient conditions for the rearrangement invariance of
Rademacher multiplicator spaces.

The dilation function of a positive function ¢(t) (0 < t < 1) is defined
as

©(st)
My(s) = sup == 0< s < .
LP( ) 0<t<min(1,1/s) So(t)

There are the numbers

1 |
o = Tim BMelS) g s o M)

5—0+4 Ins s—+o0 Ins

which are called the lower and upper dilation indices of ¢. For a quasi-
concave ¢ 0 < 7, < 6, < 1 [21, p. 76]. Finally, given Banach couple
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(Xo0,X1), a Banach space X is an interpolation space with respect to
(X0, X1) if Xo X1 € X C Xo+ X1 and, for every linear operator T
bounded in Xy and in X;, T is bounded in X.

2 Strong extrapolation spaces

The next definition is a generalization of the Jawerth-Milman idea of a
tempered weight.

Definition 2.1. An extrapolation parameter F' will be called tempered

if the operator D f(p) := f(2p) is bounded in F.

Recall that the concepts of extrapolation and strong extrapolation
r.i. spaces (with respect to the scale of L,-spaces) were been intro-
duced in [6] and [9], respectively (see Definitions 1.2 and 1.3 in the
Introduction). One of the main results of this article is the following
characterization of strong extrapolation spaces.

Theorem 2.2. For any r.i. space X the following conditions are equiv-
alent:

(a) X € SE;

(b) the operator Sf(t) = f(t?) is bounded in X.

(¢) X = Lp with a tempered extrapolation parameter F,

To prove Theorem 2.2 and some other statements we need the fol-
lowing lemma.

Lemma 2.3. The operator Sx(t) = x(t?) is bounded in an r.i. space X

if and only if ||[Sx*||y < Cllz||yx for some C >0 and all x € X.

Proof. Since necessity is obvious, we should prove only sufficiency. Let

z € F andlet 7 > 0. If

A={te[0,1]:|z(t) |>7} and B={tc[0,1]:]|z(t*) |> 7},
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then B = k(A) with k(u) = /u. Hence (see, for instance, [36, Lem-

ma 9.5.1]),

uit: S$(t)\>7}=M(B)=/;%<

A

pi{t: z*(t)>7}
< / Ut Sa(t) > 7).

2Vu

0

Thereby (Sz)*(t) < Sz*(t) and, by assumption, we obtain

SreX and |Sally <|IS2°]x < Cllally.

Proof of Theorem 2.2. Firstly, show that the conditions (a) and (b) are
equivalent.
Let x = z(t) be a measurable function on [0, 1]. Consider the func-

tion Z(t) := [|@[og,0/s (0 <t <1). Since

1
lell, 2 [l2"x0 20011, 2 327 @7T) (2 1),

then ||Z|y > 3|lz||x. Therefore, by the definition of a strong extrapola-

tion space, condition (a) of the theorem is equivalent to the inequality
(10) 2]l x < Clizllx,

which holds for all x € X and some C > 0.

First, we assume S to be bounded in X. Since ||S"z|| < ||S]|"||z] x
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(n=1,2,...), we infer

2277 = |z, <2||z" - xp2ll, <

2 2n+1p2 2np
?) p

()
n=0

for all p > 1, or equivalently
B(2t) <2) 2729t (t) (0 <t <1/2).

Hence,

12(20)] x < QZQ_Q"HSH”“HHCHX Cillz| x-
n=0

Since the dilation operator ooz (t) = (¢/2) is bounded in every r.i. space
and [|o2]|x—x < 2 [21, Theorem 2.4.4], the last inequality implies (10)
with C' = 2C}.

Let now conversely X = L4, i.e., T € X whenever x € X and

inequality (10) holds. If t = 27P*1 (p > 1), then
() < 2@ < Alle” xpaoan |, < A, = 4300,

Therefore, || Sz*||y < 4||Z| x < 4C|/z||x. Applying Lemma 2.3, we con-
clude that S is bounded in X.

Next, prove that conditions (a) and (b) imply (c). In fact, with (a)
at hand we may take F = X. Then, by condition (b) and again by
the boundedness of the dilation operator o9z(t) = x(¢/2) in X, for an
arbitrary f = f(p) € F we have

1£2p)llp = [1f (2logy(2/)lx = || £ (loga(4/))llx <
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< C|f(loga(4/1) [ x < 2C||f(loga(2/1))lx = 2C | -

At last, we check that (c) implies (b). Suppose that X = L, where
F' is a tempered extrapolation parameter. Applying the Holder—Rogers

inequality, we obtain

1 1 1
/|S:U(t)|p dt:/‘x(tz)‘p dt:/a:(s)|p 2{;5
0 0 0

0/1 o | 0/1 <2¢15>§d8 ’

whence [|Sz||, < C1||z||,,- Since I is a tempered parameter, then

N

=l

52l x < Cof[lisall, | < Crcal|llzly, |, < Cal|lell,|| . < Callzlx.
which implies that the operator S is bounded in X. 0

Corollary 2.4. An r.i. space X € SE if and only if there exists a

constant C > 0 such that

o0

| 32 laxa-2n 220y | X pniny | < Cllell
n=1

for all x € X.

Proof. First of all, using the boundedness of the dilation operator o9 in

X [21, Theorem 2.4.4] once more, we obtain

2”21‘ X[2 k2 k+1)

<zl < 2”233 X[2 k2-k+)||
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This together with the following elementary inequality

2 (270 ) < 2Hx*X[2_k,2_k+l) <a'@h) (k=12,..)

imply that

o0

|32 x| v-sason] < e <
k X
k=1
o
< 4” ; Haﬁ X[2—k 2-k+1) kX[27k727k+1) e

Applying Theorem 2.2, we complete the proof. O

Theorem 2.2 implies that every r.i. space being an interpolation
space with respect to a couple of strong extrapolation spaces is a strong
extrapolation space as well. In particular, we obtain

Corollary 2.5. Let N1 and Na be two Orlicz functions and X be an
interpolation r.i. space with respect to the couple (Exp LM Exp LNQ).

Then X is a strong extrapolation space.

Remark 2.6. As it is easily seen, instead of the norm in X we can use

in Theorem 2.2 the seminorm

1112 po = 1 X1po.00)ll 35
with some fixed py > 1.

Remark 2.7. Recall that using Jawerth-Milman’s theory [18] we may
identify an extrapolation space (with respect to the Ly-scale) of the form

A" (w(p)L,) with the norm

) p

lollso = | [ (wlal,) do| ifr <o

0
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and
lall s = sup (w(p)al, )
P2Po
whenever
(11) w(p) < w(2p) as p — oc.

Without loss of generality, we may assume that w(p/2) < Cw(p) if p >

2po. Thus,
00 1/r 0o 1/r
Jwwrenya) = | [ oy
00 1/r

which implies that the extrapolation parameter F' = L,(w) is tempered.
Therefore, all r.i. spaces of the form A" (w(p)L,), with w(p) satisfying
condition (11), possess property (c¢) from Theorem 2.2 and, according to

this theorem, are strong extrapolation spaces.

Remark 2.8. The construction resulting in strong extrapolation spaces
as well as the A(-functor with a tempered weight is in a sense sta-
ble. Consider instead of the scale of L,-spaces the scale of L, ,-spaces
(1 < p < o0), where a ¢ € [1,00] is fixed, and a given Banach lattice

F on [1,00) define the space Lp4 consisting of all functions z = z(t)

measurable on [0, 1] such that f, ,(p) = ||z||pq € F. Arguing in the

same way as in the proof of Theorem 2.2, it can be showed that either
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of its conditions (a), (b), and (c) is equivalent to either of the following
ones:

(d) for every ¢ € [1,00] X = 'C)?,q’ ie., [z|y =< H Hbegz(z/t)quX
(x € X);

(e) there is a ¢ € [1,00] such that X = Lg .

In some important cases condition (b) under which an r.i. space
belongs to the class SE is equivalent to a much simpler condition [6].

Definition 2.9. We say that a nonnegative function ¢(¢) on [0, 1] sat-
isfies the A%-condition (¢ € A?) whenever there exists a C > 0 such
that

(12) o(t) < Cp(t?), 0 <t < 1.

Proposition 2.10. Given an r.i. space X on [0, 1], consider the follow-
ing conditions:

(i) the operator Sz(t) = x(t?) is bounded in X;

(ii) the fundamental function ¢x(t) of X satisfies the A%—condition.

Then (i) implies (ii). Conversely, if X is an interpolation space with
respect to a couple (A(y), M (p)) of Lorentz and Marcinkiewicz spaces
with the same fundamental function ¢(t) (in particular, if X coincides

with A(p) or with M (p)), then (ii) implies (i).

Proof. Since the implication (i) = (i7) is obvious it suffices to prove the
opposite one.
Let X = A(p). It is well known that the boundedness in a Lorentz

space of a linear operator that is continuous in the space of all finite
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a.e. measurable functions with respect to convergence in measure is
equivalent to its boundedness on the set of characteristic functions [21,
Lemma 2.5.2]. Since for the operator S the last is equivalent to (12),
then in this case we done.

Examine now the case of a Marcinkiewicz space. Firstly, if ¢ € A2,
then for every = € M(yp)

p(t)Sz* () < Cop(t?)a"(t7) < Coiuglsf)(S)w*(S) < Cllllar (-

It is immediate that the condition ¢ € A? implies 0, = 0. Hence, using
the last inequality and [21, Theorem 2.5.3|, we infer

Sz* < Sz*(t)p(t) < C'C :
|5z ”M(Lp) 0221 z”(t)p(t) Hl’”M(@)

Thereby it remains to refer to Lemma 2.3.

At last, let X be an interpolation space with respect to a couple
(A(p), M(p)). Then, obviously, ¢ < ¢x and therefore ¢ € A2. Since by
the previous arguments S is bounded in A(y) and in M(yp), then it is
bounded also in X. O

Theorem 2.2 and the last proposition imply the following result (a
weaker version was proved earlier in [26]).

Theorem 2.11. Let ¢ be an increasing concave function on [0, 1] and let
X be an interpolation space with respect to the couple (A(p), M(p)) (in
particular, X may be A(p) or M(p)). Then X is a strong extrapolation
space if and only if ¢ € A2,
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Corollary 2.12. Suppose o € A? and 1 < r < co. Then

(13) 2] pgpy =< sup @(277) ]|,

1<p<oo

and

(14) . / el P! (27P)dp

Relations (13) and (14) were established for the first time in [6].
Earlier, in [25], Lukomskii has proved the second of them by a stronger
assumption: ¢'(t) < Cty'(t?) (0 < t < 1). In the same paper, he has
applied (14) by consideration of the problem of convergence of trigono-
metric series in r.i. spaces.

Relations (13) and (14) can be obtained also from Jawerth-Milman
theory using the functors A). Let us show that for Marcinkiewicz
spaces. Suppose o € A2 Then, by [34, formula (4.6)],

IC(S’ X3 Lla LOO)

(15) HxHA(w(TP)Lp) = i1>110) 7(s) )

where
t

t) = .
() SUpp>1 p(27P)tL/p

Firstly, sup,>; g0(2_p)t% > (t)/2, for every t < 3. Conversely, let t =
27P1 and C be a constant from inequality (12). In the case, when p > py,
we have (2 P)t1/P < o(t). If p < p1, then p; € [271p, 2"p], for some
positive integer n. Thereby

P27 < Crp(27 P2 P < O (1) < Cugplh),
where C = sup,,cy C"272""" < . Thus,

sup p(27P)t/P < o(t),
p=>1
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which implies that 7(t) < t/p(t). Therefore, by (15),
S

90(5)/ "
2P vy X sup t)dt = ,
13;150080( )”37H H?CHA@@ )Lp) iglg S / z*(1) HJ?HM(@)

and we come to (13).
In general, the condition ¢ € A? is not sufficient for an r.i. space X
with the fundamental function ¢ to be strong extrapolation.

Theorem 2.13. There is an r.i. space X which is a closed subspace of

a Marcinkiewicz space M (y), with ¢ € A2, such that X ¢ SE.

Proof. Let ¢ = ¢(t) be an increasing concave function on [0, 1] such that
©(+0) = ¢(0) = 0 and ¢ € A% Define a sequence {t,}>°, € [0,1] by

induction as follows: tg = 1 and t, are chosen arbitrarily so that

Clearly, t,, — 0. We put

14’0 -

n

and
Xo:={y € M(p):y*(t) < Bz(pt) for some B, > 0and allt € (0,1]}.

It is easy to see that X is a linear subset of the Marcinkiewicz space
M(p). Define X as the closure of Xy in M(y). Then X is an r.i.
space endowed with the norm of M(y). In particular, the fundamental
function of this space ¢x(t) coincides with ¢(¢) and therefore satisfies

the A2-condition.
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Show now that the function z1(¢) := #(¢?) ¢ X. It suffices to check
that

(16) inf o= yllay) > O

Let y € Xy be arbitrary. Applying the well-known inequality [21, The-

orem 2.3.1]
lla = bllpr(p) 2 lla” = 0%l ar¢p)s
we obtain
T O e IV [T NP

Choose a sufficiently large n € N so that

80(7572171)
o(tn)

where B > 0 and § € (0,1) are such that y*(t) < Bz(5t). In this case

1
1) > 2B and <1 + ﬁ> 2 < ty,

1@ =y )Xz tallp gy = N(@1(E0) = BEBO)X (28,01 01y =

®)

= (z1(ta) — Bz(t]_1)) p(tn — t2./B) = (2(t3) — Ba(ty_1)) @(tp) =

1 B 1 B
= (s~ ) 7> (0~ sy ) #00-
1 By(ts) oy pt2) 11
i (- ECE 1>) oltn) > >
Hence, (17) implies that for every y € X

1
Hxl _yHM(<p) > %7

and thus (16) is proved. Finally, Theorem 2.2 guarantees that the r.i.

space X is not a strong extrapolation space. O
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By [6, Theorem 1], a Marcinkiewicz space M (y) is an extrapolation
space if and only if

(18) ) <C 2 i<t
p(t) < C-sup ————, <t< 1.
p=>1 11/ellp
Moreover, the last condition implies that
]l
(19) 2] a1 () = sup :
Ot /el

Now, assume that ¢ € A?. Then, by [6, Lemma 1],
C
Velp = —=— ®=1),
” / HP (10(2_17) ( )

and therefore we have (18). Moreover, it is obvious that in this case (19)
implies (13). In this connection, a natural question arises: Is there an ex-
trapolation Marcinkiewicz space M (y) generated by a function ¢ ¢ A2
? In other words, is there an extrapolation space which cannot be ob-
tained by Jawerth-Milman’s theory 7 We give an example showing that
the answer is affirmative (other examples of this sort will be presented
in Section 4).

Example 2.14. Consider an increasing concave function ¢(t) such that
o(t) <Y(t) = el=In" e/t for some 6 € (0,1). Such a function exists since
P(t) >0, ¢'(t) >0, '(t) <0 fort € (0,ty) (where ¢y is sufficiently
small) and limy;_,o4+ ¥(t) = 0.

Show that M(p) € €. It suffices to prove (18) with 1 instead of .

Firstly,
; +o0
N R
0 1

Let us represent the integrand in the form: P’ —s = eps’—Bs . e~ (1=P)s

where 8 € (0,1) is a parameter, and consider the function fz(s) =



Extrapolation description of rearrangement invariant spaces 23

ps’ — Bs (s > 1). It is not hard to check that maxs>; fs(s) = (1 —6) -
pﬁ . (9/5)% Consequently,

0 oo
IL/9)E < e P exp ((1 —Q)pia . (g) ”) ./e—u—msds

0

— e Pllexp ((1 )T - <Z> 199) : 1—15’
I1/%l, < exp ((1 ). (%’)) - (1_15)/ g

Put g =p7/(1+p"), where v =60/(1 — 6). Then

whence

(1— 5)*1/17 =(1 _|_p’Y)1/p < va/p <C
for some C' > 0 and all p > 1. Moreover, since (1 + )7 < 1+ Cyz for
all z € [0,1], we have

-0 (%) = (14 1) -0 < a-0pf vy,

and thus

B
el

(20) 11/8], < Cr - exp((1 — ) - 677 - pT-7),

To prove (18), verify that the inequality
(21) D) 11/]], < Cot'/?

holds for p = 6~ In'~? e/t with the constant Cy = C - e. In fact, on the
one hand, by (20),

»(t) [1/¢], < Crexp((1—In" e/t)+ (1—6) In” e/t) = Cyexp(—01n’ e/t).
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On the other hand,
t4? = exp((Int) /p) = exp(O(In’ L e/t)(1 — Ine/t)) > exp(—01n’ e/t).

Thus, (21) is proved and M (p) € €. At the same time, it is not hard
to check that ¢ ¢ A2,

3 Extrapolation description of Peetre’s K—func-

tional

The extrapolation theory developed in [16, 17, 18, 34] allows us to reverse
in a sense the interpolation process. In particular, in the case of scales
generated by the real method of interpolation it is possible to recover the
K—functional corresponding to the initial Banach couple. More precisely,
for any Banach couple A = (Ag, A1) we have

||a”20<0<1(t9(,§9,q)) = K(tv a; Ao, A1)7

with a constant independent of a € Ay + A; and ¢ > 0 [35, formu-
la (B.26)]. Here, as above, (Agq) := (0(1 — 0)q)7 Ay.,.

Let us consider the problem when a K—functional K(t, f; X, L),
where X is an r.i. space on [0, 1], may be described by the extrapola-
tion procedure from the previous section. We show that under certain
assumptions it is possible if and only if X is a strong extrapolation space.

Theorem 3.1. Let X be an r.i. space on [0, 1].
(i) If X € S&, then

(22) K(ta z; X, LOO) = K(tv HleogQ(Q/u); X, Loo)a

with constants independent of x € X and t > 0;
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(i) If there is a Banach lattice F' on [1,00), F D Lo, such that
(23) K(t,z; X, Loo) < K(t, ||z]|p; F, Loo[1, 00)),

with constants independent of x € X and t > 0, then the fundamental
function ¢ of X satisfies the A*—condition.

To prove this theorem, we need several auxiliary assertions. The first
of them is proved in [28, Example 3|. Since the proof of the second one
is similar, it is omitted as well.

Let X be an r.i. space on [0,1], X # L. Then its fundamental
function ¢(t) satisfies the condition lim; o4 ¢(t) = 0. Without loss of
generality, we may assume that () is strictly increasing on [0, 1] and

e(l) =1.

Lemma 3.2. For everyxz € X and 0 <t <1 we have

12X (0,010l x < K23 X, Loo) < 2 [[27X (0,01 (1]l -

Let now X € &, i.e. X = Lp, with a Banach lattice F' on [1, 00). If
X # Lo, then there exists € X such that lim,, ||z||, = co. Hence,
the function

(24) P(u) = Xuoo)llp (w=1)

satisfies the condition lim,_, . ¥ (u) = 0. Without loss of generality, it
may be assumed that v is strictly decreasing on [1,00) and (1) = 1.
Lemma 3.3. Let a € F be an increasing nonnegative function on [1,00)

and 0 <t < 1. Then

lax(p—1(t),00) | p < K(t, a5 F, Lo [1,00)) < 2 [lax(yp—1(2),00) |l -

In what follows, a connection between the fundamental function ¢
of an extrapolation space X = L and the function 1 defined by (24)
plays an important role. In particular, if X € S&, then

D(w) = [ Xpuoo) | ¢ = X(u00) (1082(2/9)) |y = 9(27%) (u>1),
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whence

(25) p(t) = ¢(logy(2/t)) (0 <t<1).

In the general case, we have the following: for every h € (0, 1) there is
A = A(h) > 0 such that

(26) 0 (h logy i) < Ap(t) if0 <t <217V,

In fact, if p > hlogy(2/t), then we have t'/7 > o7 > 271/ and the
definitions of o and 1 imply that (t) > C~1271/") (hlog, %) , where C'
is the constant of equivalence of norms in X and Lr. Thereby we obtain
(26), with A = 2V/hC.

In the proof of the second part of Theorem 3.1 we will use the next
statement.

Lemma 3.4. Let X = Lp, where F' is a Banach lattice on [1,00), and
let ¢ be the fundamental function of X. Then the following conditions
are equivalent:

(a) there exists Cy; > 0 such that

(27) p(t) < Oy Ht” pX[le(@ML

for all0 <t < 1;

(b) there exist Co3 > 0 and 0 < h < 1 such that
2
(28) o) < Cat (o, )
for all 0 < t < 21~ 1/h,

Proof. First, we assume that (b) holds. In the case when 0 < t < 21 1/%

the definition of ¥ yields

1
p(t) < C2 || Xphtogy 2000 [ < 21/h02‘t“"gﬁ“X[hlogﬂ/tm)HF

< 2Vhoy Htl/pX[hlog2 2/t,00) HF :
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Moreover, since the function ¢~! decreases, then (26) implies that
Y H(Ap(t)) < hlogy(2/t) if 0 < ¢ < 211/,
Combining this with the previous inequality, we infer

#(t) < 2G|t x4 (g o0 -

At the same time, Lemma 3.3 and the concavity of the K—functional

yield
Htl/px[w_lw(t))m)HF < K(Ap(t), 1175 F, Log[1,00)) <

< AK(p(6), 175 F, Loc[1,50)) < 24 [#/7x5-1 o0 00

Thus, (27) is proved for 0 < ¢t < 2'~'/" and hence for all 0 < t < 1.
Prove now the opposite implication (a) = (b). Let h be for now
an arbitrary number from the interval (0,1/2). If 0 < ¢ < 2!~/ then

t < 1/2. Thereby 13%2; < —3, which implies th™ Moy " 2/t < 9—1/(2h)

Therefore, assuming that hlogy(2/t) > ¢~ 1((t)), we obtain that

— —1
Htl/pxw—l(w(t)),hloggm/t))HF < om Rt e p.0l

<27V @My (t),
Thus, choosing h € (0,1/2) so that 2C12~ /(" < 1, by (27), we have

@(t) < C1 [1/xpp 1w o0, <

! Htl/ X1 (p(0)),hlog (2/1)) HF +G1 Htl/ "X 1oga(2/1).00) HF S

<127 o(t) + Cryp (hlogy(2/1)) < (1/2)i0(t) + Cro) (hlogy(2/1))
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whence

p(t) <2019 (hlogy(2/t)) (0 <t <2'7YM).

Since in the case when hlogy 2/t < 9 ~1(p(t)) the last inequality is a

straightforward consequence of (27), the proof is completed. O

Proof of Theorem 3.1. Since for X = L, both statements of the the-
orem are obvious, we confine exposition to the case when X # L.
Therefore, we may assume that the fundamental function ¢ of X sat-
isfies the conditions mentioned before Lemma 3.2. Since (1) = 1, we

have that ||z||x < [|z|lec (z € Loo), whence
(29) (33 X, Loo) = izl (¢ 1).

Moreover, [la|| ¢ < [|al[z.[1,00) (@ € Loo[l,00)) and, therefore, if a € X
then

K(t,a; X, Loo[1,00)) = |la]| ¢ (£ =>1).

The last equality and (29) imply that under the condition X = L ¢ we

have

K(t, 23 X, L) = K(t, |12l X, Loc[L,00)) (¢ > 1).

Thus, taking into account Lemmas 3.2 and 3.3 and equality (25), we see

that (i) will be proved as soon as we will show that

s (f T )| = Melxveoly 0<¢<1)

where V(t) := log, (2/¢ (1)) .
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First of all, in the case when p > V (¢)

() 1/
([ weras)” = @ faly > o700
0

Since 1?{%}2; > —1 (0 < z < 1), the definition of V(¢) and the previous

inequality yield
e () . 1/p 1
([ werds)"” > Sl = v,
0
whence

Gy ||( /OM) e ds) " 2 Sllelovelly ©<t<)

To prove the opposite inequality, we may assume that
(32) {s€10,1]: z*(s) > 0} C [0, (1)].
If 2177 < = 1(¢) (which is equivalent to the inequality p > V(t)), then
217 1/p
s <z ([ ards) " <2 ol @)
0
From this and (32) it follows
lzllx = ll2*(2" ") 5 <2 llzllpX[v )00l -

On the other hand, since X is a strong extrapolation space, then

| (/Ow(t) *(s)? ds)l/pHX < Cla|y.

The last two relations yield

H (/0“"1(15) z*(s)P ds) 1/PHX L2012 [l px v (e),00) | 5
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which combined with (31) implies (30). Thus, the proof of (i) is com-
pleted.

Proceed with the proof of (ii). Firstly, since F' D Ly[1,00), we have
K(t, a; F, Loo[1,00)) < [lal[p (¢ > 1)

for all @ € F. Combining this with (29) and (23) we obtain that X = Lp.
Hence, applying Lemmas 3.2 and 3.3 (we may assume that the function
¥ defined by (24) satisfies the conditions stated before the last of them)

and hypothesis (23), we infer

H (/Owl(t) 2 (s)P ds> l/pHF _ ||H33||pxw71(t)700)||F 0<t<u)

Choosing = = X[,y and t = ¢(u), where 0 < u < 1, we conclude that

p(u) < [u!?|p < C Hul/Z’X[wflw(u)),oo)HF-

Thus, Lemma 3.4 yields (28). This fact and (26) imply that

p(u) < Cogp (hlogy(2/u)) = Catp ((h/2)logy(2/u)?)
< Oy ((R/2)logy(2/u?)) < CoA(h/2)p(u?)

for some h € (0,1) and all 0 < u < 21/2-1/h i e. p € A2. The proof is
completed. ]

As it was showed there are Marcinkiewicz spaces M(p) € £ such
that ¢ & A? (see Example 2.14). At the same time, from Theorems 2.11
and 3.1 it follows the following result.

Corollary 3.5. If X is an interpolation space with respect to a Banach

couple (A(p), M(p)) (in particular, if X = A(p) or X = M(p)), then

the following conditions are equivalent:
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(i) there exists a Banach lattice F' on [1,00) such that F O Lo and
equivalence (23) is valid with constants independent of x € X and t > 0;

(i) X is a strong extrapolation space.

In both cases relation (23) is fulfilled for F = X.

Example 3.6. Consider an exponential Orlicz space ExpL® generated

by the function e®®)

on the half-line (0,00) and ®(0) = 0. As it is well known [23, 42],

— 1, where ® is an increasimg convex function

we have ExpL® = M(y) (with equivalence of norms), where p(u) =

1/® ! (logy(2/u)) . Since @1 is a concave function, then
1 (logy(2/u2)) < B (2logy(2/u)) < 207" (logy(2/u)

Therefore, p(u) < 2¢(u?), which implies that ¢ € A2. Thus, ExpL® €
S€ and

K(t, fiExpL?, Loo) = [|If X100 | p (0 <t < 1)

In this case, 11 (t) = ®(1/t) (0 < t < 1) and, by (13), F = Loo(p(27P)).
Thereby

K(t, f;ExpL®, Los) < sup Al (0<t<1),

pa(/y 271 (D)

whence

IC(t, f; LOOv EXpL(p) = t,C(l/t7 f; EXqu)’ Loo) =t sup (E“—f;Hp
p=®(t) (p)

(t>1).

The last relation coincides with the statement of Proposition 1 in [4]

(see also Theorem 2 in [1]) to within change of variables.
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In the power case, i.e., ®(t) = t?, we arrive at the classical Zygmund

space ExpL? and the equivalence

K(t, f; Loo, ExpL?) < t sup H]:H;’ — tsupw
pots PV pzt P

is valid for every 8 > 0 [2, Theorem 2.

4 Extrapolation description of Orlicz spaces.

In this section we look for conditions under which an Orlicz space is
a limiting space of the L,-scale or, in other words, when it is possi-
ble to describe the norm of an Orlicz space by L, norms. Analogous
problems and various applications to differential equations, imbedding
theorems, probability theory, orthogonal series have been considered in
[1,2,4,6,12-14,26,29-33,37-40]. In particular, Mamontov [29] — [33]
has developed the techniques of special integral transformations and
used them to prove some imbedding theorems for Orlicz spaces and in-
tersections of L,-spaces.

Note that our exposition is close to that by Mamontov and Ostrovsky
[38] — [40]. The main idea is to look at L,-spaces as Orlicz spaces
and a key observation is the following: an intersection of Orlicz spaces
generated by functions M, (« € I) often coincides with the Orlicz space,
which is generated by the envelope of the family {M,}qcr, i-e., by the
function M (u) = sup, M (u).

Lemma 4.1. Let My(u) (o € I) be arbitrary Orlicz functions and let

LA := AqerLy,, where Ly, are Orlicz spaces generated by the functions

M,. Then

where M (u) := sup,, Mq(u) (u > 0).
Moreover, ¢r,,,(t) = ¢r,(t) (0 <t <1).
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Proof. Since (33) is obvious, we should prove only the equality of funda-

mental functions. By the definition of the space La, we have ¢, (t) <

o1 (t). Therefore,
/M (X[O“ i > ds < 1
dra(t)

for all ¢ € (0,1] and o € I. On the other hand, for any ¢ > 0 and

€ (0, 1] there is @ = (g, t) such that

M (mi@)) < (1 +e)Ma (mi@)) |
Thus,

1 1
X[Ot]s>ds /M( S>ds<1
AN (07 ~ +€7
0/ <¢LAt 0 d)LAt

which implies ¢, (t) < ¢, (t). The opposite inequality is a consequence

of (33). O

Let A(wLp) := Ai<pcoo (W(p)Ly) , where w(p) is a nonnegative boun-
ded measurable function on [1, 00). It is not hard to check that A(wL,) is
an r.i. space on [0,1] and A(wLy) = Apy<p<oo (W(p)Lyp) with equivalence
of norms whenever w(pg) > 0 (pg > 1).

Setting My (u) = Mp(u) = w(p)PuP, we see that the space A(wLy)
coincides with the space L from Lemma 4.1 with equality of norms. We
will examine under which conditions La = Ljs, where M is the envelope
of the family { M} }1<p<oo, i-6., M(u) = sup;<pcoo w(p)PuP (u > 0). Note
that it can be assumed that w(p) — 0 as p — oo since, otherwise,
M (u) = oo for u > 1, or, equivalently, A(wLy,) = L. We begin with
the following result.

Theorem 4.2. Let My(u) = w(p)PuP and let

~

M (u) == sup Mp(u) <

p=1

MP(U)R(p) dp7 fOT’ U > Up,

H\8
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where a nonnegative function R(p) satisfies the condition
(34 [ R ip <0,
1

with some A > 0. Then A(wLy) = L.

Proof. Suppose that « € A(wLyp) and [z 5(,,) < 1. By the definition

of the functions M,,, we have

|(t)] 1
Mp< ) dt< 5

o _

with A from hypothesis (34). Therefore,

ZM(ﬁP>“<M@®+ZfM(x@)mmwﬁ

- M(uo)—l—/oo | M, (’“’(t)') dt | R(p)dp < M(u0)+/ooR(p) dp < oo,
1 0

A AP
1

which implies that * € Lj;. The opposite imbedding follows from
Lemma 4.1. O

Next, we want to clarify when an Orlicz function may be represented
in the form

(35) M (u) = sup ¥ (p)u?,

p=1

with some function v (p).

Lemma 4.3. A function M(u) may be represented in the form (35) if

and only if

(36) sup <inf MUE;’)) uP = M(u).

p=1 v>0
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M(v)

P

Proof. Firstly, if equality (36) holds then, setting ¥ (p) := inf,~g
we obtain (35).

Conversely, assume that (35) is fulfilled with some (p). Then
¥(p) < M@ “for all w > 0 and p = 1. Therefore, ¥(p) < inf,~o M(v)

ub P

and, finally,

M(u) = sup (p)uP < sup (inf M (”)> WP < sup (Aﬁf‘)) WP = M(u).

p>1 p=1 \v>0 P p>1
O

Suppose that a function M (u) may be represented in the form (35).
Putting ¥ (p) := sup,>, ¥(q), we see that

M () = sup (p)u?
p=1

for all u > 1. Since Orlicz spaces generated by equivalent functions have
equivalent norms we may assume that ¢(p) decreases and (1) = 1. In
this case M(u) =u if 0 <wu < 1.

After change of variables u = €', v = e® and taking the logarithm of
both sides of equality (36) we obtain that

t

log M (e') = sup {pt — sup {sp — log M(es)}} , teR.
p>1 s€ER

Since log M (e!) = t if t < 0, we may put in the right hand side of
the last equality the supremum over all p € R. By the well-known
Fenchel-Moreau theorem [44, Remark 1.63, p. 26], the last means that

the function N(t) := log M(e') is convex. Recall that the Legendre
conjugate function N* for a function N is defined by

N*(p) = igﬂg{pt = N(t)}.

In our case N*(p) increases for p > 1, N*(1) = 0, and N*(p) = +o0o if
p < 1. Thus, Lemma 4.3 implies the following statement.
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Theorem 4.4. An Orlicz function M (u) may be represented in the form

(85) if and only if
(37) M(u) = eNloew),

with some convex function N such that N(t) =t if t < 0. Moreover,
b(p) = e N0,

Remark 4.5. In the case when N(t) = gt + C (¢t > 0, ¢ > 1) we have
M(u) = Ciu? (u > 1) and ¥(p) = 0 for p > q.

The following results follow from Theorems 4.2, 4.4 and Lemma 4.1.

Theorem 4.6. Let a function M be of the form (37) with some convex
function N (t) such that limy_, 4o N(t)/t = oco. If

o0

(38) N < / PN IECP ap - for t > to,
1

with some C > 0, then Ly = A(wLy), where

_N*'(»

(39) w(p) =€ 7
Proof. According to Theorem 4.4

M (u) = sup M, (u), where M,(u) = w(p)Pu? = Plogu—N*(p)
p=1

After change of variables ¢ = logu in (38) we see that conditions of

Theorem 4.2 hold for R(p) = e“P, A = e“+1, and ug = e'o. O

Theorem 4.7. Let a function M be of the form (37) with some convex
function N (t) and let the Orlicz space Ly coincide with a Marcinkiewicz

space. Then Ly = A(wLy), where w is defined by (39).
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Proof. By Theorem 4.4 and Lemma 4.1, Ly; C A(wLp) and the fun-
damental functions of these spaces are equal. Since Lj,; is a Marcin-
kiewicz space being the largest space among all r.i. spaces with the

same fundamental function [21, Theorem 2.5.7], we deduce the opposite

imbedding. O

Remark 4.8. In [38], a somewhat similar result is proved. Moreover,

in the same article its applications can be found as well.

Remark 4.9. Note that the function N*(p) for p large enough is defined
by values of N(p) for "large” p. Therefore, by the standard extending
argument, it is not hard to check that Theorems 4.6 and 4.7 will be still
valid if equality (37) is assumed to be only for u > ug (ug > 0), where

N(t) is a function convex for ¢ > t.

Remark 4.10. Recall that an Orlicz space Ljs coincides with a Mar-
cinkiewicz space if and only if the function M satisfies condition (7).
Suppose M can be represented in the form (37). Then after logarithmic
change of variables we see that (7) is equivalent to the following:

00
(40) /eN(Nl(s)_C)_s ds < o0,

50
with some constant C' > 0. Moreover, the change N~!(s) = = allows to
rewrite condition (40) as follows

(41) / N@E=C)=N@) N (2) dz < o.

o
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Next, using the convexity of the function N together with (40) and (41),
we obtain the following conditions guaranteeing the coincidence of the

corresponding Orlicz and Marcinkiewicz spaces:

) Jesw (~35) s

50

and

3 Jesn (<220 oy s <

T
zo

Analogously, by the inequality
—~CN'(z) < N(z — C) — N(x),

we conclude that the Orlicz and Marcinkiewicz spaces do not coincide

whenever for arbitrary C' > 0 we have
o
(44) /eCNl(x)N’(a;) dx = oo.
o

Let us state a result dual with respect to Theorem 4.7.

Theorem 4.11. Let ¢ be an increasing concave function on [0,1] such
that (t) = tel1°8/0) “with o concave positive function L(u) on [0, 400)
satisfying the condition limy_, o L(u)/u = 0. If the Lorentz space A(p)

coincides with an Orlicz space, then

N*(lp/)
Alp) =Z1cpepo (€ P Lp ),
where N*(p) is a Legendre conjugate function to the Orlicz function

N(t) = L(t) and f = p/(p— 1).
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Proof. Firstly, the Marcinkiewicz space M (@), where @(t) = t/¢(t),

coincides with the Orlicz space Ly, M(u) = eN(°8%)  According to
Theorem 4.7
N*(p)
(45) Wl = s _exp (=)
P <p’<oo p

By [21, Theorem 2.5.4],

1
ella) < sup /ammmwyeLwrmM@—l
0

Hence, for any representation z = ) >°, ; (convergence in L1) we have

8

[e.e]

1
/mmmmﬁ<§mmwmm
0 =1

(]

1
/x(t)y(t) dt
0

i=1
> N*) _N*()

= > e ¥ zilpe 7 lyly
=1

N

_NTG) SN ]
sup e Pyl oY e il o
v i=1

Combining the last inequality with the previous one and with (45), we

conclude that

N*(,p’)
Alp) D Xicpepy (€ P Ly |-

To prove the opposite inequality, we estimate the fundamental func-
N*(p')

tion of the space ¥ := Xipep, <e v Lp>. Since by (45),

L~ xol 5 ool e
— — X, 5 -~ Sup e °? X(0,t = Sup e ? P
gp(t) ) M(@) Py <p'<oco 00y P <p’<oo 7
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then

N*(p')

: 7
s < dnf e lixonll,
t

— _N*(p’) 1 = SO(t)

p’ tp

N

os(t) = X0,

SUPp </ <o0 €
Recall that a Lorentz space is the smallest one among all r.i. spaces with
the same fundamental function [21, Theorem 2.5.5]. Therefore, the last

inequality implies that

N*(p))
M) € A(65) € Tiepep ( Lp) ,

which completes the proof. O

It is instructive to compare Theorem 4.11 with the following result
which may be proved using Jawerth-Milman’s theory.

Consider the Banach couple A = (L1, Loo) of the spaces on [0, 1] and
the corresponding spaces /Tg,L 7 of the real J—method of interpolation
(for its definition see, for instance, [10, §3.2]). It is well known that in
this case the spaces ffg’l, J coincide (up to equivalence of norms) with
the Lorentz spaces Ly 1, for § =1 —1/p [10, Theorem 5.2.1]. Therefore,
by [34, Ch. 2, formula (2.16)],

X0<o<0o <M(9)/T9,1,J) =A%),

where

V() =t-7(1/t), T(t):= 0<i£1<fgoM(0)t9.

Moreover, if M is a tempered function as § — 0, i.e. M(0) < M(20),
then from [34, Ch. 2, Theorem 5] it follows that

Yo<0<0, (M(9)14'9,1,J) = Yo<0<b, (M(9)<1‘1'0,r>>

(see Introduction as well). Let w(q) be a nonnegative function on (1, co)
such that w(q) =< w(2q) as ¢ — oo. Setting M(0) := 1/w(q), where
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0 =1/q, we see that M (0) < M(20) as 6 — 0. Since

- - - 1 1
<A9,1> C Lp = <A97p> C <A97OO>, for 0 =1— 5 = 17,

with uniformly bounded constants, then the previous relations imply
that

1
by —L, | =A here ¥(t) =
revem ( Sy ) = A), where ()
provided if w(q) < w(2q) as ¢ — oo.
We see that this result is completely consistent with Theorem 4.11,
but the last one contains essentially weaker assumptions on a weight
w(q). We may say the same concerning to Theorem 4.7 as well.

t

SUPgo<g<oo w(‘])tl/q 7

In conclusion, we consider some examples of extrapolation Orlicz
spaces. Emphasize that only the first of them (which appeared in the
second part of Yano’s theorem) may be derived using Jawerth—Milman’s
theory. In this connection, note that an Orlicz space Ljs is a strong
extrapolation space if and only if the function M satisfies the following
condition: there is C' > 0 such that

(46) M~ u) < CMY(Vau) (u>1).
In fact, let ¢ be the fundamental function of L. Since ¢(t) = M+(l/t)’
then (46) means that ¢ € A2, Therefore, by Theorem 2.2 and Proposi-

tion 2.10, the condition Ly; € S€ implies (46). On the other hand, from
(46) it follows that

[ () e oo (3)) -

Hence we obtain (7) and Ljs coincides with the Marcinkiewicz space
M (). Then, by Theorem 2.11, Lj; is a strong extrapolation space.

In the following examples we will repeatedly make use of the property
indicated in Remark 4.9.
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Example 4.12. Let a > 0 and M (u) = ¢*" if u > g, where ug > 0
is large enough. This function is representable in the form (37), with
N(t) = e®. Tt is not hard to verify that this function satisfies condition
(40) and hence the corresponding Orlicz space Exp L coincides with the
Marcinkiewicz space M (), where (t) = log="/*(e/t). Therefore, by
Theorem 4.7, the corresponding Orlicz space Exp L® is an extrapolation
one. Moreover, elementary calculations show that

¥ = o (2) -,

and we infer

- ~1/
%] g o f\sgngprp *.

Example 4.13. Let o > 1 and v > 0. Consider the Orlicz space Ly, _,
generated by the function M, (u) = 718" if y > u, ., where uq , >
0 is large enough. This function is of the form (37), with N, (t) = vt*.
Moreover, since condition (42) holds, Ly, ., is a Marcinkiewicz space.

Taking into account that

. p? : 1 1
Na,w(p) = W if p > pg, where B + —= 1,

and using Theorem 4.7, we infer

P!
b = 0 (<51 ) )

which means that

-1
p
el =slel - esp (-5 ).
’ p/
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In the case when 7 = 1/« these expressions are simplified and for the
function My (u) = e 08" (4 > u,) we have the following extrapola-

tion formula

P!
T = su T - ex — .
el = sup el -exp (-5~ )

Example 4.14. Let v > 1. Consider the Orlicz space generated by the
function of the form (37), with N(t) = N,(t) = tlog” t if t > t,,, where
t, is large enough. Since IV, (t) grows at infinity essentially more slowly
than the function N, (t) from the previous example, then the Orlicz
space Ly, where M, (u) = eNv(logv) s wider than the Orlicz space
Ly, ., from Example 4.13. However, Ly is an extrapolation space as

well. In fact, since

oo
/emogulogva;dx <oo if y>1,
o
then (43) holds. Therefore, Ly, coincides with the corresponding Mar-
cinkiewicz space.

It is not hard to find the Legendre conjugate function to an Orlicz
function which is equivalent to N, (see, for example, [20]). But it is
insufficient because the corresponding Orlicz spaces may be different.
At the same time, to find the Legendre conjugate function N7 in the
general case is not an easy thing. However, if y = 1 and v = 2 elementary

calculations show that

N{(p) = e~ and Nj(p) =peVP™'"1/\/p+1,
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respectively. Therefore, by Theorem 4.7, we have

ep~1
el =sup el exp (-~

and
e\/m_l
HQUHLMQAigII)HpreXp —ﬁ )
where

M; (u) = exp (loguloglogu) and Ms(u) = exp (logulog?logu),

respectively.

Note that in the case v = 1 we may make use of Theorem 4.6 as
well, without exploiting the fact of the coincidence of the Orlicz and
Marcinkiewicz spaces. We must check only condition (38), which is a

consequence of the following inequality

oo
—1 .
etlost < / PP gy it > 1.
0

In fact, the integrand attains its maximum at the point py = log(t+1)+1.

Therefore,
0o p0+%
/ept—epl-i-p dp > / ept—epfl-l-p dp >
0 Po

1 1 1
> geXP (<po+ t) t— epoti—l +P0+t> =

1
= exp ((t+ Dlog(t+1)+t+2+ T (t+ 1)6% —logt> > etlost

if ¢ is large enough, because of

t——+o0

. 1 1
lim ((t+1)log(t+1)+t+2+t —(t+1et —logt—tlogt) =1.
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The last example shows that there are Orlicz spaces generated by
functions of the form (37) that do not satisfy the condition of Theorem
4.7.

Example 4.15. Let N, be of the same form as in the previous example

but now v € (0,1). Since for arbitrary C' > 0

o0
— Y
/e Clog™ 2 1467 1 da = o0,

o
then (44) holds, and the corresponding Orlicz space doesn’t coincide
with any Marcinkiewicz space. Analogously, Theorem 4.7 cannot be

used for the function N(t) = tloglogt if t > ty.

5 Concluding remarks and some applications.

5.1 Discrete extrapolation relations.

Here we confine to consideration of L,-spaces with integer p. Firstly,
show that in contrast to the case of the continuous scale any extrapola-
tion functor of the type A always gives on the scale {L;}7°, an Orlicz
space. In other words,

2]l Aagory) = supw (k)
keN

is an Orlicz norm, for an arbitrary nonnegative sequence {w(k)}72 ;.
Taking into account Lemma 4.1, it is sufficient to check that

L= AzozlLMk C Ly,
where

Mi(u) == wk)*u*  (keN), M(u)= kng w(k)Fuk.
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Consider the function G(u) := Y ;2 Mi(u). If € La and |z, <1,
then fol My (|z(t)|) dt < 1 for all k € N. Therefore,

ja(wgw)dtkiloij( e dn

whence [|z|, < |z|, <2 ie,z€ Ly.

Remark 5.1. Analogous arguments show that ||z| = supw(k)||2||og
k>2
is an Orlicz norm, for an arbitrary nonnegative sequence {w(k)}?° ;.

Now, compare a discrete extrapolation method with its correspond-
ing continuous version. The following example shows that in the case
when w(p) tends to zero (as p — o0) not too fast these methods are
equivalent, i.e., give the same extrapolation spaces.

Example 5.2. Let ¢ be an arbitrary quasi-concave function on [0, 1].
Then, it follows easily that

sup o(27") |12, = sup o(27) [,

keN pz1

In particular, this implies that for the Orlicz spaces Ly, from Example
4.13 if o > 2 we obtain

1 1
LMQ = Ad(exp(_kﬁ—l/B)Lk)’ where a + B =1,

ie.,

- —kf=1/B
X = 8sup ||T||.€ .
H HLMa i H Hk

Remark 5.3. It is not hard to prove that the analogous result holds
for every extrapolation method generated by a tempered Banach lat-
tice F' (see Section 2). However, Example 5.2 shows that discrete and

continuous methods may coincide by essentially weaker assumptions.
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In general, a discrete extrapolation method and its corresponding
continuous version give, of course, different spaces.

Example 5.4. Let z(t) = elos™/* 1/t (0 < t < 1). Using asymptotic

Laplace’s method, it can be proved that

27

(47) =, =< e’ where v = %56

In fact, after change of variables log 1/t = s, we have

[e.e]

folly = [ o~ as

1

The integrand increases on the interval [1, s,) and decreases on (sp, 00),

where s, := (3p/4)*. Therefore,

i 4 8/4 4
lelly > [ et as > exo (i (" =1)" - o/t 1))
sp—1
whence [|z|, > > ¢’ On the other hand, if p is large enough, then

o0
[z} < Pt 4 /65 ds < 2ePtP"

ep

Combining this with the previous inequality, we obtain (47). Thus,

xr
" el
po el

Setting
Z ||3UH o Xlkk+1) (p)

and taking into account (48), we see that

w(p) L 0asp — o0, x€ANwLy), but z & AwL,).
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5.2 A sharp extrapolation Yano type theorem.

¢
As usual, let 2**(t) = 1 [2*(s)ds. Given a > 0 and an r.i. space
0

X define the space X(log™*) as follows: it consists of all functions
x(t) such that z**(t)log, *(2/t) € X and it is endowed with the norm
2 x(10g—a) = l[2"* () logy*(2/t)|| - Such spaces arise in the theory of
interpolation of weak type operators [21, § 2.6] as well as in studying
geometry of r.i. spaces (for instance, see [5, Theorem 2.17)).

First, we show that the replacement of two ”stars” with one ”star” in
the norm of X (log™) leads to an equivalent functional provided that X
is a strong extrapolation space.

Proposition 5.5. Let X € SE. Then X (log™%) consists of all functions
x(t) such that x*(t)log, *(2/t) € X and

(49) ]| x (10g =y = [l2"(2) logy * (2/1) | x -
Proof. Since x**(t) decreases, we obtain the inequality
() ogg (/1) - Xy < 2107 - Xpujeagall
< 2-3%2™(8) logy “(2/t) - X142l -
Hence,
2] xog—oy < 2™ (t) logy *(2/t) - X(0,1/21 Il
+ [z (8) logy * (2/1) - xp1/2,ll
< (142392 (t) logy *(2/1) - Xj0,1/2) | -

Further, assume that ¢ € [0,1/2]. Then,
2"

*(t) = 150: / x*(s)ds < i:ﬂ* (t2n+1) 2" L,

n:0t2"+1 n=0
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Therefore,

o logg (2 /t2"+1)
(0logg 2/ < S (7 ) togge (2 ) o
z ( ) 0g2 / Z 082 / 10g%(2/t)

2n—1
<ZS"“ Olog;*(2/0) -2 (3)

where, as above, Sxz(t) = x(t?). By Theorem 2.2, the operator S is

bounded in X and hence
2] x (1og—a) = 12" () logy *(2/t) ||

< (1+4+2-3%- (ZHSHnH ga(n+i)+1- 2n> [|z*(t) logy “(2/t)||
n=0

=C, H:U ) log, *(2/t) HX

Since x*(t) < x**(t), the opposite inequality is obvious. O

Corollary 5.6. Under the conditions of the previous proposition, X (log™)
is a strong extrapolation space. Moreover, we have that X (log™®) =

ﬁf((p—a); where

1l mey = 17(0) - 215

Proof. Formula (49) indicates that the boundedness of S in X implies
its boundedness in X (log™%). Therefore, by Theorem 2.2, X (log™%) is a
strong extrapolation space as well, i.e., X(log™") = £ —— . The last

X(log™?)

assertion follows now from the isometric equality [:X(I)Ea) =L R (p-a)

which can be checked directly. O
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Theorem 5.7. Let T' be a bounded linear operator in L, for all p >

po = 1 and for some a >0 and C' >0

(50) TN, —1, < Cp™ (p = po)-

Then, for every strong extrapolation r.i. space X the operator T is
bounded from X in X (log™®).

Moreover, there exists a linear operator Ty satisfying condition (50)
with the following property: if Ty is bounded from X € SE& into an r.i.
space Y, then

(51) X(log™) C Y.
Proof. Estimate (50), Corollary 5.6, and Remark 2.6 yield

172l gog—ey < Cull I T2llp 57 |1, < Collllzl, 15y < Cllzlx

PO

and the first assertion of the theorem is proved.
Given a > 0 we consider the operator

1 a—1
Tox(t):/t Mm(s) ds.

S

It is not hard to check that the associated operator to Tj is defined as

follows:

Tia(t) = % / log®~(t/8)a(s) ds.

0

Let us estimate

1 1
|!T6$|!q</0 loga_l(l/S)Hx(st)HLq(t)dS</0 s~H000g N (1/s) ds-||]] -
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Therefore, by the equality

1 00
/ s HY910g*1(1/s) ds = / gt/a=Dge=1 gt
0 0

_ (&)a/ooo e~ue Ly = (qﬁl)a T(a),

where I'(z) is the Euler gamma-function, we obtain that

1 1
. / e - -
||T0||Lp_>Lp = ||T0||Lp,_>Lp, <I(a)-p®, where D + v L,

for every 1 < p < oco. Thereby T} satisfies condition (50). Suppose that
X € §& and that Tj is bounded from X into an r.i. space Y.

Let z € X(log™®). Then, for some y € X we have
z*(t) < y(t)logs(2/t) (0<t<1)
and, by [21, p. 93], we obtain that
(52) 2" (t) < (y(t)logy (2/1))" < y*(t/2)log5 (4/t) < 2" (t) log5 (2/1),

with some z € X. Put 21(t) = 2*(¢t?). By Theorem 2.2 and by the

assumption X € S&, we have that z; € X and

Vi 1op2=1 (g Vi 1oe21 (g
Tosi(t) > /t le(s)ds>zl(\/g)/ log®™ (s/t) .

S t S
= o 2" (t)1log®(1/Vt) = a=127%2*(t) log®(1/t)
> o127 log™ 2 2" (t) log§ (2/1) - X[0,1/2)(t)-
If Ty is bounded from X into Y then Tpz; € Y and from the last in-

equality and (52) it follows z € Y, i.e., we have imbedding (51). O
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Remark 5.8. If X = L then the space X (log™®) coincides with the
Zygmund space Exp LY. In this case, from Theorem 5.7 it follows the
assertion of the second part of classical Yano’s theorem, i.e., if a linear

operator T satisfies (50) then T is bounded from Lo, into Exp L/,

Using Theorem 5.7, we obtain the following sufficient conditions for
the convergence of orthogonal series in r.i. spaces ”close” to Lxo.

Corollary 5.9. Let X be a strong extrapolation space and let {1},
be a complete in X orthonormal system of functions such that for every

x € X and for all positive integers N we have

|5 catorin

where cp(x) are Fourier coefficients of x with respect to {1} ;. Then,

) S Cp®llzll, if p = po,

oo
for every x € X the series Y cn(x)y, converges to x in the space
n=1

X (log™).

In particular, by [47, Theorems 4.3.16 and 7.6.4] and [15, Theo-
rem 5.3.2], using the interpolation Marcinkiewicz theorem in the same
way as in [26], we deduce that L, norms of trigonometric Fourier and
Walsh—Fourier partial sums satisfy inequality (50) if o = 1. Therefore,
we obtain

Corollary 5.10. Suppose X is a separable strong extrapolation r.i.
space. Then the Fourier trigonometric and the Fourier—Walsh series

of a function € X converge to x in the space X (log™!).

In the case of Lorentz spaces the last corollary was proved by Lukom-
skii [24, 25]. Moreover, he showed that this result is sharp. For Marcin-
kiewicz spaces the analogous result was proved in [26].
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5.3 Rearrangement invariance of Rademacher multipli-
cator spaces.

The Rademacher functions are r,(t) := signsin(2"nt), t € [0,1], n € N.
Let R denote the set of all functions of the form Y > | a,ry, where the
series converges a.e. For an r.i. space X on [0,1], let R(X) be the closed
linear subspace of X given by R N X. The Rademacher multiplicator
space of X is the space A(R, X) of all measurable functions x: [0,1] — R
such that - > 02 apry, € X, for every Y 7 apr, € R(X). It is a
Banach function lattice on [0,1] when endowed with the norm

o0
Z AnTn <1 }
X
n=1

The space A(R, X) can be viewed as the space of operators from R(X)
into the whole space X given by multiplication by a measurable function.

The Rademacher multiplicator space A(R, X) was firstly considered
in [11] where it was shown that for a broad class of classical r.i. spaces X
the space A(R, X) is not r.i. This result was extended in [5] to include
all r.i. spaces such that the lower dilation index 7y, of their fundamental
function px satisfies 7,, > 0. This result motivated the study of the
symmetric kernel Sym (R, X) of the space A(R, X), that is, the largest
r.i. space embedded into A(R,X). The space Sym (R, X) was studied
in [5], where it was shown that, if X is an r.i. space satisfying the Fatou
property and X D ExpL?, then Sym (R, X) is the r.i. space with the
norm ||z|| = |lz*(t)log"?(2/t)||x. It was also shown that any space
X that has the Fatou property and that is an interpolation space for
the couple (Llogl/ 2L, L) can be realized as the symmetric kernel of
a certain r.i. space. The opposite situation is when the Rademacher
multiplicator space A(R,X) is r.i. The simplest case of this situation
is when A(R,X) = L*>. In [3], it was shown that A(R,X) = L*
holds for all r.i. spaces X that are interpolation spaces for the couple
(L>,ExpL?). More exactly, in [7], it was proved that A(R,X) = L*®
if and only if the function log'/?(2/t) does not belong to the closure
of L*> in X, which will be denoted by Xj.. In the paper [8], the case
when A(R, X) is an r.i. space different from L>° was investigated. In
particular, the following sufficient condition for A(R, X) to be r.i. has

00 0o
||xHA(R,X) = SUP{H$ : Zanrn ¥ : Zanrn € X,
n=1 n=1
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been obtained [8, Theorem 3.4].

Theorem 5.11. If X is an r.i. space on [0,1] such that the operator
Sx(s) = x(s?) is bounded in X, then A(R,X) is an r.i. space.

The proof in [8] is based on some distribution function estimates. An
extrapolation proof presented here is essentially shorter showing thereby
usefulness of the concept of a strong extrapolation space.

Proof. Note that if log'/?(2/t) & X, then, as it was proved in [7],
A(R,X) =Sym (R, X) = Loo. Thus, we may assume that log'/?(2/t) €
Xo. Let AF .= [k;nl, 2n), where n € Nand £k =1,---,2". In view of
[8, Proposition 3.3], it is sufficient to prove the following: there exists

A > 0 such that for all n € N and every ¢; > co > -+ = con > 0 we have

(53)
[Sawnsg 2 ()] < Al v e ()

Firstly, let z be a measurable function such that x € L, for all p < oc.

For every 0 < t < 1, setting p := log(2/t), we have

Lo 1/108(2/1)
lall, = lelhugory > ([ ")/ as)
0
> (/s 3 Losy
(&

since t1/108(2/t) > 1/e for 0 < t < 1. Therefore,

0082, <o Fhanios ()]

If 1 < p < oo, then, by [11, Lemma 1], there exists a Rademacher

54 |

sum hy, = > 0, . brry such that ||(bg) ||, = 1 and

(55) Iz, < 3p™"2||z - Ryl
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By [41] and the relation
Ha:HLN = sup z*(t) 10g71/2(2/t),
0<t<

for every k =1,...,2", we have

(XAiihp)*(S) = (Z%m) (2"s)

Cutog"? (5 ) xina- (5) (B,

C log!/? (2n )X[O,Q—n) (s).

N

N

Let z = Zi:l crXar With nonnegative and decreasing coeflicients c.

The last inequality implies that

(ehp) () = (ickmhp)*<s>
k=1

< cl(ickmﬁ o' (52— )) )
k=1

Hence, by (55)

271,
2
-1/2 Y e
el <30 3 coxag o' (=),

From this, setting again p = log(2/t), we obtain that

[ toscen s ()] <

2
yaf__ =2
<36'1” H;CkXAﬁ log (2”s+1—k) 10g(2/t)HX

By Theorem 2.2 and the hypotheses, the previous inequality implies that

.
[ etz tog2(3 )| < €5 S coxag log? (5=
k=1

This inequality and (54) yield (53) and the proof is completed. O
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