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AnaHoTanus

Pabora nocsamena Teopun IKCTPAOIAIN B MmKaJje L,-nmpocrpancts. IIpeacrase-
HO 3KCTPAIOJIAIIOHHOE 10 OTHONIEHNIO K mKaJje L, ommcanue npocrpancts Opimda,
O0mu3kuX K Loo. Ilpemyiorkern HOBBIN ITOIAXOM, MO3BOJISIIONINAN, B YaCTHOCTH, IOJIYIUTh
BCe U3BECTHBIE 3KCTPAIOJISIINOHHBIE IpocTpancTBa OpJinda eIUMHBIM MeTOIOM. BBeen
HOBBIIl KJIACC CUMMETPUYHBIX [IPOCTPaHCTB Ha orpeske [0, 1], comepxKammuii Bce Hanbo-
Jiee U3BECTHBIE JIO CHX IIOpP IIPOCTPAHCTBA, SKCTPAIIOJSIINOHHBIE OTHOCUTEIHHO IIKAJIbI
L, npu p — oo. Haiiena npocrasa xapakTepusalys 3Toro Kjacca. Kak npuioxkenue
HOJTydeHa HOBas SKCTPANOIANMOHHA TeopeMa JJls OIePaTopoB, OTPAaHNYEeHHBIX B L)~

IIPOCTpaHCTBaXx.

BBenenne u npeaBaputesibHbIe CBeJIeHUS

B 1951 roay fAno onybaukosas pabory |1], KoTopasi craja oTIpaBHON TOYKOl Jjisi TeOpUU
srcTpanosiun. Mbl copmyaupyem TeopeMy flHO B TOM Bujie, B KOTOPOM OHa COPMYIUPO-
BaHa B MoHOrpadun (2, ri1. 12, Teopema 4.41|, B 3HAUNTEIBHOI CTEIIEHN CIIOCOOCTBOBABIIIE
TIOMTYIIPA3AIAN 3TON TEOPEMBI.

Teopema (uo). [Tycmo T — aunetinvili onepamop, onpedeaertvill Ha HEKOMOPOM NO0-
mmoorcecmee L]0, 1].

1) Ecau T deticmeyem 6 npocmpancmeazr Ly[0,1] npu p € (1,po] u

170, —r, = O ((p—1)"") npup— 1 u nexomopom o > 0,



mo T' mooicro doonpedeaumsb do onepamopa na npocmparcmee Jlopenya L(log L)®, deticmey-

owe20 o2panuento 6 Ly :

1
1Tzl < Cllzllpogrye s 29¢ 12l 0g 2y = /10g“(6/t)w*(t)dt,
0

x*(t) — mesospacmarowan nepecmanoska Gynryuy [x(t)].

2) Ecau T deticmsyem 6 npocmpancmeax L,[0,1] npu p € [po, 00) u
1T, —r, = OW") npup — 0o u nexomopom a > 0,
mo T deticmeyem u3 Lo 6 npocmpancmeo Opauna Exp LV :

||T$||ExpL1/a <O ||$||Loo , ede ||x||ExpL1/a = OS<1:I<)1 log™(e/t)x"(1).

Bamernm,aTo y camoro fHo ObLia chopmyIupoBaHa TOJBKO I€pBasi 9acTb TEOPEMbI, 0e3
JIBOMCTBEHHOrO pe3yJsibraTa, KOTOpblii B pabote |1 He Tpebosasics. B [1] u [2| takke npes-
CTaBJIEHBI IPUJIOYKEHUsT K PA3IMIHBIM BOIIPOCaM aHajm3a. B yactHoctn, B cBoeit pabore o
[IOKa3bIBAET, UTO U3BECTHBIE COOTHOIICHUS JIsI PA3JIMIHBIX Ba’KHBIX OIEPATOPOB aHAJIN3a,
TaKUX, KaK MaKCUMaJbHBII omiepaTop Xap -/ InTTabByaa, oneparop mepexoia K COMpsizKeH-
HOW (DYHKIMH B TAPMOHUYIECKOM aHAJM3€ U JIP., UMEIOT 3aBHCUMBIN XapakTep. menno, u3
U3BECTHBIX OICHOK B IMIKaJje IPOCTPAHCTB L, CelyIoT OINEHKH B IPOCTPAHCTBAX Ha KOHIAX
TITKAJTB.

[Tocsie paboTsl FHO TOSIBJISLINCH OTIEIbHBIE MYOJHKAIMA 110 SKCTPATIOJISAIIH (CM., HATIPH-
mep, [3, 4, 5]), Ho exunoit yuudunupyiomeit Teopun He 66110. B paborax [3, 4], B yacrHocTH,
[IEPEOTKPBIBAETCS pe3yibTar fHO.

B konme 80-x — magasie 90-xX rogoB HPOILIOTO BeKa Hadajach paspabOTKa OOIIUX IT0I-
XOJIOB TEOPHH SKCTPAIIOJIAIINN, CBA3aHHAs MPEXKEe Bcero ¢ mmenamu fBepca m Muibmana
[6-9]. B wacrroCTH, HCII0/IB3Ys BBEjICHBIE MU (DYHKTOPBI liepecedenus: A U CyMMBI Y OHH 110~
JIY IHJTH 9KCTPATIOJISIIIMOHHOE OIICAHNEe TPOCTPAHCTB, (QUrypUPYOMuX B Teopeme fHoO (cM.,

Hampumep, [8, c. 22-23|):

Apg<p<oo (p_aLp> = Exp LY/ u Yi1<p<po ((p - 1)_aLp) = L(log L)*.

Pacemorpum niogpobree dyurrop mepecederust A. Ecim {Aglgce — cemeiicto Gana-

XOBBIX IIPOCTPaHCTB, HEIIPEPBLIBHO BJIO2KEHHLIX B OJHO U TO2KE OaHaxoBo IPOCTPaHCTBO A,



TO
Aveo (4g) = { e A: llally = supall,, < oo} |
IC)
T.C.
lals = llallo |, M

rae Lo, — mpocTpaHcTBO orpannveHHbIX (byHknmit Ha ©. CornacHo onmcanuto MuibMaHa 1

fBepca
|
T H L , @)
P71 Lo (po,00)
OTKY/I&, C y4€TOM IIPOCTOr0 COOTHOIIICHUSA
el = [l |,

MBI Cpa3y MOJIy9aeM BTOPYIO 9acTh TeopeMbl fHO.
B nacrosiieit pabore B KadecTse mKkajbl { Agboco paccMaTpuBaeTcs IMiKaja MpoCTPAHCTB
L, (1 < p < oo) na orpeske [0, 1]. B mepsom naparpade Mbl ncciiefyeM BOIpoc, KOrua Jis

npocrpancrea Opsmua Ly, (onpeesierne jiajiee) BBIIOJTHSIETCS

LM = A1<p<oo (w(p)Lp)

C HEKOTOPOIl OrpaHrIeHHOl n3MepuMoii byHKIwei w(p).

B paborax Munbmana u fBepca B Kauectse mKaia {Ag} paccMaTpuBatoOTCsl MpEnMYyIIe-
CTBEHHO IIIKAJIbI, MOPOKJIEHHBIE BEINECTBEHHBIM METOJOM WHTepIoJsiui. HamoMHuM, 9To
JLISL COBMECTUMOI GaHaXOBOM mapbl A = (Ag, A1) (T.e. Takoil mapbl 6AHAXOBBIX IIPOCTPAHCTB,
41O 0Oa mpocTpancTBa Ag m A; BIIOKEHBI B 00IIee OTAEIUMOE JUHEHHOE TOIIOJOTHYECKOe

HpOCTpaHCTBO) IIPOCTPaHCTBO Aqu BCEIIECTBECHHOI'O METO/Ja MHTEPIIOJIATIN OIIpeae/IdeTCd HOP-

MOI:
) q dt
lallz,, = | [ (7K (ta; Ao, A)))* — | mpu g < o0
0
41
lall g, _ == sup t°K(t, a; Ao, Ay),
’ 0<t<oo
rie

K(t,a; Ao, Ar) i= _inf {[laollao +tllar]ar}
=ap+ai

a



— K-dyukmuonasn [lerpe mapsr (Ag, A;). IIpocrpancrso /YWH OIIpE/JIe/ISIETCsl aHAJIOTUYHO C
samenoit t¥ wa dbynxmmo W (t). B paborax Mmibmana u Slsepca Buraucasercs byHKTOD

IepecedeHusd:
A0<9<1 (M(Q)Ae,oo) = AVV,ooa
riae

W (t) =supt =’ M(6).

B cayuae ke, ecn dbyukims M (6) nomanHena JOMOJTHUTEIBHOMY YCI0BHIO (tempered)

M(@)x]\/[(g) upu 0§ — 0, M(@)xM(#) npu 0 — 1,

HabJIIOIAeTCsT CAeAYIONAasd YCTONINBOCT IKCTPAIIOIAIIMOHHON KOHCTPYKIT A:

Bococt (M(B)(Ang)) = Bococs (M(B)(An,))

rie
(Apg) == (0(1 = 0)q)7 Ay,

— yzo0Hasl IepeHOPMUPOBKA IPOCTPaHCTB Ay 4. B wacrHocTn, paccMarpusas 6aHAXOBY I1apy

A = (Ly, Lo,) mpocrpancts dbysKImii Ha orpeske [0,1] u ucrosp3yst paBHOMEPHOCTD BJIOZKE-

HUI

—

1 7 1
(Ag1) C Ly = (Agp) C (Agoo) mpu =1 — o

IIoJIyd9aeM OllCaHnue IIpoCTPaHCTB

A1<p<oo (W(p>Lp> = AO<9<1M<9)A’9,00

upu w(p) <X w(2p) mpu p — 00, TaK KaK B 3TOM CJIydae

M(@):M<1—1) :w(p)xw(Qp):M<1—2i) :M(l%e).

p p
B nepsom naparpade nacrosiieit paborst npocrpamctsa A (w(p)L,) BBIUACISIOTCS IPH
cytecTBeHHO 6oJ1ee cabblx OrpaHIYeHnsX Ha roBeienre w(p). Bo Bropom naparpade cobpa-
HBI HEKOTOPBIE TIPUMEPHI SKCTPAIOJIANMOHHBIX ITpocTpancTB OpJ/inda, B TPETheM pacCMaTpPH-
BaeTCs JINCKPETHBIN BapuaHT (hYHKTOPA [IE€PECETCHUS.
SameTnmM erre, 9To 3a/1a1a, KOTOpast CTABUTCS Y HAC B paboTe, BOOOITE TOBOPsT ITPOTHBOIIO-
JIOKHAsI K BBIYUCIEHUIO SKCTPAIOIATINOHHBIX PYHKTOPOB. MBI cripalnmBaeM, Kak MOJIyIuTh

TO WJIM NHOE KOHKPETHOE ITPOCTPaHCTBO C IIOMOIIBIO SKCTPAIIOJIATTMOHHBIX KOHCTPYKHI/Iﬁ.
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B pa6ore [10] mompo6uo paccMoTpens! sxcTpanongamuonnsie dynkrops A apsiony-

ecst obobmenneM ¢yHkTopa A:

1/r
el = { [ llella ] a0}

KOTOpBIe 3((PEKTUBHO TPUMEHAIOTCI K WHTEPIOJAINOHHON ITKaJIe {M (9)141’97,,}. B srom
caydae TaKyKe HaOIIOMaeTCs YIOMSIHYTas BBINIE YTONINBOCTD MIPU C/IEPYKAHHO MEHSIOMIecs
dbyukiuu M (0) (tempered). B [10] paccMoTpenbl TakKe pasindHble TPUIOKEHUsT ONUCAH-
HBIX KOHCTPYKIIWil, B YACTHOCTH, ITO3BOJISIONINAE TIOJIyYaTh SKCTPAIOJIAIINOHHBIE YTBEPAKIe-
Hus Taia teopembl a0, Komerpykmmo A MOXKHO HOIyYHTH, 3aMEHHB B (1) Lo Ha L,.
Eme 60sbitte BozaMoxkHOCTEN TaeT 3aMeHa Lo, Ha IIPOU3BOJILHYIO ODaHAXOBY perieTky F'.
Ounpenesienne. CuMMETPUIHOE TPOCTPAHCTBO F HA3BIBACTCST IKCTPAIIOJIAIMOHHBIM (TIpU

p — 00), ecn HaiijeTcst Takast 6aHaxoBa peretka F dyHKuit aprymenta p € [1,00), 9aro

lzlle = 2z, |

HekoTopsbie 6a30BbIe CBOIICTBA TAKUX IPOCTPAHCTB cchopmympoBanbl B [12]. Ha ocnose sToro
onpesienennst B [13] ObLIM HaiileHbI HEOOXOMMBIE M JIOCTATOYHBIE YCIOBHS KCTPAIIOJISIIIN-
OHHOCTH BayKHBIX B IIPUJIOKEHHSAX HpocTpancTs Maprunkesuda u Jlopenna, ucciieaoBaHbl
IPAHUILI SKCTPAIIOJIAIMOHHONO OMUCAHUS CUMMETPUUYHBLIX IIPOCTPAHCTB. I1oImyTHO BBIACHU-
JIOCH BECbMa MHTEPECHOEe 00CTOATEIHLCTBO, COCTOAIIEE B TOM, YTO HOPMBI MHOTUX 9KCTPAIIO-
JIAIIOHHBIX B 9TOM CMBICJIE€ TIPOCTPAHCTB F (XOTs U He BCeX) JIOMYCKAIOT BhINIENPUBEIEHHOE
npejcTaBienne ¢ napamerpom F = E| cocrosmmM u3 Beex (byHKImH x(u), H3MEPUMbIX HA
[1,00), Takux, aro byskmms Z(t) = z(log,2/t) (0 < t < 1) npuHamiekur camomy KE;
upu 3toM ||z||z = ||Z|| . IIpuMepamu Taknx IPOCTPAHCTB ABJISIOTCS YIOMUHABIINECS BBIIIE
npocrpancrea Opuiraa Exp LY/
a2 _
%] gxpri/a =< sup logy® { — ) 2*(t) < sup (p~*[|zl,)-
0<t<1 t l<p<oo

Takue pocTpaHCTBa Mbl HA3bIBAEM CUJIBLHO 3KCTPAIOJISAIMOHHBIMEI, UM IOCBAIEHa paboTa
[14]. Takum 06pazoM, B CUIBHO IKCTPANOJIAIMOHHBIX IPOCTPAHCTBAX Mbl HAOJIOIAEM Cie-
Jylolliee yJUBHTEIbHOE dBjieHne: HOpMbl bynkimit v = x(t) n y = y(t) = ||@|p=i0g, 2/t
9KBUBAJICHTHBIL:

@l e = M2 lhog, 2/:ll
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DTO siBJIEHUE, B HECKOJILKO UHO# (hopMe U KOHKPETHO st ipocTpancTs OpJinia, OTMedIaeTCs
B [15]. B [14] Haiigena mpocrasi XapaKTepusalus CHIbHO SKCTPAIIOSIIIMOHHBIX TIPOCTPAHCTB:
JIOKA3aHO, 9YTO CUMMETPUIHOE TTPOCTPAHCTBO F 00/1a/1aeT 3TUM CBOHCTBOM TOT/IA U TOJIBKO
Torya, Korja B E orpanuden oneparop Sz (t) = x(t?). dror Kpurepuii yIpomaercsa B 0OHOM
BaKHOM YaCTHOM CJIydae, KOTOPBI BKJOYaeT mpocTpaHcTBa Jlopenra m MapruuHkeBnyda,
U CBOJIUTCS K TOMY, 9TO (byHaMeHTa bHasd (YHKIUS MTPOCTPAHCTBA Y/IOBJIETBOPIECT TaK
HaspiBaeMoMmy A? —yciosuio. B uerseprom naparpade nacrogiieii paGoThl, HOCBSAIICHHOM
CHJIBHO SKCTPATOJISIITHOHHBIM IIPOCTPAHCTBAM, MBI, KPOME IPOYero, pedepupyeM HEKOTOPhIe
pesyasraTsl [14].

Ob6muras Teopust sxcrpanosisituu [10] mozsossger 3¢bdEeKTUBHO BHIYUCIATH IKCTPATIOJIAII-

OHHBIE OTHOCHTENILHO IIKATBI { L, = ((L1, Leo);_ 1 )} TIPOCTPAHCTBA ¢ HOPMO(

S =

1 T e.¢] T

loll = ([ (a@xliel) a0 | = | [ (tlel,)" do

fo 0

npu w(p) X w(2p), 9T0 COOTBETCTBYET Ciep:KaHHO MeHsommeiicss dyakuun M (6). Mbr oka-
JKeM, 9TO BCe TaKKe POCTPAHCTBA CUTHLHO IKCTPATIOJIAIMOHHBI ¥, TAKUM 00Pa30M, MMOMa 10T
10/1, IIPEJIJIOYKEHHOE HAMU OIIMCAHUE.

HamoMmuum renepb HEKOTOPbIE HEOOXOIUMBIE HAM OlIpeJIe/IeHnst, 0003HAaYeHNsl U CBOCTERA.

Bcrony mastee BioxkeHmne 0JHOr0 baHaxoBa IPOCTPAHCTBA B JIPYToe TOHMMAeTC s KaK Helrpe-
peisHoe, T.e. X1 C Xo osnavaer, uro uz x € X; cienyer: v € Xo u [|z|ly, < Cllzfly, mna
mekoToporo C' > 0. Ilox paBerctBoM X1 = X 17151 OaHAXOBBIX IIPOCTPAHCTB OyIeM IoIpasy-
MeBaTh UX COBIIAJEHUE C SKBUBAJEHTHOCTHIO HOpM. MBI OyJieM paccMaTpuBaTh BENIECTBEH-
Hble (byHKIMHI, 330aHHbie Ha orpeske [0, 1] wiu Ha nosyocu [1,00) ¢ 06bruHoil Mepoit JTebera
[, IBMEPHUMBIE U IIOYTH BCIOLy KOHeudHble. Kak 00bIUHO, (DYHKIMH, PaBHBbIE IIOYTH BCIOLY,
OTOXKIECTBJIAIOTCA. Boipaxkenue Buja f < g o3nadaet, 910 cf < g < Cf 1191 HEKOTOPBIX
c¢>0wu C > 0, npuyem 3TH KOHCTAHTBI HE 3aBUCST OT BCEX WJIM YACTH apTyMeHTOB (DyHKITHil
(kBazmuopM) f U g.

Hamomuum, uro 6aHaxoBO (PyHKIIMOHAJIBHOE ITPOCTPAHCTBO X HA3BIBAETCA OAHAXOBOI
perieTkoit, ecau u3 toro, uro y = y(t) € X u |z(t)| < |y(t)|, caenyer: © = z(t) € X n

] < llyll



Dyukuus pacupejeserust n, (1) Gysxuun x(t) oupeaessieTcs ceLyomuM 06pa3oM
n. (1) = p{t: |z(t)| >}, 7>0.

e dynknnn x(t) u y(t) HA3BIBAIOTCA PABHOM3MEDPHMBIMHU, € UX (DYHKIMU pacipeie-
nenns conaaor. IlepecranoBkoit dyukmmy x(f) HaspBaeTCs HeoTpUIATEIbHASA (DYHKIUS
x*(t), onpezenennas Ha [0, 00), paBHon3MepuMasi ¢ x(t), yObBamoIas u HepepbIBHAS CJICBA.
[lepecTanoBka Bceryia CyIecTBYeT, eJUHCTBEHHA M ee MOXKHO OIpeAenTh 1o dhopmyse |16,
c. 83]:

z*(t) = inf{7: n.(1) < t}.

B pabore peub Oyzer wiaru 0 CHMMETPUYHBIX ([EPECTAHOBOYHO WHBAPUAHTHBIX) (DYHK-
[[MOHAJIBHBIX IIPOCTPAHCTBAX, MOJPOOHOE U3JIOKEHUE TEOPUH KOTOPBIX MOYKHO HAWTU B MO-
Horpadusix |16, 17]. Banaxosa pemerka E u3mepumbix dbyHkiumii, onpeenenabx Ha [0, 1],
HA3BIBAETCA CUMMETPHYHBIM (C.II.), ecn u3 Toro,41o y = y(t) € X u n, (1) = ny(7) (1 > 0),
caenyer: © € X u ||z||g = ||y||e-

Baxxknbim 1 Hanbostee IpOCTHIM IPUMEPOM TaKHX IIPOCTPAHCTB ABIAIOTCA Ly, -IpocTpaHc-

Ba (1 < p < 00) ¢ OOBIYHOI HOPMOi:

! 1/p
fell, = ( [lePde) (1< p <o) el =ess sup la(0).
) 0<t<1

IIpu sTOM TpH p > ¢ mMmeeT MecTo Bioxkenue (¢ komcranroit 1) L, C L,. Kpome Toro, Lo
SIBJISIETCsT CaMbIM Y3KUM 13 Beex c.11. Ha [0, 1], a L; — cambim mupokum |16, reopema 2.4.1].

Hepes w(p)L, nanee obo3HadaeTcs IPOCTPAHCTBO L, ¢ HOPMOU

I Moz, = w®) -z,

ITpocrpancrsa L, — 4dacTublil ciy4dail 6osiee HIMPOKOro KJacca IPOCTPAHCTB Ly, 4, HOPMBI B

KOTOPBIX OIPEIENIAI0TCS CIeTYIONUM 00Pa30M:

q 1o, 0\ dt 1,
lellyi= {2 [ ()" F | (0 <a<00) u ol = sup ()

t 0<t<1

Jpyrum BazKHBIM 00001eHneM L, TPOCTPaHCTB ABIAI0TCH mpocTpancTsa Opinda. [Tycrs

M = M(u) — dyuknusa Opsnda, T.e. BbITyKJ/as HenpepbiBHas dbyHakims Ha [0, 00), M(0) =
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0, M(u) > 0 nupu u > 0. [Ipocrparctso Opsmtda Ly cOCTOAT U3 BCEX U3MEPUMBIX (DYHKITHI
=z

[ (01 <o

qtst Hekoroporo A. Hopma B Ly, omnpejiernisercs ciaeayomum o0pa3om:

1
], = inf \: /M(‘x(;”) dt < 1
0

IIpocrpancrBa L, mpeicraBigioT coboil dacTHBIN ciydait mpocrpancts Opimda. B posm

x = z(t), 11 KOTOPBIX

coorBercTByIomux dynkmuit Opinda B JanHOM ciydae BolcTymaior dyuknmn M,(u) = uP.
B omnpenenenun npocrpancts Opiinda na dbyHknuio M 9acTo HaJAraroT JOMOJTHUTETbHBIE

YCJIOBUAL:

lim M(u) =0, m lim M(w) = 400

u—0+ u u—+o00 u

Taxyro dpynknuio M nazbiBaior N —dyHKIHe, CBOICTBA KOTOPBIX U COOTBETCTBYIOIIUX TTPO-
crpancts Oprmda usioxkens! B [18]. st Hac GyyT BaxKHBI CJIEYIOINIIE CBOHCTBA:

1) eciin My (u) < My(Ku) npu nekoropom K u u > ug, 10 Ly, D Lay,;
Qw)

2) eciin BbItyKJiast pyHKIws (Q(u) TakoBa, 9To lim, ., 4 = 400, To cymectByeT N —(hyHK-
st M (u), coBnagatomas ¢ Q(u) upu u > ug. B sT0oM cirydaae rosopar, uro Q(u) riaaBHas
qactb N—dyukiun M (u).

Ipyrue npumMepst c.11. — npocrpanctsa Jloperna u Maprunkesuda. [lyers ¢(t) — Bo3-

pacratorias Boraytas dbyHkiws Ha [0,1], Takast, aro ¢(0) = 0. [IpocrparcTo Mapiinakesnaa

M(p) cocrout u3 Beex uamepumbix Ha [0, 1| dyrkumit (t), 1j1st KOTOPbIX KOHEYHA HOPMa

S *
el = s 22 [

0<s<l S
0

s

[Tpocrpanctro Jlopenna A, (@) onpeesnsiercs HOpMOii
1
1 o

o = / () do(t)

0

]

Basknoit xapakrepucTtukoii c.i1. F sgpisiercs ero dyHIameHTanbHas GyHKIms ¢p(t) =
X(0.0)|l ;> 1€ Tepes X (o,1) 0Bo3HAUeHA XapaKTepucTHIecKas DYHKIHA (MHNKATOD) HHTEPBa-

na (0,t). B wacrHocrn,
1
¢./Vl(<p)(t) = p(t), A (o) (t) = o(t), or,(t)= m u ¢Lp,q(t) = /P,
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[Tpu srom mpocrpanctso A(p) := Aj(¢) — camoe y3koe, a npocrpancrso M(yp) — camoe
IIIPOKOE M30 BCeX C.11. ¢ byHIaMenTanbHoil dyukimeit ¢(t) [16, reopemsr 4.5.5 u 4.5.7|. Oyn-
JlaMeHTa IbHas (DYHKIMsI BCerjia KBasuBOrHyTa (HamoMuuM, uto dbyHukius ¢ (t), onpeesieH-
Has Ha [0, 1], HaseiBaeTcsa kBasuBoruyToii, ecau 1(0) = 0, 1(t) mosoKuUTEIbHA U BO3PACTALT,
a 1(t)/t yoeiBaer). Beskas kBasuBorayTast GyHKius ¢ (t) SKBUBATEHTHA CBOEH HANMEHBIIEH
BorHyTOil Mazkopante (1), Tounee, 1/20(t) < 1h(t) < ¥(t) (0 <t < 1)[16, Teopema 4.1.1].
Xoporo ussectro [19], uro npocrpancrsa Opsnaa Ly, u Mapiuakesuua M (p) ¢ ouu-
HAKOBBIMU (DyHIAMEHTAIbHBIME (DYHKIIUAMHA, JieXKaIue gocrarouno "omm3ko" K Lo, coBia-

JaI0T. yC.HOBI/IeM COBIIQ/JICHUA ABJIACTCA CJIeAyroniee:
1
/ M ( ! ) dt < 1 (3)
/ Mp(t))

B uacrroctn, npocrpancrso Opimaa Exp LY®, nocrpoennoe 1o N —byHKIAN ¢ TITaBHOl

IIPX HEKOTOPOM .

9aCThIO etl/a, a > 0, koropoe durypupyer B Teopeme fHO, COBIaaeT ¢ MPOCTPAHCTBOM
Maprunkesuda ¢ dyngamentaabtoil Gynkimeii ¢(t) < log™*(e/t).

DynKIus pacTsaKeHns nojaoxkuTeapHon dynkmun ¢(t), t € (0, 1], onpenensiercss cOOTHO-

IIeHueM

t
M (s) = sup plst) ), 0<s<o0.
0<t<min(1,1/s) @(t)
[Ipu sToMm umca
1 1
Ve = lim —OgM“ﬁ(S) n  J,= lim —ogM¢(s)
s—0+ logs s—oo  log s

HA3bIBAIOTCSl HUYKHUM U BEPXHUM MOKasaTessiMu pactszkenus dbyukmun ¢(t). Eciu ¢ kBa-
suBorayTa, To 0 < v, < 0, < 1 [16, c. 76].

Ecan (Xo, X;) — GamaxoBa mapa (T.e. 6aHaxoBbl mpocTpaHcTBa Xo u X, JIMHEHHO 1
HEIPEPBIBHO BJIO?KEHHBIE B HEKOTOPOE OTJACIUMOE JIMHEHHOE TOIOJIOIHYECKOe IMPOCTPAHCT-
BO), TO €CTECTBEHHBIM 00pa3oM ormpejesisitores nepecedenne Xo (| X; u cymma Xo + X ¢

HOpMaMu
[l xorx = max[lzlx, n [[z]xorx = nf{{[zollx, + l21][x, : & = @0 + 21,25 € Xy, 1 = 0,1}

coorBeTcTBeHHO. BanaxoBo npocrpancTBo X Takoe, uro Xo (| X7 C X C Xy + X, nasbisa-

eTCsl MHTEPIIOJISIIIMOHHBIM OTHOCUTEILHO napbl (Xg, X1), ecin Ji000ii JIMHEHHBIN omlepaTop

9



T, oupeyienennblit Ha X+ X u orpanndeHsbiii B Xg u B X1, orpannden B X. BaxkHyto poJib
B Pa3/IMYIHBIX BOIPOCAX TEOPUU MHTEPIIOJISIUU orepaTopos urpaetr K—dyukmuonan [lerpe

20, §3.1]:
K(t,l’, Xo,Xl) = inf{l|[)30”XO +t”£€1||X1 LT =2 +l’1,l’0 € Xo,ZL'l € Xl}

[Tpu dukcuposannom ¢ > 0 OH AB/ISETCA HOPMOH Ha CyMMe IpocTpancTB Xo + t X7, a upn
dukcupoBannom x € X + X K(t,z; Xo, X1) — Bospacraomas BorayTast GyHKIHS OTHO-

cutesibHO niepeMenHoit ¢. st 6anaxosoit maper (L1, Leo)

t
K(t,x; L1, Lo) = /x*(s) ds.
0
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1 Strong extrapolation spaces

Let us introduce the precise definition generalized in a natural way the approach of Jawerth
and Milman by considering instead of A,-parameters (see Introduction) arbitrary Banach
lattices. Let F' be a Banach lattice of measurable functions on [1,00) (it will be called an
extrapolation parameter). The set Lp consists of all functions z(¢) for which the function

fz(p) == ||£L‘||p € I with the norm

2/l = fellp -
It is not hard to check that L is an r.i. space such that Lr C L, for every p < 0.

Ounpenesienne 1.1. We will say that an r.i. space X is extrapolation (concerning to L)
(X € &) if there is a Banach lattice F' on [1,00) for which X = Lp (with equivalence of

norms).

The simplest example of an extrapolation space in this sense is L.,. Since

[flloe = lim [ fl,,
p—-+o00
then Lo = L1 [1,00)- Other examples are exponential Orlicz spaces Exp LY and, in particular,
Zygmund spaces Exp L? (8 > 0). In fact, according to (??) and (??)

|2 || gxp 6 < sup p_l/ﬁ”l'Hp
P>Po

and

H‘rHExpLN = sup w;
P>Po N~ (p)

and we can take in either case as a parameter F' a weighted L..-space.
The next definition is a generalization to general Banach lattices of the Jawerth-Milman

idea of a tempered weight.

Onpenenenne 1.2. An extrapolation parameter F' will be called tempered if the operator

Df(p) := f(2p) is bounded in F.

Let us define the following interesting subclass of set of all extrapolation spaces [11]. If X
is an r.i. space on [0, 1], then by X we denote the Banach lattice of functions f measurable

on [1,00) such that
11l == IIf (Togo(2/1)) ] < o0.

11



Onpenenenne 1.3. An r.i. space X is called strong extrapolation (X € SE) it X = Ly

(with equivalence of norms), that is,

2l x = || 2 hogatz/) |

In particular, extrapolation Orlicz spaces Exp LY (and Zygmund spaces Exp L” (3 > 0))
are strong extrapolation spaces.
One of the main results of this article is the following characterization of strong extrapolation

spaces.

Teopema 1.4. For any r.i. space X the following conditions are equivalent:
(a) X € S&;
(b) the operator Sf(t) = f(t*) is bounded in X.

(¢) X = Lp with a tempered extrapolation parameter F;
To prove Theorem 1.4 and some other statements we need the followng lemma.

Jdemma 1.5. The operator Sz(t) = x(t?) is bounded in an r.i. space X if and only if

1Sz*|| x < Cllz||y for some C >0 and all v € X.

Jokxazamensvcmeo. Since necessity is obvious, we prove sufficiency. Let x € E and let 7 > 0.
If
A={tc[0,1]:|z@)|>7} m B={t<[0,1]:|z(t*) |> 7},

then B = k(A), with x(u) = y/u. Hence (for instance, see 38, memma 9.5.1])

wp{t: z*(t)>7}
du du

uft: [Sz(t)] > 7} = u(B):/mg / g =t Sa0) > 7).

A

Thereby (Sz)*(t) < Sz*(t) and the assumption of the lemma implies

Sre X and |[|Sz]x <|S2%|x < Cllzllx

Proof of Theorem 1.4. Firstly, show that the conditions (a) and (b) are equivalent.

Let = z(t) be a measurable function on [0, 1]. Consider the function
2(t) == [[#ll1pg,0p (0<t<1).

12



Since

|
lell, = [|l="xpz-rmll, = 32° (@) (P2 1),
then ||Z||; > %[z . Therefore, by the definition of strong extrapolation space, condition
(a) of the theorem is equivalent to the inequality

121l x < Cllllx, (4)

which holds for all € X and some C' > 0.
First, we assume S to be bounded in X. Since ||S"z||y < [|S||"||z]|x (n = 1,2,...), we

infer

227 = e, < 2" xanll, £ 220 |2 X s
n=0

< 2y 277 (2—2"“p> ,
n=0

p

for all p > 1 or equivalently

7(2t) < 2%22"5"“:(;*(75) (0 <t <1/2).

n=0

Hence,

1220) 1 <2 27| S|" |zl < Cillallx
n=0

Since the dilation operator ox(t) = x(¢/2) is bounded in every r.i. space [16, Theorem 2.4.4],
the last inequality implies (4) ¢ C' = 2C}.

Let now conversely £ = L, i.e., T € E whenever € E and inequality (4) holds. If
t =277t (p > 1), then

v (17) < 2" (27%) < Af|a x|, < 407, = 43 ().

Therefore,

1527 x < 4fl7]lx <40 ]l

Applying Lemma 1.5, we conclude that S is bounded in X.

Next, prove that conditions (a) and (b) imply (c). In fact, with (a) at hand we may
take F = X. Then, by condition (b) and by the boundedness of the dilation operator
oox(t) = 2(t/2) in X, for an arbitrary f = f(p) € F we have

1£2p)ll 7 = 11£(21085(2/1)) [l = |l (log,(4/t")) ] <

13



< O f(logy(4/1)ll x < 2C1[f (logo(2/8))l x = 2C|f | p-

At last, check that from (c) it follows (b). Suppose that X = L, where F is a tempered

extrapolation parameter. Applying the Holder inequality, we obtain

/ Se(0) dt = / ()]t = / o) 5 <

1 % 1 1
< / j2(s)[* ds / ds|
J / 233

whence ||Sz||, < Cif|z|,, Since F is a tempered parameter, then

=

IS2llx < CalISz1,

L <CiG|lell,

< Cylall,

_<Cillally,
which implies that the operator S is bounded in X. O

CrunencrBue 1.6. An r.i. space X € S& if and only if there exists a constant C > 0 such
that

o
| 32 N2 x-an a2y llnxaname | < Cllallx
n=1

for all x € X.

Joxazameavcmeo. First of all, using once more the boundedness of the dilation operator in

X [16, Theorem 2.4.4|, we obtain

L=
5” Zx (2 k)X[27k727k+1]
k=1

o)
S lellx <2 Y at @ e |
k=1
This inequality together with the following elementary inequality
g* (27 < 2H[E*X[2—k72—k+l]Hk <2277, (1<k<o0)

imply that

(5)

H ; "k 2 | Xppr 2 | < Hlllx < 4H kz_; "X 2w 2 [ Xk 2| -

Applying Theorem 1.4, we complete the proof. [

Theorem 1.4 implies that every r.i. space being an interpolation space with respect to a
couple of strong extrapolation spaces is a strong extrapolation space as well. In particular,

we obtain

14



CaencrBue 1.7. Let Ny and Ny be two Orlicz functions. Then any r.i. space X interpolation

with respect to the couple (Exp L™, Exp L™?) is strong extrapolation.

Bameuanne 1.8. As is easily seen, instead of the norm in E we can use in Theorem 1.4 the

seminorm
£l 2 po = I1f Xo.00) | 55

with some fixed py > 1.

ameuanwue 1.9. As it was noticed in Introduction, we may identify, by the Jawerth-Milman
theory [10], extrapolation spaces (with respect to the L,-scale) of the form A (w(p)L,) with
the norm

o0 T

ol s = / (w)lall,) dp | ifr<oo and allac = supzp (w(@)2],)

(0]

whenever
w(p) < w(2p) as p — oo. (6)

Without loss of generality, we may assume that w(p/2) < Cw(p) if p > 2pg. Thus,

[ewseny o) = [eemiwr T) <c| [wemwy )

which implies that the extrapolation parameter F' = L,.(w(p)) is tempered. Therefore, all
r.i. spaces of the form A" (w(p)L,), with w(p) satisfying condition (6), possess property (c)

from Theorem 1.4 and, according to this theorem, are strong extrapolation spaces.

3ameuanme 1.10. The construction resulting in strong extrapolation spaces as well as the
A)_construction with a tempered weight is stable in a sense.

Consider instead of the scale of L,-spaces the scale of L, ,-spaces (1 < p < 00), where
q € [1,00] is fixed, and given Banach lattice F' on [1,00) define the space L, consisting of
all functions x = z(¢) measurable on [0, 1] such that &, , = &, 4(p) = ||z]|p, € F'. Arguing in
the same way as in the proof of Theorem 1.4, it can be showed that either of its conditions
(a), (b) and (c) is equivalent to the following ones:

(d) for every g € [1,00] X = Lx , ie., [z]x =< | ||x|]10g2(2/t)7qHX (x € X);

(e) there is a g € [1, 00] such that X = Lz .

15



In some important cases condition (b) guaranteeing that an r.i. space to be a strong

extrapolation space is equivalent to a much simpler condition [13].

Omnpenenenne 1.11. A nonnegative function ¢(t) on [0, 1] satisfies the A%-condition (p €

A?) whenever there exists C' > 0 such that
o(t) < Cp(f), 0<t< L. (7)

IIpengioxkenue 1.12. Given an r.i. space X on [0, 1], consider the following conditions:

(i) the operator Sx(t) = x(t?) is bounded in E;

(ii) the fundamental function p(t) of X satisfies the A2—condition.

Then (i) implies (ii). Conversely, if X is an interpolation space with respect to the couple
(A(p), M(p)) of Lorentz and Marcinkiewicz spaces (in particular, if X coincides with A(p)
or with M(p)), then (ii) implies ().

Jlokasameavcmeso. To prove the implication (i) = (ii) it suffices to write the condition of
boundedness of the operator S for the characteristic functions x4 (0 <t < 1).

(i1) = (i). For X = A(p), the boundedness of a linear operator continuous in the
space of measurable functions with respect to convergence in measure is equivalent to its
boundedness on the set of characteristic functions |16, Lemma 2.5.2]. For the operator S the
last is equivalent to (7).

Examine the case of a Marcinkiewicz space. Firstly, if ¢ € A2, then for every x € M(p)

(1) Sz (t) = p(t)a”(t") < Cop(t?)a"(t*) < C sup (s)a™(s) < Cllzlyy,)-

0<s<1
It is immediate that the condition ¢ € A? implies that d, = 0. Hence, using the last

inequality and [16, Theorem 2.5.3|, we infer

152" || pppy < €7 sup Sz™(t)p(t) < C'Cll|py -

0<t<1

Thereby it remains to refer to Lemma 1.5.
At last, if X is an interpolation space with respect to the couple (A(y), M(yp)), with
¢ € A% then S is bounded in X because of by the previous arguments it is bouded in A(yp)
and in M(yp). O

Theorem 1.4 and the last proposition imply the following result (a weaker its version was

proved earlier in [11]).
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Teopema 1.13. Every interpolation space with respect to the couple (A(p), M (p)) (in particular,
A(p) and M(yp)) is a strong extrapolation space if and only if ¢ € A%

Caencrue 1.14. If ¢ € A2, then

2] ppy) = sup @(277)]|], (8)

1<p<oo

and

3=

- /Wﬂ2p2p) | (9)

Relations (8) and (9) were established for the first time in [13]. Earlier Lukomskii has
proved (9) by a stronger assumption: ¢'(t) < t¢'(t?) (0 < t < 1) and then he has used it
considering the problem of convergence of trigonometric series [40].

Relations (8) and (9) can be obtained also from Jawerth-Milman theory using the functors

A" Let us show that for Marcinkiewicz spaces.

If ¢ € A2, then, by [8, formula (4.6)],

K(s,2; Ly, L)
- = 10
||‘r||Ap(<p(2 P)Lp) ili](;)) T(S) ) ( )

where
t

t) = .
") = @

Ift < %, then

_ 1 _ 1 % t
Supgo(2 p)tp > 90(2 p)tp|p:10g2(1/t) - %
p>1

Conversely, let t = 277" and C' be a constant from inequality (7). In the case, when p > p,

we have 90(2_7’)15% < o(t). If p < p1, p1 € [27!p, 27p] for some positive integer n. Then

P(27P)tr < Cmp(272P)27 5 < 0" (1) < Crp(t),

where

Ch =sup Ccm272" < .
neN

Thus,

sup p(277)t7 =< (t),
p>1
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which implies that 7(t) =< t/¢(t). Therefore, by (10),

s e, = el < 2 [ (0 =
0

1<p<oo

and we come to (8).
In general, the condition ¢ € A? is not sufficient for an r.i. space X with the fundamental

function ¢ to be strong extrapolation.

Teopema 1.15. There is an r.i. space X which is a closed subspace of a Marcinkiewicz space

M(p), with ¢ € A% such that X € SE.

Jlokasameavcmso. Let ¢ be an increasing concave function on [0, 1] such that ¢(+0) =
©(0) = 0 and p € A? Define the sequence {t,}>2, € [0,1] by induction as follows: t; = 1

and t, are chosen arbitrarily so that

Clearly, t, — 0. We put

1-Y o3

n= 1

Xz.2_,)(t)

and
Xo:={y € M(p): thereexist B> 0 and (> 0such that y*(t) < Bz(ft) (0 <t <1)}.

It is easy to see that Xy is a linear subset of Marcinkiewicz space M(p). Define X as the
closure of Ey in M (¢). Then X is an r.i. space endowed with the norm of M (). In particular,
the fundamental function of this space is @r(t) = p(t) € A%

Show now that the function z(t) := 7(t?) € E. It suffices to check that

yiengo 21 = Yllasp) > O- (11)
Let y € Eqy be arbitrary. Applying the well-known inequality [16, Theorem 2.3.1|
|a — b||M(¢) > [la” — b*HM((p)’

we obtain

o1 = 9l = lan = 5l = 1@ = 40X 0l (12)

18



Choose a sufficiently large n € N so that
t2
1) 90( n71>
o(tn)
where B > 0 and 3 € (0, 1) are such that

1
> 2B and <1+B) 2 <t,,

y*(t) < Bz(Bt).

In this case
(1 = y)X @ el gy = @1 () = BEBO)) X2 /8.1 ar()
= (z1(tn) = Ba(ty_y)) @(tn — t3/8) = (2(8) — BE(t5_1)) #(t7,) =
~ (o~ ) 7812 (g ~ ) o
%

_ 1 Bep(tn) 2y Pt
‘ﬂm(1¢w Q”W>ww>

Hence, (12) implies that for every y € Ey

[\J|>—t :N’

1
|21 — yHM(@) > 20"

and thus (11) is proven. Finally, Theorem 1.4 guarantees that the r.i. space X is not a strong

extrapolation space. Il

By [13, Theorem 1] and [11],(?) a Marcinkiewicz space M (yp) is a strong extrapolation

space if and only if
L

of P o<t<l 13
P SO gy, 0SS "
Moreover, the last condition implies that
]|
%[ a1y = sup (14)
e el
If o € A? then, by [13, Lemma 1],
Cr
11/ellp < oz (p=1),

and therefore, (14) implies (8). In this connection, a natural question arises: Is there an
extrapolation Marcinkiewicz space M () generated by the function ¢ & A? ? In other words,
is there an extrapolation space, which cannot be obtained from Jawerth-Milman theory ?
We give an example showing that the answer is affirmative (other examples of this sort will

be presented in next Sections).
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ITpumep 1.16. Consider an increasing concave function ¢(t) such that ¢(t) =< ¥(t) =
e!™"¢/t for some 6 € (0,1). Such a function exists indeed because of ¥(t) > 0, ¥/(t) >
0, ¢"(t) <0 fort € (0,ty) (where tq is sufficiently small) and lim; o ¢(t) = 0.

Show that M(p) € £. It suffices to prove (13) with 1 instead of . Firstly,

! +o00
Hl/wuz — /eplne(e/t)—pdt: oPHL /epses i,
0 1
Represent the integrand in the form: er® =5 = ers"~fs . ¢=(=As where B € (0,1) is a

parameter, and consider the function fs(s) = ps® — 8s (s > 1). It is not hard to check
that maxs>; fg(s) = (1 —0) L pTe - (9/6)$. Consequently,

e 1

) s
Op = 1 v

16, < exp ((1 -0 (%) ) ()

Put § =p"/(1+ p"), where v =60/(1 — ). Then

=e Pt exp ((1 —O)pr - (

2D

whence

for some C' > 0 and all p > 1. Moreover, since (1 + z)” <1+ C,x for all € [0, 1], we have

(1-6). (%’) = (B) -0t = (14 2) -0 < (-0 0,

and thus
0 6
[1/4]l, < Cy-exp((1 —0) - 077 - pT=7). (15)

To prove (13), verify that the inequality
() 1/, < Cot'/? (16)
holds for p = 6= In'~? ¢/t with the constant Cy = C - e. In fact, on the one hand, by (15),
() 11/9]], < Crexp((1 —0) In’ e/t) exp(1 — In? e/t) = Cyexp(—H1n’ e/t).
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On the other hand,
P = exp(Int/p) = exp(AIn’Le/t(1 —Ine/t)) > exp(—601n’ e/t).

Thus, (16) is proved and M () € €. At the same time, it is immediately to check that
o & A

2 Extrapolation description of the K—functional

The theory of extrapolation developed in [6] — [8] allows us to reverse in a sense the
interpolation process. In particular, in the case of scales generated by the real method of
interpolation it is possible the recovery of the K—functional corresponding to the initial

Banach couple. More precisely, for any Banach couple A = (Ag, A1) we have

IC(t, a; Ao, Al);

Ha”£0<9<1(t6<fi‘0,q)) =
with a constant independent of a € Ay + A; and ¢ > 0 |9, formula (B.26)|. As earlier,

(Apg) = (61— 0)q)7 Ay,

is a normalization of the spaces 14_1‘97(1.

Let us consider the problem when the K—functional K(¢, f; X, L), where X is an r.i.
space on [0, 1], may be described by the extrapolation procedure from the previous Section.
We show that under certain assumptions it is possible if and only if X is a strong extrapolation

space.

Teopema 2.1. Let X be an r.i. space on [0, 1].
(1) If X € SE, then

K(t, f; X, Loo) < K(t, || flhogy(2/u); X' Lioo) (17)

with constants independent of f € X and t > 0;
(11) If there is a Banach lattice F' on [1,00), F' D L, such that

K, f; X, Loo) < KAt [ fllp; F, Loo[1, 00)), (18)

with constants independent of f € X and t > 0, then the fundamental function ¢ of X

satisfies the A?—condition.
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To prove this theorem, we need several auxiliary assertions. The first of them is proved
in [39, Example 3]. Since the proof of the second one is similar, it is omitted as well.

Let X be an r.i. space on [0, 1], X # L. Then its fundamental function ¢(t) satisfies the
condition lim; o1 ¢(t) = 0. Without loss of generality, we may assume that ¢(t) is strictly

increasing on [0,1] and ¢(1) = 1.
Jlemma 2.2. If fe X and 0 <t <1

1" Xp.er@onllx < K@ f3 X, Loo) <2+ [[f*Xpo.0-1 0]l x-
Let now X € &, i.e. X = Lp, with a Banach lattice F on [1,00). If X # L, then there
exists f € X such that lim, ., || f||, = co. Hence, the function

D(w) = Xweollr (w21) (19)

satisfies the condition lim, ., ¥ (u) = 0. Without loss of generality, it may be assumed that

1 is strictly decreasing on [1,00) and (1) = 1.

Jlemma 2.3. If a € F is an increasing nonnegative function on [1,00) and 0 < t < 1, then

laxXp-1),00)llr < K(t,a; F, Log[1,00)) < 2+ [[aX(yp—1(),00) || -

In what follows, a connection between the fundamental function ¢ of an extrapolation
space X = L and the function ¢ defined by (19) plays an important role. In particular, if
X € 8, then

Y(u) = Xl x = [IX(uoo) (1082(2/5))1x = (27) (u> 1),
whence
p(t) = ¢(log,(2/1)) (0 <t <1), (20)
In the general case, we have the following: for every h € (0,1) there is A = A(h) > 0 such

that
2
P (h log, ?) < Ap(t), ecrm 0 <t < 217Vh, (21)

In fact, if p > hlog,(2/t), then '/ > t Tow> 277 > 271" and the definitions of ¢ and ¢ imply
that ¢(t) > C~127 /"y (hlog2 %) , where C'is the constant of equivalence of the norms in X
and Lp. Thereby we obtain (21) with A = 2/C.

In the proof of the second part of Theorem 2.1 we will use the next statement.
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Jlemma 2.4. Let X = L, where F' is aBanach lattice on [1,00), and let ¢ be the fundamental
function of X. Then the folowing conditions are equivalent:

(a) there exists Cy > 0 such that 0 <t <1

p(t) < O ([P X w1 (o000 || (22)

forall0 <t <1;
(b) there exist Cy >0 and 0 < h < 1 such that 0 < t < 21-1/%

2
o) < Ca (110, %) (23)
for all 0 < t < 21-1/7,

Joxasameavcmeo. First, we assume that (b) holds. If 0 < ¢ < 2'~'/" then the definition of

1 yields

1
(,O(t) < C’2 HX[hlog2 2/t,oo)||F < 21/h(j2 ’ { los2 2/tX[hlog2 2/t,oo)HF

< 2ROy ||t X hogy 28,000 || -
Moreover, since the function ¢~ decreases, then (21) implies that
Y HAp(t)) < hlogy(2/t) if 0 <t < 217V,
Combining this with the previous inequality, we infer
p(t) < 2 Co [P X1 (g0 | -
At the same time, Lemma 2.3 and the concavity of the K—functional yield
1/ x -1 (aptay.0 | < K(A@(E), #1773 F, Loc[1,00)) <

< AK(p(t), 117, F, Lo [1,00)) < 2A |77 X (p1 (01,00 || -

Thus, (22) is proved for 0 < ¢ < 2'7'/" and hence for all 0 < ¢ < 1.

Prove now the converse implication (a) = (b). Let h be for now an arbitrary number
from the interval (0,1/2). If 0 < ¢ < 2'=Y" then ¢ < 1/2. Thereby 11—01%)2;_2;215 < —3, which
implies th™'les2" 2/t < 9-1/(h) Therefore, assuming that hlogy(2/t) > 1~ (p(t)), we obtain

17Xt ptopmtomzrn |l < % xpums ool 5 < 277 (0).
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Thus, if € (0,1/2) is chosen so that 2C,27Y/" < 1 then, by (22), we have

IN

o(t) < Co [t X1 o0)00) || Co |17 X w1 (o)) 108 2780 ||
Co |[t"77 X h1ogs 2/1).00) ||
012_1/(2h)80(t) + C1¢ (hlogy(2/t))

(1/2)p(t) + Ciap (hlogy(2/1))

IN +

IA

whence

p(t) < 2019 (hlogy(2/t)) (0 <t <2'71/M),

Since the last inequality is a straightforward consequence of (22) in the case when hlog, 2/t <

¥ ~1((t)), the proof is completed. 0

Proof of Theorem 2.1. Since for X = L., both statements of the theorem are obvious, we
confine exposition to the case when X # L. Therefore, we may assume that the fundamental
function ¢ of X satisfies the conditions mentioned before Lemma 2.2. Since ¢(1) = 1, we

have that || f||x < || flle (f € Lso), whence
K(t, f; X, Leo) = [[fllx (£=1). (24)
Moreover, [|a] ¢ < [|a]|z..(1.00) (@ € Loo[1,00)) and, therefore, if a € X then
K(t,a; X, Lao[1,00)) = |lall ¢ (t>1).
The last equality and (24) imply that under the condition X = L; we have
K(t, f; X, L) < K(t, || fllp: X, Loo[1,00)) (t > 1).

Thus, taking into account Lemmas 2.2 and 2.3 and equality (20), we see that (i) will be

proved as soon as we show that

() . 1/p
[ reras)™] <niflwosls ©<e<. (25)

where V (t) :=log, (2/p (1)) .
First of all, if p > V() then

(1) 1/p
([ reras) " =0 18,2 @0 1)
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log
Since 1—2Z

] —1 (0 < z < 1), the definition of V(¢) and the previous inequality yield

( /0 T ey as) "2 il 02 V),

whence
/P 1
I( / (ords) |2 S lxvsolls ©<t< 1) (26)

To prove the opposite inequality, we may assume that
{s€[0,1): f*(s) >0} C [0, 07" (1)]- (27)
If 2177 < ~1(t) (which is equivalent to the inequality p > V'(¢)) then
* 1— 2 * 1/p
remze ([ reras)” <2 oo ).
0
From this and (27) it follows
1F1lx = 117 @)% < 20 M X v .eo ll 5
On the ohand, since X is a strong extrapolation space, then

I( / (wpas) | < el

The last two relations yield

I( / (spds)™|| <20 v mlis:

which combined with (26) implies (25). Thus, the proof of (i) is completed.
Proceed with the proof of (ii). Firstly, since F' O Ly[1,00), we have

K(t,a; F, Loo[1,00)) < ||al|r (t>1)

for all @ € F. Combining this with (24) and (18) we obtain that X = Lr. Hence, applying
Lemmas 2.2 and 2.3 (we may assume that the function v defined by (19) satisfies the
conditions stated before the last of them) and hypothesis (18), we infer

I( /OM) rrepds) | = Ml omle ©<t<).
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Choosing f = X[o,u) and t = p(u), where 0 < u < 1, we conclude that

p(u) = [[u?|lp < C || Xip-1 (otw)00)] | 5 -

Thus, Lemma 2.4 yields (23). This fact and (21) imply that

p(u) < Copp (hlogy(2/u)) = Catp ((h/2)log,(2/u)?)
< ot ((h/2)logy(2/u?)) < CoA(h/2)(u?)

for some h € (0,1) and all 0 < u < 2Y/27V/* je. p € A% The proof is completed. O

As it was showed there are Marcinkiewicz spaces M(p) € & such that ¢ & A? (see
Example 1.16). At the same time, from Theorems 1.13 and 2.1 it follows the following result.

CaenctBue 2.5. If X is an interpolation space with respect to a Banach couple (A(y), M (p))
(in particular, if X = A(p) or X = M(y)), then the following conditions are equivalent:

(1) there exists a Banach lattice F' on [1,00) such that F' D Ls, and equivalence (18) is
valid with constants independent of f € X and t > 0;

(i1) X is a strong extrapolation space.

In both cases relation (18) is fulfilled for F = X.

ITpumep 2.6. Consider an exponential Orlicz space ExpL® generated by the function e®®) —

1, where ® is an increasimg convex function on the half-line (0,00) and ®(0) = 0. As it
is well-known [19, 41], we have ExpL® = M(yp) (to within equivalence of norms), where

o(u) =1/27! (logy(2/u)) . Since ®~! is a concave function, then
o (log2(2/u2)) < 7' (2logy(2/u)) < 207" (logy(2/u)) .
Therefore, o(u) < 2p(u?), which implies that ¢ € A% Thus, ExpL® € S and
K(t, f; ExpL®, Loo) = |1 fllpXpr 00 ||, (0 << 1),
In this case, ¥ 71(t) = ®(1/t) (0 <t < 1) and, by (8), F' = Loo(p(277)). Thereby

£ 1lp
K(t, f;ExpL?®, Ls) =< sup ,
( ) pza(1/t) 271 (p)

whence

JClt, £ Loy BXDL?) = (K(1/t, f;BxpL?, Log) =  sup LIl
pzo(t) P7H(p)
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The last relation coincides with the statement of Proposition 1 in [36] (see also Theorem 2
in [34]) to within change of variables.
In the power case, i.e., ®(t) = t°, we arrive at the classical Zygmund space ExpL® and

similar equivalence

K(t, f; LOO,EXpLﬁ) =t sup ”{Hﬁp = tsup —Hprﬁ
p>th pY p>t P

is valid for every > 0 [35, Theorem 2.

3 Extrapolation description of Orlicz spaces

In this Section we are interested in finding conditions under which an Orlicz space is a
limiting space of the L,-scale or, in other words, when it is possible to describe its norm
via extrapolation. Analogous problems and various applications to differential equations,
imbedding theorems, probability theory, orthogonal series have been considered in [10, 12,14 ,20-
35]. In particular, Mamontov [24] — [30] has developed the techniques of special integral
transformations which allowed to prove some imbedding theorems among Orlicz spaces and
intersections of L,-spaces.

Note that our exposition is close to that by Mamontov and Ostrovsky [?]. The main
idea is to look at L,spaces as Orlicz spaces and the key observation is the following: an
intersection of Orlicz spaces generated by the functions M, («a € I) often coincides with the

Orlicz space which is generated by the envelope of the family {M,}ae;-

Jlemma 3.1. Let M, (u) (o € 1) be arbitrary Orlicz functions and let La := AqerLayg,, where

Ly, are Orlicz spaces generated by the functions M,. Then
L € Ly and o]y < [llc,, (28)

where M (u) := sup,, My (u) (u > 0).
Moreover, ¢r,,,(t) = o (t) (0 <t <1).

Jlokasameavcmso. Since (28) is obvious, we prove theequality of fundamental functions. By

the definition of the space La, ¢r,, (t) < ¢r,(t). Therefore,
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for all & € . On the other hand, for any € > 0 there is @ = «a(¢e) such that

(o) <0 ()

Thus,
1
(s (s
/M< > (1+e¢ /M( )ds<1+5,
, SOLA t SOLA t
which implies ¢r,,, () < ¢, (t). The opposite inequality is a consequence of (28). O
Introduce some notation. Let A(w) = Ajgpeoo (w(p)L,), where w(p) is a nonnegative

bounded measurable function on [1, o). It is not hard to check that A(w) is an r.i. space on
0,1] and for every py > 1 A(w) = Apy<peoo (w(p)L,) with equivalence of norms.

Setting M, (u) = My(u) = w(p)’uP, we see that the space A(w) coincides with the
space La from Lemma 3.1 with equality of norms. We will examine under which conditions
LA = Ly, where M is the envelope of the family {M,}i<p<co, 1.€., as it may be easily
checked, M(u) = sup;.,.., w(p)’u? (u > 0). Note that it can be assumed that w(p) — 0 as
p — oo since, otherwise, M(u) = oo for u > 1, or, equivalently, Ln = L. We begin with

the following result.

Teopema 3.2. Let M,(u) = w(p)’u? and let

M (u) := sup M,(u /M p)dp, foru > uy,

p>1

where the nonnegative function R(p) satisfies the condition

[e.9]

/R(p))\_p dp < o0, (29)

1
with some A. Then A(w) = L.

/oxasamesvcmeo. Suppose that z € A(w) and ||z, < 1. By the definition of the

1
(1)) 1
/Mp(A at < 3.
0

with A from hypothesis (29). Therefore,

functions M, we have




00 1 00
t
= M (up) +/ /Mp (@) dt | R(p)dp < M(ug) + /)\pR(p) dp < o0,
1 \0 1
which implies that x € Lj);. The opposite imbedding follows from Lemma 3.1. O

Next, we want to clarify when an Orlicz function may be represented in the form

M (u) = sup¢p(p)u?, (30)

p=1
with some function ¥ (p).

Jlemma 3.3. A function M(u) may be represented in the form (30) if and only if

sup (inf M <”)) uP = M(u). (31)

le v>0 /Up

Jlokasamenvcmso. Firstly, if equality (31) holds then, setting ¢ (p) := inf,~q M (v)/v?, we
obtain (30).

Conversely, assume that (30)is fulfilled with some ¥ (p). Then 1(p) < M (u)/uP, for all
u > 0 and p > 1. Therefore, ¥(p) < inf,~g M (v)/vP and, finally,

M(u) = sup (p)u? < sup (inf M (“)) WP < sup (M> P = M(u).

p>1 p>1 \v>0 P p>1 \ UP

]

Suppose that a function M (u) may be represented in the form (30). Putting ¢ (p) =
sup,s, ¥ (q), we see that

M (u) = sup (p)u”

p>1

for all w > 1. Since the Orlicz spaces generated by equivalent functions have equivakent norms
we may assume that ¢(p) decreases and (1) = 1. In this case M(u) =u as 0 < u < 1.
After change of variables u = €', v = e® and taking the logarithm equality (31) turns into

the following:
log M (e') = sup {pt —sup {sp — log M(es)}} , t €R.

p=>1 seR

Taking into account that log M (e') =t as t < 0, we make take the supremum over all p € R.
By the well-known Fenchel-Moreau theorem [37, Remark 1.63, p. 26|, the last means that
the function N(t) := log M (e") is convex. Remind that the Legendre conjugate function N*
for a function N is defined by

N*(p) = sup{pt — N(1)}-
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In our case N*(p) increases for p > 1, N*(1) = 0, and N*(p) = +oo if p < 1. Thus, Lemma

3.3 implies the following statement.
Teopema 3.4. A function M(u) may be represented in the form (30) if and only if

M (u) = ¢Nlogw) (32)
with some convex function N such that N(t) =t if t < 0. Moreover, ¥(p) = e~ N" ),

Bameuvanue 3.5. If N(t) =qt +C (t >0, ¢ > 1), then M(u) = Ciu? (u > 1) and ¢ (p) =0
for p > q.

The following results follow from Theorems 3.2, 3.4 and Lemma 3.1.

Teopema 3.6. Let a function M be of the form (32) with some convex function N(t) such
that lim;_, N(t)/t = co. If

[e.9]

N < /ept—N*(pHCp dp, for t > to, (33)

1

with some C' > 0, then Ly = A(w), where

w(p) —e p . (34)
Joxazameavemeo. According to Theorem 3.4

M (u) = sup M,(u), where M,(u) = wPu? = oPlogu—N*(p)
p=1

After the change t = log u in (33)) we see that inequality (29) holds for R(p) = e“?, A = e+,

and vy = €. Thereby result follows from Theorem 3.2. Il

Teopema 3.7. Let a function M be of the form (32) with some convex function N(t) and

let the Orlicz space Ly coincides with a Marcinkiewicz space. Then Ly = A(w), where w is

defined by (34).

Jlokasameavcmeo. By Theorem 3.4 and Lemma 3.1, Ly C A(w) with the equality of the
fundamental functions. Since L), is a Marcinkiewicz space being the largest space among all
r.i. spaces with the same fundamental function [16, Theorem 2.5.7|, we deduce the opposite

imbedding. O
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Bameuanue 3.8. In [31], see a somewhat similar result. In this article there are as well some

its applications.

Bameuganue 3.9. Theorems 3.6 and 3.7 will be still valid if equality (32) is assumed to be
by u > ug with some uy > 0. In this case N(t) can be changed for ¢ < tq so that it became
N—function [18] and then a 3arem B3aTb Makcumym N (t) u ¢. Since the function N*(p) will

be the same by p > pg, the corresponding extrapolation spaces coincide.

ameuanue 3.10. In the case when an Orlicz space L), coincides with a Marcinkiewicz
space M (1) their fundamental function 1 satisfies the condition: §;, = 0. Combining this
with [16, Theorem 2.5.3], we obtain that

2 llarey) < sup z*(t)/¥(t).
0<t<1

Taking into account that the fundamental function of Ly is equal to the function 1/M~1(1/t),
we have that Ly = M () if and only if

[ (1)) e

with some € > 0. Suppose that M can be represented in the form (32). Then after logarithmic

change of variables we see the last condition is equivalent to following:

/eN(Nl(S)_C)_S ds < 00, (35)
50

with some constant C' > 0. Moreover, the change N~!(s) = z allows to rewrite condition

(35) as follows

/eN(I_C)_N(x)N'@) dr < oo. (36)
)

Next, using the convexity of the function N together with (35) and (36), we obtain the

following conditions guaranteeing coincidence of the Orlicz and Marcinkiewicz spaces:

o0

/ exp <—N_C—f’(s)) ds < oo (37)
Foro (<50 < -

Zo
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Analogously, by the inequality
—CN'(z) < N(z — C) — N(z),

we conclude that the condition

l/}zCN“@AV@»dx::oo (39)
xo

implies that the Orlicz and Marcinkiewicz spaces do not coincide.

Let us state a result dual with respect to the assertion of Theorem 3.7.

Suppose that {Ay}o<s<1 is a scale of Banach spaces such that Ay C Ay C A;. Recall that

Y (Ap) := {a€A0+A1 ; a:Zan, a, € Ay, ,and Z||an||A9 <oo},

n=1 n=1

with the norm

n=1

o0 00
||a”2 = inf {Z ||an||A9n Da= Zan} .
n=1

Teopema 3.11. Let
o(t) = telloe(1/0)

with a concave positive function L(u) such that lim, .., L(u)/u = 0. If the Lorentz space

A(p) coincides with a Orlicz space, then

N*(/p/)
A((p):21<p<po e r Lp )
where N*(p) is a Legendre conjugate function to the Orlicz function N(t) = L7(t) and
P =p/lp—1).

Jlokasameavcmso. Firstly, the Marcinkiewicz space M (@), where ¢(t) = t/p(t), coincides
with the Orlicz space Ly, M(u) = eN0o8%) At the same time, by [16, Theorem 2.5.2],
M (p) = (A(p))*. Therefore, according to Theorem 3.7

N*(p')
Wi < Sup exp (— Il (40)

/
pH<p’ <co p

By [16, Theorem 2.5.4],
1
|2l () < sup /Jz(t)y(t) dt : Y € Loo, [Yll ez = 1
0
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Hence, for any representation x =) ._, cox; (convergence in L;) we have

1 1

) o] oo N* (p/) _ N*(pl)
/l’(t)y(t)dt <> /xi(t)y(t)dt < illpllylly = e laille™ 7 flylly <
J i=1 |9 i=1 i=1
N*(p) X N
<Sup{€_ v ||y||p'}'{ze v ||:c2-||p}.
P i=1

Combining the last inequality with (40), we conclude that

N*(,p')
Alp) D Eicpep | € 7 Ly |-

To prove the opposite inequality, estimate the fundamental function of the space ¥ :=

N*(p')

Yi<p<po (e v Lp). Since by (40),

L = o ol R
— ~ X0, sy~ sup e P | Xounl, = Sup € ¥ 1ir,
(p(t) 0 M(@) pH<p’ <co 0 P Py <p’<oo
then
. N*(,p’) t
os(t) = lIxoalls < dnf e+ ixooll, = v 1 = Pt

ol
SUPp cprcoe € P TP

Recall that the Lorentz space is the smallest one among all r.i. spaces with the same

fundamental function [16, Theorem 2.5.5]. Therefore, the last inequality implies that

N*(p)
Me) € Alos) 2 (51,
which completes the proof. Il

It is instructive to compare Theorem 3.11 with the following result which follows from
Jawerth-Milman theory.

Consider the Banach couple A= (L1, L) of spaces on [0, 1] and the corresponding spaces
/TQJ, s of the real J-method of interpolation which coincide (up to equivalence of norms) with

the Lorentz spaces Ly, for § =1 —1/p (see, for example, [20]). By |8, Ch. 2, Theorem 2],

Yo<o<1 <M<9)/LT9,1,J> = A(v),
where

V() =t-7(1/t), 7(t):= inf M)t

0<o<1
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Moreover, assume that M is a tempered function, which implies, in particular, that M (0) =<

M (20) as 6§ — 0. Then, using [8, Ch. 2, Theorem 5|, we infer

Zocot (M(0)Aois) = Zocoer (M(0)(Any))

Since
. - o 1
(Ap1) C L, = (Agp) C (Apo), for 6 =1— m
with uniformly bounded constants, then the condition w(p’) < w(2p’) as p’ — oo implies
that
% (k) = M), () = —
"\w(p) " ’ supp/w(p’)t?l"
7777

We see that this result is consistent with Theorem 3.11, but the last one contains
essentially weaker assumptions on the weight w(p’). We may say the same also on Theorem
3.7 (see Introduction).

In conclusion, by Theorems 3.11 and 3.7, we consider some examples of extrapolation
Orlicz spaces. Emphasize that only the first of them which appeared in the second part of
Yano’s theorem may be derived using theorems of Yawerth—Milman theory. In this connection,

we will repeatedly make use of the property indicated in Remark 3.9.

Ipumep 3.12. Let a > 0 and M(u) = €** if u > ug, where uy > 0 is large enough.
This function is representable in the form (32), with N = N(¢) = e*. It is not hard to
verify that this function satisfies condition (35) and hence the corresponding Orlicz space
Exp L coincides with the Marcinkiewicz space M (), where ¢(t) = log~"/*(e/t). Therefore,
by Theorem 3.7, the corresponding Orlicz space Exp L* is an extrapolation one. Moreover,
elementary calculations show that

¥ =L (2) 2

and we infer

[Edl
[l o = SUD 17
p>1 P

IIpumep 3.13. Let o > 1 and v > 0. Consider the Orlicz space Ly,  generated by the

function M, (u) = €71°8"® if y > w, ., where u,, > 0 is large enough. This function
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is of the form (32), with N,,(t) = ~vt*. Moreover, since condition (37) holds, Ly,  is a

Marcinkiewicz space. Taking into account that

1 = R ere
o,y p 5(7 )5 1 p Po /6

and using Theorem 3.7, we infer

P!
||=’17HLMM = S‘ill) ||5UHp - exp (_W) .
b=

In the case when v = 1/« these expressions are simplified and for the function M, (u) =

which means that

e o) (4 > y,) we have the following extrapolation formula

p’
T = su T - ex - .
el = suplel, - exp (-2~

IIpumep 3.14. Let v > 1. Consider the Orlicz space generated by the function of the

form (32), with N(t) = N,(t) = tlog”t if t > t,, where t, is large enough. Since these
functions grow essentially more slowly than the functions N, ,(¢) from Example 3.13, the
corresponding Orlicz spaces are wider than the ones from Example 3.13. However, these

spaces are extrapolation as well. In fact, since

/6_2105”’ log” xdr < o0

xo
if ¥ > 1, then (38) holds. Therefore, they coincide with the corresponding Marcinkiewicz
spaces.

It is not hard to find the Legendre conjugate function to a function which is equivalent
to N, as an Orlicz function (see, for example, [18, c. 52|). But it is insufficient because the
corresponding Orlicz spaces may be different. At the same time, to find in general case the
Legendre conjugate function V7 is not an easy thing. However, if v = 1 and v = 2 elementary

calculations show that

Ni(p) = P~ and N5 (p) = pevp+1_1/\/p+ 1,

respectively. Therefore, by Theorem 3.7, we have
Pl . VPFI-1
x = sup ||z], exp| ——— | and ||z = sup ||z]|, exp | —— |,
el = sup el exp (~=) and [l = supllel, exp -
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where

M;(u) = exp (log uloglogu) and Ms(u) = exp (log ulog?logu) ,

respectively.
Note that in the case ¥ = 1 we may make use of Theorem 3.6 as well, without exploiting
the fact of coincidence of Orlicz and Marcinkiewicz spaces. We must check only condition

(33) which is a consequence of the following inequality

oo
etloet < /ept_eplﬂ’ dp upu t > t,.

0

In fact, the integrand attains its maximum at the point pg = log(t + 1) 4+ 1. Therefore,

00 P0+%

t—eP 1 t—eP 1
/ep e +Pdp> /ep e +Pdp>
0 PO

1 1 po+i-1 1
>¥6XP Pot o )t—em Tt pot o) =

1 1
= exp ((t +1)log(t+1)+t+2+ i (t+1)et — logt) > ellogt

if ¢ is large enough, because of

1
lim ((t—l— log(t+1)+t+2+ i (t+ 1)6% —logt—tlogt) = 1.

t—o0

At last, we give an example of Orlicz spaces generated by functions of the form (32)

which do not satisfy the condition of Theorem 3.7.

IIpumep 3.15. Let the function N, be of the same form as in the previous example but

now v € (0,1). Since

o0
_ Y
/e Clog @ 1607 1 dz = 0o

Zo

then (39) holds, and the corresponding Orlicz space doesn’t coincide with any Marcinkiewicz

space. Analogously, Theorem 3.7 cannot be used for the function

N(t) =tloglogt if t > t,.
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4 JIuckpeTusalus 3KCTPANOJIAIMOHHbIX COOTHOIIIEHUIA

B srom naparpade MbI OyjieM paccMaTpuBaTh IIKaJLy IPOCTPaHCTB Ly, ¢ nejasiMu p. B gact-
HOCTH, MBI YBHJIUM, YTO B HEKOTOPBIX (HO HE BCEX) CIIyYasX SKCTPAIOJSIUOHHBIN (DYHKTOD
A, IpUMeHEeHHBI K JUCKPETHON U HEIPEPBIBHON IMKaJIe TaeT OJINHAKOBBIN Pe3yJIbTaT.

[Ipezxkie Bcero mokaxkeM, 4ToO B ClIydae JUCKPETHON SKCTPATOJSIUN C TIOMOIIBIO CyIIpe-
MyMa Beerja mnoJiydaercs npoctpanctso Opinda. Tounee, aTo Hopma

121l aey = supw(k) |||,
keN
Bcerya ectb HopMa Opimya. B cuity jtemmbr 3.1, 10CTATOMHO JI0KA3aTh BJIOYKEHUE
La = AgLy, C Ly,
rje
k k
My (u) = ¢(k)u®, M(u) =supy(k)u”, keN.
k

Paccmorpum dyukimio

M (u) =Y My(u)
k=1
[IycTn
re€Llpnu |z, <1
Torna
1
JRZEOIES
0
CrietoBaTesIbHO,
1
(et S |z(1)| 1
/M(Q) Z/Mk(g Z_k_’
OTKY/Ia

lall,,, < el , <2
T.e. * € L. Bumao tak:ke, 910 KOHCTaHTa BJIOXKeHUsT LA B Lj; He IPEBOCXOIUT 2.
JIerko BUJIeTh, YTO aHAJOTHIHBIE PACCYKJICHUsI TPUMEHUMbI U B CJIydae

2] = supw(k) ||zl g, K €N
k>2

B crenyroriem nmpuMepe moKa3aHo, 9TO JIMCKPETHBIH U HENPEPBIBHBI METO/IBI SKCTPAIIO-

JIAOUU MOT'YT IIPUBOJUTDL K Pa3HBIM IIPOCTPaHCTBAM.

37



ITpumep 4.1. Paccmorpum dyHKITHIO
r=ux(t) = elog”* 1/t

[TokazkeMm, nCIOIB3Ys U0 aCUMITOTUYIECKOTO MeTo 1a Jlammaca, 9To

27

3
||x||p = e ey = 6"

HeiictBuresnbro, mocse 3amensl log 1/t = s,

o0

Jolly = [ e as.

1

Hogpinrerpaibuas gynknus sospacraer na [1, s, := (3p/4)*) u y6uisaer na (s,,
My
Sp
el > / e ds > exp (p ((3p/4)' = 1) = (Bp/0) 1),
sp—1
OTKYy/Ia

lzll, > cc™".

C npyroit CTOpOHBI, HAYMHAS ¢ HEKOTOPOIO P,

(o @)
||:1:H£ L ePtrt g /6_; ds < 2ePTP"

ep

O6beuHsIs ¢ TPebLLY M HepaBeHCTBOM, TosydaeM (41). Tloaromy

lim ||x||p+1/2 _

p=eo ||z,

[Iyctn

X[k,k+1 (P)
guxuk S

fcno, aro

w(p) 10, zeLUw), noz¢L(w)

00). [osro-

B cmty (42). Takum 06pa3oM TUCKPETHBIH U HEIIPEPBIBHBII METO/IbI SKCTPAIIOJISIIIUI BOOOIIE

T'OBOP4d HE€ 9KBUBaJICHTHLI B CJIy4daec IIPOU3BOJILHOI'O Y6bIBaIOLL[€FO BecCa Ww.

[Tokazkem, 4TO B ciiydae OoJiee peryasgpHOro Beca w JIMCKpeTHas U HellpepbIBHAS SKCTPa-

HOJIAIIA JTa€T OJHO U TO 2Ke ITPOCTPaHCTBO.
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ITpumep 4.2. Ilycrs ¢ — xkBasuBoruyTas ¢yukius. Torma
sup p(27") [[]];, = sup p(277)||],,
keN p=>1
[TosTomy nyia mpoctpancTs Ly, mpuMepa 3.13 mpu @ > 2 TakKe HOJIydaeM
d B—1 L1
L, = L%(exp(—=k""" /1)), o 5= L,

I, 1oapodHee,

- —k=1/8
|, = sup ]| e :

B zaksodenue maparpada npuBejieM HEKOTOPbIE TTPUIOKEHUS .

¢
Ilycrs, Kak obbrano, z**(t) = 1 [2*(s) ds. Ilo c.u. E onpesenum npocrpancrso E(log™)

0
CJIeJIyTOTIM 06Pa30M: OHO COCTOUT M3 BCeX TakmxX dyHkimit z(t), aro o**(t)log, ' 2/t € E,

¢ HOpMOIl ||z poe1y = [|27"(¢) log, '2/t|| ;- TIpocTpancTBa TAKOTO BHA BOZHUKAIOT KaK B

log™
TEOPUH WHTEPIOJISIIUK oreparopos caaboro tuna [16, ri. 11, § 6], tak u npu usyuennn
PasIMYHBIX BOIIPOCOB reoMeTpu ¢.I1. (cM., Hanpumep, [42, Theorem 2.17]). B [14] nokasana

cJIeIyroIias TeopeMa.

Teopema 4.3. IIycmv T — aunetdinodi onepamop, ozpanuxernoi 6 L, das ecex p > po, U

oas wexomopozo C > 0
1Tz, —z, < Cp (p = po). (43)

Tozda T oeparuverno deticmsyem u3 E 6 E(log_l) oas mobozo npocmpancmea € SE.
Kpome mozo, amo ymeepotcdernue mouno 6 caedyiousem CMuleae: CyuLecmsyem Auretinoi
onepamop Ty, ydosaemeoparowuts yeaosuro (43) u maxod, wmo u3 oepanuvennocmu Ty u3
E € §€ 6 c.n. F caedyem, wmo
E(log™") C F.

B kadectBe onepatopa Ty B yTBEPKJIEHUH TEOPEMbI MOYKHO B3ATh OIEPATOP, CONPSIZKEH-
HBII K oreparopy Xapau-/luttiasysna, T.e.

1

Ta(t) = [ Zls)ds

S

t

DToT oneparop orpanudet B Ly, ecin 1 < p < 0o, ¢ nopmoit ||Tp|| Ly—i, = P-
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3ameuanne 4.4. Ecim E = L, T0o npocrpanctso F(log™!) coBmamaer ¢ mpocTpancTBOM
Burmynga Exp L. B arom ciaydae u3 TeopeMbl 4.3 BHITEKAeT yTBEPIKJICHHE KJIACCHICCKOL
Teopembl SIHO: ecsin BoinosHeHO (43), TO onepaTop T' OrpaHUYeHHO JefHcTBYeT U3 Lo, B IIPO-

crpanctso Exp L.

s TEOPEMBI 4.3 MOXKHO IIOJIYIUTDH CJIeAYIOIIee YTBEP2KACHNUE O CXOAUMOCTU OPTOrOHAJIb-

HBIX DATOB.

CaencrBue 4.5. [lyemv E — cuavho sxcmpanossyuontoe npocmpancmeo, {, 22, — op-
MOHOPMUPOBAHHAA CUCTNEMA U OAA 6cex x € E u namypasvror N

N
> ca(@)n| < Cpllll, npup > po,

n=1 D

2de c,(x) — woappuyuenmu Pypve gynryuu x. Ecau cucmema {,} noana 6 E, mo das

mobozo x € E pad
> enl(@)n
n=1

czodumea x x 6 npocmpancmee E(log™").

Vcnonb3ys n3BecTHbIC OIEHKH I pocTa L,—HOPM YaCTHYHBLIX CYMM PsAJIOB 110 TPHUIO-

nomerpuyeckoit cucrenme (|| Syzl, < Cflz|,), momyamm

CaencrBue 4.6. [lycmv E — cenapabeavrioe cuibho IKCMPAnosAUUOHHOE NPOCMPEHCMEO.
Tozda mpuzoromempuueckuti pad Pypve a060h dynkyuu r € E crodumcesa ¥ x 6 nopme

npocmpancmea E(log™").

VTBepKIeHne OCTAHETCs CIIPaBEJINBbIM, €CJIU BMECTO TPUTOHOMETPUIECKOTO Psijia Pac-
cMaTpuBaTh paj Oypbe 1o cucreMe YoJrma. Y TBEPXKJIEHHUE CJCJICTBUS JJId MPOCTPAHCTB
Jlopenna jokaszano srepsbie Jlykomckum [40, 43|, uM ke 1MOKa3aHO, YTO COOTBETCTBYIOIIUE

HOPMBI TOYHBI B OIpeieleHHoM Kiacce. OTHOcHTEIbHO TpocTpancTs Maprmnkesrda cM.|11].
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