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Abstract

Let X be arearrangement invariant function space on [0, 1]. We consider the subspace Radi X of X which
consists of all functions of the form f = Z,fozl Xgrg, where xj are arbitrary independent functions from X
and ry, are usual Rademacher functions independent of {x; }. We prove that Radi X is complemented in X if
and only if both X and its Kothe dual space X’ possess the so-called Kruglov property. As a consequence
we show that the last conditions guarantee that X is isomorphic to some rearrangement invariant function
space on [0, 0o). This strengthens earlier results derived in different approach in [W.B. Johnson, B. Mau-
rey, G. Schechtman, L. Tzafriri, Symmetric structures in Banach spaces, Mem. Amer. Math. Soc. 1 (217)
(1979)].
© 2010 Elsevier Inc. All rights reserved.
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0. Introduction

Let r¢(t) = signsin 2Kt (k=1,2,...) be the Rademacher functions on the interval [0, 1].
By classical Khintchine inequality [13], for each p > 0 there exist positive constants A, and B),
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such that for arbitrary real a (k=1,2,...) we have

~ 12 o 12
A,,(Za,z> < <B,,(Za,%> |
k=1 k=1

This result caused a great number of investigations and generalizations and found many appli-
cations in various areas of analysis (see, for instance, [19,3]). In particular, in 1975, Rodin and
Semenov [20] proved that the inequality

0
Dk
k=1

L,10,1]

. 172
<c(xa)
X k=1

holds in a rearrangement invariant (r.i.) space X on [0, 1] if and only if X contains the space G,
the closure of Lo, in the Orlicz space exp L, generated by the function exp(u?) — 1 (u > 0). It
was proved also that the closed linear span [r;,] is complemented in X if and only if G C X C G/,
where G’ is the Koéthe dual space to G [21], [17, Theorem 2.b.4(ii)]. Moreover, Lindenstrauss
and Tzafriri [17, Proposition 2.d.1] showed that the analogous relation for series with arbitrary

coefficients xj from an r.i. space X
00 1/2
2
k=1

holds provided that the lower Boyd index ay of X is positive. They proved as well that in the
case when the Boyd indices of X are non-trivial, i.e., 0 < ay < Sx < 1, the subspace Rad X of
all functions defined on the square [0, 1] x [0, 1] and representable in the form

o0
D
k=1

<C
X ([0,1]x[0,1])

0.1

PREAGING!
k=1

X

0
f(s,t)= Zxk(s)rk (t), xx € X (the series converges a.e. on [0, 1] x [0,1])  (0.2)
k=1

is complemented in X ([0, 1] x [0, 1]) [17, Proposition 2.d.2]. Later, Astashkin and Braverman
[4] have proved the opposite statements: if (0.1) is fulfilled for arbitrary x; € X, with some
C > 0, then ay > 0, and if Rad X is a complemented subspace of X ([0, 1] x [0, 1]), then 0 <
ax < Bx < 1.

In [1] (see also [2]), the analogous problem was considered in the case of Rademacher series
with independent coefficients. More precisely, there it was proved that inequality (0.1) holds for
a some constant C > 0 and for every sequence of independent functions { f}32, C X if and only
if the r.i. space X has the so-called Kruglov property (which is less restrictive than the condition
ax > 0; see the next section). In this paper we solve the problem of complementability of the
subspace Radi X consisting of all functions f (s, #) which can be represented in the form (0.2),
where xj are arbitrary independent functions from an r.i. space X. We prove that Radi X is a
complemented subspace in X if and only if both X and its Kothe dual X’ possess the Kruglov
property (Theorem 2.1).

The last result can be applied to construct isomorphisms between r.i. spaces on the finite in-
terval and on the semi-axis. The general problem of existence of such isomorphisms in the case
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of r.i. spaces other than L ,-spaces was first posed by Mityagin in [18]. This and other related
problems were extensively studied in [11] (see also [17]) via the approach using a stochastic
integral with respect to a symmetrized Poisson process. We will follow here an other approach
established on applying the Kruglov property of an r.i. space [7]. It is technically rather sim-
pler; a somewhat similar approach was appeared earlier in a special case of r.i. (Lorentz) spaces
L, 4 [10]. We show that an r.i. space X on [0, 1] is isomorphic to some r.i. space on the semi-axis
provided that both X and its Kothe dual space X’ possess the Kruglov property (Theorem 2.4).
This strengthens the analogous results of [11, §8] (see also [17, p. 203]) proved under a stronger
condition when an r.i. space X has non-trivial Boyd indices.

1. Preliminaries
1.1. Rearrangement invariant spaces

Detailed exposition of theory of rearrangement invariant spaces see in [15,17,8].

A Banach space X of real-valued Lebesgue-measurable functions on the interval [0, o), where
0 < o < o0, is called rearrangement invariant (r.i.) if from the conditions y € X and x*(¢) <
y*(t) a.e. on [0, «) it follows that x € X and |x||x < ||¥|lx. Here and throughout, X is the
Lebesgue measure and x*(¢) is the right-continuous non-increasing rearrangement of |x(s)|,
ie.,

x*(t):=inf{t > 0: A{s €[0,0): |x(s)| >t} <t} @ >0).

If X is an r.i. space on the interval [0, ), then the Kéthe dual space X' consists of all measur-
able functions y such that

o

||y||X/:sup{ /x(z)y(r)dt: ey <1 < oo,
0

The space X’ is r.i. as well; it is embedded into the dual space X* of X isometrically, and
X’ = X* if and only if X is separable. An r.i. space X is said to have the Fatou property if the
conditions x, € X (n=1,2,...), sup,_y 5 [lxallx <00, and x, — x a.e. imply that x € X and
x|l x <liminf,_ oo [|lX|lx. X has the Fatou property if and only if the natural embedding of X
into its second Koéthe dual X” is an isometric surjection. In what follows we suppose that every
r.i. space X has the Fatou property or separable.

For each r.i. space X on [0, 1] we have the continuous embeddings Lo C X C L. By X, we
will denote the separable part of X, i.e., the closure of Lo, in X; X, is an r.i. space which is
separable provided that X # L.

If T > O then the dilation operator o, x(t) := x(t/T) - X[0,min(1,7)](¢) is bounded in every r.i.
space X and ||o¢ || x—x < max(l, 7). The numbers

. In|lo ) Inllo
ax = lim M and ’BX = lim M
>0+ Int T t00 Int

are called the Boyd indices of X; we always have 0 <oy < Bx < 1.
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Important examples of r.i. spaces are L ,-spaces (1 < p < 00) and their generalization, the
Orlicz spaces [14]. Let M (1) be an Orlicz function on [0, co), that is, a continuous convex in-
creasing function on [0, co) such that M (0) = 0. Then the Orlicz space Ly = L [0, 1] consists
of all measurable functions x(¢) on [0, 1] such that fol M(|x(@)|/1)dt < 1, for some A > 0. The
Luxemburg norm || x| ,, = inf A, where the infimum is taken over all A satisfying the last in-
equality. An Orlicz space Lj; always has the Fatou property and it is separable if and only if
the function M satisfies the A,-condition at infinity (i.e., there exist ug > 0 and C > 0 such that
M Q2u) < CM(u) for all u > ug). A special interest for us will be classical exponential Orlicz
spaces. The space exp L?, g > 0, is generated by an Orlicz function equivalent to the function
' — 1 for sufficiently small 7 > 0.

Following [11] (see also [17, 2.f]), for each r.i. space X on [0, 1] we define Z% as the set of
all measurable on (0, co) functions f such that

10z =1 ol + 1 el <o

1,00)

It can easily be shown that the quasinorm || - || 2 is equivalent to an r.i. norm, so that Z% is an
r.i. space on [0, 00).

1.2. The Kruglov property

Let f be a measurable function on [0, 1] (equivalently, a random variable). Denote by 7 (f)
the random variable ZINZI fi, where f; are independent copies of f (that is, independent random
variables equidistributed with f) and N is a random variable independent of the sequence { f;}
and having the Poisson distribution with parameter 1. In other words, 7 (f) is equidistributed
with the sum

ook
YN AExe 0 O0<s 1<),

k=1 i=1

where Ej are disjoint subsets of [0, 1], A(Ex) = 1/(ek!) (k=1,2,...). It is not hard to check
that the characteristic function 6, () (t) of w(f) is equal to the function exp(fs(¢) — 1) for all
t € R, where 6y is the characteristic function of the random variable f.

The following property has its origin in Kruglov’s paper [16] and was actively studied and
used by Braverman [9].

Definition 1.1. We say that an r.i. space X on [0, 1] has the Kruglov property (X € K) if the
relation f € X implies that 7 (f) € X.

Roughly speaking, an r.i. space X has the Kruglov property if it is situated sufficiently “far”
from the space L. In particular, if X contains some L, with p < 0o or, all the more, if its lower
Boyd index ay > 0, then X € K. However, this is not necessary; for instance, the exponential
Orlicz spaces exp L? do not contain L, with any p < cobutexpL? e Kifandonly if 0 < g < 1
[9, §2.4], [5].

The Kruglov property is closely related to the well-known Rosenthal inequality [22] and to
the problem of the comparison of sums of independent functions and their disjoint copies in r.i.
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spaces [9,12]. Using an operator approach developed in [5,6], Astashkin and Sukochev proved
that in every r.i. space X with the Kruglov property the inequality

<C
X

(1.1)

Yo fe
k=1

oo
S0
k=1

2
ZX

holds for some constant C > 0 and for each sequence of independent functions { f¢};2; C X such
that fol fi(®)dt =0 (k=1,2,...) [7]. Here, f; are disjoint copies of f; defined on the semi-
axis [0, co) (for instance, we may take fi(t) = fir(t — k + D xp—1,0(t), k=1,2,...). Earlier
inequality (1.1) was proved in [12] under a stronger assumption that an r.i. space X contains
some L, with p < oo.

2. Results and proofs

Let X be an r.i. space on [0, 1]. Equivalently, the set Radi X (see Introduction) can be defined
in the following way. Denote 2 = [0, 1]* (respectively, £2 = £2 x [0, 1]) with the probability
measure ]_[,fi 1Ak (respectively, H/C;io Ak), where Ay is the usual Lebesgue measure on [0, 1]. If
X is an r.i. space on [0, 1] then the space X (£2) consists of all functions f (o, t1, . ..) measurable
on £2 such that the norm 1 flx@) = Il f*Ilx < oco. Then Radi X is the set of all functions from

X (£2) which are representable in the form

o
fo,t1,...)= Zxk (t)rr(to),  xx € X (the series converges a.e. on £2), (2.1)
k=1

where, as above, r; are usual Rademacher functions. It is easily to check that the functions
xx(t)rr(tg), where xp, € X (k=1,2,...), formin X ((_2) an unconditional basic sequence with
constant 1 [9, Prop. 1.14]. This implies immediately that Radi X is a closed linear subspace
of the r.i. space X (£2). Since there exists a measure-preserving mapping from ([0, 1], ») onto
(2, ]_[,fio k), the spaces X and X (£2) are isometric and we may (and will) identify them.

The following theorem is the main result of this paper.

Theorem 2.1. Let X be an ri. space on [0, 1]. Then Radi X is a complemented subspace of X if
and only if X e K and X' e K.

This theorem is an immediate consequence of the following two propositions.
Denoting

e ={1, ... k=1, tg1,...): 0<; <1, i=1,... k=1L k+1,...} (keN),
we define on L1(£2) the sequence of following conditional expectations:

1
E(ka)(rk):=//f<ro,r1,...,rkfl,zk,zkﬂ,...>drodr1...drkfldrkﬂ... k> 1),
2 0
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Moreover, let fry := f(to, 11, .. )rr(to) (k=1,2,...) and

Pf(o, 01,12, ..) 1= Y _E(frelti)re(to)-

k=1
Proposition 2.2. The operator P is bounded in an r.i. space X if and only if X € K and X' € K.

Proof. Firstly, suppose that X € K and X " € K and prove that P is bounded in X (£2).If f €
Lo (£2), then the function

]

x(t) := ZIE(frkltk)(t —k+ 1D xk-1,6)() belongsto Lo N Ly(0, 00). 2.2)
k=1

In fact, it is clear that |E(fri|t)| < | flloo (K =1,2,...), whence x € L. Moreover, from
Minkowski and Bessel inequalities it follows

2
//f(u,tl,...,tk1,t,tk+1,...)rk(u)dudl‘1...dl‘k1dtk+1...> dt

/:
(

1
o0
2
141 000 = 3
0

o0 ! 2
/Z /f(u t, t2,...,tk,...)rk(u)du> dtidty...dt ...
2 k=110
1
2 _ 2 2
</ff(u,ll,l2,...) dudlldlz—”f”Lz(Q)< “f”LOO(_(_z)
20

Thus, (2.2) is proved. Since L[0, 1] C X, then from (2.2) it follows that x € Z%. Furthermore,
it is not hard to check that Zg( has the Fatou property or separable just as X itself and that
(Z ) = Zi,. Note that Pf = Qx, where the linear operator Q is defined as follows

Ox(to, 11,12, ...) = ZXk(fk)rk(to),

k=1

where

() =xtk—1+n) O<n<D. (2.3)

Since X € K, then, by [7], inequality (1.1) holds and therefore Q is bounded from the space Zg(
into X (£2). Thus,
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||Pf||x(g) = ||Qx||x(g) C||x||z2
o0
/x(t)y(t)dt :

0

Ivlz2, < 1}. 24)

:Csup{

For any f € X(£2) and g € X'(£2) denote

(f,8): //f(to,n,. J)g(to, t1, .. ) dtodty ..

2
It can be easily checked that for any x € Zg( and y € Z2, we have

o0

(Qx, Qy) Z/X(I)y(t)dt (2.5)

0

and that the projection P is self-conjugate, i.e., if ( f, Pg) is well defined then

(Pf.g)=(f. Pg). (2.6)

Thus, using (2.4), (2.5) and (2.6), the condition X’ € K and again (1.1), we obtain that

IPfllx) < [(0x, 0)|: Iyliz2, < 1}

sup
= Csup{[{P£. QW)= Iyl 2, < 1)
= Csup{[(f. QV)]: Iyl 2, <1}

< Csup{llQyllx: Iyl 2, <1} I fllx )
<CCIf ki)

Since X is separable or has the Fatou property, then applying standard arguments (see also the
proof of Proposition 2.3 below for this argument in the Fatou case) we are able to extend the last
inequality to the whole X. Thus, P is bounded in X (£2) ~ X
Conversely, suppose that P is bounded in an r.i. space X. Taking into account (2.6), we see
that it is bounded in X’ as well, with the same norm. Denote A := ||P|lx—x = | Pllx'— x’-
Assume that a function f(sg,s1,...) = Z,fil xi (sp)rk(so) € Radi X. Since Pf = f, then
again by (2.6)

I £1lx (@) =sup{(f. &): llglx <1}
=sup{(f, Pg): llglx <1}
sup{(f,¢): g €Radi X, ||gllx' < A}. 2.7)
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If g(50, 51, ) = 2 peq k(1)K (s0) (yk € X'), then it is easy to see that

(f,8) = / D wsxi(se) dsdsy ...

o k=1

Therefore,
00 1/2 / 12
[(f. 8] </< Zxk(sk)z) (Zyk(sk)2> dsidss. ..
Q k=1

00 1/2 1/2
( Zxk(sk)2) ( Z)’k(sk) )
k=1

It is an easy consequence of Khintchine inequality (see also [17, Proposition 2.d.1]) that for an
arbitrary r.i. space Y there is a constant M (Y') such that

(%)

Therefore, from (2.7) and (2.8) it follows that

(2.8)

X(2) X' (£2)

D wOrs)

k=1

<SM(Y)
Y

(2.9)

Y ([0,1]1x[0,1])

00 0 172
> x(si)r(so) <Sup{(f, g): H(Zyk(Sk)2> SM(X’)A}
k=1 X(£2) k=1 X'(£2)
00 172
)A (Zxk(sk)2>
k=1 X(@)

Thus, inequality (0.1) holds in X for arbitrary independent x; (k =1,2,...). Since X has the
Fatou property or separable, then from [1, Theorem 2] we infer that X € K.

The second condition X’ € K may be proved in the same way only inequality (2.9) should be
applied to the space X. O

Proposition 2.3. [f Radi X is a complemented subspace of an r.i. space X, then the projection P
is bounded in X .

Proof. Letu =) 2 027 and v =) 2, fi2™" (e, fi =0, 1) be dyadic expansions of num-
bers u, v € [0, 1]. For a dyadic rational number we choose the nonterminating binary expansion
(note that the set of all dyadic rational numbers from [0, 1] has the Lebesgue measure zero and,
therefore, it is not essential in the question). Following [21] (see also [4]), we set

Udv —Zz [(@; + ;) mod 2],
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where by (o + 8) mod 2 (o, 8 =0, 1) we define, as usual, the addition modulo 2, i.e.,

0, fa+B=0o0ra+p=2,

(“+ﬂ)m°d2={1, ifotp=1.

Moreover, the set £2 is a compact abelian group with respect to the operation t @ s := {t; @ s; 1720
where t = {£;}72, € £2 and s = {5;}7°, € 2. It is clear that w,(¢) :=t @ p, where p =
i}y € 2, is a measure-preserving mapping from the probability space (£2, [TeZo Ax) onto
itself and therefore the operators

Tyf(to,t1,...)i=fowp(to,t1,...)=ftDp) (pe)

act isometrically in arbitrary r.i. space X (£2). Note that the subspace Radi X is invariant related
to them. In fact, if

o0
vi= ue[O,l]:u:ZajZ_j,aizO] and 7 =[0,11\y; (i=12..),
j=1

then

i@, u ey,
ri(t ®u) = { 0. wer (2.10)

Furthermore, the mapping f +— f(- ® u) is an isometry in an r.i. space X for every u € [0, 1].
Therefore, by Rudin’s theorem [23] (or [24, Theorem 5.18]), there is a bounded projection
S: X(£2) — Radi X commuting with all 7), (p € £2). We will show that the operators S and
P coincide on the separable part X, of X.

First of all, since the Rademacher functions form a basic sequence in every r.i. space then the
operator S is representable in the form:

Sfo. 11,-.) =Y Si ft)ri(t), (2.11)
i=1

where S; are bounded linear operators from X (£2) into X. Since the operators T, and S commute,
then S(f ow,) =S(Tp f) =T,Sf. Hence, using (2.11) and (2.10), we obtain that

Si f, po €vi, pi =0,

Si(fow )={ _
' b —Sif, po€¥i, pi=0.

Moreover, taking into account that A(y;) = A(34) = 1/2, we have that

1
[ [sitowpan...dprdpir...= 355 2.12)

2 Vi

and
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1
[ [siowpapo..dpidpisr..c==35.7, 2.13)
2 vi

where it is assumed that p; = 0.

It is easy to see that the closed linear span [r,] is a complemented subspace of the space
Radi X. Since, by hypothesis, Radi X, in turn, is a complemented subspace of X, then [r,] is
complemented in X. Then, by [21], X # L, and X, is separable.

Now, suppose f € (X (£2))o. Using the separability of (X (£2)), and the fact that the operators
T, act isometrically in this space, it is not hard to check that the mapping p > f o w, is an
(X (£2)),-valued Bochner-integrable function on 2. Thus, since S; is a linear bounded operator
from X (£2) to X, it can be taken out of the integral in equalities (2.12) and (2.13). Therefore, we
obtain that

S,-f=Sl-<f(f(fow,;)dm—f(fowp)dpo)dm...dpi_ldpm...). (2.14)
Vi

£2; Vi

On the other hand, for any ¢ € [0, 1]

Vi, €Y,
vel0,1:v=t®u, uecy 2{_ _
{ y,} Vi, 1€V
and
_‘1 le [
{ve[O,l]:v:t@u,ueVi}z{% Jﬁ
Vi, €Y.
Thus,
//(fowp)dpodpl...dp,'_ldp,'_H...
i Vi
=//f(v,t1,t2,...)dvdn...dt,-,ldtiﬂ...-x,,i(to)
2 Vi
+f/f(v,t1,[2,...)dvdl‘l...d[,'_ldll'.,_l..u)(ﬁ(to)
i vi
and

//(fowp)dpodpl ...dpi_1dpiy1...
2y

Z//f(v,tl,tz,...)dvdt1...dti_ldti+1...-Xy,.(to)

Q2 vi

+//f(v,t1,t2,...)dvdl‘l...dtifldl‘prl...'X);(to).
£2; Vi
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Since r; = xy; — x5 (i =1,2,...), then we infer that

/(/(fowp>dpo—/(fowp>dpo)dp1...dpi_ldpm...
Vi

2 Vi
=/</f(v,tl,tz,...)dv—/f(v,tl,tz,...)dv>dt1...dt,-_ldti+1...~ri(to)
2; Yi Vi

1
=//f(v,t1,...,ti_l,ti,ti+1,...)ri(v)dvdtl...dti_ldti+1...-ri(to)

20
=E(frilt;) - ri (t0).

Moreover, we have that

x(tx), =k,

Si (x(r)rk(to)) = {O Iy

and from (2.14) it follows that S; f = E(fri|t;) (i =1, 2,...). Taking into account the definition
of the projection P and (2.11), we obtain that Sf = Pf, and the coincidence of the operators
S and P on Xy is proved. If X is separable, then S = P on the whole X, and the proof is
completed.

Now, let X have the Fatou property. Let f € X (§2) ~ X be arbitrary. There exists a sequence
{fn} C Lso such that | f,| < |f]| and f,, — f a.e. It is obvious that E( f,,rr|tx) = E(freltx) a.e.
as n — oo (k € N). At the same time, as it is proved,

IPfallx = 1Sfullx < ISHIfallx < USHIfIIx (2 €N).

Since {yx (tx)rx (t0)}72 | is a basic sequence with constant 1 in X for any y; € X, then the previous
inequality yields

m
S E(fureltoreo) | < ISHIFlix
k=1 X
forallm=1,2,...and n=1,2,.... Since X has the Fatou property, then passing to the limit
firstly as n — oo and then as m — oo we obtain that
o0
1Pfllx = | D E(freltro)| < ISIIFIlx.
k=1 X

which implies that P is bounded in X. O

As a consequence of Theorem 2.1 we will show that an r.i. space X on [0, 1] such that X e K
and X’ € K is isomorphic to some r.i. space on the semi-axis. This strengthens the analogous
results of [11, §8] (see also [17, p. 203]) proved using a different approach under a stronger
condition when an r.i. space X has non-trivial Boyd indices.
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Theorem 2.4. If X is an r.i. space on [0, 1] such that X € K and X' € K, then the spaces X and
Z% are isomorphic.

Proof. By Theorem 3.1 from [7], for every r.i. space X satisfying the Kruglov property there
exists a constant C > 0 such that for each sequence of mean zero independent functions
{ fk},fil C X inequality (1.1) holds. In particular, this implies that the operator Q (see (2.3))
is bounded from the space Z§( into X (£2). Moreover, by [12, Theorem 1] (see inequality (3)),
there is a constant ¢ > 0 such that ||Qf||X(_(-2) = c||f||Z§( (f € Zg(). Hence, the image of the

operator Q, which coincides with Radi X, is isomorphic to the space Z%. Therefore, by Theo-
rem2.1, Zi is a complemented subspace of X ([_2) ~ X. On the other hand, it is obvious that X is
isomorphic to a complemented subspace of the space fo. Since X & X (Zg( @® Z2, respectively)
is isomorphic to X (to Z%, respectively), then by the decomposition method due to Pelczynski
[17, p. 172], we conclude that the spaces X and Zf( are isomorphic. 0O
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