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Abstract: We obtain some relations that describe the behavior of vector-valued Gaussian sums in
rearrangement invariant spaces on the square whose character depends on whether the lower Boyd
index of the space is trivial or not. Similar results are proven for the general systems of independent
identically and symmetrically distributed random variables.

Keywords: Rademacher functions, Gaussian random variable, independent random variables, rear-
rangement invariant space, Orlicz space, Boyd indices

Introduction

Let rj(t) = sgnsin2¥7t (k = 1,2,...) be the Rademacher functions on the segment [0,1]. In accord
with the classical Khintchine’s inequality [1], for every p > 0, there exists a constant C), > 0 such that,

for every n € N and arbitrary reals a; (k= 1,2,...,n), we have
n 1/2 n n 1/2
G (Xat) <|Tan| <a(Xa)
k=1 k=1 Ly k=1

This relation caused a number of investigations and generalizations as well as numerous applications
in various sections of analysis (for instance, see [2]). In particular, V. A. Rodin and E. M. Semenov
proved in 1975 that, for a rearrangement invariant space X on [0, 1], the inequalities

n 1/2 n n 1/2
ot <Z ai) < Zakrk < C’(Z a%) (1)
k=1 k=1 X k=1

hold if and only if X contains G, where G is the closure of Lo, in the exponential Orlicz space Exp L?
constructed by the function Na(u) = e —1 [3]. The condition X D G means that X in a certain sense
“lies far” from L. A similar but more restrictive condition allows us to find a natural description of
the behavior of the vector-valued Rademacher sums Y, ; j(s)rx(t) in rearrangement invariant spaces
on the square I x I, where I = [0, 1]. Namely, if X is a rearrangement invariant space on [0, 1] then

n 1/2 n n 1/2
(X2 > el (X2 )
k=1 k=1 X(IxTI) k=1 X
with a constant C' > 0 independent of n € N and {z;}}_; C X if and only if the Boyd index ax of X is
positive [4, Proposition 2.d.1;5].

The Rademacher system is a classical example of a sequence of uniformly bounded and identically
and symmetrically distributed random variables (r.v.’s). In the present article we carry over relations of
the form (2) to similar systems of unbounded r.v.’s. A particular attention is paid to a system of r.v.’s
with the Gaussian distribution. Moreover, we demonstrate that, under certain conditions on a system
of r.v.’s, the behavior of vector-valued sums can be described as in (2) for the rearrangement invariant
spaces X “close” to Lo, i.e., in case ax = 0.

We confine exposition to considering r.v.’s whose domain is I = [0, 1] (or the square I x I) with
the Lebesgue measure. However, the results remain valid for an arbitrary nonatomic probability space.
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1. Preliminaries

A Banach space X of Lebesgue measurable real functions on I = [0,1] is called rearrangement
invariant (or symmetric) if
1) y € X and |z(t)| < |y(t)| for a.e. t € I imply that z € X and ||z|x < ||y|x;
2) y € X and
mi{tel:|zt)>7=m{tel:|yt)>71} (r>0)

(here and in what follows m stands for the Lebesgue measure) yield z € X and ||z||x = ||y||x-

If X is a rearrangement invariant space then the dual (or associated) space X' consists of measurable
functions y such that ||y||x: := sup { fol lz(t)y(t)|dt : € X, ||z||x <1} < oo. The space X is naturally
embedded into the second dual X" and ||z|x» < ||z||x (z € X). The space X" possesses the following
mazimality property: if {x,}22, C X", x, — x a.e. on [0,1], and sup,, ||z,| x» < oo then x € X" and
HxHX// < hmmfn_mo Hl‘nHX//.

If X is a rearrangement invariant space on [0, 1] then we have the continuous embeddings Lo, € X C
Lq. The dilation operator

O-Tx(t) = Ji(t/T) " X[0,min(1,7)] (t) (T > O)

is continuous in every rearrangement invariant space X and ||o.||x—x < max(1,7) [6, Theorem 2.4.5].
Using this operator, we can define the Boyd indices of X as follows:

70+ log T T—+00 log 7 .

Clearly, 0 < ax < fBx < 1.

An Orlicz space, a natural generalization of the L,-spaces, serves as an important example of a re-
arrangement invariant space. If N(z) is an increasing convex function on [0, 00) and N(0) = 0 then the
Orlicz space Ly contains the measurable functions = z(t) on [0, 1] such that

1
[Ealpe =inf{u> 0: /N ('x(ut)‘> dt < 1} < 0.
0

In particular, if an increasing convex function Ny(z) is equivalent to the function e** (¢ > 0) then we
arrive at the exponential Orlicz space (or Zygmund space) Exp L?. As it is known [7, 8],

|2/l mxp Lo < sup (z*(u)log™"/9(e/u)). (3)
O<u<l

Here and in what follows x*(u) is the nonincreasing left continuous rearrangement of a function |z ()|,
ie.,
¥(u) =inf{r >0:m{t € [0,1] : [z(t)| > 7} <u} (O<u<l).

The spaces Exp L7 are “close” to Lo in the sense that apypre = Brxpre = 0 for every ¢ > 0.

If X is a rearrangement invariant space on I = [0, 1] then the corresponding rearrangement invariant
space on the square, X (I x I), consists of all measurable functions z(s,¢) on I x I such that z* € X. We
have ||z x(rx1) = ll2*]x.

Denote by [a] the integer part of a real a and by ||z||,, the norm of a measurable function x = z(¢)
in L,[0,1]. At last, the equality of two Banach spaces is understood to be the coincidence of the underlying
sets and the equivalence of their norms. The expression f =< g means that ¢f < g < C'f for some ¢ > 0
and C' > 0 and these constants are independent of all or part of arguments of the functions (quasinorms)
f and g.
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2. Vector-Valued Gaussian Sums in Rearrangement Invariant Spaces

Let {gx}72, be a sequence of independent standard Gaussian r.v.’s on I = [0,1]. The following
result is similar to the corresponding theorem for Rademacher’s functions which was mentioned in the
Introduction.

Theorem 1. If X is a rearrangement invariant space on I then the following are equivalent:
1) ax > 0;
2) there exists a constant A > 0 such that, for every n € N and all z1,...,z, € X, we have

n 1/2 n 1/2
(1) |, =[Zmmol,, =4 (35+)
X X(IxI) el

k=1
We employ some auxiliary propositions in the proof. They are stated as lemmas.
The following exponential estimate for the Rademacher sums is well known [2, Section 2, p. 11]:

{teOl ‘ }gDexp(— u? > (u > 0), (5)

n
25 a?
k=1
where D = ev/2 (a similar result is valid also for the general sequences of mean zero uniformly bounded
independent functions [9, Theorem 2.5]).
Note that the proof of (5) in [2, Section 2, p. 11] relies on the following estimate for the moments of

the Rademacher sums:
2m n m
< Boy, (z ) ,

i=1

A*l

X

where
(2m)!

Bom = 2mm

(m=1,2,...). (6)

At the same time, it is a well-known fact that the moment of order 2m of a standard Gaussian variable g
is defined by the equality ||g||3" = Bap,. Therefore, repeating the arguments of [2, Section 2, p. 11], we
obtain the same exponential estimate in the Gaussian case.

Lemma 1. If D = ev/2 then, for all n € N and arbitrary reals ay, ..., an,,

{te 0, 1] ‘ }gDexp<—2§ 2) (u > 0).
ay

k=1
Given a measurable function ¢(t) (on I = [0,1]), define the tensor product operator as follows:
T,x(s,t) = z(s)p(t). Assume that ¢(t) is unbounded on I = [0,1] and T, is bounded as an operator
from a rearrangement invariant space X (I) into X (I x I). In this case ax > 0 [5, Lemma 1] (also see
[10, Lemma 17]).

Show that the converse proposition is valid as well.

Lemma 2. Let a rearrangement invariant space X be such that ax > 0. Then if ¢ € Ly(I) for
every p < oo then T, is bounded as an operator from X (I) into X (I x I).

PROOF. By hypothesis and the definition of Boyd indices, there exist 6 € (0,1/2) and C' > 0 such
that ||o,||xx < C7% for all 7 € (0,1]. Let z € X(I). Applying the Hélder inequality and the last
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relation, we infer

| Tpz|l x(rx1) <

) Zso*<2’f>x(2-k,2-k+q<t>H
k=1

9" (27F)loy-rallx < CZ@ 2722 x
k=1

1)
22-’“/1@) <Z<p ) il

Zﬁp X(2 k2= k+1]()

Thereby T, is bounded as an operator from X (/) into X (I x I) and

X(IxI)

<

wmg

| /\

— ¢(20/0-9) _ 1)5-1

lzllx < Csllelle, sllzlx-
Lyys

| Tollx(y—xaxn < Csllelle, - O

The last result deals with comparison between Rademacher and Gaussian sums.

Lemma 3. For every n € N and all reals aq, ..., an,,
n 2 n
tel: t < —mqtel: t 0
m{ € ];akrk( )’ > T} < am{ € ;akgk( )‘ > om'} (r>0),

2 —t2
where « := rfoo £/2 dt.
PrOOF. Note that « = m{t € [0,1] : |g(t)| > 1}, where g is a standard Gaussian r.v. Hence, for
arbitrary 7 > 0 and k= 1,2,..., we have

m{t € [0,1] : |ra(®)| > 7} < ém{t € [0,1] : lge(t)] > 7).

Since r.v.’s 1 (respectively, gi) are symmetrically distributed and independent, the Kwapieri-Rychlik
inequality [11, Theorem 5.4.4] yields the claim.

ProOOF OF THEOREM 1. We assume first that ax > 0 and
n 1/2
= (X)) ex
=1

By Lemma 1, for a.e. s € I,

n
m{t el:
=1

> w0 > 7} < Dewp (~57).

It is immediate that
2
exp <_2f7£)2> <m{tel:2f(s)log?e/t>7} (0<s<1).
S
Thereby, integrating the previous inequality over I, we obtain

in(s)gi(t)' > 7'} < Dm{(s,t) € I x I :2f(s)log"? e/t > 7}
=1

m{(s,t) elxI:
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and so

Zxxs)gz-(t)H < 2D T Fllx iy
i=1 X(IxI)

where ¢(t) = log'/?(e/t). Lemma 2 implies that

Saea] <My,
i=1 X

(IxI)

and the right-hand side inequality in (4) is proven.
The left-hand side inequality in (4) is fulfilled in every rearrangement invariant space. Indeed, if
Ti,...,Tn € X then Lemma 3 implies that

gxk(s)rk(t)‘ > 7'} < Zm{t el: gxk(s)gk(t)’ S M}

for a.e. s € I and every 7 > 0. The Fubini theorem yields the relation

zn:xk(s)rk(t)‘ > T} < Zm{(s,t) €IxI:

k=1

m{tEI:

m{(s,t) elxI:

ixk@)gk(w' > ar,

k=1

which in view of [6, Corollary 2.4.2] validates the inequality

n n
Z TkTk Z TkGk
k=1 k=1

On the other hand, for every rearrangement invariant space X and arbitrary zi,...,z, € X in view of
[4, Proposition 2.d.1], we have the inequality

<2
) o?

X(IxI X(I><I).

n o0 1/2
San| = (Soa)
k=1 X(IxI) k=1 X
From this and the previous inequality, we obtain
n 1/2 2 n
H(in) < e kagk
k=1 X k=1 X(IxI)

Assume now that (4) is fulfilled in a given rearrangement invariant space X for every n € N and all
x1,...,Tp € X. As it is easily seen, the operator T,, with a standard Gaussian r.v. g is bounded in X.
Since ¢ is an unbounded function on [0, 1], we conclude that ax > 0 [5, Lemma 1] and the theorem is
proven. [

Corollary 1. If X is a rearrangement invariant space on I then the following are equivalent:
1) ax > 0;
2) there exists a constant B > 0 such that

ixk<s>rk<t>H
k=1

for alln € N and z1,...,x, € X.

n

D ai(s)ri(t)

|
pr} X(Ix1)

< anmk(s)gk(t)H <B
) k=1

X(IxT X(IxI)

REMARK 1. Let the operator T, with ¢(t) = log'/?(e/t), be bounded as an operator from a rear-
rangement invariant space X (I) into a rearrangement invariant space Y (I x I). In this case the proof of

Theorem 1 shows that n 1/2
<l(2)
) k=1

)

X(I)

> zn(s)gr(t)
k=1

Y(IxI
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where the constant C' > 0 is independent of n € N and 1, ..., 2, € X.

Proceed with examining the vector-valued Gaussian sums >, _; 21 (s)gx(t) in rearrangement invariant
spaces X “close” to Lo, i.e., in case ax = 0. Let X be a rearrangement invariant space such that
Bx < 1, & > 0. Denote by X(log™®) the set of all measurable functions z(¢) on [0, 1] such that the
following quasinorm is finite:

1] og—ey = [l2"(£) log™ e/1] x -

By [12], we have
. t
ol ooy = la°* ()10 e/t where o) = 1 [ a*(s) s
0

and thereby X (log™%) is a rearrangement invariant space.

Theorem 2. Assume that X is a rearrangement invariant space and Sx < 1. Then there exists
a constant A > 0 such that

(7)

n 1/2
<4(3)
) k=1

ixk@)gk(t)H
k=1

for allm € N and z1,...,x2, € X.

X(log=/2)(IxI X
To prove Theorem 2, we need the following technical lemma.

Lemma 4. If nonnegative functions x(t) and y(t) decrease on [0, 1] then
(z(s) - y(t)" (2u) < x(u) - y(u), 0<u<1/2.

PROOF. Since x(s) < x(u) for s € [u, 1] and y(t) < y(u) for t € [u, 1], and m{[u, 1] x [u, 1]} = (1—u)?,
we have
m{(s,t) € I xI:x(s)y(t) > z(w)y(u)} <1— (1 —u)? < 2u

for every 0 < u < 1/2. The claim follows now from the definition of the rearrangement of a measurable
function. O

Proor oF THEOREM 2. In view of Remark 1, it suffices to establish that T, where ¢(t) =
log!/?(e/t), is bounded from X (I) into X (log~'/?)(I x I). In fact, if € X(I) then Lemma 4 yields
HTLP':CHX(log*1/2)(]><I) < =% (u/2) log1/2(26/u) 10g71/2(@/U)HX(1)
< V2|02l xny < 2V2|7llx(). O
REMARK 2. By Lemma 3, a similar assertion is valid also for vector-valued Rademacher series.
Let us show now that Theorem 2 is sharp for the exponential Orlicz spaces Exp L? (¢ > 0).
Theorem 3. Let g > 0 be arbitrary. Assume that

(2

for some rearrangement invariant space Y and some constant A > 0 independent ofn € Nand x4, ..., T, €
Exp L?. Then Y > Exp L9(log~'/?).

Moreover, Exp Lq(log_l/Q) =ExpL", withr = ;qu-

To prove Theorem 3, we need the following two lemmas.

(8)

> wi(s)gr(t)
k=1

Y (IxI) Exp L4
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Lemma 5. For all « > 0 and 8 > 0, we have
(log®(e/s) - log” (e/t))* (u) > 27 Plog®P(e/u) (0 <u<1).
ProOF. First of all, note that
mi{uel:27Plog®*Ple/u) > 1} <mfuel:27°Plog®*P(e?/2u) > 1} = %exp(Q — 2Tﬁ).
In view of [6, Corollary 2.4.2], it suffices to justify the relation
Log(1) :=m{(s,t) € I x I : log“(e/s) - log®(e/t) > 7} > %exp(2 — 27'%”)

for all 7 > 1. Indeed, changing variables, we infer
1

LQ,B(T):/m{teI:logﬁ(e/t) og® (6/8)}
0

7 1/8 7

_ .2 T 2 2w g L L

—G/EXP(UW>dUZG / e du—iexp(QfQT +8). O
1 71/(0+B)

Lemma 6. For g > 0 and p > 0, we have

Exp Lq(log_l/p) =ExpL", wherer = pa

p+gq

PROOF. Using the definition of the rearrangement of a measurable function and relation (3), we infer

HxHExqu(log,l/p) = Oiggl(gg*(t) Ingl/P(e/t))*(u) Ingl/Q(e/u)
< sup (¢*(w)log™ /M (e/u)) < ||zl mxp -
O<u<l
On the other hand, if 2 € Exp L9(log™*/?) then
(z*(t) log =P (e/t))*(u) < Clog(e/u) (0 <u<1).
Applying [6, Theorem 2.2.1], we can find a measure-preserving mapping w : [0, 1] — [0, 1] such that
2*(t) log VP (e/t) < 2C1og!(e/w(t)) (0 <t <1)
and thereby
z*(u) < 2C (log"P(e/t) log"/(e/w(t)))*(u) (0 < u < 1).
Hence, by [6, p. 93],
2 (u) < 2Clog'/1(2e/u) log'/P(2e/u) < Cylogt T /P(efu) (0 < u < 1).

Taking (3) into account once more, we see that x € Exp L" and the lemma is proven. [

PrOOF OF THEOREM 3. By hypothesis, T,z (s,t) = g(s)z(t), where g is a standard Gaussian r.v.,
is bounded from X := Exp L9 into Y (/ x I). Since

mi{sel: ()|>T}—r/ _t2/2dt>/ ~2/2 \/T

for every 7 > 1 and Y is a rearrangement invariant space, the operator T,z(s,t) = ¢(s)x(t), where
©(s) = log'/?(e/s), is bounded from X into Y (I x I) as well. Thereby from (3) it follows that log'/?(e/s)-
log/?(e/t) € Y(I x I) and so Lemma 5 yields log'/7"'/2(e/u) € Y. Appealing again to (3), we conclude
that Y D Exp L", where r = =L

2+q
The second claim of the theorem results from Lemma 6. [

A similar statement is valid also for the Rademacher sums.
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Theorem 4. Let ¢ > 0 be arbitrary. Assume that for some rearrangement invariant space Y

n 1/2
< A(E)
Y (IxI) k=1

where the constant A > 0 is independent of n € N and x1, . .., 2, € Exp LY. Then Y" > Exp L" (log™/?),
where r = %}q,

PROOF. As it is seen from the proof of the previous theorem, it suffices to show that the operator
Tyx(s,t) = g(s)z(t), where g is a standard Gaussian r.v., is bounded from X := Exp L? into Y"(I x I).

Set x(t) = z(t)/+/n, k =1,2,...,n, where n € N and z(t) € X are arbitrary, and

9)

s)ri(

Exp L4

1 n
Un(t) = ﬁ;rk(t), n=12....

The condition (9) implies that
lz(s)on Oy axr) < Allzlx  (n € N). (10)

Since vy, (t) are symmetrically distributed, the central limit theorem [13, Theorem 7.2] yields the equality

n—o0

lim m{t € [0,1] : |op ()] > 7} = \/22?/6_1&2/2 dt (r>0).

By [14, Lemma 3.1], we have
lim v} (t) =g¢"(t) (0<t<1).

n—o0

Hence, passing to the limit in (10) as n — oo and using the maximality of the second dual Y| we infer
that

[Tz (s, )lyraxry = llg"(O)z(s)llyriaxn < Allzl|x(z € X). O
3. Vector-Valued Sums of Independent Functions in the General Case

We examine a more general situation. Let {f;}72, be a sequence of independent identically and
symmetrically distributed r.v.’s on [0, 1] such that f := f; € L,[0,1] for every p < co. If m € N and
ki + ko + -+ k, =m then

1 1
/f(t)%1 dt-----/f £y dt < || fligm - I1f o = 11113
0 0

Therefore, applying the standard arguments (see [1, 2]) and taking the properties of r.v.’s fj into account,
for arbitrary m € N and a; € R, we obtain

1

o/1 (kznzlakfk(t)ymdt: 2 (2k1)(2m)(2k i 2kn/ D 0/1 Fien ()% it

ki+-+kn=m,k; >0 0

k1+-+kn=m,k; >0

(2m)! ml o k "
< | flizm - Sl > I Lol = fl5m - Bam | > al )

kit +kn=m,k; >0 =1

1 1
_ (2m)! a2k g2k D2 g 2%,
= Z @ (k)] /f dt- ... /f(t) dt
0 0
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where By, is defined by (6). By the Stirling formula

1
<R, <—

n! = V2rnn"e "ef",  where Ton
n

12n+1

Hence,
By, < V2-2Me™Mm™.

Thus,
j(éakfk(ﬂ)w dt < x(m)m<§a§>m, (1)

where x(t) = t||f||3 (t > 1). Clearly, x is an increasing continuous function; we may assume that

x(1) = £l = 1.
Givenn € Nyu > 0,and ay € R (k=1,2,...,n), we put

)

is the inverse of x. Applying (11), we infer

where y !

n

Zakfk(t)‘ > u} < u‘Qm/1
0

n

> arfi(t)
k=1

2m

m{t €[0,1]: dt

k=1

n m 2
< w2y (m)™ <Z ai) <em< Exp<—x_1< Z ) + 1>.
k

k=1

Therefore,

m{te]:

éxi(s)fi(t)'> T} < Exp <—X1 ( - 2) + 1>

for a.e. s € I, where y := (.7 x2)1/2 € X. Since

i=1"1

o (1 (S ) +1) <mit € 1 VeV Aogeli > 7} (0<s<),

S

integrating over I, we obtain

m{(s,t) elxI: in(s)fi(t)‘> 7'} <m{(s,t) € I x I :+/ey(s)\/x(loge/t) > T}.

i=1

Thus, if £(t) := /x(loge/t) then

in(s)fi(t)HX < VellTeyl x (rx1)- (12)
i=1

(IxI)

Observe that & € L,[0,1] for every p < oo if and only if |[f]l210ge/t € Lp[0,1] for every p < oc.
Hence, the following statement is an immediate consequence of (12) and the arguments of the proof of
Theorem 1.
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Theorem 5. Let {f;}72, be a sequence of independent identically and symmetrically distributed
r.v.’s on [0, 1] such that f := f{ € Lp[0,1] for every p < oo and f := f; # 0. Assume furthermore that

n(t) == I fllz10ge/e € Lpl0,1]  for every p < oco. (13)

Then, for an arbitrary rearrangement invariant space X on I, the following are equivalent:
1) ax > 0;
2) there exists a constant A > 0 such that

(54)" ], 2| Sreomel,,., ~A(E)"

k=1 X(IxT) k=

A*l

<
X

X

for every n € N and all x1,...,x, € X.

Taking [5, Lemma 1] into account, we conclude that

Corollary 2. Assume that a sequence of r.v.’s {f;}3>, meets the conditions of Theorem 5 and
limy_,o4 f*(t) = co. Then, for an arbitrary rearrangement invariant space X on I, the following are
equivalent:

1) ax > 0;

2) there exists a constant B > 0 such that

iwmw”
k=1

for alln € N and z1,...,z, € X.

Assuming a slightly stronger condition than (13) we can obtain the next result for rearrangement
invariant spaces “close” to L.

n

> ap(s)ra(t)

|
par} X(Ix1)

<
)

ixw)fk(t)H <B
k=1

X(IxI)

X(IxI

Theorem 6. Let {f}72, be a sequence of independent identically and symmetrically distributed
r.v.’s on [0, 1] such that f := ff € Lp[0,1] for every p < co. Assume furthermore that

[flly <Cp” (1 <p<oo) (14)

for some v > 0. Then if X is a rearrangement invariant space and Sx < 1 then there exists a constant

A > 0 such that
= 1H < Z x%)
) k=1

n

> k() fi(t)

1/2
el HX(logl/QV)(IXI

X

for alln € N and z1,...,z, € X.

Similar to the case of Theorem 2, the proof is based on Lemma 4 (also see (12)) and we omit it.
In conclusion, we exhibit some examples.

EXAMPLE 1. We say that a positive decreasing function h on [0, 1] satisfies the A%-condition (h € A?)
whenever there exists a constant K > 0 such that

h(t*) < Kh(t) (0<t<1).
If f < h, where h € A% then f satisfies (14) for v = log, K. Indeed, by [15, Lemma 2], we have
1£llp < k], < CR(27P) < CLE2P = Cips K (p > 1),

In particular, f(t) = log?(e/t) € A? for every q > 0.

EXAMPLE 2. Consider the function fp(t) = elog”(1/) (0 <t <1). It is immediate that fy € Lp[0,1]
for every 6 € (0,1) if p < oo while fp ¢ A2, Using the asymptotic Laplace method, we can show that
9

|| follp =< €P™=° [15, Example 1]. Hence, f satisfies (13) if and only if 6 € (0,1/2).
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