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BEKTOPHO3HAYHbLIE CYMMbl HE3ABUCKMBbIX
OYHKLNWA B CUMMETPUYHbLIX MPOCTPAHCTBAX

C. B. Acramknu

Ansoranus. ITosydeHbl COOTHOIIEHUS, OIMCHIBAIOIINE IIOBEJIEHHE BEKTOPHO3HAYHBIX
rayCCOBCKHX CyMM B CUMMETPHYHBIX IIPOCTPAHCTBaX Ha KBaJlpaTe, XapaKTep KOTOPBIX
3aBHCHT OT TOr'O, TPUBHAJIEH MJIM HET HMXKHUII mHIeKc Boiima npocrpancrsa. AHaso-
TUYHBIE PE3yJIbTaThl JOKA3aHbI TAKXKE B CJIydae OOIUX CHCTEM HE3ABHCHUMBIX OHMHAKOBO
U CUMMETPUYHO PacHpelesIeHHbIX CIyYaiHbIX BeJIUIHH.

KuaroueBble cioBa: ¢yukiun Pagemaxepa, rayccoBckasl ciydaiiHas BeJUYHUHA, HE3a-
BUCHMBbIE CJIydailHble BEJIMUUHDBI, CAMMETPUYHOE IIPOCTPAHCTBO, pocTpancTBo Opimya,
nHekc Boiiga.

BBenenue

Ilycts 74 (t) = signsin2*nt (k = 1,2,...) — bynxkmun Pagemaxepa, paccMar-
puBaembie Ha orpeske [0,1]. CormacHo kraccmaeckoMy HepapeHCTBY XuHumHA 1]
qts jroboro p > 0 cymiecTByeT Takas KOHCTAHTA Cp > 0, uro mrs kaxgoron € N u
IPOU3BOJIbHBIX BEIIECTBEHHBIX a) (k = 1,2,...,n) BBINOJIHEHO

n n n
-1 2 2
C, E aj < E arTk <Cp E aj
k=1 k=1 k=1

DTO COOTHOIIEHHE HOPOJUIO OIPOMHOE KOJIMUECTBO HCCIIeN0BaHuil u 06001me-
HUil, HAIIUIO MHOTOYHC/ICHHbIE IPUMEHEHUs B CAMBIX DA3JIMIHBIX PA3/Iesax aHaIn3a
(em., manpumep, [2]). B wacrnocru, B 1975 . B. A. Pogun u E. M. Cemenos noka-
3aJ1, 9TO B CIydae CUMMeTPUYIHbIX npocrpancts X Ha [0, 1] nepasencrsa

1/2

c ! zn:ai < En:akrk <C zn:ai (1)
k=1 k=1 X k=1

UMEIOT MECTO TOTJIa M TOJIBKO TOTJIa, KorJa X COJep:KuT npocrpanctso G, rie G —
sambIKanue Lo, B 9KCHOHEHImabHoM npocrpancrse Opmurda Exp L2, mocrpoennom

1/2 1/2

LP
1/2

2

no dbyskmun No(u) = e* — 1 [3]. Yemoue X D G o3Ha4aer, 4TO IPOCTPAHCTBO

X B OIpeIEeIeHHOM CMBIC/IE «YIAJEHO»OT IPOCTPaHCcTBa Loy. AHajormdsoe, HO 60-

Jlee OIPAHMYUTEILHOE YCJIOBHE MO3BOJISET HAWTH <«ECTECTBEHHOE» OIMCAHUE II0BE-
n

JIeHUs] BEKTOPHO3HAYHBIX PAJEMAXEPOBCKUX CyMM Y . Zk($)ri(t) B cuMmMmerpudHbIX
k=1

IPOCTPAHCTBAX Ha KBajpare. A mMeHHO, ecan X — CHMMETPHYHOE HPOCTPAHCTBO

Ha [0, 1], To HepaBeHcTBA

n
-1 2
C E xi
k=1
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riae koncranta C > 0 He 3aBucur oT N € N U IOCIEIOBATEHLHOCTH (DYHKITUMA
{zx}}_; C X, BBIIOJHEHBI TOIIa U TOJBKO TOTAA, KOTNa €ro MHIeKC bBoilma ax
nostoxkuresier [4, nupengoxenne 2.d.1;5].

Cucrema Pajemaxepa siBjisieTcst KJIaCCHIECKUM IIPUMEDPOM II0CJIEI0BATEILHOCTH
PaBHOMEDPHO OIPAHUYEHHBIX HE3ABUCUMBIX CUMMETPUYHO U OJUHAKOBO PACIIPEIEJIEH-
HBIX Cydaiinbix Beqnuud (c. B.). Jannas pabora MOCBIEHa PACIPOCTPAHEHUIO CO-
oTHOIIeHUH BUja (2) HA aHAJOIMYHBIE CUCTEMbI HeOrpaHUYeHHbIX ¢. B. Ocoboe BHU-
MaHue OyJeT yJIeJIeHO CUCTEeMeE C. B., IMEIONINX rayCCOBCKoe pacipeseienne. Kpome
TOrO0, OyJIeT MOKA3aHO, 9TO IPH OMPEICJICHHBIX YCIOBHUAX Ha CHCTEMY C. B. OIMCAHUE
HOBEJIEHUsT BEKTOPHOZHAYHBIX CYMM, aHaJorudHoe (2), MoxkKer ObITh HAWIEHO U JIjis
CUMMETPUYHBIX POCTPAHCTB X | «OJIU3KUX» K Lo, T. €. Takux, uro ax = 0.

B pabore Mbl orpaHUYINMCST PACCMOTPEHUEM C. B., 00JIACTHIO OIPEIEIEHUS KO-
TOpbIxX stBysiercst orpe3ok [ = [0, 1] (mm xBagpar I x I) ¢ mepoit JleGera. Onnaxko,
KOHEYHO, BCE PE3YJILTATHI OCTAIOTCS BEPHBIMUA U B CJIydae TPOU3BOJLHOTO HEATOMU-
YECKOr0 BEPOSITHOCTHOT'O IMPOCTPAHCTBA.

ABTOp BbIpazKaeT 6JIaFO,HapHOCTb PEIOEH3CHTY, IIPEJIJIO2KCHUA U 3aMe€YaHUA KO-
TOPOTr'0 MO3BOJIUJIN YJIYyYINUTH OKOHYATEJIbHBIII TEKCT CTaTbW, B YaCTHOCTHU, YyUPO-
CTUTH J0Ka3aTeJIbCTBO JIEMMBI 4.

1. OGo3HaveHns1 U IpeaBAPUTEJIbHbIE CBEIEHUS

Banaxoso mpoctpancTBo X BEMIECTBEHHOZHAYHBIX (DYHKIMMH, M3MEPHMBIX 110
JleGery na orpeske I = [0,1], HasbiBaeTCs cummempurvim (WL NEPECMaHO804HO-
UHBAPUAHIMHDIM), ECIII

1) u3 toro, uro y € X u |z(¢)| < |y(t)| ma w. B. t € I, cnenyer: x € X u
lallx < lyllx;

2) u3 toro, uro y € X u

m{tel:|zt)>1r=m{tel:|y®t)>7} (r>0)

(3mech u mamee m — mepa JleGera), cienyer: © € X u ||z]|x = ||yl x-
Ecim X — cuMMeTpudHOE IPOCTPAHCTBO, TO deoticmeentoe (I accoyuupo-
6aHH0e) IPOCTPAHCTBO X' COCTOUT U3 BCEX U3MEPUMBIX (DYHKIMI ¥, AT KOTOPBIX

1
lyllx = Sup{f|x(t)y(t)|dt oz e X, |z)x < 1} < oo. IIpocrpancreo X
0

€CTEeCTBEHHBIM 00pa3oM BJIOXKEHO BO Bropoe apoiictsenHoe X, u |z|x» < |z|x
(x € X). IIpocrpancrso X" obiamaer CIeAYIONMM CBOHCTBOM MAKCUMAALHOCTIAL
ecmm {x,}°, C X’ z, — z n. B. Ha [0,1] u sup,, ||z,]|x» < 00, TOz € X" n
||{EHX// § lim inf ||anX”~
n—oo

Hna mo6oro cummerpuanoro npocrpanctsa X Ha |0, 1] cupaseymsel Hernpe-
poiBHbIE BiIOXKeHUS Lo € X C L. B KaXmoM CHMMETPUIHOM TPOCTpaHcTBe X
HENPEPBIBEH 0NePamop Pacmacicer

O'T(E(t) = x(t/’l’) . X[O,min(l,T)](t) (T > 0)

u o ||x—x < max(l,7) [6, Teopema 2.4.5]. C HOMOIIBIO HErO ONIPEIEIAIOTCS UH-~
dexco, Botida pocrpancrsa X:

u — lim lnHUTHX—nX.
T—0+ InT T—+00 InT

Beerna 0 < ax < fx < 1.

1
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BaskHBIM OPUMEPOM CUMMETPUYIHOTO MPOCTPAHCTBA, SIBJISIETCA IIPOCTPAHCTBO
OpJmaa, ecrectBenHoe o6obmienue Ly,-nipocrpancts. Eciu N (r) — Bospacraromas
BoimyKast dyuknus Ha [0, 00), N(0) = 0, To npocrpanctso Opamaa Ly cocronT u3
Bcex uaMepuMbix Ha [0, 1] dyukmmit @ = x(t), Qyist KOTOPBIX

1
zllpy =inf{u>0: | N M dt <1} < oo.
N U

q
B wacrnocrn, ecimm Ny(x) sxsusamentna dyukuuu e® — 1 (¢ > 0), To moxyuaem
9KCIOHEHIMaIbHoe npocrpancTBo Opimya (wim npocrpancrso 3urmyHzaa) Exp L.
Ussectno [7, 8], aro

|2|lExp e < sup (z*(u)In™%(e/u)). 3)
0<u<1

31ech u Beroxy fasiee x*(u) — HeBO3pacTarlas nepecraHoBka GyHkun |z(t)|, 1. e.
*(w) =mf{r >0:m{t € [0,1]: |z(t)| > 7} <u} (O<u<l).

ITpocrpancrsa Exp L9 «6/m3Ku» K TPOCTPAHCTBY Log B TOM CMBICIIE, UYTO OExp La =
Bexp e = 0 mast kazkmoro g > 0.

Ecim X — cuvmerpranoe npocrpanerso Ha [ = [0, 1], To cooTBeTcTByIOMmEe
cumMmerpuuanoe npocrpancTBo X (I x ) Ha KBajpare cOCTOUT U3 BceX (DYyHKIuUil
x(s,t), m3mepnmbix Ha I x I u raknx, uro x* € X. Ilpu stom ||z x(rx 1) := [|2*] x-

Yepes [a] B nasbHedinem Gyger 0603HAYATHCSI T1€J1asi YaCTh BEIeCTBEHHOIO THC-
1a a, a 1epes ||z, — zopMa B Ly[0, 1] mamepumoit dyuxuun x = x(t). Hakonen, pa-
BEHCTBO ABYX OaHAXOBBIX IPOCTPAHCTB OYIET IIOHUMATHCA KAK PABEHCTBO MHOYKECTB
U 3KBUBAJEHTHOCTh UX HOPM, a BhIpaskKeHHe Bua f X ¢g o3Hadaer, uro cf < g < Cf
11t HeKOTOpeIX ¢ > 0 m C' > 0, mpudYeM 3TH KOHCTAHTHI HE 3aBUCAT OT BCEX HJIH
JacTU apryMeHToB pyHKImil (KBasunopM) f u g.

2. BeKTOpHOBHa‘leIe rayccoBcCkKue
CyYMMBbI B CUMMETPHUYHbBIX IIPOCTPAaHCTBax

o0
IIycrs {gx}7°, — mHOC/IEOBATEILHOCTD HE3ABHCHMBIX CTAHIAPTHBIX IAyCCOB-
CKUX C. B., olpejiesieHHbIxX Ha orpeske I = [0, 1]. Cieayrormuii pe3yibraT aHAJIOTMYEH
COOTBETCTBYOIIEN Teopeme iuisi (pyHKIM PajeMaxepa, yIOMsIHYTON BO BBEJICHUH.

Teopema 1. Ecim X — cuMmmerpudIHOE IpOCTpaHcTBO Ha I, TO ciaexyrormne
VCJIOBHST 9KBUBAJICHTHBI:

1) ax > 0;

2) cymecrByer takasi koHcranta A > 0, uro gus kaxjgoro n € N um Beex
T1,...,Tp € X

n
-1 2
A g Ty
k=1

B 10Ka3aTeIbCTBE MBI HCIIOJIB3YEM PsIJT BCIIOMOTaTEIbHBIX YTBEPKICHHAI; chop-
MyJIUPYEM HUX B BUJE JIEMM.

Cuietyrommasi 9KCIIOHEHIAIbHASL OLIEHKA JIst CyMM PajieMaxepa X0poIio u3BecT-
Ha [2, §2, c. 11]:

1/2 1/2

<A a7 Y
k=1

X

<D wk(s)gn(t)
e

X X(IxI)

n 2
mqtef0,1]: Zakrk(t) >up < Dexp L
k=1

m (u>0), ()
23 ad}
k=1
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re D = ey/2 (aHajormunbiil pesy/IbTaT CIPABEIIHE TaKyKe Jis OOIIX MOC/IeI0Ba-
TEJbHOCTE] HE3aBICUMBIX DABHOMEPHO OTPDAHNYEHHBIX (DYHKIHIL, B CPEJIHEM DABHBIX
uyso [9, reopema 2.5]).

Bamernm, uro mpusesennoe B [2, §2, ¢. 11] nokasareabctso coorHonrenus (5)
OCHOBaHO HA MIPUMEHEHHH CJIETYIONeil OIeHKn MOMEHTOB cyMM Pasemaxepa:

n 2m n m
S| < Ban (z ) ,
k=1 2m i=1
rae
2m)!
Bom, ::% (m=1,2,...). (6)

B 10 Ke BpeMsi XOpOUIO M3BECTHO, YTO MOMEHT LOPAAKA 21 CTAHAAPTHO rayc-
COBCKOfl BEJTUYUHBLI ¢ ompejiesstercs paseHcTBOM ||g||3™ = Ba,. CremoBatennno,
HOBTODsIsl BCe paccykieHus us [2, §2, c. 11], mosydaem TOUHO TaKyO YKe IKCIIOHEH-
[UAJILHYIO OLEHKY B FayCCOBCKOM CIIydac.

Jlemma 1. Ecim D = ev/2, To st Bcex n € N U IpOU3BOJIBHBIX BEI[ECTBEHHBIX
Ai,...,0n

n 2
ms te0,1]: Zakgk(t) >u p< Dexp —:7 (u>0).
k=1 23 a2
k=1

st nansoit uamepumoit Ha I = [0, 1] dyukiuu () onpeiennm orepaTop TeH-
3opHoro mpousBenenus 1,x(s,t) = x(s)p(t). IIpenmomoxkum, uro ¢(t) Heorpanm-
gennas Ha I = [0,1], a oneparop T, OrpaHUYeHHO JEHCTBYET U3 CHUMMETPHIHOTO
upocrpancrea X (I) B X(I x I). Torma ax > 0 [5, nemma 1] (cm. rakxke [10,
Jgemma 17]).

OTHOBPEMEHHO CIIPABEJINBO U CJIEAYIONee B HEKOTOPOM CMBICIEe 00paTHOe K
TOJILKO YTO CPOPMYIMPOBAHHOMY YTBEPIK/ICHHE.

Jlemma 2. Ilycrs cummerpuanoe nmpocrpancTtBo X TakoBo, 4To ax > 0. Torza
ectn ¢ € Ly(I) g kazkmoro p < oo, o omeparop T, orpanmier u3 X (I) B X (I x1I).

JOKABATEJ/ILCTBO. Ilo yciioBuio BBUIY OINpeae/IeHIsT HHIAEKCA (x CYIIECTBY-
tor takue 6 € (0,1/2) u C' > 0, aro s Beex 7 € (0,1]

lorlx—~x <O

IMycrs x € X (I). Toraa, nupumenssi HepaBeHCTBO ['é/bepa 1 IpeabLIyIee COOTHO-
IIEeHUE, TOJTY UM

HTQD:EHX(IXI) < x ZSD X(g k o k+1]( )
k=1 X(IxI)
[ee]
<Y @ @ F)oyrallx < CZ@ )27 2| x
k=1 k=1

. 4
_c<zz—k6/<1—6>> (DO Yoz )mnx

=C(27/079 Z xararem @) llzllx < Csllellr,sllzllx-
k=1 Lis
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Tem campivm oneparop Ty, orpanuder u3 X (1) 8 X(I x I) u

1Tl x (= xx1) < CsllellL, s O

ITocnemauit pesysnbrar, KOTOPBIE HAM IOHAJIO0UTCH, OTHOCATCS K CPABHEHIIO
Pa/IeMaxepOBCKUX U IayCCOBCKUX CYMM.

Jlemma 3. s xaxxgoro n € N u Bcex BEIIECTBEHHBIX G, . - . , Ay

n 2 n
tel: t < = tel: t
m{ € ;akrk( )| > T} < am{ e Zakgk( )

k=1
2 T t2/2
Iﬂea::ﬁlfe /2 dt.
JIOKABATENLCTBO. 3amernm, 4ro o = mft € [0,1] : |g(t)] > 1}, toe g —
cTaHJapTHAs rayccoBckas c. B. CireioBaTebHO, JJIsl TPOU3BOJIBHBIX T > 0 u k =
1,2,...

> aT} (r >0),

m{t € [0,1]: [re()] > 7} < ém{t € [0,1] ¢ lgr(t)] > 7}.

Tak Kak c. B. 7y (COOTBETCTBEHHO i) CUMMETPHYHO PACIPEIEJICHbl U HE3aBUCU-
MBI, IPUMEHsIST U3BECTHOE HepaBeHCTBO KBamenss — Preixsmka [11, Teopema 5.4.4],
[IOJIy9aeM HY?KHOE HaM COOTHOIIEHUE.

JIOKA3BATE/ILCTBO TEOPEMBI 1. Ilpesamnosioxxum cHagasta, 9to ax > 0. Kpome
TOTO, IyCTh

n 1/2
f= <Z x?) € X.
i=1

Torma mo jiemme 1 st . B. s € 1
o)
Ty<Dexp|—=——].
2f(s)?

m{t el:
HemnocpeicTBeHHO TIPOBEPSIETCST, ITO
7 1/2
exp (_W> <m{tel:2f(s)n*?e/t>7} (0<s<1).

Tem cambIiM, HHTErPUPYS IPEIBIAYIIEe HEPABEHCTBO 110 [, moydaeM

Z z;i(s)gi(t)

Z zi(s)gi(t)

m{(s,t) elxI:

> T} < Dm{(s,t) € I xI:2f(s)In*?e/t > 1}
1, TaKuM 00pa3om,

< 2D| Ty fllx(rx1)s
X(IxI)

Z zi(s)gi(t)
i=1
rie o(t) = In*/?(e/t). Orcrona o menme 2

< M||f[lx,
X(IxI)

Z 7i(8)gi(t)

u npasas 4acThb (4) mokaszana.
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JleBoe HepaBeHCTBO B (4) BBIIOJHEHO B JIOOOM CHMMETPHYHOM IIPOCTPAHCTBE.
JeiicTBUTENBHO, €CIH X1, ...,ZTy, € X, TO HO JieMMe 3 i 1. B. S € I U KaXKa0ro
T>0

n

2 n
mitel: Zxk(s)rk(t) >T §Em tel: Zxk(s)gk(t) > ar
k=1 k=1

IIpumensis Teopemy Pybumm, moaydaem

n n
2
tyeIxI: t < — tyeIxI: t
m< (s, t) € Ix ;xk(s)rk() TS gm (s,1) € Ix ;M(S)gk() > QT o,

oTKya BBULy [6, ciexcrue 2.4.2]

n 2 n
Z TkTk < 2 Z TkGk
k=1

X(IxI) k=1 X(IxI)

C apyroii cTOpOHBI, JJIsi JIFOOOI0 CUMMETPUIHOTO IIPOCTPAHCTBA X U IIPOU3BOJIBHBIX

Z1y...,&n € X B cuny [4, upengiokenue 2.d.1| BbIIOJHEHO HEPABEHCTBO
n (oo} 1/2
g TETk >c g xi
k=1 X(IxI) k=1 X

B wurore orciozna n u3 npeabayniero HepaBeHCTBA CJIEILYET, ITO

/2

n
H Zfﬂk S% Zxkgk

X k=1 X (IxI)

ITpeo/10KuM Ternepb, 9T0 B CUMMETPUIHOM IIPOCTpancTBe X HepaBeHCTBO (4)
BBITIOJTHEHO I Kazkaoro n € N n Bcex x1,...,%, € X. Jlerko Bumerhb, 9TO TOTIA
oneparop Ty, rme g — cTaHJapTHad I'aycCOBCKad C. B., orpannmder B X. Tak kax
g — Heorpanmvennas dynknus Ha [0, 1], 3akmoaaem, ato ax > 0 [5, remma 1], n
TeopeMa JiokazaHa. [

CaenctBue 1. Ecin X — cuMMeTpHdHOE IPOCTPAHCTBO Ha I, TO ciaexyrorrme
VCJIOBHST 9KBUBAJICHTHBI:

1) ax > 0;

2) cymecrByer Takasi KoHcraHTa B > 0, uro gus kaxzgoro n € N um Beex
TlyeeosXp € X

n n

B! Zxk(s)rk(t) < Zxk(s)gk(t) <B Zxk(s)rk(t)

k=1 X (IxI) k=1 X(IxI) k=1 X(IxI)

BAMEYAHME 1. Ilycrs oneparop Ty, rae o(t) = In'/? (e/t), orpaHuueHHO Jefi-
CTByeT W3 CAMMETPHYIHOro mpocrpancTtBa X (I) B CHMMETPHYHOE TPOCTPAHCTBO
Y (I x I). Torga 1oka3areabCTBO TeOpeMbl 1 [IOKa3bIBAET, Y4TO

1/2

S ails)gn(t) <c|( X« ,
k=1

Y (IxI) k=1 X(I)

rae koucranta C' > 0 "e 3agucur or n € Nu x1,...,x, € X.
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n
ITepeiimem K pacCMOTPEHHIO BEKTOPHOSHATHBIX FayCCOBCKUX CyMM Y X ($) gk ()
k=1
B CHMMETPUYHBIX [IpOCTpaHcTBax X, «Ooymskux» K Lo, T. . Korga ax = 0. Ilycrb

X — cuMMeTpUYHOe ITPOCTPAHCTBO Takoe, uTo Bx < 1, a > 0. Yepes X (In~ %) 060-
3HAYMM MHOXKECTBO BCex m3MepuMbix Ha [0, 1] dbyrxmmit (), 11st KoTOphIX KOHETHA
KBa3HHOPMA

%] x n-oy == lz"(£) In"% e/t] x.

Toraa sBeuzy [12]

2]l x ey = [l () ™% e/t x,  rae 27(t) =

~ | =

O/x*(s) ds

Teopema 2. Ilycts X — cummerpudHoe mpocTpaHCTBO, Bx < 1. Torga cyie-
crByer takasi KoHCTaHTa A > 0, uro jjst kaxkaoron € N u Bcex x1,...,T, € X

n 1/2
(2)
k=1

g mokazaTenrbcTBa HAM TMOTPEOYETCA TEXHUIECKast

u, caeposarenbio, X (In~%) — cuMMeTpudHOE IPOCTPAHCTEO.

n

> ar(s)gr(t)

k=1

<A
X(In=1/2)(IxI)

(7)

X

Jlemma 4. /I g00bIX MOMOXKHTEIBHBIX MOHOTOHHO YOBIBAIOIHX (DYHKITHI
z(t) m y(t) =a [0, 1] cupasemuso HepaBeHCTBO

(2(s) - y(0))" (20) < 2(w) - y(w), 0<u<1/2
JIOKA3ATENBCTBO. Tak kak z(s) < z(u) aust s € [u, 1] n y(t) < y(u) maa
t € lu, 1], a m{[u, 1] x [u, 1]} = (1 — u)?, aa xkaxgoro 0 < u < 1/2
m{(s,t) € I x I:z(s)y(t) > z(u)y(u)} <1— (1 —u)? < 2u.
Hy>xHO€ HAM HEPABEHCTBO TENEPD CJIEJYEeT U3 OUPEJEJCHA IePECTAHOBKU. [

JTOKABATEJIbCTBO TEOPEMBI 2. BBuay 3amevuanust 1 1O0CTATOYHO TPOBEPUTD,
aro oneparop T, rae p(t) = In'/2(e/t), neiicreyer us X(I) 8 X(In"Y?)(I x I)
orpaumndenno. Eciau z € X(I), To no jemme 4

1/2 —1/2
1Tl xn-1/2y 15y < 12" (w/2) 2 (26 /u) In ™2 (e /) | x 1)
<V2|oazlx) < 2V2|2lx. O
3AMEYAHUE 2. Beuiy jieMMbl 3 aHAJIOMMYHOE YTBEPXKIEHUE CIPABEIINBO U
JIJIsT BEKTOPHO3HAYHBIX PsIJIOB 10 cucreme Pajiemaxepa.
ITokaxkem Terepb, 9TO TeopeMa 2 TOYHA B CJydae SKCIIOHEHIHMAJbHBIX IIPO-
crpanctB Opimaa Exp L7 (g > 0).
Teopema 3. Ilycrs q > 0 npowmsposbro. IIpenmosoxKum, 910 JJ1si HEKOTOPOTO
CHMMETPHIHOIO TPOCTPAHCTBA Y
n 1/2
k=1

rae A > 0 me 3aBucur orn € Nu x1,...,x, € Exp LY. TornaY D Exp Lq(ln_l/Q).
Ipu srom Exp LA(In~ %) = Exp L", rge r = %q(f

s mokazaTenbCcTBa HAM MOTPEOYIOTCS IBE JIEMMBI.

<A
Y (IxI)

; (8)

Exp L4

> wr(s)gr(t)
k=1
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Jlemma 5. /J[ist npousBosbabix o« > 0 u B > 0 cripaBejinuBoO HEpaBEHCTBO
(In%(e/s) - n®(e/t))* (u) > 27 P Plefu) (0<u<1).
JOKABATEJILCTBO. Ilpexe Bcero 3amMeTnm, ITO
m{uel:27° P Plefu) >71} <m{uel: 27 P> P(e?/2u) > 7}
= %exp@ — QTﬁ).

ITostomy BBULY [6, ciaemcrBue 2.4.2] NOCTATOYHO MOKA3ATh, YTO it BCeX T > 1
BBIIIOJIHEHO

Log(m) :=m{(s,t) € I x I :In%(e/s)-In’(e/t) > 1} > %exp(Q — QTﬁB).

eitcTBUTEBHO, TTOC/IE 3aMEHBI TIEPEMEHHON NMeeM

1

Las(r) = /m{t el :’(e/t) > m} ds
0

—2OOE N dus [ gy~ Lexpa - or O
=e Xp | —u— o5 duze e ufgexp( — 275F7).
1

71/ (at8)
Jlemma 6. /lrst s1r06b1x ¢ > 0 mp > 0

Exp Lq(ln_l/”) =ExpL", rmer— P

P+q

JIOKA3ATEJILCTBO. U3 olpejiesieHus IEPECTAHOBKU U COOTHOIIEHus (3) cpasy
HoJIydgaeM, 9To

12llxp Lagn-rrm) = s (@ (1) I~ P (e/t))* (u) In ™ (e /u)

< sup (2" (u) I~V (e/u)) < ||z mxp -
0<u<l

C apyroii croponsr, ecim x € Exp Lq(ln_l/”), TO
(z*(t) In~YP(e/t))*(u) < CInY9(e/u) (0 <u <1).

ITpumenss [6, Teopema 2.2.1], MOXKHO HafiTU COXpAHSIONIEE MEPY OTOOPAKEHHE W :
[0, 1] — [0, 1] Takoe, uTO

() In~YP(e/t) < 20 (e/w(t)) (0 <t<1),

OTKyZa
2*(u) < 20(In'P(e/t) In' 9 (e/w(t)))*(u) (0 <u<1).

CueroBarennho, Beuiy [6, c. 93|
2*(u) < 2C " 7(2e/u) In*/? (2e/u) < C; /T VP (efu) (0 < u<1).

B wurore, cuoBa yunrbiBasg (3), nosydaem, uro x € Exp L, u semma jnokazana. [
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JIOKABATEJILCTBO TEOPEMBI 3. U3 ycsioBus mosty4aem, uro oneparop 1,z (s, t)
= g(s)x(t), rme g — cranmaprHas rayccoBckas C. B., orpanuden u3z X = Exp L? B
Y (I x I). Tak kak ms joboro 7 > 1

00 2T
2 2 2 2 2 2
mi{sel:lg(s >T:—/e*t/2dt2—/e*t/2dt2 672t,
a Y — cuMMmeTpuuHOe IpocTpaHCTBO, TO  omeparop T,x(s,t) = ¢(s)z(t), rae
©(s) = In'/?(e/s), orpammuen u3 X B Y (I x I). Tem caMbiM BBHIY COOTHOLIE-

st (3) In'/9(e/s) - In'/?(e/t) € Y(I x I), a rorga o nemme 5 u In'/77 Y2 (e /u) € Y.
Orciona, ousTh npuMmenss (3), 3akiaouaeM, uro Y D Exp L”, rae r = ;qu.
Bropoe yrBepxkaenne Teopemsr — ciaencTsue jgemmbl 6. [

Ananoruunoe YTBEp2KJACeHUE CIIPpaBEJINBO U JIJId PaJEeMaXepPOBCKUX CYMM.

Teopema 4. Ilycrs q > 0 npowmssosbro. IIpenmosoxKum, IT0 J1J1si HEKOTOPOTO

CHMMETPHIHOTO MPOCTPAHCTBA Y
n 1/2
>t
k=1

rae A > 0 me zapucur orn € Nuxy,...,z, € ExpL?. TornaY"” D Exp Lr(ln71/2),
29
2+q”

JIOKABATEJ/ILCTBO. Kak BHIHO M3 [OKA3aTEILCTBA MPEILIAYINel TeopeMbl,
JOCTATOYHO IOKa3aTh, 410 omeparop T,z(s,t) = g(s)z(t), roe g — crammaprHas
rayccoBckad €. B., orpanunden u3z X := Exp LY 8 Y (I x I).

IMycrs 2 (t) = z(t)/v/n, k =1,2,...,n, tme n € N u z(t) € X npon3BosbHBL
Kpowme Toro, obosnaunm

n

> ak(s)ra(t)

k=1

<A
Y (IxI)

: 9)

Exp L4

rrer =

1 n
vp(t) i= — Zrk(t), n=12,....
\/ﬁ k=1
Torna BBugy ycaosus (9)

[z(s)on () lly 1xr) < Allz[[x  (n €N). (10)

Tak Kak pacipeesetue vy, (t) CAMMETPUYHO, 110 [EHTPAJIbHON IPeeIbHOl TeopeMe
[13, Teopema 7.2]

™

2 o0
lim m{t € [0,1] : [v.(t)] > 7} = /e*tzﬂ dt (r>0).

N

Torna B cuty [14, semma 3.1]

lim v (t) =g¢"(t) (0<t<1).

n—oo

[TosTomy, nepexons B nepasencrse (10) K npezeny Upu n — 00 U HOJIb3YICh MAKCU-
MaJIbHOCTBIO BTOPOI'O JBOMCTBEHHOrO MpocTpaHcTBa Y| mosrydnm, 4To

[Ty (s, )y rxry = " Oz (s)lyraxry < Allzfx (€ X). O



BekTopHO3HAYHBIE CyMMBbI HE3aBHCUMBIX (DYHKITUIL 747

3. BekTopHO3HaYHBIE CyMMBI
He3aBUCUMBIX (DYHKIHMII B 00IIEM cJIydae

Paccmorpum 6osee obmyto curyanmo. Ilycrs {fx}3°, — mociienoBarenbHOCTD
HE3aBHUCUMBIX OJMHAKOBO M CUMMETPUYHO PACIPe/IeTeHHbIX C. B. Ha [0, 1] Takast, uTo
f = ff € Lp[0,1] mna xaxznoro p < co. Ecmum € Nu ky + ko + -+ + kp, = m, T

1
JECE / £ de < £185 - 19185 = 113
0

CiresioBaTeIbHO, NPUMEHsISI CTAHJIAPTHBIE BBIKJIAIKN (M. [1, 2]) u yuursiBas cBOii-
cTBa C. B. [j, Ay npousBosibHBIX M € N u a; € R nomydaem

1 n 2m
/ (zakfm) at
0 k=1

= Z % 2k1., / 2k1 dt - '/fkn (t)Qk" dt
0

k14 +kn=m,k; >0

0
1 1
= Z % 2k1” kn/f 2k1 dt'.--'/f(t)Qk” dt
0 0

ki+-+kp=m,k; >0

m
” ( ) m) k1 n

< flm s Sy > AT, a2 a2 = | f3mBam (S a? ]
=1

k1+ +kn=m,k; >0

rue Ba,, onpenensierca pasencrsoMm (6). Tak kak 1o dopmysne Crupiunra

_ 1 1
n! = V2rnn"e "eftn | rne Ton 1 <R, < Ton’
TO
Bam < V22
B urore

/(Zakfk(t)> dt < x(m (Za) , (11)
0 k=1

re x(t) = t||fl|3;, (t > 1). $cno, uro Y — HemnpepbIBHast Bo3pacTaroniast pyHKIHIS;

MOYKHO MpeJInosioxuTh, uro x (1) = || f||3 = 1.
s duxcupoBanabix n € N, u > 0uar € R (k=1,2,...,n) nosoxum
2
_ u
ey a}
k=1
rie x ! — dbynkius, obparnas Kk Y. [Ipumenss (11), momyaum
n 1y n 2m
m{te [0,1] : Zakfk(t) >u} SuiQm/ Zakfk(t) dt

k=1 2

n m 2
< u_gmx(m)m (Z az) < e m < EXp (—X—l ( ;L,L ) + 1).
s e 3 a

k=1
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of o (355) )

CremoBaTe/IbHO, IJId 1. B. § € [
n
m{t el: in(s)fi(t)
i=1

n 1/2
rae y i= <Z xf) € X. Tax kak

i=1

exp (- (T) 1) Smite Ve VATI > 1) (0<s < 1),

Yyis

TO, UHTETPUPYS 110 TPOMEXKYTKY [, TIoJIydaeM

Zmi(s)fi(t) > T} <m{(s,t) € I x I :ey(s)y/x(Ine/t) > 7}.

m{(s,t) elxI:

Takum obpasoM, ecim £(t) := y/x(Ine/t), To

< \/EHTEy”X(IxI)- (12)
X(IxI)

Zﬂ?i(s)fi(t)

Bamerum, uro § € Ly[0,1] mia kaxnoro p < oo TOL4a U TOJILKO TOTA, KOTAA
Il fll2imese € Lypl0, 1] mas xazkmoro p < oo. Ilosromy mepasencrso (12), a Taxxke Te
K€ apryMEeHTBI, YTO U B JOKA3aTeJbCTBE TEOPEMBI 1, IOKA3bIBAIOT CIIPABEIJIMBOCTD
CJTETYTOIIEro ee 000OIIeHMSI.

(o]
Teopema 5. Ilycts { [}, — mOCI€X0BATEIBHOCTD HE3ABHCHMBIX OJHHAKOBO
H CHMMETPHYHO pacupeiejaennsix c. B. Ha [0, 1] rakas, uro f = fy € L0, 1] mrz
kaxaorop < oo u f:= fi # 0. Kpome Toro, npeanoio:xum, 4To

n(t) = [fll2mnes € Lpl0,1] g kaxoro p < oo. (13)

Torma Aj1s1 IPOU3BOJILHOTO CHMMETPHIHOIO 1poctparcTBa X Ha I ciaexyrorrme
VCJIOBHST 9KBUBAJICHTHBI:

1) ax > 0;

2) cymecrByer takasi koHcranta A > 0, uro gus kaxjgoro n € N um Beex

Z1,...,Tyn € X BBIIOJHEHO
n 1/2
k=1

n 1/2
>k
k=1
YuureiBas [5, semma 1], mosryuaem
CaenctBue 2. IIpeqmofoKumM, IT0 IOCAELOBATEIEHOCTS C. B. { fi}7° | yAOB/Ie-
TBOPSIET YCJIOBHSIM TEOPEMBI b, a TAKKe li%l f*(t) = oo. Torga mist IPOU3BOJIBLHOIO
t—0+

n

> () fi(t)

k=1

AL < <A

X(IxI)

X X

CHMMETPHIHOIO npocrpancTsa X Ha I ciemyromnine yCaoBHs 9KBUBAJICHTHBI:

1) ax > 0;

2) cymecrByer rtakas koncranta B > 0, uro misi kaxagoro n € N u Bcex
T1,...,Tp € X
n

Z i ($)rK(t)

k=1

n

> zu(s)r(t)

k=1

B! <

X(IxI)

<B
X(IxI)

> k() fi(t)

k=1

X(IxI)

ITpemiosiaras, 9T0 BBIIOJHSIETCH YCI0BUE, 9yTh Gojiee cuybHoe, e (13), mosry-
YaeM CJIEAYIOMNN PE3YIbTAT JIJIsi CAMMETPUIHBIX IIPOCTPAHCTB, «O/M3KuX» K Loo.
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Teopema 6. Ilycrs {fx}3° | — mOCIE€ROBATEIBHOCTD HE3ABHCHMBIX OJHHAKOBO
H CHMMETPHYHO Dpacupejeaennsix ¢. B. Ha |0, 1] raxas, aro f = fi € L,|0,1]| ams
Kaxkgoro p < oo. Kpowme Toro, npexamosoxkum, 910 4151 HEKOTOPOro vy > 0

£, <Cp” (1<p<o0). (14)
Torga ecoiu X — cuMmmerpudHoOe IPOCTPaHCTBO, Bx < 1, TO cyimecTByeT Takasi KOH-
craura A > 0, uyro g kaxaoron € N u Bcex x1,...,0, € X
n n 1/2
Zxk(s)fk(t) <A in
k=1 X (In=1/2=7)(Ix1I) k=1 X

Kax u B ciryuae TeopeMsl 2, TOKA3aTeIbCTBO OCHOBAHO HA IIPUMEHECHUH JIEMMBI 4
(M. Takke coorHomerue (12)), HOITOMY MBI €10 He TIPHBO/IIM.
B zakJ/roueHne pacCMOTPUM HEKOTODBIE TIPHMEDHI.

I[TPUMEP 1. Bymem roBoputhb, 4TO MOJIOKHUTE/IbHAs yObIBaomas Gyukius h,
onpenenennas na [0, 1], ydosaemeopaem A2-ycaosuro (h € A?%), ecim cymecTsyer
koncrauta K > 0, /st KoTopoii

h(t?) < Kh(t) (0<t<1).

Ecm f < h, e h € A% 1o f ynosnersopser yciosuio (14) mia v = logy K.
HeiicreuresbHo, BBUIY [15, nemma 2]

fllp < |hllp < Ch(27P) < C1K'082P = Cypos2 K (p > 1).
p p

B uacrroctu, f(t) = In?(e/t) € A? mua kaxoro q > 0.

I[TpuMEP 2. Paccmorpum dbyukuuio fy(t) = e’ 1/t (0 < t <1). Herpyauo
npoBepuTh, uTo fy € Lp|0,1] mas xaxmoro 8 € (0,1), ecim p < oo, HO fo & A2
C mOMOMIBIO ACHMITOTHYECKOrO MeTona Jlamaaca MOXKHO IoKa3aTb, 4To || fgll, =<

o
errt? [15, mpumep 1]. TToaromy dyukmus fy ymosnersopsier ycaosuio (13) Torma
U TOJIbKO Torja, Korga 6 € (0,1/2).
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