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Abstract Suppose that E is a separable Banach lattice of two-sided real sequences
such that [[e, || =1 (n € N), where {e,}¢z is the standard basis. One of the main aims
of this paper is a characterization of couples E = (E, E(27¥)) whose X-monotonicity
is stable when multiplying the weight by a constant. It is shown that such a property
holds only for a couple E constructed upon a shift-invariant lattice. We construct
also a non-trivial example of shift-invariant separable Banach lattice E such that the
couple E is K-monotone. The last result contrasts with the following well-known
theorem due to Kalton: if E is a separable symmetric Banach lattice such that the
couple E is K-monotone then either E =1/, (1 < p < o00) or E = cy.
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1 Introduction

A pair (Xp, X1) of Banach spaces Xo and X is called a (compatible) Banach
couple if there is a Hausdorff topological vector space in which each of Xo and
X1 is continuously embedded. Let X = (Xo, X1) and Y = (¥p, Y1) be two Banach
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114 S.V. Astashkin, K.E. Tikhomirov

couples and X and Y be Banach spaces such that Xo N X; C X C Xo + X; and
YonYiCYCYo+7Y;. The spaces X and Y are said to be C-interpolation spaces
with respect to X and Y if every linear operator T bounded from X into Yy and from
X into Y7 is bounded from X into Y and

1T x—y < Cmax(|T | xg—Yy> 1T Il x;—1,)-

For an arbitrary Banach couple X = (X0, X1), any x € Xo + X1 and ¢t > 0 we define
the Peetre K-functional as follows:

K(t,x; X) = inf{[lxollx, + ¢llx1 | x, : X = X0+ x1, x; € X;}.

Banach couples X = (X0, X1) and Y = (Yo, Y1) are called (uniformly) relatively
IC-monotone with constant ) > 0 if for any C > 0 and arbitrary C-interpolation
spaces X and Y the inequality

K(t,y:Y) <Kt x; X),

fulfilled for some x € X, yer+n and all r > O, implies: y € ¥ and |y|ly <
AC||x||x. In particular, if X = Y and X =Y then we get the definition of a (uni-
Sformly) KC-monotone couple with constant A, or Calderdon couple. K-monotone Ba-
nach couples are very important in interpolation theory because it is possible to give
a complete description of all interpolation spaces for such a couple. Specifically,
if X is an interpolation space with respect to a KC-monotone couple X = (X0, X1)
then X = (X, Xl)’lg, where (X, Xl)llg is a space of the real K-method of inter-
polation constructed by some Banach lattice E of two-sided real sequences and
consisting of all x € Xo + X; such that (K(2%, x; X)) _o € E with the norm
Ixll = (K@K, x; f())k||E [4, Theorem 4.4.5].

Here, mainly, we will consider separable Banach lattices E of two-sided real
sequences with the Fatou property and such that |e,||g = 1, where {e,} ez is
the canonical vector basis. We recall that E has the Fatou property if x* € E,
Ix¥llg <1 and x¥ — x (coordinate-wise) imply x € E and [x|[g < 1. Every such
lattice generates the Banach couple E = (E, E (27%Y), where E (vy) is the weighted
space consisting of all sequences a = (ak),fi_ oo Such that a - v € E, with the norm
llall £, := lla-v| g. K-monotonicity of such a couple is connected with some highly
specific geometric properties of E which we define below.

If x = (xp)2_ is a real sequence then its support is defined by supp x = {k €
Z: xx #0}. If ACZ and B C Z then the inequality A < B means that a < b for
arbitrary a € A, b € B. Let {x"}"_,, {y"}I_ L be two families of sequences. The pair
(x™, y")"_, is interlaced if supports of x", y" are finite and

supp x” <supp y" (1 <n <m),

supp y" <supp x"t1 (I1<n<m-—1).

We say that a Banach sequence space E has the right-shift property (RSP) if there
exists Cgs > 0 such that for any interlaced pair (x", y")""_; with [[y"||g < [x"[[g =1
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(1 <n <m) and for all a,, € R we have

m
2 an"

n=1

< Cgs
E

E

m
E apx"
n=1

Analogously, E has the left-shift property (LSP) if for some Crg > 0, any interlaced
pair (x", Y™, x|z < ly"lz =1 (1 <n <m) and all a, € R

n=1>
m m
Zanx” E any"
n=1

n=1
Kalton showed [13, Theorem 4.5] that a couple E= (E, E(27%)) is K-monotone if
and only if E has (RSP) and (LSP).

One of the main results of this paper is a characterization of couples E=
(E, E(27%)) whose KC-monotonicity is stable when multiplying the weight by a con-
stant. Specifically, it is shown that such a property holds only for a couple E con-
structed upon a shift-invariant lattice. It may be interesting to compare this result
with the well-known Cwikel-Nilsson theorem [8] which implies, in particular, that if
E is separable and -monotonicity of a couple E= (E, E(27%)) is stable for any
replacement of the weight then E coincides either with [, (1 < p < 00) or with co.

< Cs
E E

At the same time, we show that a class of C-monotone couples E given by separa-
ble shift-invariant Banach lattices is not trivial. Specifically, we construct a separable
shift-invariant lattice F* which has the properties (RSP), (LSP) and such that F # 1,
(1 < p <o), F # co. Let us note that the situation changes completely if we con-
sider symmetric sequence spaces. As Kalton showed [13, Theorem 4.6], in that case
a couple E is K-monotone if and only if either £ =1, (1 < p < 00) or E = cp.

2 /C,-monotone Banach couples

Let X be a lattice of measurable functions defined on some measure space with a
o -finite measure, v(¢) > 0 be a weighted function, and X (v) be the corresponding
weighted space consisting of all functions f(z) such that fv € X, with the norm
Il fllx@w) = Il fvlix. By the Sedaev result [17], if X = L, (1 < p < c0) then for any
weights vy, vy, wg, wy couples (X (vg), X (v1)) and (X (wo), X (wy)) are relatively K-
monotone with a constant depending on p only. The converse statement was proved
by Cwikel and Nilsson in [8]. To be more precise, they showed that in the case when
X is a separable lattice of functions with the Fatou property, the following conditions
are equivalent:

(1) for any weights vy, v1, wo, w the couples (X (vg), X (v1)) and (X (wg), X (w1))
are relatively /C-monotone with a constant A > 0 independent of weights;

(2) there are a weight v and p € [1,00) such that X coincides with L ,(v) with
equivalence of norms.

In this article we are concerned with Banach couples whose C-monotonicity is sta-
ble concerning to a weaker disturbance of weight, namely, multiplying by a constant.

@ Springer



116 S.V. Astashkin, K.E. Tikhomirov

Specifically, let us suppose that (Xo, X1) is a couple of Banach lattices of measur-
able functions defined on some space with a o -finite measure. We will consider the
question when the couples (X, X1 (u)) and (X¢, X) are relatively X-monotone with
a constant A > 0 independent of a real number u > 0? As it is well known (see, for
example, [10, Chap. 15] or [4]), the answer is positive if and only if there exists a
constant A > 0 such that the following is true: if x, y € Xo + X, A’ > A and u > 0
then the inequality

K(t, y; Xo, X1) < K(ut, x; X9, X1) (>0) 2.1

implies that 7x = y for some linear operator 7 : X; — X; (i =0, 1) such that
1Tl xp—»x, <2 and | T x,—x, <A u. If a couple (Xo, X;) satisfies the last con-
dition we will call it /C,-monotone. Let us remark that this notion makes sense for
arbitrary Banach couples as well.

Example 1 Show that the Banach couple (L1, L) of function spaces on the semiaxis

(0, co) with Lebesgue measure is /C,,-monotone. Indeed, if f, g € L1+ Ly andu >0
then in view of [3, Theorem 5.2.1] inequality (2.1) can be rewritten as follows:

t ut
/g*(s)dSSf f*s)ds (t>0)
0 0

or, after change of variables,

%k t
[E2a < [(aurwas a-o.
0 0

u

where oy, f (s) := f(s/v). Then, by the Calder6n-Mityagin theorem (see [5] or [15]),
for an arbitrary small ¢ > O there exists a linear operator 7 bounded in L and in
Loo such that [|T||p, -2, <1+¢&, ITllL—Lo <1+¢and g =uT (o1, f). Since
lovll, >, =v and |6yl L—>Le =1 (v > 0), the operator T,h :=u - T (01/,h)
satisfies the conditions ||T,llL, -1, <1+ &, TyllLw—sLe < u(l 4+ &). Moreover,

T, f = g. Therefore, the couple (L1, L) is K,,-monotone with constant 1.

The next simple statement generalizes the preceding example. We recall that a
Banach couple X = (Xo, X1) is a partial retract of a Banach couple Y = (Yo, Y1) if
every x € Xo + X is orbitally equivalent to some y € Yy + Y;. This means that there
are linear operators U : X —Yand V:Y — X such that Ux = yand Vy =x. If
there is a constant C > 0 independent of x € X( + X such that for any C’ > C we
can choose operators U and V which satisfy additionally

/

Uz 3= l_@gﬁ{llUllx;_)yi} <C,

IVily_z= _mgxl{llVllyﬁxi} <C,
1=0,

then X is called a uniform partial retract of Y (with constant C).
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On stability of KC-monotonicity of Banach couples 117

Proposition 2.1 Let a Banach couple X= (X0, X1) be a uniform partial retract of
a weighted L p-couple. Then X is K,-monotone.

Proof By hypothesis, X is a uniform partial retract of a couple L= (L po (wo),
Ly, (wy)), where 1 < pg, p1 <00, wo >0, w; > 0.

Suppose that x, y € Xo + X1 and u > 0 satisfy (2.1). Then for some_}C >0 and
any ¢ > 0 there are f, g € L,,(wo) + L, (w1) and linear operators U; : X — L and

Vi: L — X suchthat |Uillz_; <C+e IVill;_z <C+e (=12, Ux=f
Uyy=g, Vif =x, Vg =y. From the definition of the Peetre K-functional we get
(C+e) 'Kt.x: X) <K, ;L) < (C+ oK, x: X) (1> 0)

and
(C+e) 'Kty X) <K(t,8: L) < (C+e)K(t,y; X) (¢ >0).
So, (2.1) implies

K(t,8; L) < (C+e)2K(tu, f; L) = (C+)*K(t, f; L,) (t>0),

where fu = (L py(wo), Lp, (wwy)). Since Eu and L are weighted L ,-couples,
then there exists A > 0 independent of # and a linear operator W : L,—> L
such  that [|W L, wo)— Ly, o) < MC + &% IWIlL, ww)—Ly w) < 2(C + )
and g = Wf (see [18] and [9]). Consequently, ||W||Lp0(w0)_>Lp0(w0) < A(C + )2,
||W||Lp] (W)= Ly, (wy) = 1(C + &)%u and the operator T := V,WU] satisfies all con-
ditions from the definition of /C,-monotonicity with constant (C + e)*x. O

It is well known (see [11] or [Z]) thatﬁthe conditions of the last proposition are
fulfilled for couples of the form (Xg,, p,.» Xo,,p;) (0 < 69,61 <1, 1 < po, p1 < 00),

where (Xo, X1)g,p := (Xo, Xl);lc)(z—ke)’ i.e., the space with the norm

00 1/p
11l x0. X105, = ( > (K@ x: Xo. X1>2k9>">

k=—o00

(with appropriate modification when p = oco) [3]. Thus, we come to

Corollary 2.2 For an arbitrary Banach couple )Q(qz (X0, X1) and any 0 < 6y, 01 < 1
and 1 < po, p1 < 0o the Banach couple (Xg, py, Xo,,p,) is ICy-monotone.

3 Couples given by shift-invariant Banach lattices

Suppose that the shift operator Py(a;) := (ai+ J')?i—oo is bounded in a Banach lat-
tice of two-sided real sequences E for any k € Z. We call E a shift-invariant lattice
if supycy I PellE—E < 0o. Later on by {e,},c7z we denote the canonical basis in se-
quence spaces, i.e., e, = (..., 0,\1/_/, 0,...), and by Ey a Banach lattice E(Z’Qk)

n

@ €(,1)).

@ Springer



118 S.V. Astashkin, K.E. Tikhomirov

Theorem 3.1 For an arbitrary Banach lattice E of two-sided sequences such that
llexllE =1 (n € Z) the following conditions are equivalent:

(a) the couple E:: (E, E(Z’k)) is IC,,-monotone;
(b) the couple E is K-monotone and, in addition, there exists C > 0 such that for
any 6 € (0, 1) the inequality

K(t.b; E) <K(ut,a: E) (t >0), 3.1
wherea€ Eg, be E4+ EQ %) andu > 0, implies that b € Eg and
1bll gy < Cu® llall g, (3.2)

(c) the couple E is KC-monotone and, in addition, there exist C > 0 and 6 € (0, 1)
such that inequality (3.1), fulfilled for some a € Eg, b€ E + EQ2™%) and u > 0,
implies b € Eg and (3.2);

(d) the couple E is KC-monotone and the space E is shift-invariant.

Proof (a) = (b). First of all, a direct examination shows that Ey isometrically coin-
cides with the Calderén-Lozanovskii space E'77E (27)?. Recall that it consists of
all

a = (ax)g2_ o, such that

lag| < Clad"Clal’ (ke ), (3.3)

for some C >0, a® = (a)) € E, a' = (a}) e EQ75), la®]lg < 1, la' g+ < 1.
Moreover, [la||g1-6 g+ = inf C, where the infimum is taken over all C > 0 satis-
fying (3.3).

Since E is separable then from [14, Theorem 4.1.14 and remarks after it] it follows
that the spaces Eg = EYYE (2_"))9 and Ey are 2-interpolation with respect to
the couples E* := (E,uE(27%)) and E := (E, E(27%)), forall 6 € (0,1) and u > 0
(after the standard complexification these spaces isometrically coincide with corre-
sponding 1-interpolation spaces of the complex method of interpolation). Therefore,
inequality (3.1) implies

16, < 22llall gy, 4

for some A > 0. We remark that (3.3) is equivalent to the following inequality:

al 6
lag| < Cu®|ag|'~? 7" (k € 7Z),
and also [la'/ull,go-t) = lla'| go—t). Thus, flallg: = u®llallz, and (3.4) leads

to (3.2).
Implication (b) = (c¢) 1s evident, and so we turn to proving that (c) implies (d).
First, since the couple E= (E,EQ27%))is (uniformly) XC-monotone, Theorem 4.3
from [13] implies that E has (RSP), (LSP), and then, by [2, Lemma 3], || P, || f— £ <
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On stability of KC-monotonicity of Banach couples 119

C'(n+1) (n>0)and || Pyl g—£ < C'(1 —n) (n < 0). Hence, the Calder6én operator
defined by

]

Q)= Y min(1,2" g

k=—00
is bounded in the Banach lattice Ey for every 6 € (0, 1), which implies that any linear
operator bounded from /; into [, and from [, (2_") into [ (2_") is bounded in Ejy.
Moreover, since |le,|| =1 (n € Z), we have

[l CE Clx. (3.5)

Thus,
(1, 117N = (B, EQT), = (s 1 @), = Eo (3.6)

(more general results in this direction can be found in [1]).

Suppose that E is not shift-invariant. Then, there exist a sequence of integers
{nk},fil, converging either to +o00 or to —oo, and a sequence ak = (a];);?‘;foo cFE
such that |la*||g =1 (k=1,2,...) and

Jim | Pyatlp = oo. 3.7
If we set bX := (aj?Zje)jeZ, then b* € Eg, |6, =1 (k=1,2,...) and
Py bt = (a}_,, 297"%) g =270 ((P,d") j27%) jez.
Consequently, || Py, b*|| g, = 27" || Py a*| £ and in view of (3.7)

lim 29| P, bX| g, = oo. (3.8)
k—o00

Let us denote c’]‘. = K/, b, E) and & = (c’j‘.) jez- Taking into consideration
(3.5), we get:

1651 < supmin(1, 2/ )b} | = K2/, b 1o, 1o (271))
i€Z
<K@ W Ey= (jezZ. k=1.2..).
By that, if d* := P, c¥, then d* > P, (|b¥|), hence, having in mind (3.8),
lim 2" ||d* || g, = o0. (3.9)
k—o00
Let us define a sequence of functions

fi@):=KQ ™, b5 E)y (t>0), k=1,2,....
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120 S.V. Astashkin, K.E. Tikhomirov

Since E is separable, the intersection E N E(27%) is dense in the sum E + E(275).
Therefore, f; belongs to &g (k =1,2,...), where ®q is the set of all increasing
concave functions ¢ defined on the semiaxis (0, co) and such that

t
lim o) = lim 29—
t—0+ t—o00 f
(see, for example, [16, p. 386]). O

Next, we need an auxiliary statement which, in fact, is already known [16, p. 398].
Nevertheless, we give its proof for the sake of completeness as well as to emphasize
universality of constants appearing.

Lemma 3.2 For any function ¢ € O there exists a sequence & = (&)icz €
I1 +1;27%) such that

1
S0 <K@, &1, LR <e@) ¢>0).

Proof As it is well known (see, for example, [3, p. 152]), a function ¢ € ®¢ has the
following integral representation:

() = —/ min(t, s)d(¢'(s)) (¢t >0), (3.10)
0

with the usual Riemann-Stieltjes integral on the right (since ¢ is concave, derivative
¢’ decreases). Recall also the following well-known formula:

]

K@, (ci): 1, 11 27%) = Z min(1,127)|¢;| (¢ > 0).
So,if & :=2" - (¢'(2)) — ¢’ (21T1)) and £ = (&;), then in view of (3.10)
2i+1

o)=Y /2 min(t, s) d(—¢'(s))

. i
1=—00

> ) min(, 29)(¢'(2) — ¢/ @71))
=K@.&L.LQ™Y) >0,

whence, in particular, & € [1 + [ (2_"). At the same time,

() < Y min(t, 2 (') — ¢’ @)

<2K(t, &L, L27F) (>0,

and the proof is completed. O
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On stability of IC-monotonicity of Banach couples 121

Continuation of the proof of implication (c) = (d). Since f; € ®¢ then, by
Lemma 3.2, for each k = 1,2,... there exists a sequence Ek el; +11(27%) such
that

1
S fe <K, 0,0 7R) < filt) (> 0). (3.11)

From (3.5) it follows that £¥ € E 4+ E(27%). Having in mind the definition of f; we
get

K, &% E) <K@, €511, ,27%) < KQ7™1,b* E) (1 >0).

Therefore, the sequences ék , bF and u = 27" satisfy condition (3.1), so it follows
that £¥ € Eg and

15 e, < C27 b | gy = C27™0 (k=1,2,...).
But then the definition of d* and relations (3.11) and (3.6) imply that

Id )1 g, = QI b5 EN)jllg, < 20K Q7 €51, Q™)) 1k,
<2018 |, <2027 (k=1,2,...),

which contradicts (3.9). Thus, our assumption is wrong and E is shift-invariant.

(d) = (a). We may assume that | P,||g— g = 1, n € Z (this can be easily achieved
by replacing the norm in E with the following equivalent one || x| g := sup,, || PuX || £).
Suppose that inequality (3.1) is true, for some a, b € E + E(27%) and u > 0. We have
to find a linear operator 7 : E — E such that ITEsE <A, Tl gk E@+) < Au
and Tx =y, where a constant A is independent of a, b and u. Note, that it is enough
to prove the last statement only in the case when u = 2 (k € Z).

In accordance with terminology of [13], the couple E is exponentially separated
and p(n) := lleqll £/ llenll g2-+) = 2" (n € Z). Therefore, in view of [13, Lemma 4.1]
there exists C» > 0 such that forany x € E + E 275

K(t,x: E) < |lx - (o0, nlllg + tl|x - (n,00) | pp-t) < C2K(t, 53 E),  (3.12)
if 2" <t <2"*! (for any x = ()% _and V CZ weputx -V = (x-V);, where
(x-V)j=xjif jeVand (x-V);=0if j ¢ V).

Letu=2% keZ If2" <t <2"! then 2"k < yr < 2"+tk+1 and, by concavity
of IC-functional and relations (3.12) and (3.1), we get

K(t,b; E) <2(la - (=00, n+kllls + 2" la - (1 + K, 00) | gosy)).  (3.13)

Since E is a shift-invariant lattice, then

n—+k n
la-(—oo,n+klllg=| > aiei| =| Y aiygei| =I[(Pa)- (=00, nlll,
i=—00 E i=—00 E
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122 S.V. Astashkin, K.E. Tikhomirov

and analogously

00
E a;i27'e;

i=n+k+1

Z al+k2 el

i=n+1

2Mla - (n +k, 00) || g oty = 2¢

E

= |[(P—xa) - (n,00) || go-i)-

Thus, (3.13) can be rewritten in the following way:
K(t,b; E) <2(|(P_ga) - (—o0, nll| g + 2" [|(P_xa) - (n, 00) l £2-iy)-
Since the last inequality holds for all 2" < < 21+l e 7, then applying (3.12) once
again we get
K(t,b; E) <2C2K(t, P_xa; E) (1 > 0). (3.14)

By hypotheses, the Banach couple Eis (uniformly) /C-monotone. So, there exists a
linear operator 7" : E—E satisfying |T' |- < C3, |T’ ||E(2 G C3 and
T'(P_xa) =b. Now we put T := T' P_y. Since E is shift-invariant, then

ITNE=E <IT'NE—>E - I P-kllE—E < C3

and
171 gty Bty < IT I ety Bty - I P—k | E 2ty 2y < €32,
Moreover, Ta = b. Hence, E is KCy-monotone and the proof is completed. O
Now we can give examples of JC-monotone but not KC,-monotone Banach couples.

Example 2 We consider an arbitrary Banach lattice of sequences G having the fol-
lowing properties: (a) G is separable; (b) le¥llc = 1; (¢) G has (LSP) and (RSP);
(d) G is not shift-invariant. Note that such lattices exist. The first example is the
direct sum [y (Z_) @ I, (Zy) (1 < g #r < 0o) with the norm

—00 1/q 00 1/r
el = (Z |xk|‘1> - (Z |xk|r> .
k=0

k=—1

The second one is the well-known Tsirelson space T and its versions [6]. Right- and
left-shift properties for the former of these spaces are checked directly, for the latter
see [6, Proposition 11.4].

In view of (c) and [13, Theorem 4.5] every such Banach couple (G, G(27%)) is
JC-monotone. At the same time, since G is not shift-invariant, by Theorem 3.1, the last
couple is not IC,-monotone. In particular, according to Proposition 2.1 (G, G(2_k))
is not a uniformly partial retract of any weighted L ,-couple.
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On stability of KC-monotonicity of Banach couples 123

A natural question arises in connection with the preceding examples, namely, does
there exist a separable shift-invariant Banach lattice with (RSP), (LSP) which does
not coincide with [/, (1 < p < o0) and ¢¢? In view of [13] and Theorem 3.1 the
question can be reformulated this way: does there exist a XC,,-monotone couple of
the form (E, E(27%)), where E is a separable Banach lattice, [|ef||z = 1, E #1,
(1 < p <00), E # co? This question is also interesting in connection with the well-
known Kalton result [13, Theorem 4.6] saying that for a symmetric sequence space
E such a couple is K-monotone if and only if E =1, (1 < p < 00) or E =cp. In the
next part of the article such an example, interesting as we hope in other respects as
well, is constructed.

4 A shift-invariant Banach lattice with (RSP) and (LSP)

Our construction of a shift-invariant Banach lattice F possessing the properties (RSP)
and (LSP) is somewhat similar to the one of the dual T* for Tsirelson’s space pro-
posed by Figiel and Johnson [12]. The choice of the recursive norm in F is caused
by results stated in [6] where, in particular, it is proved that 7* has (RSP) and (LSP).
However, the proof of these properties in the case of F significantly differs from
the one in the case of 7*. In this connection it may be interesting to compare our
Lemma 4.7 with Lemma I.11 from [6].

Definition 4.1 If a,b € Z, a < b, then [a; b] :={a,a + 1, ..., b}. By a partition
we will mean a finite ordered set of intervals {[a;; a; 1 — 1]}5.’:1, where a; € Z and
ajy1>ajforall j=1,2,...,p.

We denote by C a set of all partitions. Let ¢ € C. We use next the following nota-
tion:

card ¢ is number of intervals in the partition c;

c[j]—j-th interval in ¢ (numeration begins with 1);

cardc[j] =maxc[j] —minc[j]+ 1.

Definition 4.2 A partition c is called admissible if
card{j : cardc[j] < k} < 14k

for any k > 0. The set of all admissible partitions will be denoted by A.

At first, we define the sequence of the norms {|| - [l,4};,_, on the space cqp of all

real sequences which are eventually 0. If x =), aze, € coo then

lxllo = max, |ayl;
1 card .
I m-+1 = max(l|x lm, 3 maxee 4 D550 lelj1xllm),  m > 0.

It is easy to see that the space cop with the norm || - ||,, is a shift-invariant lattice, and
for all x € cqoo

[xleo < Mxllm < ll1lz; -
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Since || x|lm+1 > |lx|ln for any x, there exists a limit ||x|| 4 = limy— oo ||X[|;m- Let
F be the || - || 4-completion of cgg. The simplest properties of F are listed in the
following proposition.

Proposition 4.1

(1) F is a separable shift-invariant Banach lattice with the Fatou property.
(i) Foranyx € F

1 cardc
Ixll.a = max(ﬂxnco, 750 > ||C[j]x||A>~ 4.1)
ce

j=l1
(iii) For any sequence (yj )‘f: | of vectors yj € coo such that

suppy’ C [bj; bj11 — 1], bj+1=bj+’71J—4—‘, i=12,...

we have

e¢]

2.

Jj=1

1 o

_ J
z5 E ly/ 1A
A j=1

Proposition 4.2 F does not coincide with [, (1 < p < 00) and c.

Proof According to property (iii) from Proposition 4.1, F contains a basic sequence
equivalent to the canonical basis in /1. Thus, it is enough to show that F' # /1. Suppose
the contrary. Let

X1l
K o sup 11
ver %0l

We choose vector y1 = Zi aje; € cop such that

8

Iy'la < ﬁnyluh,

and define

o
Y= Z aieiym-1d, d=diamsuppy' +1, n>1,

i=—00

where here and next diamU := maxU — minU (U C Z). Now, using (4.1), let us
estimate norm of the vector y = Z,]lv:l y", where N =282d — 1) + 4. If ||y||l4 =
l¥lle,, then we immediately come to contradiction. Therefore,

cardc

1
Iyla=3 D llelilyla

j=1
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for some partition c. Let

H={n:card{j : c[j]y" #0} > 1}.

min H .

Since the interval / = [minsupp y ; max supp y™¥* ] contains at least card H — 1

intervals from c, we get

Nd >card] > Z cardc[]]—anrd{c 1C 1 :cardc[j] >k}

cljlct k=1
00 2d
> > max(0,card H — 1 — 14(k — 1)) = Y “(card H — 1 — 14(k — 1))
k=1 k=1

=2d(cardH — 1) —7(14+ 2d — 1))(2d — 1),
whence, it follows
N 3N
card H < > +7Qd -1 +1= e

IfneG:=[1; N]\ H, then

cardc

D ey la < 1y lla-

j=1

Thus,
1 cardc
Iyla=3 > cmZy
j=1
1 cardc card
<32 cmZy —Z cmZy
j=1 neH j=1 neG
=D Ila+s Z 1Y"lla <2 N||y la < —||y||zl
neH neG
We came to contradiction which proves the statement. g

Now we formulate the main result of this part of the article.
Theorem 4.3 F possesses the properties (RSP) and (LSP).

Corollary 4.4 The Banach couple (F, F(27%)) is K,-monotone and it is not a uni-
form partial retract of any weighted L ,-couple.

Proof K,-monotonicity of this couple is an immediate result of applying Theo-

rems 3.1, 4.3, Proposition 4.1 and [13, Theorem 4.5]. The second part follows from
Proposition 4.2 and the proof of Theorem 1 from [2]. O
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We split the proof of Theorem 4.3 in two stages. First, we show that F satisfies
(RSP) and (LSP) for interlaced pairs of families consisting of vectors e, (the weak
shift properties (WRSP), (WLSP)). Then, by comparing norms of arbitrary linear
combinations of finite vectors and corresponding linear combinations of e, we obtain
the desired result.

Definition 4.3 We say that a Banach lattice E has the weak right-shift property
(WRSP), if there is Cwyrs > O such that for any interlaced pair (e,,‘.,e,,,i)ff:1 G.e.,
n; <m; <nj4+1) and arbitrary o; € R

k k

Zaiemi < Cwrs Zaien,—

i=1 E i=1 E
Analogously, if

k k

Zaieni = Cwis Zaiemi ,

i=1 E i=1 E

for any o; € R, then E has the weak left-shift property (WLSP).
Proposition 4.5 F has (WRSP), (WLSP) and Cwgs = Cwrs < 2.

First, we introduce a number of definitions and prove some statements which will
form a basis for further discussion.

Definition 4.4 Let c ={[aj; a1 — 1]}?21 be a partition. We call a partition ¢’ en-
largement of cif ¢’ = {[a;; aj,, —1]}]_, forsome | = ji < o <--- < jr1=p+1L.
The constant of the enlargement ¢’ is the value

,,,,,

In other words, En(c’, ¢) is the maximal number of intervals from ¢ which are joined
together in one interval of ¢’.

Definition 4.5 An ordered set
S={c;¢25...5¢), aeCl=1,...,r),

is called a system of partitions, if

maxcy[card¢;] =min¢+([1]—1 (=1,...,r —1).
Definition 4.6 We say that a system of partitions §" = {c|; c}:...: ¢} is an enlarge-
ment of a system S ={c1;c2;...; ¢}, if cl’ is an enlargement of ¢; forall 1 <[ <r.

We also define the constant of the enlargement S’ as follows:
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Definition 4.7 We will say that a partition c is given by a system of partitions S =
{ci;005 .5}, i

,
c= U cr.
I=1
Now, we are ready to state the first auxiliary statement.
Lemma4.6 Letc),c), ..., c) beadmissible partitions (h < 14), S = {c1; c2; .. .; c}

be a system of partitions (not necessarily admissible) such that card ¢; = card c; for
any 1 <l <h and

2 | 22
Z card¢[j] > 3 Z cardc)[ ]
j=it J=i

2<ji<jp<cardc —1, jo>j1+2.

Then there exists a system S¢ being an enlargement of S with constant En(S¢, §) < 14
such that the partition c® given by the system S¢ is admissible.

Proof 1t is enough to show that for any 1 </ < h we can construct an enlargement
¢/ of the partition ¢; with a constant satisfying En(cj, ¢;) < 14 and such that

card{r < cardcj : cardc¢[r] <k} <k 4.2)

for all k > 0. We will successively join intervals from ¢y, i.e., we set

card ¢;
R = —-1;
14

14r

irl=  |J aljl. r=1...R:

J=14G—1)+1

card ¢;
fIRi+11= ] aljl.
j=14R;+1
Now let us assume that there is a k > 0 which fails (4.2), i.e.,
card¢f[ry] <k, 1 <ry, <R;, v=1,... k.

Let

it=14ry — D +2>2;

Jj3 = 14r, <card¢; — 1.
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According to the restrictions on ¢y,

3
Z cardci[j1<3 ) cardci[j] < 3cardcf[ry] < 3k.
Jj= J] j= ]1
Summing by v, we get
k Jp—2
Z Z cardc][j] < 3k>. (4.3)
v=1j=j

LetM:{j:je[jl";jZU—2];ve[l;k]}.ThencaIsz11k.Asc}€A,

anrdcl anrd{] eEM: cardc,[]]>k1}

/GM k=1
L+
> Zmax(O 1k =14k — 1))=Y (11k - 14(k; — 1))
ki=1 k1=1

o 11k i 141 11k T 11k
o 14 2\| 14 14
1k 11k 121k2
> 1k -7 > > 3k2.
14 14 28

The obtained estimate contradicts (4.3). Consequently, our assumption is wrong, and
the lemma is proved. O

Definition 4.8 A partition ¢ is called a standard partition of a vector x € cqo, if

(1) c[jlx#0forall 1 < j <cardc and (2) suppx C Ucar‘{cc[]]

Definition 4.9 Let
k
x:Zaieni, ni<niy; ((=1,...,k—1),
= a.4)
y:Zaiem” mi<miy1 ((=1,....,k—1)

be two finite vectors and cq, ¢z be two standard partitions of x and y, respectively.
We say that ¢ and c¢; are equivalent with respect to x and y, if

ni €ciljl < m;€clj]

for all possible i, j. Certainly, equivalent partitions have the same number of inter-
vals.
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Let us introduce a binary relation P on the set of finite vectors. For two vectors x
and y representable in the form (4.4), the pair < x, y > belongs P if and only if for all
1 <i; <ip <k and for any standard admissible partition ¢’ of the vector Z?:l.l Qe
i

there exists an equivalent partition ¢ of the vector Zi:il a;ey,; such that

% SRS
Z cardc[j] > 3 Z cardc'[f] 4.5)
j=i j=j
if
2<ji<jpp<cardc—1, jr>j1+2. (4.6)
Lemmad.7 Let < x,y >€ P. Then
card¢’

1l = 5 3 1Tyl

=1

for any partition ¢’ € C such that card ¢’ < 14 and for arbitrary m > 0.

Proof We prove this statement by induction. We may (and will) assume that ¢’ is a
standard partition of y. Let ¢ be an equivalent partition of x. Since card ¢ < 14, then
c is admissible and, consequently, the statement is true for m = 0. Now we fix m > 0.
We define the sets Mg and M,,_; as follows:

Mo ={L:1l' Iy lm = 'y ll0};
M,,_1 =[1;cardc’] \ My.

It is easy to see that if [ € M,,_ then

card ¢

1
Iy =5 3 11 T,

j=1

for some standard admissible partition cl’ of the vector ¢’[[]y. Next, we define the

following system of partitions S = {cl}lcirff :

(i) if I € My then ¢; = {c[l]};
(ii) if I € M, then ¢ is a partition of c[/]x, equivalent to the partition cl’ of the
vector ¢’[I]y such that ¢; and ¢ satisfy (4.5) and

minc¢;[1] = minc[!];
4.7
max c;[card ¢;] = max c[/].

Note that equalities (4.7) can be achieved by means of a suitable choice of card ¢;[1]
and card ¢;[card ¢;]. Since lengths of the first and the last intervals are missing in
formula (4.5) and < x, y >¢€ P, then a needed partition ¢; exists.
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According to Lemma 4.6, there is an enlargement S¢ of the system S with constant
at most 14 such that the partition c¢ given by the system S¢ is admissible. Conse-
quently,

card c¢

1
el = 5 3 Tl

r=1

Let
card ¢
Ry1={r:3eMy_1,cIr1c | aljlell}.
j=1
It is obvious that
card¢;
U <= J U aljlen.

reR,;,—1 ZEM,,,_] j:l

Taking into account that each of the intervals ¢¢[r] is an union of at most 14 intervals
ci[jlcll], we can use the inductive hypothesis. Therefore,

cardc)
1 o
2 et ln =5 D0 3 I U 1= D 1< U1Y -
reR,—1 leM,—1 j=1 leM,,_

If r ¢ R,,—1 then c®[r] = c[/] for some / € My and
IcIr)xllm = NIcIrlxllo = <’ N yllo = "1y lm-

Finally, we get

cardc’

1
1€l = > 3 1Tl
I=1
and the proof is completed. g
Now we are ready for proving that F has (WRSP) and (WLSP).

Proof of Proposition 4.5 We prove only the property (WRSP). Let (e, ; emi)f?:1 be
an interlaced pair,

k k
x:Zaiem and y=205i€m,~~
i=1 i=1

Having in mind Lemma 4.7, we have to establish only that the pair < x, y > belongs
to P. We consider an arbitrary standard partition ¢’ of the vector y and construct an
equivalent partition ¢ of the vector x in the following way:

c[1] = [minsupp x; max{n; : m; € '[1]}];
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cljl=[max{n; : m; € '[j — 1]} + 1; max{n; : m; € I'[j]}], 2<j <cardc.
Let ji, j» satisfy inequalities (4.6). Then
J2
> cardelj]=max{n; : m; € [ jo]} — max{n; :m; € ' ji — 11}
J=h
= niM - nim 4

where iy = max{i : m; € '[j»]}, i,y = max{i : m; € ¢'[j; — 1]}. Then, as m; —
mi_1 <njp1—ni—1 2Q<i<k-—1),

22 iy—1
I .
> cardc[j1<miy 1 —mi, = Y (mi—mi_1)
J=i i=ip+1
iy—1
< Y (1 —nic1) <2(niy, —ni,).
i=ipy+1

From the last formula we conclude

12 2
Z cardc[j] > = Z card [
j=h J i O

Now we are going to show that the “expansion” operator is bounded in F'.

Proposition 4.8 For any finite vector ) _; aje,, (n; <njiy)

H Xi:aiehi ) < 2” Xi:aien,- N

Proof Letx = Zf‘ | iep;, y = Zf | ezn Then we need to prove that (x, y) € P.

Consider an arbitrary standard partition ¢’ = {[a J i ]}j.’:1 of y. If

a’

c={laj;ajs1—117_;, wherea; = (Tj—‘

then [ ”"| > |' 1 Indeed, otherwise, al+1 _a’. +1,and a;. =1 (mod 2). It would
mean that the 1nterval [a a’., , — 1] does not contain even numbers and therefore the

j+1
partition ¢’ is not standard for y. Thus, a/_H >aj(j=1,..., p—1),and cis defined
correctly. It is easy to see that 2n; € [aJ a,+1 1] implies n; € [aj;ajy1 — 1], that

is, c is equivalent to ¢’ with respect to the vectors x and y. Let us show that for any j

a’, a’
2[R [z
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Ifa;.Jrl =1 (mod 2) or both numbers a}H,

We consider the case when a;. 41 =0 (mod 2), a;. =1 (mod 2). Since there is an

a; are even then the inequality is evident.

even number in the interval [a}; a; 41 — 11, then a} > a; + 3. Consequently,

+

I / / / I /
@] a_} :a}H_a;—i—l>aj+l—aj_laj_s_l—a}:aj“—aj
2 2 2 2 = 2 2 3 3 '

Thus, ¢ and ¢’ satisfy (4.5), and the statement is proved. O

Now we turn to comparing norms of suitable linear combinations of arbitrary finite
vectors and vectors of the standard basis.

Lemma 4.9 Let x = Zflv:] u', u" =Y ue; € coo, suppu” < suppu"tl, n =
1,....N—1,and foralln € [1; N — 1]

max supp u” + diam supp u” < minsuppu" T,

Then
N N
n n
Z " || A€min supp un <2 Z u
n=1 A n=1 A
Proof Let us denote
N oo N
. 2 _ . _ )2
y= Z flu" ”.Aeminsuppu" > u"" = Z u?e2ia X2 = Z u'"=.
n=1 i=—00 n=1

Taking into account Proposition 4.8, it is enough to prove that

ylla =< llx2lla.

Show that for any standard admissible partition ¢’ of the vector y there exists a stan-
dard admissible partition ¢ of the vector x; such that card ¢ = card ¢’ and

minsuppu” € c'[j] <= suppu’? C c[J]. 4.8)

We define c in the following way:

. dc’.
c={lajiaj1 — L

. ni / . / ’ .
aj =minsuppu"/ +aj, j=1,...,cardc, acafdt'+1=2acardc/+l’
nj =min{n : minsuppu” € '[j1}, j=1,...,cardc’.

/

Jj+1
ble. Let a;- < minsupp u” for some j, n. Then

Firstof all, aj41 —aj >a — a}, j=1,...,cardc, i.e., the partition c is admissi-

. . . h /
n;j =min{h : minsupp u zaj} <n
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and
a;j <minsuppu"/ + minsuppu” < 2minsuppu" = minsupp u™2.

Suppose, on the contrary, a;. > minsuppu”. Then n; > n + 1, and, by hypotheses,
minsuppu’/ > max suppu” + diamsuppu”,

whence it follows that

. n : n j n,2
aj > 2maxsuppu” — minsuppu” +a’ > maxsuppu”~.

Thus, (4.8) holds for ¢ and ¢’. Then we use recursive formula (4.1) and induction
by N, finishing the proof. O

Proposition 4.10 Let x = > ", suppu” < suppu™', n=1,...,N — 1. Then
there exist i, € suppu” (n=1,..., N) such that

N
> lu™ e,
n=1

N

2.

n=1

<8

A

A

Proof We represent each vector u” as a sum
un — ul,n + u2,n,
where u'" and u?>" are defined as follows:

(a) if diamsuppu” = 0 then u!" = u", u>" = 0;

(b) if diamsuppu” > 0 then suppu'" < suppu>",

1 n
diamsuppu" = L%J.

Then

1,n+1

min supp u > maxsuppu” > 2diamsuppu'" + minsuppu "

= max suppu " + diam supp u'".

Applying Lemma 4.9 to vectors u!", we get

N

>ut

n=1

N
1,
Z floe™" Il 4€min supp

n=1

<2
A

A

Analogous estimate holds also for vectors —u>”. Combining it with the equality
min supp(—u>") = —max supp u#>", we obtain that

N

>

n=1

<2
A

N
2,
Z ™" | .A€max supp u™

n=1

A
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As a result,
N N N
8 Zun 24( Zul,n + Zuz,n )
n=1 A n=1 A n=1 A
N N
>2| > fut e, | A2 Y] 1P e,
n=1 A n=1 A
N N
> 20y max(flu®" |4, 1" e, | = (Y e Laei, |
n=1 A n=1 A
where i1, = minsuppu”, i, = maxsuppu”, i, € {i1 n;i2.0}. O

Later on we will use the notation: if a, b € Z, a < b and, as usual, [a;b] = {x €
Z: a < x < b}, then

Ila;bl:=(a,b)={xe€Z:a<x<b} and Jla;b]:={a;b}.

Proposition 4.11 For an arbitrary sequence of finite vectors {u”}flvzl, suppu” <
suppu™t!l (n=1,...,N — 1), and for any m > O there exist i, € suppu” (n =

1,..., N) such that

N

d.u

n=1

<14 D M lme, 2 D lu" e,

m nel[l;N] neJ[1;N]

(4.9)

m

Proof We carry on the proof by induction. If m = 0 the statement is evident. Let
m>0, x :Z,I:]:lu" and

cardc

il = 5 3 Nelilxllmt,

j=1

for some standard admissible partition c.
We divide the interval [1; N] into four sets (some of them may be empty):

Hy:={n: {ny:c[jlu"" #0} = {n)} for some j}
(that is, there exists an interval c[j] which intersecs only with support of u™),
Hy:={n ¢ H : c[jlu" #0, c[j + 11u" # 0 for some j}

(corresponding vectors " do not belong to the first set and their supports intersect
with two intervals c[j] and c[j + 1]),

Hs:={nel[l; N]\ H; : suppu” C c[/] for some j}
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(corresponding vectors u” again do not belong to the first set and their supports are
contained within one of the intervals, excluding u! and u® ),

Hy:=J[1; N]\ H;.

It follows easily that the sets of indices Hj, 1 <[ < 4, are mutually disjoint and
their union coincides with [1; N]. Moreover, we introduce the sets G, G3:

Gi={je[l;cardc]:card{n: c[jlu" #0} =1};
Gy =1{j €[l;cardc]:card{n: c[jlu" #0} > 1}.

At first,

cardc N cardc

D | = Z LD DD VD DI
j=1 n=1 m—1 neH; m—1 jeiGy neHyUH3UHy m—1

=51+ 5.
According to the definition of the norm || - ||,,, we have
cardc
S1< Y Y lelilu 1 <2 D "l =Y [lelil Y 20w lmei, |
neH, j=1 neH jeGy neH m—1

where i, € Ujecl suppcljlu”, n € Hy.

Now let us estimate the sum Sy. If n € Hy and c[j]u" # 0 for some j, then
n € Jmin{nj : c[jlu"™" # 0}; max{n; : c[jlu"! #0}].
Analogously, in the case when n € Hs we have

n € Jmin{n; : c[1]u™ # 0}; max{n; : c[1]u"*! #£0}] or

n € J[min{n; : c[cardc]u™" # 0}; max{n : c[card c]u"! # 0}].

Then, by the inductive hypothesis,

SzSZ

c[j]< > 20 i (e, + eiy,)

jeGy neH,
+ > A e, + > 20" (e le,,l) :
neH3 neHy m—1

where i, € suppcljlu”, i1, € suppcljlu”, iz, € suppc[j + 1]u" for correspond-
ing j. Let us note that for || - ||,,—1, as well as any other norm, the inequality

D ollzh +2h 4 Bl < max(z 122} + 25 llm—1, Y _ 11225 + zg||m_1)
i i i
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holds for arbitrary z’i, zé, zg. Consequently, by replacing i , or iz , with i,, we get

$H< Y c[ﬂ(Z A" lmei, + Y Al lmei, + Y 2" ||me,n>

jeGy neH, neH3 neHy

)

m—1

where i, € suppu”. As a result we have

2 xllm =81+ S

cardc
<> cm( D 20ut lmei, + ) Alullne,
j=1 neH; neH,

+ ) M mei, + Y 2|u" ||meln>

neH3 neHy

> 20w e, + Y Mu" lmei, + Y Alu" e,

neH; neH, neHs

+ ) 20" Inei |

neHy

m—1

Taking into account the embedding {1; N} C H; U Ha, we get inequality (4.9). [

Proof of Theorem 4.3 We apply Propositions 4.5, 4.10 and 4.11. Note that the con-
stant Crsp = Crsp <2-8 -4 =64. O
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