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ABSTRACT. The J# -monotonicity of Banach couples which is stable with respect to multiplication
of weight by a constant is studied. Suppose that F is a separable Banach lattice of two-sided
sequences of reals such that ||e,|| =1 (n € N), where {e, }nez is the canonical basis. It is shown
that E = (E,E(27%)) is a stably % -monotone couple if and only if E is .#-monotone and
FE is shift-invariant. A non-trivial example of a shift-invariant separable Banach lattice F such
that the couple E is 2 -monotone is constructed. This result contrasts with the following well-
known theorem of Kalton: If E is a separable symmetric sequence space such that the couple E is
J -monotone, then either £ =1, (1 <p<oo) or E = ¢p.

KEY WORDS: interpolation of operators, Peetre .# -functional, .# -monotone Banach couple, shift-
invariant space.

1. Introduction. Let X = (X0, X1) and Y = (Yo, Y1) be Banach couples. Banach spaces X
and Y such that XoNX; C X C Xo+ X7 and YyNY; CY C Yy + Y7 are called C-interpolation
spaces with respect to the couples X and Y if every linear operator 1" bounded as an operator from
Xp to Yy and from X7 to Y7 is bounded as an operator from X to Y and satisfies the condition
IT||x—y < Cmaxi—o1 ||T]|x,—y;. For any Banach couple X = (X0, X1), v € Xo+ X1, and t > 0,
the Peetre J -functional is defined as

H(t,x; X) = inf{||zo|| x, + tl|z1]|x, : & = o+ z1, 7 € X;}.

Banach couples X = (Xo, X;) and Y = (Yp, Y1) are said to be (uniformly) relatively A -monotone
with constant A > 0 if, whenever X and Y are C-interpolation spaces with respect to couples X and
Y for some C' >0, x € X, and Ji’(t,y;?) < Ji/(t,x;)z) for all t > 0 and some y € Yy+ Y7, we have
y €Y and |jylly < AC||z||x. In particular, if X =Y, then such a couple is said to be (uniformly)
A -monotone. The importance of .# -monotone couples is mainly due to the possibility of describing
all interpolation spaces with respect to them. Specifically, if X is an interpolation space with respect
to a # -monotone couple X = (Xo, X1), then we have X = (Xo, X1)# , where (Xo, X1)7 is the
space of the real 2 -method of interpolation, which is generated by some Banach lattice £ of two-
sided sequences of reals and consists of all x € Xy + X3 such that (:%/(Zk,:v;)?))gozfoo € F, with
norm ||z|| := ||(# (2%, 2; X))x|| g [1, Theorem 4.4.5].

In what follows, we shall mainly consider separable Banach lattices F of two-sided sequences
of reals such that |e,|| = 1, where {e;}nez is the canonical basis in sequence spaces. Every such
lattice generates the Banach couple E = (E, E(27%)) (for any fixed sequence v = (vg)pe o with
v > 0, E(v,)(= E(v)) stands for the weighted space consisting of all sequences a = (a)3> _ . such
that a-v € E with norm ||a| g, := [|a-v[/g). The £ -monotonicity of such a couple is connected
with the following subtle geometric properties of E [2].

Let = (x)72_,, be a sequence of reals, and let suppax = {k € Z : x;, # 0} be its support.
The inequality A < B (where A, B C 7Z) means that a < b for any a € A and b € B. A Banach
lattice E of sequences is said to have the right-shift property if there exists a C' > 0 such that,
for arbitrary families {z"}" ; and {y"}"_; of finite sequences 2" and y" of reals satisfying the
conditions

suppz” < suppy” (1 <n<m), suppy” <suppa"*! (1<n<m-—1),
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and ||y"||g < ||z"|g =1 (1 <n<m), we have || > 0" any™||p < C|| >one | anz”| g for all a, € R.
Similarly, F has the left-shift property if there exists a C' > 0 such that for arbitrary families
{z"}™ , and {y"}", of finite sequences z" and y" whose supports satisfy the same conditions
and for all a, € R, the inequality ||>""  apz™||p < C| >0, any"||g holds. It was shown by
Kalton [2, Theorem 4.5] that the couple E is ¢ -monotone if and only if F possesses both the
left-shift and right-shift properties.

One of the main results of this note is a characterization of the couples E = (E, E(27¥)) whose
£ -monotonicity is stable when the weight is multiplied by a constant. Specifically, we show that
any such couple is generated by a shift-invariant Banach lattice. It may be of interest to compare
this result with the well-known theorem of Cwikel and Nilsson [3], which implies, in particular, that
if F is a separable Banach lattice such that the couple E = (E, E(v)) is .# -monotone for any weight
v, then E coincides with either [, (1 < p < 00) or ¢p. At the same time, the class of J# -monotone
couples E generated by separable shift-invariant Banach lattices is not trivial. We construct an
example of a shift-invariant lattice F' which has, in addition to the properties mentioned above, the
right-shift and left-shift properties and satisfies the conditions F' # [, (1 < p < o0) and F # cg.
Note that the situation changes completely if only symmetric sequence spaces are considered. As
Kalton showed in [2, Theorem 4.6], for such a space, the couple E is  -monotone if and only if
either E =1, (1<p<oo)or E=cy.

2. J#,-monotone Banach couples. If X is a Banach lattice of measurable functions defined
on some o-finite measure space and v(t) > 0, then the weighted space X (v) is defined by analogy
with weighted sequence spaces. Recall that a Banach lattice X has the Fatou property if the
conditions 0 < x,, T = almost everywhere and sup,,_; 5 ||| x < oo imply » € X and |z,[x T
|z||x . It follows from results of Sedaev [4] and Cwikel and Nilsson [3] that for a separable Banach
lattice X with the Fatou property, the following conditions are equivalent:

(i) for arbitrary weights v, v1, wp, and wy, the couples (X (vg), X (v1)) and (X (wp), X (w1))
are relatively ~# -monotone with constant A > 0 independent of the weights;

(ii) there exist a weight v and a number p € [1,00) such that X = L,(v) (the norms are
equivalent).

We are concerned with Banach couples whose % -monotonicity is stable with respect to a
“weaker” perturbation, namely, multiplication of the weight by a constant. Specifically, suppose
that (X, X1) is a couple of Banach lattices of measurable functions defined on some o-finite
measure space. Are the couples (Xo, X1(u)) and (Xo, X;) relatively .# -monotone with constant
A > 0 independent of the number u > 07 As is well known (see, for instance, [5, Chap. 15] or [1]), the
answer is positive if and only if, for some A > 0, the conditions =,y € Xo+ X1, X' > X\, v > 0, and
H(t,y; Xo, X1) < A (ut, x; Xo, X1) for all t > 0 imply the existence of linear operators T': X; — X;
(i =0,1) such that | T||x,—x, <N, |T]|x,—x, < Nu, and Tz = y. We refer to (Xo, X1) for which
such A exists as a J#, -monotone couple. Note that this notion also makes sense for general Banach
couples. In particular, this property is enjoyed by pairs ()_('go’po,)_(’(;l’pl) of spaces of the classical
¢ -method of interpolation, which are generated by [,-spaces with exponential weights (see [6] for
definitions).

Proposition 1. For an arbitrary Banach couple X = (X0, X1) and any 0; and p; (0 <6; <1,
1<pj<oo, j=0,1), the couple (Xgo,pO,X917pl) is Jy-monotone.

3. Couples generated by shift-invariant Banach lattices. Suppose that, for any k € Z,

the shift operator Py((a;)72_..) = (ak+;);2_o is bounded in a Banach lattice £ of two-sided
sequences of reals. We call E a shift-invariant lattice if supycyz || Pxl|lp—r < 0o. Let Ejy stand for

the Banach lattice E(27%) (0 <6 < 1).

Theorem 1. For an arbitrary Banach lattice E of two-sided sequences of reals such that
llenll =1 (n € Z), the following conditions are equivalent:
(a) the couple E = (E, E(27%)) is J,-monotone;
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(b) the couple E is J# -monotone and, in addition, there exists a constant C' > 0 such that if
c(0,1),ac By, bc E+E(27%), u>0, and

H (b0 E) < (ut,a; E) (> 0), (1)

then b € Ey and
1]l 5, < Cu’lall (2)

(c) the couple E is & -monotone and there exists a C > 0 and a 0y € (0,1) such that if
a € Egy, b€ E+ E(27F), and u > 0 satisfy (1), then b € Eq, and inequality (2) holds for 6 = 0q;
(d) the couple E is  -monotone, and the lattice E is shift-invariant.

Theorem 1 allows us to construct examples of Banach couples that are J# -monotone but not
Jy-monotone. Consider an arbitrary Banach sequence lattice G with the following properties:
(a) G is separable; (b) |[e*|lc = 1; (¢) G has the left-shift and right-shift properties; (d) G is
not shift-invariant. Then the Banach couple (G, G(27%)) is # -monotone but not .%#,-monotone.
Examples of lattices with properties (a)—(d) are the direct sum l,(Z_) @[, (Zy) (1 < g #r < 00)
with the natural norm and the Tsirelson space T' [7].

A natural question arises in connection with the preceding examples: Does there exist a sepa-
rable shift-invariant Banach lattice with right-shift and left-shift properties not coinciding with I,
(1 <p<oo)and ¢? In view of results of [2] and Theorem 1, this question can be reformulated in
the following way: Does there exist a .#,-monotone couple of the form (E, E(27%)), where E is a
separable Banach lattice, such that |le,||g =1 (n € N) but £ #1, (1 <p <oo) and E # ¢o? The
question is also interesting in connection with the well-known result of Kalton [2, Theorem 4.6] that
if I/ is a symmetric Banach sequence lattice, then such a couple is % -monotone only if F = [,
(1 <p< ) or E = . In the last section, we give an example answering this question and, as we
hope, interesting in other respects too.

4. A shift-invariant Banach lattice with right-shift and left-shift properties. The
following construction is somewhat similar to that of the Tsirelson space T suggested by Figiel and
Johnson (see [8] or [7]). At the same time, there are significant differences between our example
and T, since we construct a shift-invariant space (the Tsirelson space does not enjoy this property).

By a partition we mean an ordered set ¢ = {c[j] ?:1 of intervals c[j] ={k € Z : a; < k <
aj+1 — 1}, where a; € Z and aj11 > aj for all j = 1,...,p. A partition ¢ is called admissible if
card{j : card c[j] < k} < 14k for any k£ > 0. The set of all admissible partitions will be denoted
by <.

On the space cgg of two-sided eventually zero real sequences we define a sequence of norms
{II - llm}oe—y as follows: for x =) ane, € coo, we set

card ¢

1
el =max o). felmsr = max (el gmas 3 fogln ). m >0,
22

where x g is the indicator function of E. The set cgp with norm || - ||, is a normed shift-invariant
lattice, and ||z|¢, < [|z]|m < ||z, (z € coo). Since ||z||mt1 = ||z|lm for any z, the limit ||z| o =
lim,;, o0 ||Z]|;m exists. Let us denote the || - ||s-completion of coo by F. It is not difficult to show
that

card ¢

||| o» = max <”£L‘HCO, 5 Sup Z H@(dj]”%) for any x € F.
ced =1

Theorem 2. The Banach lattice F' is separable and shift-invariant, and it has the right-shift
and left-shift properties, but this lattice does not coincide with I, (1 < p < 00) and cy.

Corollary 1. The Banach couple (F, F(27%)) is #,-monotone, but it is not a uniform partial
retract of any weighted Ly, -couple.
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