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CJIBHO 3KCTPANONIAUNOHHBIE
MPOCTPAHCTBA N MHTEPNOIAUNA

C. B. Acramkun, K. B. JIbikoB

AnHOTanus. BBeleH HOBBIN KJIACC CHMMETPUYHBIX NPOCTPAHCTB Ha orpeske [0, 1], co-
JeprKamuii Bce HanboJiee U3BECTHBIE 10 CHX IIOP IPOCTPAHCTBA, SKCTPAIOJISIUOHHBIE
OTHOCHTEJIbHO IIKajibl Ly pu p — oo. Haiimena ero xapakrepusanus, a TakyKe ITOKa-
3aHO, YTO IIPM ONpeEeNeHHbIX ycaosusax & -bynkimonan Ilerpe B nape (E, Loo) ume-
€T SKCTPAIOJISIUOHHOE OIMCAHNE, €CJIM M TOJILKO €CJI IPOCTPAHCTBO F IpuHAJIeKUT
sTOMy KJjlaccy. Kak NIpujoykeHue IOJydYeHa HOBAsl SKCTPAIIOJISAIMOHHAsI TeopeMa I
OIIepaTOPOB, OIPAHUYEHHBIX B Lp-IIPOCTpaHCTBAX.

KurouyeBble ciioBa: CUMMETPUYHOE [IPOCTPAHCTBO; mpocrpancTsa Jlopenna, Mapius-
keBu4a, Opurda; sKcTpanossnus oneparopos; K-dyuknunonan Ilerpe.

BBenenne

CaMbIMU M3BECTHBIMU U BayKHBIMU IPUMEPAME CUMMETPUYHBIX (MU IIepecTa-
HOBOYHO HHBAPHAHTHEIX) IPOCTPAHCTB SBJIAIOTCS IpocTpancTsa Ly,. B To xe Bpems
HOPMBI MHOI'UX JIPYTUX CUMMETPUIHBIX MPOCTPAHCTB ¢ TOYHOCTBIO JI0 SKBUBAJIECHT-
HOCTH BBIPaKaIOTCsI C HOMOIIBIO Ly-HOpM. Kitaccudyeckum npumMepoM B 3TOM CMBICIE
ABJIAeTCs TMpocTpancTBo 3urmynaa Exp LP (3 > 0), cocrosmee u3 Beex byHKImit
x(t), mamepumbix Ha [0, 1], 171 KOTOPBIX KOHEYHA KBA3WHOPMA

|2l gxp s = sup logy /2 (2/t)a (1) (1)
0<t<1

(3mech m Beromy Jasnee x*(t) — HeBo3pacTaolas nepecraHoBka dbyHKuun |z(t)).
Xopoio uzectao (cM., Hanpumep, [1, c. 22, 23| wiu [2]), uro

|#llgxp s < sup (p~7|alL,)- (2)
1<p<oo

CooTHOIIIEHUST TAKOTO POJIa UHTEPECHBI KaK caMu 1o cebe, TaK U ¢ TOYKH 3PEHUsI
[PUJIOXKEHU{1, [TOTOMY 9YTO OHM O3BOJIAIOT OIUCHIBATH MPEJEIbHbIE IIPOCTPAHCTBA
SKCTPATIOJISIOHHBIX TEOPEM THUIIA TeopeMbl SHO [3], mpuMeHsieMbIX TpU U3ydYeHun
Pa3JIMYHBIX BAXKHBIX ONEPATOPOB anaau3a [1,4, 5].

Bouiee ob1pe npocTpancTBa 1 KOHCTPYKIMU PACCMATPUBAJIUCH B paboTax [6, 7].
B gacTHOCTH, TAM MOy 9€HO SKCTPATIOJIAIMOHHOE OITUCAHIE IKCITOHEHIIUATBHBIX TPO-
crpancts Opymua Exp L? (® — Bospacraromas Bbitykias byrxmus wa [0, 00),
®(0) = 0), cocrosimux u3 Beex dyukuuit x = x(t), t € [0, 1], ps KOTOPBIX

1
t
|zl gxp Lo = inf u>0:/<exp'1> <|zi—)|> —1> dt<1}) < oo.
0

Pabora BBITIOTHEHA TIpU (DIHAHCOBOH ToaaepKKe Poccniickoro donma byHIaMeHTaIbHBIX HC-
cnenoBanmii (kox npoekra 07-01-96603).

(© 2009 Acramkun C. B., JIeikos K. B.
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A mmenHO, cipaBeInBO ceyolee obobienune coorrormerus (2) [7, caencrsue 1]:

felmspre = sup 120 ®)
1<p<oo p

Ananus 3TMX M JPYrux IPUMEPOB IIPUBEJ aBTOPOB K BBEJIEHUIO B IIPEJIbIILY-
meit pabore [8] ciemyrormero obmero onpesenenusi. CAMMeETPHYHOE TPOCTPAHCTBO
E naswBaeTcss skempanoasyuontowm (IpH p — 00), ecyn Halimercss Takoe GaHa-
X0BO measnbHOe npocrpancTso F ma [1,00), uro ||z||g =< ||[|z]z,|lr. Ha ocmose
9TOro ompejiesieHus B [8] HalleHbl HEOOXOAUMbIE U JOCTATOYHBIE yCIOBUA SKCTPAIIO-
JISIUOHHOCTH BaXKHBIX B IIPUJIOZKEHUsX TIpocTpancTB Mapiakesuda u Jlopenna, uc-
CJI6JIOBAHBI TPAHUIIBI SKCTPATIOJISAIIMOHHOTO OIIUCAHNS CAMMETPUIHBIX IIPOCTPAHCTB.
ITormyTHO BBISICHIIOCH BECbMa MHTEPECHOE OOCTOSITENILCTBO, COCTOSAIINEE B TOM, YTO
HOPMBI MHOTUX 9KCTPAIIOJISIIIMOHHBIX B 3TOM CMbICJIE IPOCTPAHCTB F (XOTs 1 HEe BCex )
JIOIYCKAIOT BBIIIENPHBEIeHHOE IPEICTABIICHHe ¢ MapaMeTpoM F = E. coCTOsIMM 13
Beex dyHKImit 2 (), n3MepuMbIX Ha [1, 00), Taknx, 9ro dyukims Z(t) := x(log,(2/t))
(0 <t < 1) npunajyexur camomy E; npn stom ||z z = [|Z]|g. IIpumepamu momo6-
HBIX COOTHOLIEHUN siBIsiioTcst coorrotnenus (2) u (3). OcHoBHAs 1iesib 910 paboThI
COCTOUT B U3YYEHUU CBONCTB TAKUX IIPOCTPAHCTB (MbI OyJEM HA3BIBATD UX CUALHO
IKCMPANONAUUOHHBLMU).

Pabora nocrpoena ciemyrommum obpazom. B §1 comepkarcsi OCHOBHBIE OITpe-
JIeJIeHNsT ¥ HEKOTOPBIE TIPEIBAPUTE/IbHbIE CBEJIEHUsI U3 TEOPUHA CUMMETPUYHBIX ITPO-
crpancTB. OCHOBHBIE PE3YJIBTATHI PACIIOJIATAIOTCA B § 2. 31€Ch IOJIyYeHa XapaKTe-
pU3aIUsl CUJIBHO SKCTPAIOJISIIMOHHBIX IPOCTPAHCTE: JIOKA3aHO, YTO CUMMETPUIHOE
npocrpacTBo F ob/ajaer yKa3aHHBIM BBIIIE CBOMCTBOM TOLJA U TOJLKO TOIJA, KO-
rna B E orpanmyen onepatop Sz(t) = x(t?). DToT KpuTepHii yIpomaercss B OJHOM
BaXKHOM YAaCTHOM CJIydae, KOTODBIH BKJOUaeT mpocrpancTsa Jlopenna u Mapiys-
KEeBHUYA, U CBOJUTCA K TOMY, 4TO (hyHIaMeHTasbHas (DYHKIMs TPOCTPAHCTBA YJI0-
BJIeTBOpgeT Tak HasbiBaeMoMy AZ-yciosuio. B To ke BpeMsl B 3aK/IIOUHTEIHHOM Ya-
ctu naparpada IPUBEIeH IPUMED He CHJIbHO IKCTPAIOJIAIMOHHOIO IPOCTPAHCTBA,
dynnamenTasbaas GyHKIUS KOTOPOIO TEM HE MEHee 3TOMY YCJIOBHIO YJOBJIETBODSI-
eT. B § 3 uzyuaercss BO3MOKHOCTB SKCTPALOJISIIHOHHOIO OIICAHUS # -(DYHKITHOHAJIA
H(t, f; E, Loo) npnu ycnosun, aro E skerpanossimonso. IIpexie Beero, Kak 3/1ech
[OKA3aHO, FapaHTUel TAKOrO OIUCAHUS SIBJISETCS CUIbHASI IKCTPAIIOJISIITUOHHOCTD
npocrpaicrsa E; 9170 06006maeT COOTBETCTBYONIUE PE3YJIBTATHL B CJLydae IKCIIOHEH-
nuasibHbIX npocrpancts Opimnda, noJjydyennbe panee B paborax [2,7]. Kpome roro,
910 60JIe€ HEOXKUJIAHHO, [IPH ONPEJIEJIEHHBIX YCJIOBUAX BEPHO U 06pATHOE YTBEPKIe-
HHE: eCJIH 9TOT J -QPyHKIMOHAJ JOIyCKaeT SKCTPALOJIANMOHHOE OolucaHue, 10 F
CHJIBHO 9KCTpamoJsiimonto. U, wakonern, B §4 jJoka3aHa HOBasl U B ONPEJIEIEHHOM
CMbICJIE TOYHAs IKCTPAIOJIAIUOHHAS TeopeMa, 0000IaoIas TeopeMy fHo.

8§ 1. OcHoBHBIE 00O3HAYEHUS
U IpeABapUTEJIbHbIE CBEIeHUSI

Beiony nasee BioxeHne 04HOro 6aHax0Ba IPOCTPAHCTBA B APYIOe HOHMMAETCS
KakK HempepbiBHOE, T. . X1 C X o3Haudaer, uto u3 x € X caeayer: x € Xo u
2]l x, < Cllz|lx, mrsa nekoroporo C' > 0. Tlox pasencreom X1 = X /11 6aHaXOBBIX
IPOCTPAHCTB GYJIEM [OPA3yMEBATD UX COBIAJICHUE ¢ IKBUBAJCHTHOCTHIO HOPM. MbI
Oy/ieM pacCMaTpPUBATD BEIECTBEeHHBIE (DYHKINHU, 3aJaHHbe Ha oTpeske [0, 1] nnn na
nostyocn [1,00) ¢ 06branoii Mepoii Jlebera (i, I3MEpUMbIE U TIOYTH BCIOJLY KOHETHBIC.

Kak 06bran0, GpyHKITNH, PABHbIE TIOYTH BCIOLY, OTOXKJIECTBJIISIIOTCS.
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Hamomuanm, o 6anaxoBo QyHKITMOHAJILHOE IIPOCTPAHCTBO X HA3BIBAETCS ude-
aabHvIM, ecai 13 Toro, uro y = y(t) € X u |x(t)| < |y(t)|, BeiTekaer, uro = z(t) €
X [|lz] < [y]l-

Dyukiys pacupejesienus n, (1) Gyukiuu z(t) oupenessercs CaeayonmuM 06-
Pa3OM:

ng (1) = p{t : |z(t)| > 7}, 7>0.
Jee dyukimn z(t) u y(t) HABBIBAIOTCS PAGHOUSMEPUMbLMU, €CTN UX (DYHKIUA pac-
npeesienus copnanaioT. Ilepecmaroskoti dyukimn 2 (t) HA3BIBAETCSI HEOTPUIATE -
Has ynkimst *(t), onpenenennas Ha [0, 00), papHOM3MepuMas ¢ z(t), yopiBaromas
1 HenpephIBHAS cJIeBa. [lepecTaHOBKa BCErIa CyIeCTBYeT W eAUMHCTBEHHA H e MOZK-
HO ompeesnuTh 110 dhopmysie [9, ¢. 83]

x*(t) = inf{7 : n.(7) < t}.

B pabote peun 6yaeT uaTH 0 CHMMETPUIHBIX (PYHKITHOHAJIBHDBIX ITPOCTPAHCTBAX,
HOIPOOHOE M3JI0YKEHNE TEOPUU KOTOPBIX MOYKHO HaiiTu B MoHOrpadusax [9,10]. Ba-
HAXOBO MJIeaJIbHOE TPOCTPaHCTBO E namepumbix dbyHkumii, onpegenennsix Ha [0, 1],
HA3BIBACTCS CUMMEMPUYHBIM (C.IL.), €car 13 TOoro, uTo y = Y(t) € X ung(7) = ny(7)
(t > 0), cienyer, uro x € X u ||z||g = ||yl &

BaskupiM 1 HamboJiee IIPOCTBIM IIPEMEPOM C.II.  SIBJISIOTCH L,-IPOCTPAHCTBA
(1 < p < o0) ¢ O6BIIHOI HOPMOI:

1/p

1
zll, = /Iw(t)l” dit (I1<p<oo) u |z = esssup|z(t).
J 0<t<1

Ecmu p > ¢, T0o L, C Ly (c xoucramroit 1). Kpome Toro, Lo, SBIAETCS CAMBIM
y3KuM u3 Beex c.11. Ha [0, 1], a L1 — cambiv mupokum |9, Teopema 2.4.1]. IIpoctpan-
crBa L, — 4acTHBI cay4ail 60Jee MUPOKOIo KJacca IPOCTPAaHCTB L, ,, HODMBI B
KOTOPBIX OIPEJIESIOTCS CJIEAYIOMUM 00Pa30M:

1

q 1, dt 1,
x == [ (traz*(¢))? — 1<g¢g<o0) n |z = sup trz™(1).
12, po/( )~ | A<sg<oo) 121,00 n (t)
Hpyrue nmpumeps! c.m. — mnpoctrpancTBa Jlopenna m Maprunkesuda. Ilycth

©(t) — Bo3pacrarommast BorayTasi pynkiwms Ha [0, 1] Takas, aro ¢(0) = 0. Ipocrpan-
crBo Mapnuakesnua M (p) cocrout u3 Beex namepumbix Ha [0, 1] byakunit x(t), mis
KOTODBIX KOHEYHA HOpMa

S

p(s) [
el = sup E [ (o)
- 0

ITpocrpancrso Jlopenua A(y) onpeuessercs HOpMOi
1

lellay = [ 20
0

Baxknoit xapakrepuctukoii c.n. E apisierca ero dynmaMenTaabHas QyHKIAS
¢E(t) = X0, ;> T Tepes X (o) obosHaena xapakTepucTuieckas GyRKIUs (MH-
nukarop) unrepsadsa (0,t). B wacrnocru,

Sui(p) (t) = @(t), Oap)(t) = @(t) mor,, (1) = /P (1 <p<oo, 1<q<o00).
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ITpu srom upocrpancrso A(p) camoe yskoe, a upocrpancrso M (p) camoe mmpo-
KOe U3 Bcex c.a. ¢ dbyHIameHTanbHON dbynkuumeit o(t) [9, Teopembr 4.5.5 u 4.5.7].
DynmaMenTaIbHAs QYHKIMS BCET/Ia KBA3UBOrHYTa (HamoMHAM, 9T0 DyHKIwms (1),
onpenenennas ua [0, 1], HaspBaerca keasusoenymot, eciu ¥ (0) = 0, 1(t) mosoxu-
TesibHA M Bo3pacTaer, a (t)/t yObiBaer). Beskas ksasuBorayrast dbyHkums )(t)
SKBHBAJICHTHA CBOeil HanMeHbIIeii BorHyToil Maskopante 1(t), Tounee, 1/2¢(t) <
W(t) < P(t) (0 <t <1)[9, reopema 4.1.1].

DyHKIMs PACTAKEHUs [0JI0KuTeJbHOI bynkuuu p(t), t € (0, 1], oupenensierca
COOTHOIIIEHNEM

p(st)
M, (8) = sup —= 0<s<oo.
o(s) 0<t<min(1,1/s) o(t)

IIpu sTom gucaa

Yo = lim W) 5, = lim In A, (s)

s—0+ Ins s—oo  Ins

HA3BIBAIOTCS HUNCHUM U 6EPTHUM NOKA3AMEAAMU pacmadicenus dynryuu ¢(t). Ec-
i ¢ kBasuBoruyta, 7o 0 < v, < d, <1 (9, c. 76].

Eciu (Xg, X7) — Ganaxosa mapa (T. e. 6aHaxXOBBI IpocTpaHcTBa Xo U X7, J0-
HelfHO ¥ HellpephIBHO BJIOXKEHHBIC B HEKOTOPOE OT/ICIMMOE JIMHEHOe TOII0JI0InIeCcKoe
IIPOCTPAHCTEO), TO €CTECTBEHHBIM 00pPA30M ONpeessioTes mepecedenne Xg N X u
cymma Xg + X1 ¢ HopmMamu

||x||XoﬂX1 - {E%ﬁ Hx||X17

||:E||X0+X1 - inf{HxOHXo + H$1||X1 rr=xo + 21,2 € X4, 1 =0, 1}

COOTBETCTBEHHO. bBamaxoBo mpoctpancTo X Takoe, utro XoN X1 € X C X +
X1, HA3BIBACTCI UHMEPNOAAUUOHHBM oHocumeavho napv (Xo, X1), eciau Jio6oit
nuHeiHblit omeparop 1, ompenenennbiit na Xo + X7 m orpanmuensbiii B Xg u B
X1, orpannden B X. BaxkHyio pojib B pa3/IMIHBIX BOIIPOCAX TEOPUHN WHTEPIIOSIIAN
onepatopos urpaer J -dyuxmuonasn [erpe [11, §3.1]

c}i/(t,x;,XQ,,Xl) = inf{||x0||X0 + tH{ElHXl x=1x9+ 21,29 € Xo, 21 € Xl}

[Tpu durcupoBanroMm t > 0 OH ABJIsIeTCS HOPMOIT Ha cyMMe mpocTpancTB Xg + t.X7,
a mpu purcupoBanHoM & € X+ X1 mpencrasiisier cob0il BO3pACTAIONLYIO BOTHY TYIO
bYHKIUIO OTHOCUTEJIHLHO IIEPEMEHHOI] t.

Ecmu F' — 6amaxoBo wmjeanbHOE MPOCTPAHCTBO (PYHKITUH, OMpPEIeeHHBIX Ha
[1,00), a w = w(p) — monoxkurenbuas dbyukuus (Bec), To depes F(w) Gymem obo-
3HAYATh HIeATbHOE TPOCTPAHCTBO ByHKIHE T = x(p) ¢ HOPMOI ||| p(w) = ||T-w]|F.

Hakownern, Boipaxkenne Buma f < ¢ oszmadaer, uto cf < g < C'f misi HEKOTOPBIX
¢>0wu C >0, mpudeM 3TH KOHCTAHTHI HE 3aBUCST OT BCEX WM JACTH APTYMEHTOB
dbyukmit (kpazuaopM) f U g.

§ 2. CujIbHO 3KCTPAIOJIAIMOHHBIE
IMIPOCTPAHCTBA U UX XapaKTepU3aliusi

ITycts F — 6aHAXOBO HjeaJbHOE IPOCTPAHCTBO (PYHKIHIA, OIpPEIeJeHHbIX Ha,
[1,00). Yepes Zr 0603HAYMM MPOCTPAHCTBO, cOCTOsIIee U3 Beex (yukuuit x(t),
msmepumbIx Ha [0, 1], 1st koropeix & = &(p) = ||z[|, € F, ¢ nopmoit

2]l 2 = &l r-
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Herpyauo nposeputs, uro £ — c.a1. na [0, 1] rakoe, uro mig Beex 1 < p < 0o
L, D> %r D L.

ONPEAEJEHUE 2.1. Bymem rosopurh, uro c.ai. E axcmpanossyuonno (pu
p — 00), ecym Halijercs Takoe 6aHAXOBO UiealdbHOe IpocTpancTBo F ua [1,00), uro
E = ZF (c 95KBUBAJIEHTHOCTHIO HOPM). B 3TOM ciyuae Gynem nucats E € &.

Omnpegieum Tenepb HEKOTOPBIH TOJKIACC MHOYKECTBA SKCTPAIOIAITUOHHBIX TIPO-
crpancts & (em. [12]). Ecn E — c.n. ma [0,1], 1o uepes E 0603uaqmM GaHAXOBO
uyeabHOe IpocTpancTBo dbyHKIuit Ha [1,00) ¢ HOpMOIt

£l == Il (loga(2/1)) | -
ONPEJEJIEHUE 2.2. Bymem HazweBaTh C.i1. FE CuabHO IKCMPAMOAAUUOHHBIM
(E € SE), ecm E = Z% (¢ 9KBUBAICHTHOCTBIO HOPM).

B uacraOCTH, cooTHONEHNS (2) U (3) MOKA3BIBAIOT CUIIBHYIO SKCTPAIIOJISIIHOH-
HOCTB TIpocTpancTBa 3urmyna Exp LP (8 > 0) 1 sKCIOHeHIHAILHOTO TPOCTPAHCTBA
Opmuua Exp L® coorBercTBeHHO.

OJIHEM U3 OCHOBHBIX PE3Y/IBTATOB PabOTHI SBJISETCS CIIELYIOMAst XapaKTepH3a-
ISl CUJIBHO SKCTPALOJISIIIUOHHBIX [IPOCTPAHCTB.

Teopema 2.3. s sro6oro c.i. E Ha [0, 1] caenyromme ycaoBust 5KBUBAJIEHT-
HBI:

(a) E € SE;

(b) B E orpanmaento meiictsyer onepatop Sz (t) = z(t?).

Jnst jokasareabcTBa TeOpeMbl 1, & TakyKe HEKOTOPBIX JAPYTHUX yTBEDPKICHUH
HaM IIOHAI00UTCS CIIe/YOIast

Jlemma 2.4. Oneparop Sz(t) = x(t?) orpanuden B c.. E Torja um TOJIbKO
TOIJIA, KOTJ& BBITOJIHSAETCS YCIOBHE

152" 5 < Cllzllg

st Hekoroporo C' > 0 u Bcex x € E.
JIOKABATEJ/IbCTBO. Tak Kak HEOOXOAUMOCTH OUE€BUIHA, HY?KHO JOKA3AThH TOJIb-
KO J1ocTaTo4IHOCTh. Ilycth x € F u 7 > 0. Ecin
A={te|0,1]:|z(t)| >7}yu B ={te[0,1]:|z(t*)| > 1},
to B = k(A), rue k(u) = /u. Ilosromy (cm., manpumep, [13, nemma 9.5.1|)

plt:z™(t)>7}
du du

NG < J m:u{t:Sz*(t) > T}

lt: |2(0)] > 7} = u(B) = [

A

Tem cambim (Sz)*(t) < Sx*(t) u, 3HAUWT, IO YCIOBUIO
Sz e Enl|Sz||gp <||Sz"||p < Cllzl|z. O

JIOKA3ATEJILCTBO TEOPEMBI 1. Ilycere 2 = z(t) msmepuma Ha [0,1]. Pac-
CcMOTPHUM (PYHKITHIO

j(t) = ||$Hlog2(2/t) (O <t S 1)
Tak Kak ]
Iz, > ll2"xpp.2-r+yll, = 527277 (p > 1),
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0 Beerpa ||#]| ; > 32|z HosToMy 1O ONpee/IeHI0 CHIILHO SKCTPALIOJIAIMOHHOIO
IIPOCTPAHCTBA YCI0BUE (&) TEOPEMbI PABHOCH/ILHO BBIIOIHEHHIO HEPABEHCTBA

12l p < Cllzl g (4)

qutst Bcex x € E u mekoroporo C' > 0.
ITycrs cnadasa oneparop S orpannden B £. Tax kak Torga ||S™z| < ||S||" ||z &
(n=1,2,...), aysg Bcex p > 1

H2) = 2], < 2l Xpp.2n)

< 22 [|z* X[z-2n+1p o 2np)|| < 222 (2 2n+1p)

WU, PABHOCUJIBHO,

E(2t) <2 i 272" 5m (1) (0 <t <1/2).

n=0
IIosTomy
o0
1226 <2) 272|181 lellp < Cull2] g
n=0
OTKyZla BBUJY OTPAHMYEHHOCTH HODMBI oneparopa pactskenus ox(t) = x(t/2) B

JoboM c.11. [9, Teopema 2.4.4] mosyuaem HepasercTso (4) ¢ C' = 2CY.
[Iycrs reneps £ = Z%, T. e. us yciosus v € E crenyer T € F, a Takxe
sbinoseno (4). Ecu ¢t = 27PT (p > 1), o

o* (%) < 2" (27%) < dl|a*xjo 220, < 4|27, = 42(2).
IMostomy ||Sz*||p < 4|Z||p < 4C|z| . pumensas memmy 2.4, 3aKmiodaen, 9To
omeparop S orpanuveH B nmpocrpancrse E. [

Caencrue 2.5. C.1. E cmjbHO 3KCTPAIOJISIIIHOHHO TOIZ[a U TOJIBKO TOIJIA,
rorga cymecrByer takoe C' > 0, uro mis Becex x € E

< Cllzlle.
E

oo
Z ||$*X[272n7272n+1) ||nX[27n727n+1)

n=1

JIOKABATEJIBCTBO. Ilpexke Bcero omsTh BBUAY OTPAHUIECHHOCTU OIEPATOPA
pacrsikenus B c.11. E [9, Teopema 2.4.4]

<l|z|g <2

ZIE X[2 k 92— k+1]

OTCIOLL&, a TaKzKe U3 3JIEMEHTapHOI'0 HepaBE€HCTBa

x*(2_k+1) < 2||£E*X[2—k)2—k+1]||k <z* (Q_k) (1 <k< OO)

X[2 k2- k+1]

E

OJIy9aeM, 4TO

< llzlle
E

oo
Z 2" X 2% 2-#+1) HkX[rk,szH]
k=1

4 Z 2" X(2-* 21l X[2-# 2-5+1) (5)

k=1

E
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VTBepKIeHNE BBITEKAET TENEPh U3 MOCJIEIHErO COOTHOIIEHUs 1 Teopembr 2.3. [

3AMEYAHUE 2.6. B pa6ote [14] npu o6cyKaennn coorHomenust (2) obparmaer-
sl BHEMAHKE Ha TO, YTO OHO OCTAETCs CIPABEJINBBIM IPH 3aMeHe L,-HOpMBbI (DyHK-
uun z(t) «cpesannbiMu»: Ly-nopmamu [|[2%X |-+ o-x+1|[, (kK = 1,2,...). Huckons-
KO He yMAJIAs 3HAYCHUs TOro (heHOMEHA, UCIOIB3YEMOTO ABTOPAME DU U3y IeHUN
eJI0T0 psijia Bompocos (14, 15], 3ameTnM, 0HAKO, YTO OH JIUIIIEH KAKOIO-JHOO0 IKC-
TPALIOJISIIIHOHHOIO CMBICJIA, TaK KaK H0J0GHOE COOTHOMICHHE CIPABEJIMBO B JIIOGOM
ca. (em. (5)). Kak mokassiBaer Teopema 2.3, npobGJjemMa COCTOUT Kak pa3 B 00-
PATHOI 3aMeHe «CPe3aHHBIX» L,-HOPM <«IOJIHbIMH» (WM 2Ke, KAK B CJIeACTBHA 2.5,
«CMeTeHHBIMI>  Lp-HopMaM [|2¥x[g-2x o—2r1)|[k (K = 1,2,...)).

3AMEYAHUE 2.7. HerpyHo BUIeTh, 9TO B YCJOBUIX TEOPEMBI 2.3 BMECTO HOP-
MBI B E MOYKHO HCIIOIB30BATD IIOIYHOPMY

1115 py = 1/ X1po,00) I 5
JIISL IIPOU3BOJIBHOIO (DUKCHUPOBAHHOTO Py > 1.

SAMEYAHHUE 2.8. BwmecTo mKaibl Ly,-TIpOCTPAHCTB MOXKHO PACCMATPHBATH TaK-
K€ KAy IpocTpancTs Ly, (1 < p < oo) mpu dukcuposamnoM ¢ € [1, 00|, ompe-
JIeJIUB IPOCTPAHCTBO £ 4, cocrosiiee U3 Beex dyHKIWA © = x(t), 4l KOTOPBIX
€r.q = €a,q(p) = ||z||p,g € F. Torga, meiicTBysi TOYHO Tak ke, KaK [P JOKa3aTeb-
CTBe TeopeMbl 2.3, MOXKHO TI0Ka3aTh, uro ycjosus (a) u (b) u3z ee dbopmyauposkn
SKBUBAJICHTHBI CJICJLYIOITHM:

() E = 25 ann moboro g € [1,00] (x. e. 2l < | 1allogy(arallz (= € BY):

(d) cymecrByer Takoe ¢ € [1, 00|, uro E = Ls 4

B HeKOTOPBIX BaxKHBIX ciaydagx yciaoBue (b) CuIbHON 9KCTPANOIANMOHHOCTH
C.II. 9KBUBAJIEHTHO HEKOTOPOMY Iropaszo Gosee npocromy. Hamomuum [8], uro meor-
punarenbuas bynxmas o(t) ma [0, 1] ymosaersopser A2-yemosmo (¢ € A?), ecrn
cymecrByer Takoe C' > 0, uro s Bcex 0 < ¢ < 1 BBIIIOJIHEHO

o) < Cot?), 0<t<1. (6)

IIpengioxkenne 2.9. s nponssosabroro c.a. E Ha |0, 1] pacemorpum caeny-
IOIHE YCIOBUSL:

(i) B E orpanuuento geiicrsyer oneparop Sz (t) = x(t?),

(ii) ¢pymmamenrambras pyuxmus ¢(t) npocrpancrsa E yposmersopser A2-yc-
JIOBHIO.

Torga u3 (1) caenyer (ii). O6parHo, eciin E HHTEPHIOJISIIIHOHHO OTHOCHTEIBHO
mapbt (A(p), M(¢)) npocrparcts Jloperna u Mapuuakesuda (B 9aCTHOCTH, COBIIa-
aaer ¢ A(p) mmm M(p)), To 3 (ii) Bbrrekaer (i).

JLOKA3ATENBLCTBO. ns nokaszarenbcrBa uMiumkanuu (i)=-(ii) mocrarodno
YCJIOBHE OIPAHMYEHHOCTH OIEpaTopa S 3alucarb JJist XapaKTePUCTHIeCKUX (DyHK-
I X [0,¢] (0<t<1).

(i)=(@1). Dua E = A(p) orpaHu<aeHHOCTD IPOU3BOJILHOIO JIMHEHHOTO OLepaTo-
pa, HEIPEPLIBHOIO B IIPOCTPAHCTBE BCEX H3MEPUMBIX (DYHKIMII OTHOCHTEIBHO CXO-
JIIMOCTH II0 Mepe, PABHOCHIIbHA €I0 OIPAHNYEHHOCTH Ha, MHOYKECTBE XaPAKTEPHUCTH-
geckux ynkuuit [9, nremma 2.5.2]. g oneparopa S 1ocienHee, B CBOIO 0Yepe/ib,
PaBHOCHJIBHO ycyioBuio (6).

Paccvorpum ciyuait mpocrpancTBa Maprnuakesuda. IIpexie Bcero eciu ¢ €
A?, to nis poussosbHOro T € M ()

Pz (1) = p()a" () < Co(t)a () <C sup o(s)a” (5) < Ol
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Kak jierko mposeputh, u3 ycaosus ¢ € A% crenyer, 1To 0, = 0. IlosTomy BBHIY
HOCJIEJTHETO COOTHOIIEHUS, & Takxke [9, Teopema 2.5.3] momyuaem

152 sy < € sup 2" (B)9(8) < C'Clallyyi.
0<t<1
Tem camMbIM OCTaeTCS MPUMEHUTH JeMMy 2.4.
Haxkonern, eciim E uHTEpHONSIIUOHHO OTHOcHTesnbHO napbl (A(p), M (p)), tme

¢ € A2, 1o 1o npeBLTyTeMy omiepaTop S orpanuten B A(p) u B M (), a 3HauuT, 1
B E. O

W3 TeopeMbl 2.3 U MOCJIEIHEro MPeIJIoXKeH s oIy daeM CJIe/Ly oIl Pe3yaIbTarT,
yCrImBaommii reopemy 2.3 u3 [12].

Teopema 2.10. Jlwb6oe c.i. E, uarepnossinuorHoe oTHOCHTEAbHO napsl (A(yp),
M(y)) (B gactrocTH, E = A(9) it E = M (p)), CHIBHO 9KCTPAHOJISIIIHOHHO TOIJIA
H TOJIEKO TOrma, Korma ¢ € A2,

Cremyiomee yTBep:KIEHUE, HEMOCPEICTBEHHO BBITEKAIONIEE U3 MOCJIEHENH Teo-
peMBbl, BIEPBbIe MoJIyueHo B [§] (cM. Teopembr 2 u 3).

Cnencreue 2.11. Ecm p € A?, 10
o0
Iollsgey = s ol el = [lall, 27 ).
- 1

B zakmounTenproil yacTu maparpada IOKaKeM, YTO CYIIEeCTBYIOT HE CHJIb-
HO SKCTPAIIOJIAIMOHHBIE C.II., PYHIaMeHTaAJIbHasA (DYHKINS KOTOPBIX YIOBJIETBOPSIET
A2-ycnoBuo. Bosee TOUHO, MBI HOCTPOUM 3aMKHYTOE IOIIPOCTPAHCTEBO IIPOCTPAH-
cra Maprmnkesuda M (), ¢ € A2, B KoTopom omnepaTop S He JeficTByer.

I[TpuMEP 2.12. Ilycrb ¢ — BO3pacTaomas Boriyrasa dyuknus ua [0, 1], ¢o(+0)
= (0) = 0, Taxas, aro ¢ € A%  OnpejenuM UHIYKTHBHO TOCJIEI0BATEIBHOCTD
ToueK t, € [0,1] cremyromum obpazom: tg = 1, a ¢, GyJemM BHIOUPATH IPOU3BOIBHO
TaK, YTOOBI

t2
50( n—l) >n
o(tn)
Acuo, gro t, — 0. Iosoxum
z(t) = i R Y ()
n—1 ‘P(tn—l) "

u Ey = {y € M(yp) : naiixyrca B > 0 u § > 0, s koropsix y*(t) < Bz(8t) (0 <
t < 1)}. Jlerxo Bugers, uro Ey — juHeiiHOE NOAMHOXKECTBO pocTpancTBa Maprus-
kesuua M (p). Onpenenum npocrpancTso E kak 3ambikanue Ey B M (¢). Torpa E —
c.I. ¢ HOpMO#i, Hacaeayemoit u3 M (). B wacrnocrn, dynnamenranbnas GyHKIus
aToro mpocrpancTsa pg(t) = @(t) € A2

I[TokaxeM Tenepb, ato x1(t) := z(t?) € E. Jljs 3TOTo JI0CTaTOYHO TIPOBEPUTH,
910

ylenlgo l#1 = Yl pr(py > O (7)
IMycrs y € Ep. Hpumensia ciepyioriee u3BecTHoe HEpaBeHCTBO [9, Teopema 2.3.1]:

lla = bllarepy = ™ = bl ar(y)
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TIOJTY IMM
Bribepem n € N HacTOIBKO 60IBITHM, ITOOBI BBIIOJIHSIIACH YCIOBUS
2_ 1
#lti) >2B u <1+E>ti§tn,

@(tn)
rame B> 0u g € (0,1) Takue, aro

y*(t) < Bx(Bt).
Torma

(@1 =y )Xz talllr ) 2 @1 (En) = BE(BE))X 12 /8001 | 519
~ (aalta) — B 1) oltn — £208) 2 (5(82) — Ba(d2,)) ()

- (w(ii) - @(tg—l))(p(ti) - (wén) - w(f§—1)>w(ti)

1 _ Bo(tn) 2 ‘P(t%) 1 i
o(tn) (1 w(ti_l)>@(tn) o o(tn) 2 Z 56

ITosromy BBUAy (8) Aist Beex y € Ey

1
21 = Yl arp) = bYek

u, 3Ha4nT, (7) nokaszano. Tem cambiM 110 Teopeme 2.3 c.a1. F He CHJIBHO 9KCTPAIIO-
JIAIAOHHO.

§ 3. DKCTPaANOJSIIMOHHOE OIMCAHUE
J -pyuknumonana 6anaxoBoii napst (Lr, Loo)

W3 teopembr 2.3 cremyer, 9To JiI000€ C.II., MHTEPIOJISIIIUOHHOE OTHOCUTEJHHO
apbl CHJIBHO IKCTPALOJIANMOHHBIX pocTpalcTB (FEy, F1), caMo CUJIBHO 9KCTPAIIOo-
JIAIUOHHO. 37IECh MBI MIOKayKeM, 9To A -byukuumonan & (¢, f; E, L), rne E € S &,
MeeT SKCTPAIOJIAIMOHHOE OIUCAaHUEe, 0DODIINB TeM CaMBIM COOTBETCTBYIONIUE Pe-
3yJIBTATHI B CJIydae SKCIIOHEHIMAJIbHBIX mpocTpaHcTB Opiinda, MoJIydeHHbIE DaHEee
B paborax [6,7]. Kpome Toro, Gymer moka3aHO, 4TO [PHU OLUPEIEJEHHBIX YCJIOBH-
X BEPHO W ODpaTHOE: €Cjau TOT J£ -(DyHKIIMOHAJ JIOIYCKAET IKCTPAIOJISAIINOHHOE
omnucanue, o E € L&

Teopema 3.1. Ilycrs E — c.. Ha [0, 1].
(i) Ecm E € L&, 1o
c%/(t;f;E7Loo)Xc%/(ta ||f||log22/u;E7Loo) (9)
¢ KOHCTaHTaMu, He 3apucsiumu ot f € E nt > 0.
(ii) Ecsm s Hekoroporo 6aHaxoBa miaeajbHOro npocrpancrea F ua [1,00),
F D Lo, ¢ korcranTamu, He 3apucsiquvu ot f € E ut > 0,
c)({/(f,f,E7LOO)XJ{,/(f, ||f||paF7Loo[17oo))7 (10)
TO pyHZaMeHTAIbHAS PYHKIN ¢ npocTpaHcTBa E ynosmrersopser A%-yciosmio.
st mokaszarebcTBa HAM MOTPEOYETCs HECKOJIBKO BCIIOMOTATENbHBIX yTBEDP-
JKJIeHUI, TIepBOe U3 KOTOPBIX (haKTUIECKU M3BECTHO, OJHAKO MbI IIPUBEJEM €r0 JIO-
Ka3aTeIbCTBO JIJIsl TOJIHOTHI U3JI0XKEHUsI.
IMycrs E — cu. wa [0,1], E # L. Torma ero dynnamenranbuas byHKIMsA
©(t) yIOBIETBODSET YCIOBHIO t£%1+ ©(t) = 0. He orpanmumsas obuiHOCTH, OyaeM

cunTarh, 9T (t) cTporo Bospacraer Ha [0, 1] u (1) = 1.
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Jlemma 3.2. JmsgBecex fe Eu0<t<1
If* Xj0,0-1)llE < H (L, f3 B, Loo) < 2/1.f " Xj0,0-1 )] B-

JIOKABATEJIBCTBO. Tak kak J (t, f; F,Lo) = JH (L, [*; FE, Ls), HOCTATOYHO
paccMorperb ciaydait, Korga f = f*. C ouHoit cropoubl, f = g + h, rue g =
fX[O,cp*l(t)] uh:= f —4g. TO].",ZL&

H(t, [ E, L) < |lgllE + tlhlloo < I fX[0,0-10) |l E
+ 1@ )02 @nllE < 20 X0, @l
" IIpaBasd 9aCTb HEPpABEHCTBa JOKa3aHa.
O6patruo, ecmu f = fo+ f1, tme fo € E, fi € Lo, TO
I follz + tll filloo > [l foxjo.o—1@nllE + I f1lloollX(0,0—1 (01 | 2
> [|(fo + f)xp.e-r@illE = 1 F X001l E-

[Tepexoas k nHGUMYMY IO BCEM IIPEICTABICHUSIM, IOJIYyIaeM JIEBYIO YaCTh JTOKA3bI-
BaeMOro HepaBeHCTBa. [

IIycte Teneps E € &, 1. e. E = %r, tne F' — 6anHaxoBo nieasbHOE IIPOCTPAH-
crBo Ha [1,00). Ecim E # Lo, 10 cymectsyer f € E Takasi, 910 ligl 1 fllp, = oo.
p—+oo

Ilostomy st byHKIMN
V() = [[Xju,00)llFr (u=1) (11)
nMeeM lirf (u) = 0. He orpanuduBas 0GIIHOCTH, MOXKHO CUUTATD, YTO ¢ CTPOTO
U—+00

yb6biBaetr Ha [1,00) u (1) = 1.

Jlemma 3.3. lust Bcex ¢ynkmmit a € F', HeoTpHaTeIbHBIX H MOHOTOHHO BO3-
pacraomux Ha [1,00), n 0 <t <1

laxy-1(t).00) | F < H (¢, 05 F, Loo[1,00)) < 2|[ax(y-1(1),00) || F-
JIOKABATEJIBCTBO. Paccmorpum mipesicraBieHne
a=>b+c, raeb=axp-1()00), ¢=a—b.

Tak kak dyHkys as) HEOTPUIATELHA U BO3PACTAET, [0 OIPEIeIeHu0 JH# -dyHK-
IMOHAJTA,

H (t,a; F, Loo[1,00)) < [[bllp + tllell Lo f1,00) < llax[p-1(6),00) | 7 + ta( ™' (2))
< llaxip—1(6),00) Il + a( ™ (E) X [-1(6),00) |7 < 2llax[-1(8),00) | -
O6partHo, ecant @ = ag + a1, tae ag € F, a a; € Lo[l,00), TO
llaollF + tlla1ll Lo f1,00) = ll@0X[g=1(8),00) 17 + a1 ]| Looi1,00) IX (01 (8),00) | F
> [[(ao + a1)Xjp-1(1),00) [1F = llax[p—1(),00) || F-

[Tepexoas cieBa Kk mHGUMYMY O BCEM IPEICTABJICHHUSAM, IIOJyJIaeM HYKHOE Hepa-
BEHCTBO, U JIeMMa J0OKa3aHa. L[]

Baxxnoe 3nauenune masee OyJaeT MMETh CBS3b MKy (DYHIAMEHTAJIBHON DYHK-
nuelt ¢ SKCTPAIOJIAIIMOHHOTO TpocTpancTBa F = Lr u QyHKIWMel ¢, onpeaeeHHoi
coornomenueM (11). B gacruocru, eciu E € L&, 10

V() = [ X[u,00) |5 = [ Xju,00) 1082(2/8)) |2 = (2" 7%)  (u>1),
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OTKY/Ia
p(t) = ¥(logy(2/t)) (0 <t<1). (12)

B ofmem cayvae cupasengmso caenyomniee: mis jgoboro h € (0,1) cymectsyer
trakoe A = A(h) > 0, uro

¥(hlogy(2/t)) < Ap(t), ecom 0 <t <2'71/7, (13)

TleiicrBuTensro, ecan p > hlogy(2/t), To t'/P > tReRET > 2=/ orkyna mo
ompeiesienuio o i Y nomydaem p(t) > C~127 ") (hlog,(2/t)), tne C' — xomcranta
SKBUBAJICHTHOCTH HOPM TipocTpancTs E u L. Tem cambiv (13) Bepro ¢ A = 21/7C.

B jokazarenncTBe BTOPO# HacTl TeopeMbl 3.1 GyleT HCIoMb30BaThCS CIIeIyTo-
Iee yTBep:KIeHHe.

Jlemma 3.4. Ilycres E = %, rne F' — 6aHax0BO mieabHOE MPOCTPAHCTBO HA
[1,00); ¢ — dynmamenrambnas gpynkuus FE. Torma ciaegyroniue ycjoBus IKBHBa-
JIEHTHBI:

(a) cymecrByer C7 > 0 Takoe, uro jist Bcex 0 <t <1

() < CrlltPxp-1(p(0)),00) I F3 (14)
(b) cymecrByror Cy > 0 1 0 < h < 1 Taxme, aro g1 Beex 0 < t < 21-1/7
@(t) < Catp(hlogy(2/t)). (15)

JIOKA3ATEJLCTBO. IIpesmosnoxkum cHavaIa, 9To BoinosHeHo yeaosue (b). Ec-
mm 0 <t <271 10 no onpenenennio 1

1
@(t) < CallX[n1og,(2/t),00) I F < 21/hCy || tFemarD X[k log, (2/%),00) | 7
< 2P Co| [P X 10g, (2/1),00) || -

Kpowme Toro, Tax kax dynkuust 1)~ yopisaer, u3 (13) caenyer, aro
2
wil(A(P(f)) < h10g2 z, ecn 0 <t < 2171/}1'

Orcroia 1 U3 MPEJbIIYIIero COOTHOIIEHHS 10Ty YaeM, ITO

p(t) < 2" ColltP X1y (4,00l
B 10 ke Bpems 110 jemMe 3.3 U BBULY BOTHYTOCTH £ -DYHKIIIOHAJIA
I PX 1 (A ()00 |7 < A (Ap(t), /75 F, Log[1,00))
< AKX (o(t), tl/p; F,Lo[l,0)) < 2A|‘t1/pX[¢—1(¢(t)))oo) |-
Tem cambiM HepaBeHCTBO (14) mokazano juisg 0 < ¢ < 21-1/h , & BHAYUT, U JIJI BCeX
0<t<1.
Hokaxkem obparnyio umiumkanuio: (a)=-(b). Ilycrs moka h — npousBosbHOE

ancsio u3 unrepsaga (0,1/2). Torma ecomn 0 < t < 2'7V/" 1o t < 1/2. Tem cambim

logy ¢ 1
Tlog, 1 < —3 W, 3HAYHT,

th”log;l@/t) < 2—(2h)*1

[TosTomy, npenonaras, uto hlogy(2/t) > 1~ (¢(t)), nomyanm

—1 —1 _ —1
12 X1 (oo h1oga rp | S 81982 Oy ey 0 [P < 270 o(2).
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Taxum obpazom, ecim BeiOpaTh h € (0,1/2) Tax, arto 20,2-CM 7!

coorHorenust (14)

< 1, To BBUIY

(1) < Crllt "Xy (1)) .00 17
< CLlItYPx g1 (pt)) 1082/ |2+ CLIE P X 10, (2/0),00) | 7
< C127 3 p(t) + Crip(hlogy(2/1)) < (1/2)(t) + Crap(hlogy(2/1)),
3HAYUT,
o(t) < 2019 (hlogy(2/t)) (0 <t < 2171/h),

Tak KaK HOCJIeIHee HEPABEHCTBO SBJAECTCS HEIIOCPEJICTBEHHBIM CJIEJICTBIEM COOTHO-
menns(14) B caygae, korma hlogy(2/t) < =1 (p(t)), memma gokazana. [

JOKABATEJIBCTBO TEOPEMBI 3.1. Ilockombky miss F = Lo, oba yTBepxKie-
HUsI T€OPEMbI OYEBUIHBI, Mbl OTPAHUYIUMCS PACCMOTPEHUEM crydast, Korjga F £ L.
Tem caMbIM MOYXKHO TaKKe IPEIOJIOKUTH, YTO (DyHIAMEHTAJIbHAS (PYHKIIUS (0 IPO-
crpancTBa E ynoBiaeTBOpsieT yCIO0BUSAM, IPUBEIEHHBIM 1epes Jemmoit 3.2. Tak kak
(1) = 1, umeeM || fllg < ||fllo (f € Loo) 1, 3HAUMT,

H ([ B Loo) = Ifle (E21). (16)
Kpowme Toro, [lallz < [lallz[1,00) (@ € Loc[l,00)), crienosarensho, ecm a € E, 1o
H(t,a; E, Loo|1,00)) = [lall 5 (t > 1).
Orcrona u u3 (16) creyer, aTo npu ycnosuu E = £ BHIIOTHEHO
H (6, [ B, Loo) < K (4[| fllp; By Loo[1,00)) (82 1).

Taxkum o6paszom, BBuy JemM 3.2 u 3.3, a tak:ke paseHcrsa (12) yreepxkienue (i)
GyJeT J0Ka3aHo, ecJid II0Ka3aTh, YTO

1/p

el (t)
[ reras| | =libavoslz 0<t<n.
J ~

E

wte V(£) i~ logy(2/i (1)
Ipezxke Beero ecau p > V(t), To
O] 1/p
fr(s)P ds > OYP(Ifllp = e YV OUL N
0
11_01’%)2!%; > —1(0 < z < 1), yuursiBas oupezenenue V (t), u3 npeaplLyero
COOTHOIIEHUS TI0JTy9aeM

Tak Kak

e H(t) 1/p

[ reras) =5 ezve.
0
OTKYyIa

e () 1/p

N 1
f(s)Pds 2 S lxve oo llz (0 <t<1). (18)
0 E
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HpI/I JO0Ka3aTeJIbCTBE IIPOTHUBOIIOJIOZKHOI'O HEpaBEHCTBa MOZKHO IIPEAIIOIO2KUTDL, ITO

{s€l0,1]: f7(s) > 0} C [0, 07 ()]- (19)
Ecmm 2177 < p=1(t) (wm, uro To xe camoe, p > V(t)), To
ol-p 1/p

i) <2 / FPds | <2 Xy e ®)
0

Tem cambivm BBuy (19)

£l = 11 @) 5 < 20 lpxiv )00l 5-

C [pyroit CTOpOHBI, TAK KaK MPOCTPAHCTBO F CHJIBHO 9KCTPAIOJISAIINOHHO, TMEEM

O] 1/p
H [ rras < C|lfs.
0 E
W3 nocmenux IByX COOTHONIEHUH CJIEYET, ITO
a0 1/p
H / fr(s)Pds <201 X (v (2,000 5
0 E

qro BMecre ¢ (18) maer (17). Takum obpasoM, yreepKeHue (i) 10Ka3aHO.
IMepeiinem K pokasaresbcrBy yrBepkienus (ii). IIpexie Bcero Tak Kak 1o
yesoBuio F' D Log[1,00), 10 mnst a € F

H(t,a; F, Loo[l,0)) < |lallr (£ >1).

Oro coorHomenue BMecre ¢ (16) u (10) mokaseiBaer, uro F = Zp. Ilosromy BBHIY
JgeMM 3.2 u 3.3 (MBI MOXKEM CUATATH, ITO (DYHKIUS 1), ONpeJeJeHHAs] PABEHCTBOM
(11), ymoBeTBOpsieT yCJIOBUAM, YIOMSAHYTBIM IIEPeJl BTOPOii U3 HUX), & TAKIKE COOT-
Homenust (10)

(1) 1/p

[ reras| | =il lgosle ©<e<.
0 F

Baas zaech f = Xjo,u); @t = @(u), tae 0 < u < 1, moaydnm, 9To

o(u) < [u?||r < ClutPXpy-1(pw),00 F-

Takum 06pazom, 1o jgemme 3.4 umeer mecto (15). Orcroga u u3 (13) mig HEKOTOPOro
h € (0,1) m Beex 0 < u < 21/271/h

p(u) < Cotp(hlogy(2/u)) = Catp((h/2) log,(2/u)?)
< Co((h/2) logy(2/u?)) < CaA(h/2)p(u?),
T. e. p € A% Teopema nokazana. [

WsBecTHO, YTO CyIIECTBYIOT Takue npocrpancrBa Mapiunkesuua M(p) € &,
aro ¢ ¢ A? [8, npumep 1]. B To ke Bpems u3 Teopem 2.10 u 3.1 BBITeKaeT
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Caencrue 3.5. Ecim c.n. E uHTEpPHOJSIIHMOHHO OTHOCHTEIBHO HEKOTOPOH
6anaxosoii mapsr Buga (A(e), M(p)) (B wactaoctn, E = A(p) wm E = M(yp)), To
CJIeJIYIOIIHE YCJIOBHS SKBHBAJIEHTHBI:

(i) cymecrByer 6anaxoBo uzpeasbaoe npocrpancTso F Ha [1,00), F D Ly[l,00),
TaKoe, 4TO ¢ KOHCTAHTaMu, He 3apucsiumu or f € FE ut > 0,

(ii) ¢ € A2
Ipu srom B 060ux ciiydasx coorHomenue u3 ycaopus (1) Beimoneno s F = E.

ITPuMEP 3.6. Ilycts E — skcnorenmuasnbHoe mpocrpanctso Opimua Exp L2,
nocrpoennoe 1o yukmun e — 1, rae & — Bospacraromas BeITyK/Ias (yHKIST
na nosryocu (0,00), ®(0) = 0. Xopomto uszsectHo [16,17], uro Exp L* = M(y) (c
SKBUBAJIEHTHOCTBIO HOpM), Te p(u) = 1/® 1 (log, 2/u). Tak Kax BBH/Y BOPHYTOCTH
byaxmmm &1

O~ (logy(2/u?)) < @71 (21og,(2/u)) < 207 (log,(2/u)),

10 (u) < 2¢(u?), smaunt, p € A%, Takum obpasom, Exp L? € .7& n

H(t, F;Exp L, Loo) < I flpXig-1 9,00 lF - (0 <t <1).
B stom caryuae ¢ 1(t) = ®(1/t) (0 < t < 1) u, kKak nokazano B [8], F = Lo (p(274)).
ITosTomy

'/i/(tvf;EXqu)yLoo) = Sup Hf”p (O<t§ 1)
p>a(1/t) 271 (p)

nJI

J{'/(t?f;Loo?EXpL@) = t%/(l/t,f;Exqu)’Loo) =t sup L1l

p>a(t) 27HP) (21

[Tocsieiee cooTHOIIEHNE C TOYHOCTHIO /IO 3aMEHBI [IEPEMEHHON COBIIAIAeT C YTBEDP-
JKJeHneM mpejyoxkenns 1 B [7] (eM. Takke Teopemy 2 B [6]). B crenennom ciryuae,
1. e. Xorga ®(t) = t#, M1 mosrygaeM Kiaccrmdaeckoe mpocTpancTso 3urmynma Exp L2,
JUUIsT KOTOPOT'O aHAJIOTUIHOE COOTHOIIEHUE

(t f LOO7E pLﬁ) =t sup Hpr :fsupm

t>1
>t5p/ﬁ p>t P ( )

crpaseBo i Beex 3 > 0 [2, reopema 2].
§ 4. HoBas skcTparossiiiuoHHas TeopemMa

[Iycrs, Kak 06bIIHO, T* =1 f x*(s) ds. Io c.u. E oupenesum NpoCTPAHCTBO

E(log™") cremyomuy 06pasoM: OHO COCTOMT U3 BCeX Takux (yHKImil z(t), 410
**(t)logy ' 2/t € E, ¢ nopmoii 12l paog—1) = llz**(t) logy ' (2/t)|| 5. Hpocrpamncrsa
TAKOrO BHJIA BOSHUKAIOT KAK B TEOPUM UHTEPIIOJISIUU OIEPATOPOB CJIAOOT0 THIIA
[9, ri. II, §6], Tax u UpU U3yUEHUM DPA3JIUIHBIX BOIPOCOB IEOMETPHU C.II.  (CM.,
nanpumep, [18, reopema 2.17]).
[TokazkeM cHagaJIa, 9TO €M F CHJILHO 3KCTPAIOJISIIIAOHHO, TO 3aMEHA B BBIpa-
sxernn 1y1st HopMbl E(log ™) AByX «3Be3104EK» OHOM IPUBOIUT K SKBHBAJICHTHOMY
dYHKIITOHATY.
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Ipennoxenue 4.1. Iycrs E € .#&. Torga npocrpancrso E(log™") cocromr
u3 Beex Taxux ynxmmii x(t), aro r*(t)logy ' (2/t) € E n

el rog—) = Il logz™ (2/0)]] - (20)

JIOKA3ATENLCTBO. Tax kak x**(t) yb6siBaer, To

™ (t)1ogy ' (2/t) - X121l 5 < 202 (E) - X(1 2, 3/4]HE

t)logy ' (2/1) - X[1/4, 1/2]HE
IIosTomy

**

**(t)logy " (2/t) - X[01/2]HE+’ t)logy ' (2/t) - X[1/2, 1]HE
<7||3~“** )logy ' (2/1) - Xjo.1/21| -

2/l B10g-1) < |2

Hasee cuuraeM, 4To t € [ } Torga

2n
o0

:%i / 5)ds < X Zz ) Ry (e,

0t2n+1

3HAYUT,

n+1
. 2" “ —1 2 logy (2/t*" ) on_4
T (t) 10g2 2/t Z T t O g2 (t2n+1 ) 10g2 (Q/t) t

2 1\
< n-+1 - n+1 _

rie, kax u panee, St(t) = x(t?). Tak Kax 1m0 Teopeme 2.3 omepaTop S orpaHudeH B
FE, To B uTore

2]l 2og—1) = [l&** () logy* (2/0)]| 5

< 7<z:|8|"“2"+2 2")Hgg )logy 1 (2/1)|| , = C|la*(t) logy  (2/1)]| -
n=0

Beuny sepasercTBa x*(t) < z**({) IPOTHBOIOJOXKHOE COOTHOINEHHE OYEBUJIHO, U
TeM CaMbIM IIPEJIOXKEHNe JoKa3aHo. [

Caencreue 4.2. B ycaoBusSX OPEAbUIYIIErO MPEIJIOXKEHUS] MPOCTPAHCTBO
E(log™") cmnbro sxcrpanosmmonno. Ipu srom E(log ™) = L1y 1€ Hf||E(1/p)
= 1/ /pll 5

JTOKA3ATENBLCTBO. CootHorerne (20) MOKa3bIBaeT, 9TO U3 OrPAHMIEHHOCTH
omeparopa S B FE BBITEKAeT €ro OrpaHUYEHHOCTH B E(log_l). CrenoBaresibHO,
mo TeopeMe 2.3 3TO MPOCTPAHCTBO TaKKe CHJIHLHO KcTpanodanuonso. llociemnee
YTBEP2KICHHE C/IeCTBUSL IOy YACTCs M3 HEIOCPEACTBEHHO IPOBEPIEMOI0 PABEHCTBA:

EQog™") = E(1/p). O

Teopema 4.3. Ilycrs T — JymHeiiHbli onepaTop, orpaHudeHHbld B Ly, 11 Bcex
p > po > 1, u st Hekoroporo C' > 0

||THLP—>LP <Cp (p=po) (21)
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Torma T orpanmdenHo geiictByer u3 E B E (1og_1) JIsT JTI0b6oro mpocrpaHcTBa E €
SE.

Kpowme Toro, 3To yTBEpIKI€HIE TOYHO B CJIEAYIOMEM CMBICJIE: CYIIECTBYET JIH-
meitnprii oneparop Ty, yaosaersopsiomuii yciaosuio (21) u Takoi, 4ro orpaHHYeH-
mocte 1o u3 E € & B c.n. F Bieder BKoueHmne

E(log™") C F. (22)

JIOKABATEJIbCTBO. Ucnosbays onenky (21), caencrsue 4.2 u 3ameqanue 2.7,
OJTy TaeM

1T/ paog—1y < CLllllTxllp/Pl 5, < Colllllplz,, < Csllzllp-

B xadectBe Ty Bo3bMeM oIepaTop, CONPsKEHHbI K orepaTropy Xapau — JIutt-

JBYJIA, T. €.
1
Toa(t) :/x(s)ds.
s

t

ror oneparop orpannyen B Ly, ecin 1 < p < oo, ¢ nopmoit [|Toll, ., = p.

Cornacuo Teopeme 4.3 omeparop Ty orpanuwdeHHo jaeiictsyer n3 F B E (1og71) s

moboro E € & . Tlpeanonoxkus, aro Ty orpannyer u3 F B c.. F, gokaxem (22).
IIycts x € E (logfl). Torpa nnst nekoroporo y € E

z*(t) < y(t)logy(2/t) (0 <t <1,

OTKY/Ia, UCIIOJIb3Ysl CBOHCTBO MepecTaHoBokK |9, ¢. 93], momyuaem

2" (1) < (y(t) loga(2/1))" < y™(t/2) logy(4/t) < 27(t) loga(2/1),

re z € E. Tlomoxum 21(t) = 82*(t?). Tak kax E CHJILHO SKCTPAIOJIAIHOHHO, O
Teopeme 2.3 z1 € En

v d \/zd
Toz(t) = /M >z (Vh) [ 2

t t
* 1 * *
=4z"(t) In 7 > 2"(t) logy(2/t) - Xj0,1/21(t) > x™(t)X[0,1/2] (1)

Ecmu Ty neiictByer u3 E B F', 0 Tyz1 € F, 0TKy/1a BBUIY IIPEJIBIIYIIEN0 HEPABEHCTBA
x € F, 1. e. Bommoseeso (22). O

BAMEYAHUE 4.4. Ecmn E = Lo, 1o (em. (1)) mpocrpancrso E(log ™) copma-
JaeT ¢ mpocTpancTBoM 3urMmynna Exp L. B sToM ciaydae u3 TeopeMbl 4.3 BEITEKaeT
YTBEPKJIEHUE KJIAaCCHIeCKON Teopembl duo: eciau Bbinosneno (21), ro oneparop T
OrpaHHYeHHO JeiicTByeT u3 Loy B npocrpancrso Exp L.

3AMEYAHUE 4.5. B oiHOM YaCcTHOM cjiydae yTBep:KieHue TeopeMbl 4.3 BbI-
TeKaeT M3 CJEeMYIONell HHTEPIOJISIIMOHHON TeopeMbl, IPUBEIEHHOH B pabore [19].
IIycts 1 < p < o0, E — c.I1., UHTEpHONAAIINOHHOE MeXKTy L1 M Loy, Takoe, 9TO
log,(2/t) € E. Torga sroboit imHeRHbI onepaTop A, uMmeronuit ciaabbrii tumn (1,1)
U OrpaHMYeHHbIR B Ly, OrpaHIYeHHO JeiCTByeT U3 IPOCTPAHCTBA E(log) ¢ nopmoit
e 2og) = 12 (t) logy(2/1) |  E.

Ecou renepp T = A* (1. e. T — onepartop, cOnpsizkeHHbIN K A), TO B yCJIOBHUsIX
s10ii Teopemer T’ orpanmuen uz E' B E'(log™ '), nme E/ — c.IL., accomumpoBaHHOE
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K F [9, c. 65]. 3amerum, 94T0 BBHY UHTEPIOJSIUOHHON TeopeMbl MapruHKkeBrua
[11, Teopema 1.3.1] /u1s1 HOPMBI TaKOrO OIlEpaTOPA BHINOJIHEHA OleHKa (21). B To
’Ke BpeMs yCJIOBHUA COOPMYIMPOBAHHOMN T€OPEMBI CYIIECTBEHHO OrPAHUYHUTEIIbHEE U
OHA HE <«IOKPBIBAET» yTBepkKIeHUs TeopeMbl 4.3. [y 000CHOBaHUS 9TOr0 MOXKHO,
HAIPUMED, MCIOJb30BATH KOHCTPYKIMIO, Kparko onucanuyio B [20, §5.9]. Ilycrs
¥(p) (1 < p < 3/2) — upoussosibHast DYHKIMA TAKAA, ITO I%I_}H% Y(p) = oo. Torma

CyIIecTBYeT oeparop ceprku A, orpannvenusiii us L, B Ly 1y Beex p € (1,3/2),
1All,—r, < I1AllL,— 1, < ¥(p), KoTOpBIiL OHOBPEMEHHO ¢ STUM He HMeeT €J1aboro

tuma (1, 1). Torga ecm ¢ (p) < C(p—1)~! ana wexoroporo C' > 0, To 1ist onepaTopa
T = A* BBINOJHEHDBI YCJIOBUSA T€OPeMbl 4.3 1 He BBIIOJIHEHBI YCJIOBUS TEOPEMBI U3

[19].
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