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Independent functions in rearrangement
invariant spaces and the Kruglov property

S. V. Astashkin

Abstract. Let X be a separable or maximal rearrangement invariant
space on [0, 1]. It is shown that the inequality

ez

holds for an arbitrary sequence of independent functions {fix}p2; C X,

k X

/ fe(t)dt =0, k = 1,2,..., if and only if X has the Kruglov property.
0

As a consequence, it is proved that the same property is necessary and

sufficient for a version of Maurey’s well-known inequality for vector-valued

Rademacher series with independent coefficients to hold in X.
Bibliography: 24 titles.

8 1. Introduction

Let 74(t) = signsin2*nt, k = 1,2,..., be the Rademacher functions on the
interval [0,1]. By Khintchine’s classical inequality (see [1]), for each p > 0 there
exists a positive constant C), such that for arbitrary real a, £ =1,2,..., we have

0o 00 1/2
Zakrk < Cp<2a£) .
k=1 Ly k=1

This result prompted a great number of studies and generalizations and found
many applications in various areas of analysis and function theory (see, for instance,
[2]-[4]). In particular, in 1975, Rodin and Semenov proved that the inequality

0o 0 1/2
Zakrk < C(Zai) (1)
k=1 X

k=1
holds in a rearrangement invariant space X on [0,1] if and only if X contains
the space G, the closure of L., in the Orlicz space Ly, defined by the function

Ny(u) = % — 1 (see [5]). In this paper we solve a similar problem in the case
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946 S. V. Astashkin

when arbitrary independent mean-zero functions are considered in place of scalar
multiples of Rademacher functions. More precisely, we find a description of the rear-
rangement invariant spaces X such that the following inequality holds with some

1
C > 0 for all sequences of independent functions {fx}32, C X, with / fe(t)dt =0,
k=1,2,...: 0

(2)

0o ) 1/2
> il <c|(Z#)
k=1 X k=1

We point out that if the class of sequences of independent mean-zero functions
is replaced by the wider class of martingale differences, then the answer to this
question is known: a necessary and sufficient condition on X is that the lower Boyd
index of this space be positive: ax > 0 (see [6]).

In the case when, in place of the entire class of martingale differences, we consider
only independent functions with mean value zero we shall see that another property
comes to the forefront. It was introduced and actively studied by Braverman [7],
who called it the Kruglov property because it was inspired by some probabilistic
constructions due to Kruglov [8]. The Kruglov property proved to be very use-
ful in the study of geometric properties of rearrangement invariant spaces [7], for
instance, Rosenthal’s inequality [9] and its generalizations [10], [11]. Simplifying
matters slightly we can say that the Kruglov property is a property of spaces posi-
tioned sufficiently ‘far away’ from L., the minimal rearrangement invariant space
on [0,1]. For instance, a rearrangement invariant space X has the Kruglov prop-
erty (X € K) if X D L, for some p < oo (and, in particular, if ax > 0). More
interestingly, however, the same holds for some spaces that are ‘much closer’ to Lo:
for instance, for the Orlicz exponential spaces Ly, with N, (u) = e’ — 1, provided
that 0 <y < 1.

The central result of this paper (Theorem 1) shows that the condition X € K is
necessary and sufficient in order that we have Khintchine’s generalized inequality (2)
in a separable or maximal rearrangement invariant space X. Thus, in view of the
previous observation, this inequality also holds for some spaces containing no L,
with p < oo. The condition X € K, which is less restrictive than the positiveness
of the lower Boyd index, on the one hand demonstrates the difference between
properties of independent mean-zero functions and general martingale differences.
On the other hand it is stronger than the condition X D G, which ensures that
inequality (1) holds (a special case of (2) for scalar Rademacher series).

Finally we give a brief description of the structure and the contents of this
paper. In §2 we introduce the definitions and notation used in what follows. In §3
we obtain necessary and sufficient conditions ensuring inequality (2) holds in a rear-
rangement invariant space X (we even have a slightly more general inequality, in
which the norm ls on the right-hand side is replaced by the norm of a symmetric
sequence space E # 11). In §4 we show that the Kruglov property is also useful in
the investigation of vector-valued Rademacher series with independent coefficients
(Theorem 2). Finally, in §5 we prove Theorem 3, which, in particular, yields nec-
essary and sufficient conditions for a certain weaker inequality of type (2). These
conditions use the notion of Kruglov operator, introduced and analyzed in [12] (see
also [13]).

X
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§ 2. Definitions and notation

2.1. Rearrangement invariant spaces. A Banach space (X,| | y) of real-
valued Lebesgue-measurable functions on an interval [0,a), 0 < a < oo, is
called rearrangement invariant (symmetric) if whenever y € X and x*(t) < y*(¢)
(t € [0,)), it follows that € X and ||z||x < |ly||x. Here and throughout A is the
Lebesgue measure and z*(t) the right-continuous non-increasing rearrangement
of |x(s)|:

2 (t) =inf{r 2 0: A({s € [0,a) : |z(s)| > 7}) < t}, t>0.

If X is a rearrangement invariant (r.i.) space on an interval [0, «), then the dual
(or associated) space X' consists of all measurable functions y such that

lyllxr == sup{/ lz()y(B)]dt -z € X, |lz]x < 1} < 00,
0

If X* is the dual of X, then X’ € X*, and X’ = X* if and only if X is sep-
arable. The natural embedding of X in its second dual X" is an isometric sur-
jection if and only if X is mazimal (or has the Fatou property): if {f,}22, C X,
f e S0,0), fn — [ ae on [0,a) and sup,, ||fnl]lx < oo, then f € X and
IFlx <liminf, o ||fn]lx. In the case when an r.i. space X is separable or max-
imal, the natural embedding of X in its second dual is an isometry.

For each r.i. space X on [0, 1] we have the continuous embeddings

L CXClIL.

In what follows we denote by Xy the closure of Ly, in X. If X # L., then Xy is
separable. Moreover, (X")y = Xj.

If X is an r.i. space, then the function ¢x(t) := ||xallx, where A C (0, 0),
AMA) =t, and x4 is the indicator of A, is called the fundamental function
of X. Other important characteristics of an r.i. space are its Boyd indices.
Recall their definition for spaces on [0,1]. If 7 > 0, then the dilation operator
o-x(t) := x(t/T)X(0,min(1,7))(t) is bounded in each r.i. space X (see [14], Theo-
rem 2.4.4). The quantities

o Inflor|lx—x o Inflorx—x
ax = lim ————— | Ox = lim ——M—
T—0 InT T—0o0 InT

are called the Boyd indices of the space X; we always have 0 < ax < Ox < 1.

The Ly-spaces, 1 < p < 00, are important examples of rearrangement invariant
spaces as are their generalization, the Orlicz spaces. Let ® be an Orlicz function on
[0, 00), that is, a continuous convex increasing function on [0, c0) such that ®(0) = 0
and ®(oc0) = oo. Then the Orlicz space Ly = Lg[0,1] consists of all measurable
functions f on [0, 1] with finite norm

1
J“||L<1p=ilf1f{p>0:/0 <I><|f(pt)> dt<1}.
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Other examples of rearrangement invariant spaces are Lorentz and Marcinkiewicz
spaces. Let ¢ be an increasing concave function on [0, 1], with ¢(0) = 0. Then the
Marcinkiewicz space M (1) = M(4)[0,1] (or the Lorentz space A(v) = A(¢)[0,1])
consists of all measurable functions x(t) on [0, 1] that have a finite norm

||113HM(¢)= sup )
0<s<1l S

s 1
. / 2 (1) dt <correspondingly, I llag) = / x*(t)dd;(t)).
0 0

It can easily be verified that v, () (t) = @ar(y) () =1 (t). Furthermore, the space A(v))
is the narrowest, while M (v)) is the broadest rearrangement invariant space with
fundamental function 1 (t) (see [14], Theorems 2.5.5 and 2.5.7).

Following [15], § 2f, for each r.i. space X on [0, 1] we set

Zg( = {f € (Ll + LOO)(OaOO) : ||f||Z§( = ||f*X[01]||X + ||f*X[1,oo)||L2[1,oo) < OO}

It can easily be shown that the quasinorm || - || z2 s equivalent to a norm, so that

Z% is an r.i. space on [0,00). If {fi}32, is a sequence of functions on [0,1], then
throughout we denote by {fi}72, a sequence of disjoint functions on [0, c0) that
are equidustributed with the fj; for instance,

fe®) = frlt =k +Dxpori (@), k=12,....
For greater detail on rearrangement invariant spaces see [14]-[16].

2.2. The Kruglov property and several definitions from probability the-
ory. Let f be a measurable function on [0, 1] (a random variable). Then we denote
by 7(f) the random variable Zfil fi, where the f; are independent copies of f (that
is, independent random variables equidistributed with f) and N is a random vari-
able independent of the sequence {f;} and having the Poisson distribution with
parameter 1, that is,

P{N:k}:%

e k=0L2..

We can give another (equivalent) definition of the random variable 7(f) by express-
ing its characteristic function 6y in terms of the characteristic function 6 of f:

eﬂ(f-)(t) = eXp(ef(t) — 1), t e R.

The following property has its origin in Kruglov’s paper [8] and was actively
studied and used by Braverman (sce [7]).

Definition. We say that an r.i. space X on [0, 1] has the Kruglov property (X € K)
if it follows from the relation f € X that n(f) € X.

As already mentioned in the introduction, this is a property of spaces sufficiently
‘remote’ from L, first of all, of spaces containing some L, with p < co. However,
this is not necessary: for instance, the Orlicz exponential space Ly, belongs to K
ifo<y<1.
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Recall the definition of the operator % introduced in [12] (see also [13]) and
closely connected with the Kruglov property (it is called the Kruglov operator
in [12] for this reason). Let {B,,}52; be a sequence of pairwise disjoint measurable
subsets of [0,1] and let A\(B,,) = 1/(e-n!). If f € L1[0,1], then let

o

Hf(wo,wis-2) =D > flwr)xs, (wo).

n=1 k=1

Then ¢ is a positive linear operator, £ : L1[0,1] — L1(Q, P), where (Q,P) =
[1,2([0,1],A,) and A, is the Lebesgue measure on [0, 1]. Since the random vari-
ables f and 7 (f) are equidustributed (see [12]), we can regard Jf as an explicit
representation of 7(f). In particular, an r.i. space X belongs to K if and only if
A is bounded as an operator from X into X (€, P) (see [12], Lemma 3.3). Another
(equivalent) description of the operator . (see [12]) is sometimes more convenient.
If f € L1[0,1], {B,} is the same sequence of subsets of [0, 1] and if the functions in
the system fy, 1, fn,2,-.., fan, XB, are independent for each n € N and satisfy the
equalities f; , = f* forallm € Nand k= 1,2,...,n, then Jf(t) can be defined as

a certain rearrangement of the function

n=1 k=1

Note also that the condition that JZ is a bounded operator from an r.i. space X
into an r.i. space Y is sufficient (and also necessary under certain fairly broad
assumptions) for the equivalence of the sums of positive independent variables in
Y and disjoint functions in X equidistributed with them (see [12], Theorem 3.5).

We shall require in what follows also a definition of the weak convergence of
random variables. We say that a sequence of random variables {5}, is weakly
convergent to a random variable f if for each bounded continuous function g on R
we have lim,, .., Eg(f,) = Eg(f), where we set

Eh = /1 h(t) dt.
0

As is well known (see [17], Ch.6, §4, Theorem 3), the weak convergence of {f;}
to f is equivalent to the pointwise convergence of the corresponding characteristic
functions, that is, to the relation 0y, (t) — 6;(t), t € R. Finally, as usual, we set

supp f = {t: f(t) # 0}.

8§ 3. Khintchine’s generalized inequality
in rearrangement invariant spaces

We start with the central result of this paper: necessary and sufficient conditions

for an r.i. space X so that inequality (2) holds for each sequence of independent
1

functions {fx}32, C X, / fe®)dt = 0, k = 1,2,.... In fact, we shall even

0
consider a slightly more general situation, when the lo-norm on the right-hand side
of (2) is replaced by the norm of an arbitrary symmetric sequence space E # [;.
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Theorem 1. Let X be an arbitrary separable or maximal r.i. space on [0,1]. Then
the following conditions are equivalent:

(a) X €K;

(b) there exists C' > 0 such that for each sequence of independent functions

1
{ /it CX,/ f@®)dt=0,k=1,2,...,
0

ka <C ka ; (3)
k=1 X k=1 1Z%

(¢c) there exists C' > 0 such that for each sequence of independent functions
1

{fe}ee, cX,/O fr®)dt=0,k=1,2,...,

i, <el(E2)”

(d) there exist a symmetric sequence space E # 1y and a positive constant C
1

such that for each sequence of independent functions { fr}7>, C X, fr(t)dt =0,
k=1,2,..., 0

; (4)

X

<OIUell s ()

(e) there exist a symmetric sequence space E # 11 and a positive constant C
such that (5) holds for each sequence of independent functions {fr}3>, C X,
1

/ fe®)dt =0, k=1,2,..., such that
0

> A(supp fi) < 1 (6)

k=1

(f) there exists C > 0 such that relation (3) or equivalently,
D e
k=1

holds for each sequence of independent functions {fi}72, C X satisfying (6).

(oo}

O\ > T

(7)

We require two lemmas for the proof, the first of which we prove in a slightly
more general form, so that we can use it again in the last section of this paper.

Lemma 1. Let X andY be r.i. spaces on [0,1] and let E be a symmetric sequence
space, B £ 11. Assume that there exists C > 0 such that

< COIIfe)lle| (8)

for each sequence of symmetrically distributed independent functions {fi}7>,C X
satisfying (6).

Then a similar inequality (not necessarily with the same constant) holds also for
an arbitrary sequence of independent functions satisfying condition (6).
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Proof. We observe first that Y # Lo,. In fact, let {ar} and {by} be disjoint subsets
of [0,1] and let A(ar) = Abr) = 27%, k = 1,2,.... Consider the sequence of
independent functions

1 ift € ag,
fe®) =< =1 iftc by, k=1,2,....
0 iftel0,1]\ (ax Ubg),

On the one hand, for each n € N we have sz 1 kaL = n. On the other hand,
if ey are the standard basis vectors in the space of sequences and

n
D> e
k=1

ne N, (9)

E

then in each r.i. space X we have

1) i=allell . < MUE=llzll, = @)
Since F is symmetric and E # [y, it follows that

im 2 (10)

n—oo n

so that relation (8) fails for this sequence {fx} if Y = Ly
We see that Y # L., and therefore lim; o4 @y (t) = 0, where ¢y is the funda-
mental function of the space Y. Thus, there exists a € (0,1/2] such that

X,y _ 1
HX[O,l)HY 2

(1)

Assume first that the sequence {f,,}5°, satisfies the condition
o0
Z (supp f,) < a. (12)

Suppose that f; has the same distribution as f,, n = 1,2,..., and, in addition,
the family of functions {f,, f}, }5,=1 is jointly independent. Then the functions
hy = fn— f] are independent, symmetrically distributed and, as a < 1/2, it follows
from (12) that

Z A(supp hy,) < 2 Z A(supp fn) < 2a < 1,
k=1

n=1

that is, the sequence {h,} satisfies (6). Hence

< O[[ll(hn)lle | (13)

by assumption.
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Now using Proposition 1.11 from [7], the equality h,, = f, — Ef, — (f, — Efn)
and relation (12) we obtain

S || = —E(an> >c —E(an>xw]
n=1 Y n=1 Y n=1

n=1
00
c(
n=1

Since in each r.i. space Z on [0, 1] we have

~ ||x[o,a]||y).

1
lollz > Ixoallz- [ lolde. g€z (19
0
(see [14], Theorem 2.4.1), it follows from (11) that

||X[o,a]||Y>
hn n : T T n
2 ‘ Z_:f v (1 X 0,171l Zf

n=1 Y n=1 n=1

Thus, by (13) we obtain

and the proof in the case (12) is complete.

Now let {f,}52, C X be an arbitrary sequence of independent functions such
that (6) holds. We can assume without loss of generality that A({¢ : f,,(t) = b}) =0
for each b € R and n = 1,2,.... Then for | = [1/a] + 1 there exist quantities
—00 =bg < by <--- < b = o0 such that

DAt 0,1) by < fit) <bp}) <a,  k=1,2,...,L
i=1
Let
fi’k(t) = fi(t)X{bk,1<fi<bk}(t)7 i=1,2,..., k=1,2,...,1
Clearly, f; = 22:1 fir and for each k = 1,2,...,1 the sequence of independent

functions {f; x}72; C X satisfies condition (12). Hence, using the case discussed
before and the inequalities |f; x| < |fi], k =1,2,...,1, we obtain

00 C l
Zfz > fus < SN sl
=1 k= k=1

40([ ]+1)|\|| Il

The next result can be deduced by means of general arguments relating to inter-
polation theory for linear operators (see, for instance, [18], §12); however, we give
a direct proof for completeness.

l

which proves Lemma 1.
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Lemma 2. Let E be a symmetric sequence space, E # ly. Then there exists a
positive homogeneous function (u,v) of degree one, increasing in each variable
and satisfying the relation lim, o4 ¥(u,v) = 0 such that for all a = (ar)7>, € U1,

lallz < ¢(lalli. llall)- (15)

Proof. Let ¢(n) be the fundamental function of the space E defined by (9). Con-
sider the piecewise linear function on [0, 0o0) that is equal to 0 for ¢ = 0 and to ¢(n)
for t = n; we shall also denote it by ¢(t). Since ¢(n) is increasing and ¢(n)/n is
decreasing, o(t) has similar properties: it is an increasing function, but (t)/t
decreases for t > 0. Hence if ¢(¢) is the smallest concave majorant of p(t), then by
Theorem 2.1.1 in [14],

o(t) < @(t) < 20(t),  t>0. (16)

Finally, let ¢ (u,v) := u@(u), u,v > 0. It can easily be verified that ¥ (u,v) is
a positive homogeneous function of degree one, which is increasing with respect to
each variable. Moreover, by (16) and (10),

lim ¢ (u,v) = vtlim 20 = lim ¢ln) =0.

u—0+ —00 n—oo N

We conclude by proving (15). Let a = (ax)72; € 1. We can assume without loss
of generality that a1 > as > --- > 0. For each n € N let a™ Zk:l aper. Since

n

a” (ag — ag+1) g €, Gp+1 =0
k=1

and ¢(t) is concave, using relation (16) and the definition and properties of the
function v, therefore

n

n - ap — ag -
ol < 3 (ar — ansa) (k) < a0 == (k)
k=1

k=1
) n o —a n
< al‘P(Z kalk+1k> = 77/1(111, Z(ak - ak+1)k)
k=1 k=1
Y(llalli., llall,)-

Since ||a™ — al|;, — 0, it follows that ||[a™ — a||g — 0, therefore passing to the limit
as n — oo in the last inequality we obtain (15). The proof of Lemma 2 is complete.

Proof of Theorem 1. (a) = (b). This is proved in [19], Theorem 1.
(b) = (c). Recall that fi(t) = fr(t —k + 1)xk—1,6)(t), t > 0, and Z% is an r.i.
space on (0, 00) with quasinorm

191122 = 119" X011l x + 9" X[1,00) | £211,00)- (17)
If f=>5 72, f, then it follows from [20], Theorem 1 that

17X lx + (if*(k)z) H(Zf)

(18)
X
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For each measurable function g on the half-axis we have

o 1/2
19" Xtt00) |t < (Zg*w?) ,
k=1

therefore it follows from (17) and (18) that
o 00 1/2
1), <d(En)
k=1 12 k=1
Hence (3) immediately yields (4) and the proof of (c) is complete.

The implications (¢) = (d) and (d) = (e) are obvious.

(e) = (f). By Lemma 1 inequality (5) holds for an arbitrary sequence of inde-

pendent functions satisfying (6). Applying this inequality to the functions |f%]|,
k=1,2,..., while taking (15) into account we obtain

> Il
k=1

By properties of i, for arbitrary =,y € X and s,t > 0 we have

X

< OIullell x < Ol UG N 1) [] - (19)

X

vloa) <max( 2 8ot < (24 )uts,

therefore taking s and ¢ such that ||z||/s = ||y||/t we obtain

ot < (10 220 s,y < 2max (B0 120 ) = 2l 1.

Thus, it follows from (19) that

<200 N )
Il
( TEAAE 1)

Gl Y5 1
w( MG lall. ’1> Z 36

By Lemma 2, lim, 0+ % (u,v) = 0, so it follows from the last inequality that

|15
k=1 X

and therefore

<o sm
k=1,2,... X

for some Cq > 0.
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Now, it is well known (see, for instance, [21], Proposition 1) that if (6) holds,
then in an arbitrary r.i. space X we have

| e ] <[

k=1,2,...

<2H sup |fk\H .
X k=1,2,... X

Hence it follows from the preceding inequality that

Z|fk|' <G ka
k=1 X k=1

)
X

which proves (f).
(f) = (a). First of all, by Theorem 3.5 in [12] the Kruglov operator .#" is bounded
from X to its second dual X”. We claim that in this case we have

H X" — X (20)
(that is, X" € K). For an arbitrary function f € X" we set

fo=1F xqf<ny, neN
Then f, — f ae. on [0,1] and f,, € Loo C X. Since & : X — X" |f.| < |f] and
X is isometrically embedded in X by assumption, it follows that
[ fnllx < Cllfallx < Cllfllx- (21)

By the definition of .2, Jf,, — J£f a.e. Hence it follows from (21) and the
properties of X" that #f € X" and || f||x» < C||f| x», which proves (20).

Now if X is maximal (that is, X = X"), then the proof is complete. Assume
that X is separable. By (20) and Theorem 7.2 of [12],

In(e/u) "
h = X h, Inlnl
1(u) In(In(In /1)) € X", where Inlnlna > e,
that is, the Marcinkiewicz space M (1)) generated by
In(In(In o/t
ooy - Inintina/o)

In(e/t)
is embedded in X”. Since X is separable, it follows that
(M(¥))o C (X")o = Xo = X.
Obviously,
In(e/u)
(In(lna/u))
is a function in (M (2)))o, therefore hy € X by this embedding. Hence it follows
from Theorem 4.4 in [12] that

hg (u) =

A Loo — X. (22)

Let f € X. Since X is separable, there exists {g,} C Lo such that || g, — f||x —0.
Thus, |[#g, — #f|x» — 0 by (20). On the other hand we see from (22)
that {#g,} C X, and since X is isometrically embedded in X", it follows that
£ g, — X fllx — 0 and £ f € X. The proof of Theorem 1 is complete.
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Remark 1. As seen from the proof of Theorem 1 and also from Theorem 3.5 in [12],
(a)—(f) are equivalent to either of the following conditions:

(g) there exists C' > 0 such that (4) holds for each sequence of symmetrically
distributed independent functions { fx}72, C X satisfying condition (6);

(h) there exists C' > 0 such that (7) holds for each sequence of equimeasurable
independent functions {fx}3>,; C X satisfying condition (6).

At the same time, the simple example of fx(t) = 1, k = 1,2,..., demonstrates
that the assumption that there exists C' > 0 such that (4) holds for each sequence
of equimeasurable independent functions {f}72; C X is never fulfilled in a rear-
rangement invariant space.

Remark 2. If we ask for which r.i. space of functions X and symmetric sequence
space E (5) holds only in the case when the fi, k = 1,2,..., are scalar multiples
of Rademacher functions, then the answer is quite different. Namely, it was shown
in [22] that the two-sided estimate

g agTk

holds in an r.i. space X on [0, 1] if and only if the sequence space E is an interpo-
lation space for the couple (Iy,15).

C(an)lle < < Cll(ar)l e

8 4. Vector-valued Rademacher series with independent coefficients

Here we apply Theorem 1 to series of the form
=3 fuls)mlt),  s,telo,1],
k=1

where {f;} is some sequence of independent functions and the 7, are Rademacher
functions. If X is an r.i. space on I = [0, 1], then X (I x I) is the corresponding r.i.
space on the square I x I with norm || f||xxr) = I|f*]x-

Theorem 2. If an r.i. space X is separable or mazximal, then the following condi-
tions are equivalent:

(o) X €K

(B) there exists C > 0 such that for each sequence of independent functions
{fe}i2 C X,

(v) there exists C' > 0 such that for each sequence of independent functions

1
g /
X 0

()

1/2
(24)

Sneno] a<c|(En)"

k=1

X
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Proof. First of all we observe that the left-hand inequalities in (23) and (24) hold
in each r.i. space. For example, we shall verify this for (23). Since {fx(s)rs(¢)}32,
is an unconditional sequence with constant 1 in X (I x I) (see [7], Proposition 1.14)
and in view of Khintchine’s inequality for L; with the optimal constant from [23],
it follows that

du
X(IxI)

e fH(Zf’“) 2

The proof of the left-hand side of (24) is completely similar.
Now since the fi(s)rg(t), k =1,2,..., are independent functions and

1,1
// fre(s)ri(t)dsdt =0, E=12,...,
0Jo

it follows from Theorem 1 that the right-hand inequality in (23) is an immediate con-
sequence of (a). We now prove the right-hand inequality in (24). Let {fx}3>, CX
be a sequence of independent functions. Then the functions

1
—/ ) dt, k=12,
0

are also independent. Furthermore,

8)r(t)re(u)

sm(t)H
X(IxI)

$)ri(t)re(u)| du

X

1
/ g dt=0, k=12 ...
0

Applying Theorem 1 to the sequence {gx(-)ri(t)}p2, for each ¢ € [0,1] and using

relation (14) we therefore obtain
o0 1
Z(gk(s) —|—/ Ji(s) ds) ~rk(t)H dt
k=1 0 X

1
/
1 oo 1
B> / fk<s>ds-m<t>\dt~ ol

(Za) ], + ( (/ wov) )
<o|(S)"] e vt (S( [ na) )"
(X 4)

oo

ka(s)rk(t)Hthz/ol

k=1

1
</
0

o0

<C ||X[0,1]||X

k=1

oo 1/2
+(C+1)||X[o,1]|x~/(2f ) ds

k=1
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Conversely, assume that (3) or () (or, more precisely, the right-hand inequality
n (23) or (24)) holds. In view of Theorem 1 and Remark 1, to prove («) it is suffi-
cient to show that the space X has property (g) from Remark 1. Let {fx}72, C X
be a sequence of symmetrically distributed independent functions satisfying condi-
tion (6). Using Proposition 1.14 in [7] again we conclude that {fj} is an uncon-
ditional sequence with constant 1 in X. Hence if the right-hand inequality in (24)
holds, then

oo

> f

k=1

)
X

Sroni] weel ()"

which proves (g). Moreover, the distribution of fi(s) on I coincides with the distri-
bution of fi(s)ri(t) on I x I, k=1,2,.... Indeed, since the fj are symmetrically
distributed, for each 7 € R,

Ao ({(S,t) eI xI: fr(s)rp(t) > T})
= DU €T fils) > 7)) + M({s € T2 —fils) > )]
=AM{seTl: fr(s)>T1}).

Since the functions fi, k =1,2,..., and fr(s)ri(t), k = 1,2,..., are independent,
it therefore follows that

oo

> o

k=1

oo

D frls)ra(t)

k=1 HX(IXI)

X

)

so (g) is also a consequence of the right-hand inequality in (23). The proof of
Theorem 2 is complete.

Remark 3. It is convenient to compare the result of Theorem 2 with two well-known
results.

The first of them states that the following conditions are equivalent for a sep-
arable or maximal r.i. space X: (i) there exists C' > 0 such that (23) holds for
an arbitrary sequence of functions {f;}72, C X; (ii) the lower Boyd index ax is
positive. (The implication (ii) = (i) is proved in [15], Proposition 2.d.1, and the
implication (i) = (ii) is proved in [24].)

The second (Maurey’s inequality) says that if X is a g-concave Banach lattice
(see [15], Definition 1.d.3) for some g < oo, then there exists C' > 0 such that
(24) holds for an arbitrary sequence of functions {fx}32, C X (see [15], Theorem
1.d.6(1)).

Note that, on the one hand, the coefficients of the series in both statements
are arbitrary functions; on the other hand the conditions ensuring inequalities (23)
and (24) in these statements are much more restrictive than ().

8 5. Khintchine’s weak inequality and the Kruglov operator

Let ¢(t) be the fundamental function of an r.i. space X on [0,1]. Then as we
already mentioned, we have the continuous embeddings

Alp) C X C M(p),
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where A(¢) and M(y) are the Lorentz and the Marcinkiewicz spaces, respectively
(see [14], Theorems 2.5.5 and 2.5.7). Consequently, if inequality (2) holds in X for
1

all sequences of independent functions {f,}7°, C X, / fe@®)dt=0,k=1,2,...,

0
then the following inequality must also hold for such sequences {f;}72, C A(y):

0o 0 1/2
> f <CH<Zf’3)
k=1 M(p) k=1

We show below that the last property can be characterized similarly to (2); only
this time we have to consider the Kruglov operator in place of the Kruglov property.

For convenience we recall the following definition from operator interpolation
theory (see [14], Definition 2.6.1). Let ¢ be an increasing concave function on [0, 1],
©(0) = 0. Then we say that a linear operator T" acting on finite measurable functions
has weak type ¢ if it is bounded from A(y) into M (p).

(25)

A(p)

Theorem 3. The following conditions are equivalent:
(i) the Kruglov operator £ has weak type @;
(ii) there exists C' > 0 such that (25) holds for each sequence of independent
1

functions {fir}32, C Ay), / fe@)dt=0,k=1,2,...;

(iii) there exists C > 0 such tha(z)f (25) holds for each sequence of independent
functions {fr}22, C Ay), /1 fe@)dt = 0, k = 1,2,..., that satisfies
condition (6). ’

Proof. If (i) holds, then it follows from Theorem 2.1 in [19] and Theorem 1 in [20]
(see also the proof of Theorem 1) that for each sequence of independent functions

1
At cA(@,/ Fe®)dt =0,k =1,2, ..., we have
0

S o 0 1/2
> f > F (Zf;f)
k=1 k=1

k=1

<Oy
M(p)

< Oy

z3 A(w).

Ale)
This proves (ii).

The implication (ii) = (iii) is obvious, therefore it remains to show that (iii)
implies (i).

Let f = X[o,u, 0 <u < 1,n € Nand let {f,x};_; be a system of independent
functions equidistributed with oy, f(t) = X[0,u/n)(t). Now if fp := 3"} fak, then
it is easy to see that

A{t € [0,1]: fult) = k}) = Wn”'_k),(“>k<1 - “)M, k=1,2,...,n.

Hence

. n . n nl u k u n—k
fa(t) = I;X[O,T;Z"b where 7 = ; W —h) <n> (1 - n) - (26)
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We also observe that by condition (iii) and Lemma 1 relation (25) holds for each
system {f, x}7_,, that is,

Z f‘n,k

k=1

H(Zf,‘j’,J . on=1,2,.... (27)
Aly)
It follows from the definition of the norm in the Marcinkiewicz space (see also
[14], Ch. 2, §5, inequality (5.15)) that

> max (kg(r{)).

3Ly

I fullareey =

M(p)

Moreover,
1/2

n 1/2 n
(Zfﬁ,k) = (an,k) = fi2. (28)
k=1 k=1

Hence, in view of (27), we obtain

cmax (ko(r)) < Ol  ae)- (29)

It is now easy to see that
f1/2 0,7 (5)7
9= SR D= v

so that from the definition of the norm in the Lorentz space (see also [14], Ch. 2,
§5, equality (5.4)) we obtain

1
1£a 2 lace) <D —= (). (30)
o vk
Hence, by (29),
k:T%f,nww Tk C’Z \f o(?) (31)
Let
Q1= kzrlr}%%’n(k;go(m ) n c N.

Then (1) < an/k, k=1,2,...,n, and for arbitrary n > N > 1 we have
i i@(ﬁ?) < i k32 . 4
k=N vk k=N

Hence taking N such that (C' +1) Y50 y k=3/2 < 1, for all n > N we obtain

"1
(C+1) ), —=oi) <«
IC;V\/ESD k
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Combining this with (31) yields

i=n VE =1 VE
Consequently,
Y =) <CY - —=e(m),
k=N vk =1 VE
or

S

where the last inequality is a consequence of 77" =1 — (1 — u/n)" < u (see (26)).
Thus, taking (28) and (30) into account we arrive at the inequality

n 1/2
() | <cw.
k=1 Aly)
Hence it follows from (27) that
> fon <C"o(u), n=1,2.... (32)
k=1 M(¢p)
It is a straightforward computation that each variable f,, », K =1,2,...,n, has the

characteristic function
05, () =n"10;(t) + (1 =n""),  tER,

where 6 is the characteristic function of f = x[g,,j- Hence the sum f, = Sory fak
has the characteristic function

0 (t) = (n"(0;(1) —1) +1)", teR

Since
lim 6, (t) = exp(07(t) — 1) = O (1)

n—0o0

for all t € R, the f,, converge weakly to Zf (see §2). Thus, in view of relation (32),
Proposition 1.5 in [7] and the equality M ()’ = M(yp) (see [14], Ch.2, §5), we
obtain

X000y < Cp(uw),  0<u<1.

In view of Lemma 2.5.2 in [14], this means that the operator % is bounded from
A(p) into M (¢), which completes the proof of Theorem 3.

Remark 4. As shown in [12], Remark 5.2, the operator .# has weak type ¢ if and
only if
ko(uF /k!
qap  Fe/R)
ue(0,1], keN o(u)
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It can be easily shown that, in fact,

n
Z fn,k
k=1

so that this result can be also deduced by passing to the limit in (32).

<C max (ko(r)),

max (ko(1g)) <
( ) M(9) k=1,2,...,n

k=1,2,....n
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