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RADEMACHER MULTIPLICATOR SPACES EQUAL TO L∞

SERGUEI V. ASTASHKIN AND GUILLERMO P. CURBERA

(Communicated by N. Tomczak-Jaegermann)

Abstract. Let X be a rearrangement invariant function space on [0,1]. We
consider the Rademacher multiplicator space Λ(R, X) of measurable functions

x such that x · h ∈ X for every a.e. converging series h =
∑

anrn ∈ X,
where (rn) are the Rademacher functions. We characterize the situation when
Λ(R, X) = L∞. We also discuss the behaviour of partial sums and tails of
Rademacher series in function spaces.

1. Introduction

In this paper we study the behaviour in function spaces of the Rademacher
functions, rn(t) := sign sin(2nπt), t ∈ [0, 1], n ≥ 1. For a rearrangement invariant
(r.i.) space X on [0,1], let R(X) be the closed linear subspace of X given by
R(X) := R ∩ X where R is the set of all a.e. converging series

∑
anrn, that is,

(an) ∈ �2 [13, Theorem V.8.2]. The Rademacher multiplicator space of X is the
space Λ(R, X) of all measurable functions x : [0, 1] → R such that x ·

∑
anrn ∈ X,

for every
∑

anrn ∈ R(X). It is a Banach function space on [0,1] when endowed
with the norm

‖x‖Λ(R,X) := sup
{∥∥∥x

∑
anrn

∥∥∥
X

:
∑

anrn ∈ X,
∥∥∥∑

anrn

∥∥∥
X

≤ 1
}

.

The space Λ(R, X) can be viewed as the space of operators from R(X) into the
whole space X given by multiplication by a measurable function.

The nature of the Rademacher multiplicator space Λ(R, X) was first consid-
ered in [7], where it was shown that for a broad class of classical r.i. spaces X
(including, for example, the Lorentz Lp,q spaces and the Orlicz spaces satisfying
the ∆′ condition globally; see [9] for the definition) the space Λ(R, X) is not r.i.
[7, Theorem]. The simplest case of the opposite situation is Λ(R, X) = L∞. An
example of this situation was exhibited in [7]; namely X = LN , where LN is the
Orlicz space with N(t) = exp(t2) − 1 [7, Example 1, and also Example 3]. The
situation Λ(R, X) = L∞ was studied in [8], where it was shown that a sufficient
condition is the boundedness on X of a certain quasilinear operator (which implies
that L∞ ⊂ X � LN ) [8, Theorem 2]. In particular, this holds for the Lorentz
spaces Λ(ϕ) with ϕ(t) := log−1/β

2 (2/t), for β > 2 [8, Corollary]. In [2], the previous
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results were extended showing that Λ(R, X) = L∞ holds for all r.i. spaces X which
are interpolation spaces for the couple (L∞, LN ) [2, Theorem 1].

An important tool for the study of Λ(R, X) is the symmetric kernel Sym (R, X)
of Λ(R, X) which is the largest r.i. space embedded into Λ(R, X). In [4] it was
shown that if X is an r.i. space satisfying the Fatou property and X ⊃ LN , then
Sym (R, X) = Xlog1/2 , where Xlog1/2 is the r.i. space with norm equivalent to

‖x‖log1/2 = ‖x∗(t) log1/2
2 (2/t)‖X [4, Corollary 2.11]. The role of the space LN in

these problems is not surprising, since Rodin and Semenov, in a result extending
the Khintchine inequality, showed that R(X) is isomorphic to �2 if and only if
(LN )0 ⊂ X ([12]), where, if Z is any r.i. space, Z0 denotes the closure of L∞ in Z.

The main aim of this note is to give the following necessary and sufficient con-
dition which guarantees the equality Λ(R, X) = L∞.

Theorem 1. Let X be an r.i. space on [0, 1]. Then, Λ(R, X) = L∞ if and only if
log1/2

2 (2/t) /∈ X0.

The proof of Theorem 1 is presented in Section 3 after some preliminaries
in Section 2. In Section 4 we provide some remarks and examples concerning
the behaviour of Rademacher tails and partial sums in r.i. spaces X satisfying
Λ(R, X) = L∞.

2. Preliminaries

A rearrangement invariant space X is a Banach space of classes of measurable
functions on [0,1] such that if y∗ ≤ x∗ and x ∈ X, then y ∈ X and ‖y‖X ≤ ‖x‖X .
Here x∗ is the decreasing rearrangement of x, that is, the right continuous inverse
of its distribution function nx(λ) := m{t ∈ [0, 1] : |x(t)| > λ}, λ > 0, where m is
the Lebesgue measure on [0,1]. Functions x and y are said to be equimeasurable if
nx(λ) = ny(λ), for all λ > 0. The characteristic function of the set A ⊂ [0, 1] will be
denoted by χA. The fundamental function of X is the function ϕX(t) := ‖χ[0,t]‖X .

Important examples of r.i. spaces are the Lorentz and Orlicz spaces. Let ϕ : [0, 1]
→ [0, +∞) be an increasing concave function; the Lorentz space Λ(ϕ) consists of
all measurable functions x on [0,1] such that

‖x‖Λ(ϕ) =
∫ 1

0

x∗(s) dϕ(s) < ∞.

Let M be an Orlicz function, that is, an increasing convex function on [0,∞) with
M(0) = 0. The norm of the Orlicz space LM is defined as follows:

‖x‖LM
= inf

{
λ > 0 :

∫ 1

0

M

(
|x(s)|

λ

)
ds ≤ 1

}
.

Given Banach spaces X0 and X1 continuously embedded in a common Hausdorff
topological vector space, a Banach space X is an interpolation space with respect to
the couple (X0, X1) if X0∩X1 ⊂ X ⊂ X0+X1 and for every linear operator T with
T : Xi → Xi continuously, i = 0, 1, we have T : X → X. We denote by I (X0, X1)
the set of all interpolation spaces with respect to (X0, X1). The K–functional of
x ∈ X0 + X1 is defined, for t > 0, as

K(t, x; X0, X1) = inf{‖x0‖X0 + t‖x1‖X1 : x = x0 + x1, xi ∈ Xi}.
Throughout this paper A 
 B means that there exist constants C > 0 and c > 0
such that c · A ≤ B ≤ C · A.
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For any undefined notion regarding r.i. spaces and interpolation of linear opera-
tors, we refer the reader to the monographs [5], [6] and [10].

3. Proofs

Denote by Σ the set of all dyadic intervals of [0,1], that is, intervals of the form
∆ = [(k − 1)2−n, k2−n], where n = 0, 1, . . . , k = 1, . . . , 2n; in this case we say that
∆ has rank n.

Lemma 2. Let X be an r.i. space on [0, 1] such that log1/2
2 (2/t) �∈ X0. Then there

exists a constant C1 > 0, depending only on X, such that for every η ∈ (0, 1] there
exists δ0 ∈ (0, η) such that

‖ log1/2
2 (2/t)χ[δ,η]‖X

‖ log1/2
2 (2/t)χ[δ,1]‖X

≥ C1, for all δ ∈ (0, δ0).

Proof. We first show that

(1) ε := inf
0<η≤1

lim
δ→0+

‖ log1/2
2 (2/t)χ[δ,η]‖X > 0.

Indeed, if ε = 0 we may construct a sequence {ηn} strictly decreasing to zero such
that

‖ log1/2
2 (2/t)χ[ηn+1,ηn]‖X ≤ 1

2n
, n = 1, 2, . . . .

Since X is a Banach space, this implies that log1/2
2 (2/t) ∈ X and also that

‖ log1/2
2 (2/t)χ[0,ηn]‖X → 0. Therefore, log1/2

2 (2/t) ∈ X0. This contradicts our
hypothesis, so (1) is established.

Set α := limδ→0+ ‖ log1/2
2 (2/t)χ[δ,1]‖X . Suppose α < ∞. Then, given η ∈ (0, 1]

by (1) we have ‖ log1/2
2 (2/t)χ[δ,η]‖X ≥ ε/2, for all sufficiently small δ > 0. Hence,

for such δ

‖ log1/2
2 (2/t)χ[δ,η]‖X

‖ log1/2
2 (2/t)χ[δ,1]‖X

≥ ε

2α
.

In the case when α = ∞, for 0 < δ < η ≤ 1, we have

‖ log1/2
2 (2/t)χ[δ,η]‖X

‖ log1/2
2 (2/t)χ[δ,1]‖X

≥
‖ log1/2

2 (2/t)χ[δ,1]‖X − ‖ log1/2
2 (2/t)χ[η,1]‖X

‖ log1/2
2 (2/t)χ[δ,1]‖X

= 1 −
‖ log1/2

2 (2/t)χ[η,1]‖X

‖ log1/2
2 (2/t)χ[δ,1]‖X

≥ 1
2
,

if η ∈ (0, 1] is fixed and δ > 0 is sufficiently small. Thus, the result holds. �

Proof of Theorem 1. Step 1. We first prove that there exists a constant C2 > 0,
depending only on X, such that for every m ≥ 0 there exists n0 ≥ 1 such that if
n ≥ n0 and ∆ is an arbitrary dyadic interval of rank m, we have

(2)
‖χ∆

∑m+n
m+1 ri‖X

‖
∑m+n

m+1 ri‖X

≥ C2.
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Note that since the functions χ∆

∑m+n
m+1 ri and χ[0,2−m]

∑m+n
m+1 ri are equimeasur-

able, it suffices to prove (2) for ∆ = [0, 2−m].
For arbitrary m ≥ 0, n ≥ 1, let

xm,n(t) :=
1
n

m+n∑
m+1

ri(t) and ym,n(t) := xm,n(t) · χ[0,2−m](t).

By the definition of the Rademacher functions we have

(3) y∗
m,n(t) = x∗

m,n(2mt) · χ[0,2−m](t), 0 < t ≤ 1.

Results of Montgomery–Smith, [11], imply that there exist universal constants
β ∈ (0, 1], C3 > 0 and C4 > 0 such that for an arbitrary Rademacher series
fb :=

∑∞
1 bkrk, the following inequalities hold:

f∗
b (t) ≤ C3K(log1/2

2 (2/t), b; �1, �2)

and
f∗

b (βt) ≥ C−1
4 K(log1/2

2 (2/t), b; �1, �2).
So, if t ∈ (0, 1], then

(4) x∗
m,n(t) ≤ C3K(log1/2

2 (2/t), bn; �1, �2)

and

(5) x∗
m,n(βt) ≥ C−1

4 K(log1/2
2 (2/t), bn; �1, �2),

where bn = 1
n

∑m+n
m+1 ek and (ek)∞1 are the canonical unit vectors in sequence spaces.

Using Holmstedt’s formula (see, for example, [5, Theorem 5.2.1]) it can be shown
that, for bn as above,

K(t, bn; �1, �2) 
 min{1,
t√
n
}, t > 0,

with constants independent of t > 0 and n ≥ 1; see [2, Lemma 2]. Therefore,
relations (3)–(5) imply that we have

(6) x∗
m,n(t) ≤ C5Gn(t),

where

Gn(t) := min{1,
log1/2

2 (2/t)√
n

}, 0 < t ≤ 1,

and

(7) y∗
m,n(t) ≥ C−1

6 Fm,n(t),

where

Fm,n(t) := min{1,
log1/2

2 (21−mβ/t)√
n

}, 0 < t ≤ 2−mβ.

We will prove that there exists a constant C7 > 0 such that for every m ≥ 0 the
inequality

(8) ‖Fm,n‖X ≥ C7‖Gn‖X

holds for all sufficiently large n ∈ N.
For this, we first show that for every m ≥ 0 we have

(9) Fm,n(t) ≥ 1
2

Gn(t) if n ≥ 4m

3
+

4
3

log2(1/β) and 0 < t < 21−4m/3β4/3.
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In the case 0 < t ≤ 2−m−n+1β, the last inequality is obvious because Fm,n(t) =
Gn(t) = 1. If 2−m−n+1β < t ≤ 2−n+1, then (9) turns into the inequality

log1/2(21−mβ/t) ≥ 1
2
√

n,

which holds when n ≥ 4m
3 + 4

3 log2(1/β). Finally, in the case t > 2−n+1 the
inequality (9) is equivalent to

log1/2(21−mβ/t) ≥ 1
2

log1/2
2 (2/t),

which holds if t < 21−4m/3β4/3. Thus, (9) is proved and therefore, for n ≥ 4m
3 +

4
3 log2(1/β), we have

(10) ‖Fm,n‖X ≥ 1
2
‖Gnχ[0,c2−4m/3]‖X ,

where c = 2β4/3.
Taking into account the definition of Gn and (10), we have, for n ≥ 4m

3 +
4
3 log2(1/β),

(11) ‖Fm,n‖X ≥ 1
2
√

n
‖ log1/2

2 (2/t)χ[2−n+1,2−4m/3]‖X .

From Lemma 2, there is a constant C1 > 0 such that

‖ log1/2
2 (2/t)χ[2−n+1,c2−4m/3]‖X ≥ C1‖ log1/2

2 (2/t)χ[2−n+1,1]‖X

holds for all n ≥ n1(m). This last inequality and (11) imply that, for all n ≥
n2(m) := max{ 4m

3 + 4
3 log2(1/β), n1(m)}, we have

‖Fm,n‖X ≥ C1

2
‖Gnχ[2−n+1,1]‖X .

Combining this with (10), we conclude that (8) holds for all n ≥ n2(m).
From (8), (6) and (7) it follows that for every m ≥ 0 and n ≥ n2(m), we have

‖χ[0,2−m]

∑m+n
m+1 ri‖X

‖
∑m+n

m+1 ri‖X

=
‖ym,n‖X

‖xm,n‖X
≥ C−1

6 ‖Fm,n‖X

C5‖Gn‖X
≥ C7C

−1
6

C5
= C2.

Hence, (2) is proved.

Step 2. Let D ⊂ [0, 1] be any measurable set with positive measure. By Lebesgue’s
density theorem, for sufficiently large m ∈ N, we can find a dyadic interval ∆ :=
∆k0

m = [(k0 − 1)2−m, k02−m] such that

2−m = m(∆) ≥ m(∆ ∩ D) > 2−m−1.

Let us consider the set E =
⋃2m

k=1 Ek
m, where Ek

m is obtained by translating the set
∆ ∩ D to the interval ∆k

m, k = 1, 2, . . . , 2m (in particular, Ek0
m = ∆ ∩ D). Denote

fi = ri · χE , i ∈ N. It follows easily that |fi(t)| ≤ 1, t ∈ [0, 1], ‖fi‖L2 ≥ 1/
√

2,
and fi → 0 weakly in L2([0, 1]) when i → ∞. Therefore, by [3, Theorem 5], the
sequence {fi}∞i=1 contains a subsequence {fij

}, which is equivalent in distribution
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to the Rademacher system. The last means that there exists a constant C > 0 such
that

C−1m

{
t ∈ [0, 1] :

∣∣∣∣
l∑

j=1

ajrj(t)
∣∣∣∣ > Cz

}
≤ m

{
t ∈ [0, 1] :

∣∣∣∣
l∑

j=1

ajfij
(t)

∣∣∣∣ > z

}

≤ Cm

{
t ∈ [0, 1] :

∣∣∣∣
l∑

j=1

ajrj(t)
∣∣∣∣ > C−1z

}

for all l ∈ N, aj ∈ R, j = 1, 2, . . . , l, and z > 0. Hence, by the definition of rj and
fj , for every n ∈ N we have

C−1m

{
t ∈ [0, 1] :

∣∣∣∣
m+n∑

j=m+1

rj(t)χ[0,2−m](t)
∣∣∣∣ > Cz

}

≤ m

{
t ∈ [0, 1] :

∣∣∣∣
m+n∑

j=m+1

fij
(t)χ∆(t)

∣∣∣∣ > z

}

≤ Cm

{
t ∈ [0, 1] :

∣∣∣∣
m+n∑

j=m+1

rj(t)χ[0,2−m](t)
∣∣∣∣ > C−1z

}
,

whence ∥∥∥∥
m+n∑

j=m+1

rij
χ∆∩D

∥∥∥∥
X

≥ α

∥∥∥∥
m+n∑

j=m+1

rjχ[0,2−m]

∥∥∥∥
X

,

where α > 0 depends only on the constant C and on the space X. Therefore,
applying (2) to the dyadic interval [0, 2−m], we have that, for large enough n,

∥∥∥∥
m+n∑

j=m+1

rij
χ∆∩D

∥∥∥∥
X

≥ αC2

∥∥∥∥
m+n∑

j=m+1

rj

∥∥∥∥
X

= αC2

∥∥∥∥
m+n∑

j=m+1

rij

∥∥∥∥
X

.

It follows that

‖χD‖Λ(R,X) ≥ ‖χD∩D‖Λ(R,X) ≥ αC2.

Since Λ(R, X) is a Banach function space, the above inequality implies thatΛ(R, X)
⊂ L∞. We always have the opposite embedding. Hence, Λ(R, X) = L∞. �

Corollary 3. If X and Y are r.i. spaces on [0, 1] with X ⊂ Y , then Λ(R, X) ⊂
Λ(R, Y ).

Proof. If log1/2
2 (2/t) /∈ X0, then by Theorem 1 we have Λ(R, X) = L∞, and so

Λ(R, X) ⊂ Λ(R, Y ). Suppose that log1/2
2 (2/t) ∈ X0. Then, log1/2

2 (2/t) ∈ X ⊂ Y ,
and so, by [12], we have R(X) ≈ �2 and R(Y ) ≈ �2. Hence,

‖x‖Λ(R,Y ) 
 sup
{∥∥∥x

∑
anrn

∥∥∥
Y

: ‖(an)‖2 ≤ 1
}

≤ C · sup
{∥∥∥x

∑
anrn

∥∥∥
X

: ‖(an)‖2 ≤ 1
}


 ‖x‖Λ(R,X). �
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4. Concluding remarks

Remark 4. A somewhat surprising feature of Theorem 1 is that, together with
Theorem 3.2 in [4], it implies that the symmetric kernel Sym (R, X) of Λ(R, X)
reduces to L∞ if and only if the multiplicator space Λ(R, X) does. That is, the
condition log1/2

2 (2/t) /∈ X0 guarantees the equivalence

sup
{∥∥∥χD

∑
anrn

∥∥∥
X

:
∥∥∥ ∑

anrn

∥∥∥
X

≤ 1
}


 sup
{∥∥∥χ[0,m(D)]

( ∑
anrn

)∗∥∥∥
X

:
∥∥∥ ∑

anrn

∥∥∥
X

≤ 1
}


 1,

with constants independent of a set D ⊂ [0, 1] with m(D) > 0. Moreover, the same
example as in Remark 3.5 in [4] shows that LN is not the largest r.i. space satisfying
Λ(R, X) = L∞.

Remark 5. The proof of Theorem 1 shows that when Λ(R, X) = L∞ the norm in
Λ(R, X) of the characteristic function of any dyadic interval of [0, 1] is attained
(up to equivalence) at an appropriate Rademacher tail sum. More precisely, there
exists a constant M1 > 0, depending only on X, such that, for all n ≥ 1,

(12) sup
{∥∥∥χ∆

∞∑
i=n+1

airi

∥∥∥
X

:
∥∥∥ ∞∑

i=n+1

airi

∥∥∥
X

≤ 1
}
≥ M1,

where ∆ is any dyadic interval of rank n. Moreover, if X is any interpolation space
for the couple (L∞, LN ), the proof of Theorem 1 in [2] indicates that a relation
analogous to (12) also holds for Rademacher partial sums; that is, there exists a
constant M2 > 0, depending only on X, such that, for all n ≥ 1 and any dyadic
interval ∆ of rank n, we have

(13) sup
{∥∥∥χ∆

n∑
i=1

airi

∥∥∥
X

:
∥∥∥ n∑

i=1

airi

∥∥∥
X

≤ 1
}
≥ M2.

Example 6. The situation noted in Remark 5 concerning the behaviour of Rade-
macher partial sums, (13), does not hold for all spaces X with Λ(R, X) = L∞.
Indeed, we present an appropriate space X satisfying log1/2

2 (2/t) /∈ (X)0 for which
(13) does not hold. Recall the following construction from [1]. Given an r.i. space
X on [0, 1], consider the sequence space E = E(X) given by the norm

‖(ak)‖E :=
∥∥∥ ∑

akrk

∥∥∥
X

.

We always have E ∈ I(�1, �2), and since interpolation spaces for the couple (�1, �2)
are described by the real method, there exists a Banach lattice F of two-sided
sequences satisfying (min{1, 2k})∞−∞ ∈ F such that

(14) E = (�1, �2)K
F :=

{
x : (K(2k, x; �1, �2))∞−∞ ∈ F

}
;

see [6, Theorems 4.4.5 and 4.4.38]. Consider the r.i. space Y := (L∞, LN )K
F . Then,

Y ⊂ X and

(15) ‖
∑

akrk‖Y 
 ‖
∑

akrk‖X , (ak) ∈ �2.

Moreover, since Y ∈ I(L∞, LN ), then Y �= X whenever X /∈ I(L∞, LN ).
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Let X be the Lorentz space Λ(ϕ0) generated by ϕ0(t) := log−1/2
2 (2/t) for 0 <

t ≤ 1. The fundamental function of Y is

ϕY (t) = ‖(K(2k, χ[0,t]; L∞, LN ))∞−∞‖F .

Using the formula

K(t, x; L∞, LN ) 
 t sup
0<s<21−t2

x∗(s) log−1/2
2 (2/s), t > 0

(see [2]), it can be easily checked that

K(2k, χ[0,t]; L∞, LN ) 

{

2k log−1/2
2 (2/t) if k ≤ 1

2 log2 log2(2/t),
1 if k > 1

2 log2 log2(2/t).

In order to identify the Banach lattice F in (14) corresponding to X = Λ(ϕ0),
using the results from [11] mentioned in the proof of Theorem 1, we have∥∥∥ ∞∑

k=1

akrk

∥∥∥
Λ(ϕ0)

=
∫ 1

0

( ∞∑
k=1

akrk

)∗
(t) dϕ0(t)



∫ 1

0

K(log1/2
2 (2/t), (ak); �1, �2) d(log−1/2

2 (2/t))



∞∑

i=0

K(2i, (ak); �1, �2) · 2−i.

Thus, the fundamental function of Y , for 0 < t ≤ 1, is given by

ϕY (t) 

∞∑

i=0

K(2i, χ[0,t]; L∞, LN ) · 2−i


 log−1/2
2 (2/t)

∑
i≤ 1

2 log2 log2(2/t)

1 +
∑

i> 1
2 log2 log2(2/t)

2−i


 log−1/2
2 (2/t) log2 log2(2/t).

Since X = Λ(ϕ0) satisfies the condition of Theorem 1, we have Λ(R, X) = L∞.
However, (13) does not hold in this case. Indeed, by (15), for any n ≥ 2 and any
a1, a2, . . . , an, we have∥∥∥χ[0,2−n]

n∑
1

airi

∥∥∥
Λ(ϕ0)

=
∣∣∣ n∑

1

ai

∣∣∣ϕΛ(ϕ0)(2
−n)

=
ϕ0(2−n)
ϕY (2−n)

∥∥∥χ[0,2−n]

n∑
1

airi

∥∥∥
Y

≤ C

log n

∥∥∥ n∑
1

airi

∥∥∥
Y

=
C

log n

∥∥∥ n∑
1

airi

∥∥∥
Λ(ϕ0)

,

whence, for n ≥ 2,

sup
{∥∥∥χ[0,2−n]

n∑
i=1

airi

∥∥∥
Λ(ϕ0)

:
∥∥∥ n∑

i=1

airi

∥∥∥
Λ(ϕ0)

≤ 1
}
≤ C

log n
.
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