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RADEMACHER MULTIPLICATOR SPACES EQUAL TO L*
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(Communicated by N. Tomczak-Jaegermann)

ABSTRACT. Let X be a rearrangement invariant function space on [0,1]. We
consider the Rademacher multiplicator space A(R, X) of measurable functions
z such that z - h € X for every a.e. converging series h = > anrn, € X,
where () are the Rademacher functions. We characterize the situation when
A(R,X) = L*°. We also discuss the behaviour of partial sums and tails of
Rademacher series in function spaces.

1. INTRODUCTION

In this paper we study the behaviour in function spaces of the Rademacher
functions, r,,(¢) := sign sin(2"7t), t € [0,1], n > 1. For a rearrangement invariant
(ri.) space X on [0,1], let R(X) be the closed linear subspace of X given by
R(X) := RN X where R is the set of all a.e. converging series Y a,r,, that is,
(an) € €% [13, Theorem V.8.2]. The Rademacher multiplicator space of X is the
space A(R, X) of all measurable functions z: [0,1] — R such that = - > a,r, € X,
for every > anr, € R(X). It is a Banach function space on [0,1] when endowed

with the norm
lzllar,x) = sup{HxZanrn < Zanrn € X, Zanrn < < 1}.

The space A(R,X) can be viewed as the space of operators from R(X) into the
whole space X given by multiplication by a measurable function.

The nature of the Rademacher multiplicator space A(R,X) was first consid-
ered in [7], where it was shown that for a broad class of classical r.i. spaces X
(including, for example, the Lorentz LP? spaces and the Orlicz spaces satisfying
the A’ condition globally; see [9] for the definition) the space A(R,X) is not r.i.
[T, Theorem]. The simplest case of the opposite situation is A(R,X) = L. An
example of this situation was exhibited in [7]; namely X = Ly, where Ly is the
Orlicz space with N(t) = exp(t?) — 1 [7, Example 1, and also Example 3]. The
situation A(R,X) = L* was studied in [8], where it was shown that a sufficient
condition is the boundedness on X of a certain quasilinear operator (which implies
that L € X ¢ Ly) [8 Theorem 2]. In particular, this holds for the Lorentz

spaces A(p) with ¢(t) := logz_l/ﬂ(Q/t), for 8 > 2 [8 Corollary]. In [2], the previous
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results were extended showing that A(R, X) = L* holds for all r.i. spaces X which
are interpolation spaces for the couple (L*°, L) [2, Theorem 1].

An important tool for the study of A(R, X) is the symmetric kernel Sym (R, X)
of A(R,X) which is the largest r.i. space embedded into A(R,X). In [] it was
shown that if X is an r.i. space satisfying the Fatou property and X D Ly, then
Sym (R, X) = Xiog1/2, where X 1/2 is the r.i. space with norm equivalent to

[Zlhogr/2 = [l2*(2) logé/Z(Q/t)HX [, Corollary 2.11]. The role of the space Ly in

these problems is not surprising, since Rodin and Semenov, in a result extending
the Khintchine inequality, showed that R(X) is isomorphic to ¢? if and only if
(Ln)o C X ([12]), where, if Z is any r.i. space, Zy denotes the closure of L> in Z.

The main aim of this note is to give the following necessary and sufficient con-
dition which guarantees the equality A(R, X) = L.

Theorem 1. Let X be an r.i. space on [0,1]. Then, A(R,X) = L*™ if and only if
logy"(2/%) & Xo.

The proof of Theorem [l is presented in Section 3 after some preliminaries
in Section 2. In Section 4 we provide some remarks and examples concerning
the behaviour of Rademacher tails and partial sums in r.i. spaces X satisfying
AR, X) = L.

2. PRELIMINARIES

A rearrangement invariant space X is a Banach space of classes of measurable
functions on [0,1] such that if y* < 2* and z € X, then y € X and |ly||x < ||z|x.
Here x* is the decreasing rearrangement of x, that is, the right continuous inverse
of its distribution function n,(\) := m{t € [0,1] : |z(¢)| > A}, A > 0, where m is
the Lebesgue measure on [0,1]. Functions z and y are said to be equimeasurable if
ng(A) = ny(A), for all A > 0. The characteristic function of the set A C [0, 1] will be
denoted by x4. The fundamental function of X is the function wx(t) := ||xj0,4/lx-

Important examples of r.i. spaces are the Lorentz and Orlicz spaces. Let ¢: [0, 1]
— [0, +00) be an increasing concave function; the Lorentz space A(p) consists of
all measurable functions x on [0,1] such that

1
lellac) :/O () de(s) < oo.

Let M be an Orlicz function, that is, an increasing convex function on [0, co) with
M(0) = 0. The norm of the Orlicz space Ly is defined as follows:

|z, :inf{/\>0: /01M<%8)|> ds < 1}.

Given Banach spaces Xy and X3 continuously embedded in a common Hausdorff
topological vector space, a Banach space X is an interpolation space with respect to
the couple (X, X7) if XoNX; C X C Xp+ X and for every linear operator T' with
T: X; — X, continuously, i = 0,1, we have T: X — X. We denote by Z (Xo, X1)
the set of all interpolation spaces with respect to (Xo, X7). The K-functional of
x € Xg+ X is defined, for ¢ > 0, as

K(t,l‘;Xo,Xl) = inf{chono +tHl‘1||X1 X =9+ T1,x; € Xl}

Throughout this paper A < B means that there exist constants C' > 0 and ¢ > 0
such that c-A< B < C - A.
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For any undefined notion regarding r.i. spaces and interpolation of linear opera-
tors, we refer the reader to the monographs [5], [6] and [10].

3. PrROOFS

Denote by ¥ the set of all dyadic intervals of [0,1], that is, intervals of the form
A=]k—1)2""k27"], where n =0,1,..., k= 1,...,2"; in this case we say that
A has rank n.

Lemma 2. Let X be an r.i. space on [0, 1] such that log§/2(2/t) & Xo. Then there
exists a constant Cy1 > 0, depending only on X, such that for every n € (0,1] there
exists 6o € (0,m) such that

logt/?(2/t
I ng/g( [DXtsllx S o for all § € (0,8).
[ logy’ “(2/t) (5,11 x

Proof. We first show that

o . 1/2
(1) eim it lim | logy*(2/0)xs.lx > 0.

Indeed, if € = 0 we may construct a sequence {7, } strictly decreasing to zero such
that
1
1/2
ogs"(2/OX (g analllx < o n=1,2..

Since X is a Banach space, this implies that log§/2(2/t) € X and also that
||10g§/2(2/75)X[0,nn]||X — 0. Therefore, log§/2(2/t) € Xo. This contradicts our
hypothesis, so () is established.

Set o := lims_, o+ || 10g%/2(2/t)X[5,1]|\X. Suppose a < co. Then, given n € (0, 1]
by (@) we have | logé/2(2/t)X[5m]HX > ¢/2, for all sufficiently small § > 0. Hence,
for such ¢

logy*(2/xpatllx &
logy*(2/t)xisllx 29
In the case when a = oo, for 0 < § < n < 1, we have
1/2 1/2

1/2

logy™ 2/ Dl [0y (2/Dxlx — 085" (2/1) i1l x
1/2 — 1/2
Il ogy (2/t) xps.11 | x Il ogy (2/)xps.11llx
1/2
_ o ow@/txpymllx
I1og3’2(2/)x (5.1l x
1
> )
- 2
if n € (0,1] is fixed and § > 0 is sufficiently small. Thus, the result holds. O

Proof of Theorem [Il. Step 1. We first prove that there exists a constant Cy > 0,
depending only on X, such that for every m > 0 there exists ng > 1 such that if
n > ng and A is an arbitrary dyadic interval of rank m, we have
+
Ixa S rillx

(2) >
>t rillx
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Note that since the functions xa S iy 7 and X[o2-m] domi; 7i are equimeasur-

able, it suffices to prove (@) for A =[0,27™].
For arbitrary m > 0,n > 1, let
1 m—+n

Tn.n(t) = - Z ri(t) and  Ymn(t) := Tmn(t) - X[0,2-m) (1)
m—+1

By the definition of the Rademacher functions we have
(3) Y () = 25 0 (271) - X(o,2-m)(t), 0<t <1

Results of Montgomery—Smith, [I1], imply that there exist universal constants
8 € (0,1, C3 > 0 and Cy > 0 such that for an arbitrary Rademacher series
fo = D7 bgry, the following inequalities hold:

Fi(t) < C3K (logh! (2/8), b; 01, £)
and
Ji (Bt) > O K (logy (2/1), bi 1, ).

So, if t € (0, 1], then

(4) Trn(t) < C3K (108 (2/1), b 01, 2)

and

(5) T (B8) 2 C K (logy* (2/1), bui 1, ),

where b,, = % Zi? e and (ey)$° are the canonical unit vectors in sequence spaces.

Using Holmstedt’s formula (see, for example, [5 Theorem 5.2.1]) it can be shown
that, for b, as above,

t
vn
with constants independent of ¢ > 0 and n > 1; see [2, Lemma 2]. Therefore,
relations [B)—(@]) imply that we have

K(t,bp; 01, 0) < min{1, o t>0,

(6) T () < C5Gn(t),
where 1o
. lo 2/t
G, (t) := min{1, %ﬁl/)}, 0<t<1,
and
(7) y:mn(t) > CglFm,n(t>v
where Lo
1 21=m3/t
Fon () := min{1, Og?(\rnﬂ/)}, 0<t<2™B.
We will prove that there exists a constant C; > 0 such that for every m > 0 the
inequality
(8) [Finnllx = C7l|Gnllx

holds for all sufficiently large n € N.
For this, we first show that for every m > 0 we have

1 4 4
9)  Fun(t) 2 Gult) ifn> ?m + 5 logy(1/6) and 0 < t < 21 4m/354/5,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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In the case 0 < t < 27™m~"+13  the last inequality is obvious because Fy, ,(t) =
Gn(t) =1. If 27m "3 <t < 277F1 then (@) turns into the inequality

m 1
log!/?(2'"™ /1) > 5V,

which holds when n > 47 + Zlog,(1/8). Finally, in the case t > 27" the
inequality (@) is equivalent to

log"/2(21-™8/t) > = logy*(2/1),

1
-2
which holds if ¢ < 2174m/384/3 Thus, (@) is proved and therefore, for n > 22 +
31og,(1/), we have

1
(10) [ Fomnllx > §||GnX[0,c2*47"/3]||X7

where ¢ = 23%/3.
Taking into account the definition of G, and ([I0)), we have, for n > 4Tm +
3 logy(1/0),

1 1/2
(11) [Frnnllx = mHlng (2/t)X[2-n+1 2-am/s) | x -

From Lemma [2] there is a constant C; > 0 such that

11085 % (2/)X (21 e2-smssy | x = Cilllogy* (2/t)x(2-n+1 1l x

holds for all n > ny(m). This last inequality and (Il imply that, for all n >
na(m) == max{%* + §log,(1/8),n1(m)}, we have
Cy
Bl 2 D Caxrs gllx.

Combining this with (I0), we conclude that (§) holds for all n > na(m).
From (), (@) and (@) it follows that for every m > 0 and n > nq(m), we have

+ _ _
X021 St Till X ymnllx o Ca I Fmnllx o GG _ C
Iy rillx [tmnllx = CsllGallx  —  Cs

Hence, (@) is proved.

Step 2. Let D C [0, 1] be any measurable set with positive measure. By Lebesgue’s
density theorem, for sufficiently large m € N, we can find a dyadic interval A :=
AFo = [(kg —1)27™, kp2~™] such that

27 = m(A) >m(AND)>2"""1

Let us consider the set E = (J2_, EF where EX is obtained by translating the set
AN D to the interval AX k= 1,2,...,2™ (in particular, E¥> = A N D). Denote
fi = ri-xg, i € N. It follows easily that |f;(t)] < 1, t € [0,1], ||fill, > 1/V2,

and f; — 0 weakly in Ly([0,1]) when ¢ — oo. Therefore, by [3, Theorem 5], the
sequence {f;}72; contains a subsequence {f;, }, which is equivalent in distribution

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3498 SERGUEI V. ASTASHKIN AND GUILLERMO P. CURBERA

to the Rademacher system. The last means that there exists a constant C' > 0 such
that

clm{t € [0,1]

Za]r] }>C’z} < {teOl

s
Zam ‘ 1z}

forall | €N, a; €R, j =1,2,...,1, and z > 0. Hence, by the definition of r; and
f;, for every n € N we have

IN

C’m{te [0,1]

m—+n
C’lm{t €[0,1]: Z Tj(t)X[Oz—m](t)‘ > Cz}
j=m+1
m—+n
{teOl > fi,(xalt } }
j=m+1
m-+n
< C’m{t €10,1]: Z rj(t)x[072—m](t)‘ > C_lz},
j=m+1
whence
m+n m+n
Z TinAmD >« Z TiX[.2-m]|| >
j=m+1 j=m+1

where a > 0 depends only on the constant C' and on the space X. Therefore,
applying (@) to the dyadic interval [0,27™], we have that, for large enough n,

m+n m4+n m—4+n
g ri;xanp| = aCs g rill = aCy E Ti;
j=m+1 X j=m+1 X j=m+1 X

It follows that
Ixpllamr,x) = Ixpabllam,x) = aCs.

Since A(R, X)) is a Banach function space, the above inequality implies thatA(R, X)
C L*. We always have the opposite embedding. Hence, A(R, X ) = L. O

Corollary 3. If X and Y are r.i. spaces on [0,1] with X C Y, then A(R,X) C
AR)Y).

Proof. If log1/2(2/t) ¢ Xo, then by Theorem [Il we have A(R,X) = L, and so
AR, X) C A(R,Y). Suppose that log1/2(2/t) € Xo. Then, log§/2(2/t) eXcy,
and so, by [12], we have R(X) = ¢? and R(Y) ~ ¢2. Hence,

lallam.yy = sup{ [ " anra,: a2 <1}

< Csup{ o awra s (@)l <1}

= [|2||acr,x)- O
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4. CONCLUDING REMARKS

Remark 4. A somewhat surprising feature of Theorem [ is that, together with
Theorem 3.2 in [4], it implies that the symmetric kernel Sym (R, X) of A(R,X)
reduces to L if and only if the multiplicator space A(R,X) does. That is, the

condition 1og;/ %(2/t) ¢ X, guarantees the equivalence

sup{HXDZanTn x : H Zanrn x < 1}
= Sup{HX[O,m(D)](ZanTH>* x : H Zanrn

=1,

<1}
X

with constants independent of a set D C [0, 1] with m(D) > 0. Moreover, the same
example as in Remark 3.5 in [4] shows that Ly is not the largest r.i. space satisfying
AR, X) = L*™.

Remark 5. The proof of Theorem [Il shows that when A(R,X) = L* the norm in
A(R,X) of the characteristic function of any dyadic interval of [0, 1] is attained
(up to equivalence) at an appropriate Rademacher tail sum. More precisely, there
exists a constant M; > 0, depending only on X, such that, for all n > 1,

[e.¢] [e.¢]
(12) SUP{HXA Z aivi|| H Z a;Ti
i=n+1 i=n+1

1=n 1=n

<1}z,
X

where A is any dyadic interval of rank n. Moreover, if X is any interpolation space
for the couple (L*°, Ly), the proof of Theorem 1 in [2] indicates that a relation
analogous to ([2) also holds for Rademacher partial sums; that is, there exists a
constant My > 0, depending only on X, such that, for all n > 1 and any dyadic
interval A of rank n, we have

(13) SUP{HXAZCMH < H Zam
i=1 i=1

Example 6. The situation noted in Remark [ concerning the behaviour of Rade-
macher partial sums, ([I3]), does not hold for all spaces X with A(R,X) = L.
Indeed, we present an appropriate space X satisfying logé/ 2(2 /t) ¢ (X)o for which
([@3) does not hold. Recall the following construction from [I]. Given an r.i. space
X on [0,1], consider the sequence space E = E(X) given by the norm

@)z = || D aer|

We always have E € Z(¢*, (%), and since interpolation spaces for the couple (¢!, ¢?)
are described by the real method, there exists a Banach lattice F' of two-sided
sequences satisfying (min{1,2%})> _ € F such that

< 1} > M,
X

(14) E= (" )E .= {x (K (28, a0t 7)) € F};
see [6], Theorems 4.4.5 and 4.4.38]. Consider the r.i. space Y := (L>°, Lx)%. Then,
Y C X and

(15) I awrelly = 1Y awrilix,  (ax) € €.
Moreover, since Y € Z(L*°, Ly), then Y # X whenever X ¢ Z(L*>, Ly).
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Let X be the Lorentz space A(pg) generated by ¢g(t) := 1og2_1/2(2/t) for 0 <
t < 1. The fundamental function of Y is
ey (t) = [|(K (2%, xp0.05 L%, L)) s |l -
Using the formula

K(t,x; L™, Ly) <t sup x*(s)logz_l/Q(Q/s), t>0

0<s<2l-t?
(see [2]), it can be easily checked that

K2 x5 1, L) = 2% logy /2 (2/t) if k < Llog, logy(2/1),
AR 1 if k> $log, logy(2/t).

In order to identify the Banach lattice F' in (I4]) corresponding to X = A(po),
using the results from [I1] mentioned in the proof of Theorem [I we have

[Ssowrd = (om0

/ K (logy/> (2/1). (ax): €1, £2) d(log; /*(2/1))

X

= ZK (2, (ag); 01, €%) - 277,
i=0
Thus, the fundamental function of Y, for 0 < t < 1, is given by

py(t) = > K(2,xp4;L> Ly)-2"
i=0
= log; '/*(2/t) > 1+ > 27
i<3 log, log,(2/t) i> 3 log, log,(2/1)
= log; /%(2/t) log, log, (2/1).
Since X = A(yp) satisfies the condition of Theorem [Tl we have A(R, X) = L.

However, ([3]) does not hold in this case. Indeed, by (I3]), for any n > 2 and any
ai,as,...,a,, we have

X —n airi
H [0.27] 21: Alo)

‘i

_ w27
v (2

—n) ’X[O,2—"]21:airi v
C n
1ognH gam Y
C n
N lognHzl:airi

IN

Algo)’

whence, for n > 2,

n
sup{ HX[O,Q—"] Z ;i
i=1

n
: H E a;7T;
A(po) =1
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