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Abstract. Let X be a separable or maximal rearrangement invariant space on [0, 1]. Necessary
and sufficient conditions are found under which the generalized Khintchine inequality
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holds for an arbitrary sequence {fk}∞k=1 ⊂ X of mean zero independent variables. Moreover, the
subspace spanned in a rearrangement invariant space by the Rademacher system with independent
vector coefficients is studied.

Key words: Khintchine inequality, rearrangement invariant space, Rademacher system, indepen-
dent functions, Kruglov property, Boyd indices.

1. Introduction. Let rk(t) = sign sin 2kπt (k = 1, 2, . . . ) be the Rademacher functions on the
interval [0, 1]. By the classical Khintchine inequality [1], for every p > 0 there exists a constant
Cp > 0 such that ‖∑∞

k=1 akrk‖Lp � Cp(
∑∞

k=1 a2
k)

1/2 for arbitrary real ak , k = 1, 2, . . . .
This relation has led to a number of studies and generalizations and found numerous applications

in various fields of analysis [2]. In particular, Rodin and Semenov [3] proved in 1975 that the
inequality
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holds for a rearrangement invariant space X on [0, 1] if and only if X contains the separable part
G of the Orlicz space LN2 generated by the function N2(u) = eu2 − 1. In this note, we solve a
similar problem in which scalar multiples of Rademacher functions are replaced by any mean zero
independent functions. More precisely, we characterize rearrangement invariant spaces X for which
there exists a constant C > 0 such that
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for all sequences {fk}∞k=1 ⊂ X of independent functions satisfying the conditions
∫ 1
0 fk(t) dt = 0

(k = 1, 2, . . . ) and (
∑∞

k=1 f2
k )1/2 ∈ X . Note that such a characterization is known if, instead of the

class of sequences of mean zero independent functions, the larger class of all martingale differences
is considered: inequality (2) holds in X if and only if the lower Boyd index of X is positive, αX > 0
[4].

In our case, the central role is played by the so-called Kruglov property, which was introduced
and intensively studied by Braverman [5]. The main result of this note (Theorem 1) provides a
description, in terms of this property, of separable or maximal rearrangement invariant spaces
for which the generalized Khintchine inequality (2) holds for arbitrary sequences of mean zero
independent functions. The second result (Theorem 2) shows the same property to be useful when
studying the subspace spanned in a rearrangement invariant space by the Rademacher system with
independent vector coefficients.
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2. Definitions and notation. A Banach space X of real-valued Lebesgue measurable functions
on the interval [0, α) (0 < α � ∞) is called a rearrangement invariant space if the relations y ∈ X
and x∗(t) � y∗(t) (t ∈ [0, α)) imply that x ∈ X and ‖x‖X � ‖y‖X . Here x∗(t) is the nonincreasing
right-continuous rearrangement of the function |x(s)|; i.e., x∗(t) = inf{τ � 0 : λ({s ∈ [0, α) :
|x(s)| > τ}) � t}, t > 0 (where λ stands for the Lebesgue measure).

Given a rearrangement invariant space X on [0, α), the Köthe dual (or associate) space X ′
consists of all measurable functions y such that ‖y‖X′ := sup{∫ α

0 ‖x(t)y(t)‖ dt : x ∈ X, ‖x‖X �
1} < ∞. A rearrangement invariant space X is said to be maximal (or have the Fatou property) if
the natural embedding of X in the Köthe bidual X ′′ is a surjective isometry. This is equivalent to the
following property of X : if xn ∈ X (n = 1, 2, . . . ), xn → x a.e. on [0, α), and supn=1,2,... ‖xn‖X < ∞,
then x ∈ X and ‖x‖ � lim infn→∞ ‖xn‖. Note that all rearrangement invariant spaces important
in applications (Orlicz, Lorentz, and Marcinkiewicz spaces etc.) are separable or maximal. The
Boyd indices αX and βX of a rearrangement invariant space X are an important characteristic of
X ; they are related to the dilation operator and always satisfy 0 � αX � βX � 1 [6, Theorem
2.4.4]. For any rearrangement invariant space X on [0, 1], one has the continuous embeddings
L∞[0, 1] ⊂ X ⊂ L1[0, 1] [6, Theorem 2.4.1].

If X is a rearrangement invariant space on [0, 1], then the space Z2
X introduced in [7] consists

of all functions f ∈ (L1 + L∞)(0,∞) such that

‖f‖Z2
X

:= ‖f∗χ[0,1]‖X + ‖f∗χ[1,∞)‖L2[1,∞)
< ∞.

One can readily show that the quasi-norm ‖ · ‖Z2
X

is equivalent to some norm, and therefore,
Z2

X is a rearrangement invariant space on [0,∞). If {fk}∞k=1 is a sequence of functions defined
on [0, 1], then by {f̄k}∞k=1 we denote a sequence of pairwise disjoint functions defined on [0,∞)
and equidistributed with the respective fk ; for example, f̄k(t) = fk(t − k + 1)χ[k−1,k)(t). For more
detailed information on rearrangement invariant spaces, we refer the reader to the monographs [6],
[8], and [9].

Let f be a measurable function (random variable) on [0, 1]. By π(f) denote the random variable
∑N

i=1 fi , where the fi are independent copies of f and N is a Poisson random variable with param-
eter 1 independent of the sequence {fi}. The following property was introduced and intensively
studied by Braverman [5], who used some probabilistic constructions due to Kruglov [10].

Definition 1. A rearrangement invariant space X on [0, 1] is said to have the Kruglov property
(X ∈ K) if π(f) ∈ X whenever f ∈ X .

Roughly speaking, a rearrangement invariant space X belongs to the class K if X is “sufficiently
far” from L∞ . In particular, this is true if X ⊃ Lp for some p < ∞ [5, Theorem 1.2, p. 16]. Moreover,
if LNγ is the exponential Orlicz space generated by the function Nγ(u) = euγ − 1, then LNγ ∈ K

if and only if 0 < γ � 1 [5, p. 42].
3. Results.
Theorem 1. Let X be a separable or maximal rearrangement invariant space on [0, 1]. The

following conditions are equivalent :
(a) X ∈ K.
(b) There exists a constant C > 0 such that
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for any sequence {fk}∞k=1 ⊂ X of independent functions satisfying the conditions
∫ 1
0 fk(t) dt = 0,

k = 1, 2, . . . , and
∑∞

k=1 f̄k ∈ Z2
X .

(c) There exists a constant C > 0 such that inequality (2) holds for any sequence {fk}∞k=1 ⊂ X

of independent functions satisfying the conditions
∫ 1
0 fk(t) dt = 0, k = 1, 2, . . . , and (

∑∞
k=1 f2

k )1/2 ∈
X .
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Remark 1. The inequality opposite to (3) holds in any rearrangement invariant space X [7].
Moreover, it was proved in [7] that (3) is true if X ⊃ Lp for some p < ∞. As was said above, the
last condition is more restrictive than condition (a). In particular, Theorem 1 shows that relations
(2) and (3) hold in the exponential Orlicz space LNγ for 0 < γ � 1.

Remark 2. On the one hand, the condition X ∈ K, which is weaker than the positivity
of the lower Boyd index, shows the difference between the properties of mean zero independent
functions and general martingale differences [4]. On the other hand, this condition is stronger than
the embedding X ⊃ G; the latter guarantees inequality (1), which is the special case of inequality
(2) for scalar multiples of the Rademacher system.

For an arbitrary rearrangement invariant space X on I = [0, 1], we define the corresponding
rearrangement invariant space X(I × I) on the square I × I with the norm ‖f‖X(I×I) = ‖f∗‖X .

Theorem 3. If X is a separable or maximal rearrangement invariant space, then the following
conditions are equivalent :

(α) X ∈ K.
(β) There exists a constant C > 0 such that
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for any sequence {fk}∞k=1 ⊂ X of independent functions.
(γ) There exists a constant C > 0 such that
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for any sequence {fk}∞k=1 ⊂ X of independent functions.
Remark 3. It is instructive to compare Theorem 2 with the following two well-known results.

The first one states that the following conditions are equivalent for any separable or maximal
rearrangement invariant space X : (i) there exists a constant C > 0 such that inequality (4) holds for
every sequence {fk}∞k=1 ⊂ X ; (ii) αX > 0. (The implication (ii)⇒(i) was proved in [8, Proposition
2.d.1], and the opposite implication, in [11].) The second result, known as Maurey’s inequality, states
that if X is a q-concave Banach lattice for some q < ∞ [8, Definition 1.d.3], then there exists a
constant C > 0 such that inequality (5) holds for every sequence {fk}∞k=1 ⊂ X [8, Theorem 1.d.6(i)].
Note that, on the one hand, the coefficients of the series involved in both statements are arbitrary
functions; on other hand, the conditions in these statements guaranteeing that inequalities (4) and
(5) hold are much more restrictive than condition (α).

Remark 4. The proof of Theorems 1 and 2 uses the operator approach, developed in [12] and
[13], to studying the Kruglov property.
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