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Abstract A new set of sufficient conditions under which every sequence of in-

dependent identically distributed functions from a rearrangement invariant (r.i.)

space on [0, 1] spans there a Hilbertian subspace are given. We apply these re-

sults to resolve open problems of N.L. Carothers and S.L. Dilworth, and of M.Sh.

Braverman, concerning such sequences in concrete r.i. spaces.

1. Introduction

Let X be a r.i. space on [0, 1], and let {fk}∞k=1 ⊂ X be a sequence of indepen-

dent identically distributed random variables (i.i.d.r.v.’s). In this article, we are

concerned with the question, under which conditions on the space X, there exists

a constant C > 0, such that the inequality

(1.1) C−1

(
n∑

k=1

a2
k

)1/2

≤
∥∥∥∥∥

n∑

k=1

akfk

∥∥∥∥∥
X

≤ C

(
n∑

k=1

a2
k

)1/2

holds for every n ∈ N and {ak}n
k=1 ⊂ R. It is convenient to recall first some

relevant results from [Br, Chapter 3]. Note that only the right inequality in (1.1)

is of interest, since the left inequality holds for an arbitrary r.i. X [Br, Lemma 1,

p. 52]. The (easy) set of conditions on X and f1 necessary for (1.1) to hold is listed

in [Br, p. 71] (all unexplained notions from the Banach function space theory are

defined in the next section, see also [LT])

(a) the Köthe bidual X×× contains the Orlicz space LN generated by the

function N(t) = et2 − 1;

(b) f1 ∈ L2;

(c) Ef1 :=
∫ 1

0
f1(x)dx = 0.

To present a set of sufficient conditions for (1.1) to hold, we need first some

notations from [Br, Chapter 3]. For a sequence a = (ak)∞k=1 and a r.v. f on [0, 1],
1
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we set

(1.2) Qaf(t) =
∞∑

k=1

λ{s ∈ [0, 1] : |akf(s)| > t}, t > 0,

where λ is Lebesgue measure. The r.v. f is said to have the property A2(X)

(briefly,f ∈ A2(X)) if for all a ∈ l2 the r.i. space X contains all r.v.’s g satisfying

the condition λ{s ∈ [0, 1] : |g(s)| > t} ≤ CQaf(t) (t > 0) for some C > 0. For

the definition and detailed discussion of the so-called Kruglov property, see next

section.

Theorem [Br]. If X has the Kruglov property and {fk}∞k=1 is a sequence of

i.i.d.r.v.’s such that f1 ∈ A2(X), f1 ∈ L2 and Ef1 = 0, then (1.1) holds.

The proof of this result given in [Br] is rather indirect and based on fine estimates

of infinitely divisible distributions in r.i. spaces. The novelty of our approach here is

twofold. Firstly, we observe that sequences {fk}∞k=1 of independent mean zero r.v.’s

in a r.i. space X with the Kruglov property behave very similar to the sequences

of their disjoint translates {f̄k(·) := fk(· − k + 1)}∞k=1 in some r.i. space Z2
X on the

semi-axis (0,∞) [AS3]. More precisely, in this case there exists a constant C > 0

such that for every sequence of r.v.’s {fk}∞k=1 ⊂ X as above, we have

(1.3) C−1

∥∥∥∥
n∑

k=1

f̄k

∥∥∥∥
Z2

X

≤
∥∥∥∥

n∑

k=1

fk

∥∥∥∥
X

≤ C

∥∥∥∥
n∑

k=1

f̄k

∥∥∥∥
Z2

X

.

Here, the r.i. space Z2
X consists of all measurable functions f on (0,∞), such that

(1.4) ‖f‖Z2
X

:= ‖f∗χ[0,1]‖X + ‖f∗χ[1,∞)‖L2[1,∞) < ∞,

where f∗(s) is the non-increasing rearrangement of |f(s)| (see next section). The

connection of the Kruglov property with the estimates similar to (1.3) explained

in detail in [AS1, AS2, AS3] allows us to significantly straighten the arguments in

the proof of (1.1) and avoid using infinitely divisible distributions. It is fitting to

mention that under a somewhat stronger assumption that X ⊃ Lp for p < ∞, the

inequality (1.3) had been obtained earlier in [JS], where it is also shown that the

left hand side inequality in (1.3) holds in every r.i. space X.

To see that the theorem above is an easy corollary of the right hand side inequal-

ity (1.3), let {fk}∞k=1 be a sequence of i.i.d.r.v.’s such that f1 ∈ A2(X), f1 ∈ L2 and

Ef1 = 0. A standard argument shows that (1.1) is an immediate corollary of the fol-

lowing implication: a = (ak)∞k=1 ∈ l2 =⇒ ∑∞
k=1 akfk ∈ X. Now, if f̄a =

∑∞
k=1 akf̄k,
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then we obtain from the definition (1.2)

Qaf1(t) = λ{s > 0 : |f̄a(s)| > t} (t > 0).

Therefore, the assumption f1 ∈ A2(X) implies f∗aχ[0,1] ∈ X and similarly the

assumption f1 ∈ L2 guarantees that f̄a ∈ L2(0,∞) for every a = (ak)∞k=1 ∈ l2. At

last, the definition of the space Z2
X (see (1.4)) yields f̄a ∈ Z2

X , and due to (1.3), we

conclude
∑∞

k=1 akfk ∈ X.

The second novelty of our approach is related to the study of the class of r.i.

spaces X such that (1.1) holds for every sequence of i.i.d.r.v.’s {fk}∞k=1 ⊂ X. To

study the question when f ∈ A2(X) for any given f ∈ X, we employ interpolation

methods. An interpolation type assumption on X which we use here is very easy to

verify in concrete situations and, in fact, it allows us to completely eliminate from

consideration a rather vague condition f ∈ A2(X).

Our approach allows us to answer in full on two open questions from [CD] and

[Br]. The negative answer to the question raised in [Br, p. 71] on whether the

conditions (a)— (c) are sufficient to guarantee that (1.1) holds is given in Corollary

3.6 below. There, we also answer negatively the question [CD] whether an arbitrary

i.i.d. sequence of r.v.’s spans a Hilbertian subspace in the space L2,q, 0 < q < 2.

We note that a negative answer to the question of N.L. Carothers and S.J. Dilworth

has been announced in [N], but the proof given there is incomplete.

In view of the necessity of conditions (a) — (c) above, we shall assume below

that X ⊆ L2 and that the sequence {fk}∞k=1 consists of mean zero r.v.’s. The main

result of this article is Theorem 3.1 below.

2. Definitions and preliminaries

2.1. Rearrangement invariant spaces. A Banach space X of real-valued

Lebesgue measurable functions (with identification λ-a.e.) on the interval J , where

J = [0, 1] or [0,∞), will be called rearrangement invariant (r.i.) if

(i) X is an ideal lattice, that is, if y ∈ X, and if x is any measurable function

on J with 0 ≤ |x| ≤ |y| then x ∈ X and ‖x‖X ≤ ‖y‖X ;

(ii) if y ∈ X, and if x is any measurable function on J with x∗ = y∗, then

x ∈ X and ‖x‖
X

= ‖y‖
X

.
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Here, x∗ denotes the non-increasing, right-continuous rearrangement of x given by

x∗(t) = inf{ τ ≥ 0 : n|x|(τ) ≤ t }, t > 0,

where n|x|(τ) := λ{s ≥ 0 : |x(s)| > τ}.
The Köthe dual X× of an r.i. space X on the interval J consists of all measurable

functions y for which

‖y‖
X× := sup{

∫

J

x(t)y(t) dt : x ∈ X, ‖x‖
X
≤ 1} < ∞.

If X∗ denotes the Banach dual of X, it is known that X× ⊂ X∗ and X× = X∗ if

and only if X is separable. The norm ‖ · ‖
X

on X is said to be a Fatou norm, if

the unit ball of X is closed in E with respect to almost everywhere convergence.

The norm on the r.i. space X is a Fatou norm if and only if the natural embedding

X ↪→ X×× of X into its Köthe bidual is an isometry.

An important characteristic of a r.i. space X is the so-called fundamental func-

tion ϕX(t) = ‖1(0,t]‖X , where we denote by 1e the indicator function of a measur-

able set e ⊂ [0,∞).

Every increasing concave function ϕ on [0, 1], ϕ(0) = 0, generates the Lorentz

space Λ(ϕ) endowed with the norm

‖x‖Λ(ϕ) =

1∫

0

x∗(t)dϕ(t).

It is easy to check that ϕΛ(ϕ)(t) = ϕ(t).

We also recall the definition of the (Lorentz) spaces Lp,q: x ∈ Lp,q if and only if

the quasi-norm

‖x‖p,q =





q

p




1∫

0

(
x∗(t)t1/p

)q dt

t




1/q

, q < ∞

sup x∗(t)t1/p, q = ∞

is finite. Lp,q-spaces play a significant role in the interpolation theory [KPS], [LT].

The expression ‖ · ‖p,q is a norm if 1 6 q 6 p and is equivalent to a (Banach) norm

if q > p ≥ 1.
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Let X be a r.i. space on [0, 1]. We shall also work with a r.i. space X(Ω, µ) of

r.v.’s on a probability space (Ω, µ) given by

X(Ω, µ) := {f ∈ L1(Ω, µ) : f∗ ∈ X}, ‖f‖X(Ω,µ) := ‖f∗‖X .

Here, the decreasing rearrangement f∗ is calculated with respect to the measure

µ on Ω. We denote by S(Ω)(= S(Ω, µ)) the linear space of all measurable finite

a.e. functions on a given measure space (Ω, µ) equipped with the topology of

convergence locally in measure.

For basic properties of rearrangement invariant spaces, we refer to the mono-

graphs [KPS], [LT].

2.2. Interpolation functors. Throughout this paper, we denote by
−→
X = (X0, X1)

a (compatible) Banach couple [KPS], [LT], [BK]. The sum X0 + X1 and the inter-

section X0 ∩X1 are equipped with the usual norms:

‖x‖X0+X1 = inf{‖x0‖X0 + ‖x1‖X1 : x = x0 + x1, x0 ∈ X0, x1 ∈ X1},

‖x‖X0∩X1 = max{‖x‖X0 , ‖x‖X1}.

Let
−→
X = (X0, X1) and X be a Banach space such that X0∩X1 ⊆ X ⊆ X0 +X1.

We say that X is an interpolation space between X0 and X1 if any bounded linear

operator A : X0 + X1 → X0 + X1 which maps Xi boundedly into Xi (i = 0, 1) also

maps X boundedly into X. The set of all interpolation spaces between X0 and X1

will be denoted by Int(X0, X1).

The K-functional K(t, x;
−→
X ) is defined for x ∈ X0 + X1 and t > 0 by setting

K(t, x;
−→
X ) = inf{‖x0‖X0 + t‖x1‖X1 : x = x0 + x1, x0 ∈ X0, x1 ∈ X1}.

Let Φ be a Banach lattice over ((0,∞), dt
t ) satisfying the condition min(1, t) ∈ Φ.

Denote by (X0, X1)K
Φ the set of all elements x ∈ X0+X1 such that K(t, x,X0, X1) ∈

Φ endowed with the norm ‖x‖(X0,X1)K
Φ

= ‖K(t, x;
−→
X )‖Φ.

It is well known that the map (X0, X1) 7→ (X0, X1)K
Φ is an interpolation functor

(see e.g. [BK, 3.3.12]). The latter means, in particular, that if
−→
X = (X0, X1) is a

Banach couple, then the space (X0, X1)K
Φ ∈ Int(X0, X1). This interpolation method

is called the K-method and the lattice Φ is called the parameter of the K-method.

A couple of Banach spaces
−→
X = (X0, X1) is said to be a K-monotone couple, if

there exists a constant C > 0 such that for any x, y ∈ X0 + X1 with K(t, x;
−→
X ) ≤
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K(t, y;
−→
X ), t ∈ (0,∞), there exists a linear operator A : X0 + X1 → X0 + X1 such

that x = Ay and such that A is bounded in X0 and X1 with max
i=0,1

‖A‖Xi→Xi
≤ C.

2.3. The Kruglov property and the operator K in r.i. spaces. Let f be a r.

v. on [0, 1] and let Ff be its distribution function. By π(f) we denote any r. v. on

[0, 1] whose characteristic function is given by

ϕπ(f)(t) = exp
(∫ ∞

−∞

(
eitx − 1

)
dFf (x)

)
,

or, equivalently a r. v.
∑N

i=1 fi, where fi’s are independent copies of f and N is a

Poisson random variable with parameter 1 independent of the sequence {fi}.
Definition. An r.i. space X is said to have the Kruglov property (we write:

X ∈ K), if and only if f ∈ X ⇐⇒ π(f) ∈ X.

This property has been studied and extensively used by M. Sh. Braverman [Br],

who noted in particular, that only the implication f ∈ X =⇒ π(f) ∈ X is non-

trivial, since the implication π(f) ∈ X =⇒ f ∈ X is always satisfied [Br, p.11].

Note that an r. i. space X ∈ K if X ⊇ Lp for some p < ∞ [Br, Theorem 2,p.16].

Moreover, Kruglov’s theorem [K] gives that exponential Orlicz spaces LNp , where

Np(u) is equivalent to the function eup − 1 for sufficiently small u > 0, also possess

this property if 0 < p ≤ 1.

In [AS2] (see also [AS1]) we defined the operator K on S([0, 1], λ) which is

closely linked with the Kruglov property. From a technical viewpoint, it is

more convenient to assume that this operator takes its values in S(Ω,P) , where

(Ω,P) :=
∏∞

k=0
([0, 1], λk) (here, λk is Lebesgue measure on [0, 1] for every k ≥ 0).

Let {En} be a sequence of pairwise disjoint subsets of [0, 1], m(En) = 1
e·n! , n ∈ N.

For a given f ∈ S([0, 1], λ), we set

Kf(ω0, ω1, ω2, . . . ) :=
∞∑

n=1

n∑

k=1

f(ωk)χ
En

(ω0).

Let also δ : (Ω,P) → ([0, 1], λ) be a measure preserving isomorphism. For every

g ∈ S(Ω,P), we set T (g)(x) := g(δ−1x), x ∈ [0, 1]. Note that T is a rearrangement-

preserving mapping between S(Ω,P) and S([0, 1], λ). So, the distribution function

of TKf is the same as the distribution function of Kf. The operator TK acts on

S([0, 1], λ) and, by an abuse of language, we shall refer to the latter operator as K.
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It is important to note that the operator K (= TK) maps an r. i. space X

boundedly into itself if and only if X has the Kruglov property [AS2, Lemma 3.3].

In [AS2], the action of the linear operator K on various classes of r.i. spaces is

studied. In [AS3], we have studied series of independent mean zero r. v.’s in r. i.

spaces with the Kruglov property.

3. Results and proofs

Theorem 3.1. If X is a r.i. space on [0, 1] such that X ∈ Int(L2, L∞) and either

(i) K : X 7→ X, or

(ii) X has Fatou norm and K : X 7→ X××,

then there exists c > 0 such that for any i.i.d. mean zero sequence {fk}∞k=1 ⊂ X

and for every a = (ak)∞k=1 ∈ l2, the following inequality holds

(3.1)

∥∥∥∥∥
∞∑

k=1

akfk

∥∥∥∥∥
X

≤ c‖f1‖X‖a‖2

Proof. For any given a = (ak)∞k=1 ∈ l2, we define a linear operator Ta : S(0, 1) →
S(0,∞) by setting

Taf(t) =
∞∑

k=1

akf(t− k + 1)1(k−1,k](t).

Noting, that for every f ∈ L2 (respectively, f ∈ L∞) we have

‖Taf‖2 =

( ∞∑

k=1

a2
k

∫ k

k−1

f2(t− k + 1)dt

)1/2

= ‖a‖2‖f‖2

(respectively, ‖Taf‖∞ = sup
k
|ak|‖f‖∞ ≤ ‖a‖2‖f‖∞)

(3.2)

we conclude that Ta acts boundedly from L2(0, 1) into Z2
L2

(= L2(0,∞)) (respec-

tively, from L∞(0, 1) into L∞(0,∞)). Combining the inequality

‖g‖Z2
L∞

≤ 2‖g‖L∞(0,∞)∩L2(0,∞)

(in fact, Z2
L∞ = L∞(0,∞) ∩ L2(0,∞)) with (3.2), we obtain:

(3.3) ‖Taf‖Z2
L∞

≤ 2‖a‖2‖f‖∞, ∀f ∈ L∞(0, 1),

i.e. Ta acts boundedly from L∞(0, 1) into Z2
L∞ . In order to “interpolate” inequali-

ties (3.2) and (3.3) and extend them to an arbitrary r.i. space X ∈ Int(L2, L∞), we
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will need the following auxiliary lemmas, the first of them is proved in [A, Lemma

4].

Lemma 3.2. For any Banach couple (X0, X1) and an arbitrary parameter Φ of

the K-method the following equality holds:

(X0, X0 ∩X1)K
Φ = (X0, X1)K

Φ ∩X0.

Since the couple (L2, L∞) is K-monotone [LS] and since X ∈ Int(L2, L∞), we

have by [BK, Theorem 3.3.20] that there exists a parameter Φ of the K-method

such that

(3.4) X = (L2, L∞)K
Φ .

Lemma 3.3. If parameter Φ is such that (3.4) holds, then

Z2
X(0,∞) = (L2(0,∞), L∞(0,∞))K

Φ ∩ L2(0,∞)

up to norm equivalence.

Proof. Set

V := (L2(0,∞), L∞(0,∞))K
Φ and W := V ∩ L2(0,∞).

The projection Pf(t) = f1[0,1](t), f ∈ S(0,∞) acts from Lp(0,∞) onto Lp

with norm 1, for every 1 ≤ p ≤ ∞. Hence, for every f ∈ W , we have

‖f‖W ≥ ‖f∗1[0,1]‖V = ‖f∗1[0,1]‖X . This yields immediately ‖f‖W ≥ 2−1‖f‖Z2
X

.

In order to prove the converse inequality, we note first that X ⊂ L2 (by assump-

tion) and so for some c ≥ 1, we have ‖f‖2 ≤ c‖f‖X , ∀f ∈ X. Hence,

‖f‖L2(0,∞) ≤ c‖f∗1[0,1]‖X + ‖f∗1[1,∞)‖L2 ≤ c‖f‖Z2
X

and

‖f‖V ≤‖f∗1[0,1]‖X + ‖f∗1[1,∞)‖(L2∩L∞)(0,∞)

≤‖f∗1[0,1]‖X + f∗(1) + ‖f∗1[1,∞)‖L2(1,∞)

≤(1 + ‖1[0,1]‖−1
X )‖f∗1[0,1]‖X + ‖f∗1[1,∞)‖L2(1,∞)

≤(1 + ϕX(1)−1)‖f‖Z2
X

,

where ϕX(u) is the fundamental function of X. Finally, we have

‖f‖W ≤ max(c, 1 + ϕX(1)−1)‖f‖Z2
X
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and the lemma is proved. ¤

We continue the proof of Theorem 3.1. Combining (3.2), (3.3) and Lemmas 3.2

and 3.3, we see that there exists c1 > 0 depending only on the space X such that

(3.5) ‖Taf‖Z2
X
≤ c1‖a‖2‖f‖X , ∀f ∈ X, a ∈ l2.

On the other hand, the assumptions on the space X made in Theorem 3.1 allow

us to use [AS3, Theorem 1]. In particular, for any sequence {fk}n
k=1 ⊂ X of i.i.d.

mean zero r.v.’s and for any n ∈ N, we have

(3.6)

∥∥∥∥∥
n∑

k=1

akfk

∥∥∥∥∥
X

≤ c2

∥∥∥∥∥
n∑

k=1

akf̄k

∥∥∥∥∥
Z2

X

, ∀a1, a2, . . . , an ∈ R.

Since the functions fk, k = 1, 2 . . . are identically distributed the same holds also

for the functions
∑n

k=1akf̄k and Tanf1, where an = (an
k ), an

k = ak (k ≤ n) and

an
k = 0 (k > n). So (3.5) and (3.6) yield the following inequality

∥∥∥∥∥
n∑

k=1

akfk

∥∥∥∥∥
X

≤ c1c2‖f1‖X‖a‖2, n = 1, 2, . . . .

Since the last inequality is equivalent to (3.1), the theorem is proved. ¤

The condition that (1.1) holds for an arbitrary sequence {fk}∞k=1 ⊂ X of i.i.d.

mean zero r.v.’s is formally weaker than the assertion of of Theorem 3.1. Never-

theless, the following result holds.

Theorem 3.4. Let X be a r.i. space on [0, 1]. Any sequence {fk}∞k=1 ⊂ X of i.i.d.

mean zero r.v.’s spans a Hilbertian subspace in X, if and only if the inequality (3.1)

holds for any such sequence and some constant c > 0, which depends only on X.

Proof. We need only to show that if X is a r.i. space such that any sequence

{fk}∞k=1 ⊂ X of i.i.d. mean zero r.v.’s spans a Hilbertian subspace in X, then we

have the inequality (3.1). Following [N], we define the set A(X) of all sequences a =

(ak)∞k=1 such that the series
∑∞

k=1akfk converges in X for any sequence {fk}∞k=1 ⊂
X of i.i.d. mean zero r.v.’s. Note, that the set X0 := {f ∈ X :

∫ 1

0
f(x)dx = 0} is

a closed subspace in X.

For any a = (ak)∞k=1 ∈ A(X), we define a linear operator Tn
a : X0 7→ X(Ω, µ) by

setting

Tn
a f(ω1, ω2, . . .) =

n∑

k=1

akf(ωk), n ∈ N.
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Here, Ω = [0, 1]∞ and µ =
∏∞

k=1λk. Since ‖Tn
a f‖X(Ω,µ) ≤

∑n
k=1|ak|‖f‖X , the

operator Tn
a is bounded for every n ∈ N. Moreover, by the definition of A(X) we

have

sup
n
‖Tn

a f‖X(Ω,µ) < ∞, ∀f ∈ X0.

Therefore, applying the Banach-Steinhaus principle, we obtain

sup
f∈X0,‖f‖X≤1

sup
n∈N

∥∥∥∥∥
n∑

k=1

akf(ωk)

∥∥∥∥∥
X(Ω,µ)

< ∞

for all a ∈ A(X), or equivalently

(3.7) sup
{fk}∞k=1,‖f1‖X≤1

∥∥∥∥∥
∞∑

k=1

akfk

∥∥∥∥∥
X

< ∞,

where {fk}n
k=1 is an arbitrary i.i.d. mean zero sequence of r.v.’s from X. Now, if

we define ‖a‖A(X) to be equal to the supremum in (3.7), then

(3.8)

∥∥∥∥∥
∞∑

k=1

akfk

∥∥∥∥∥
X

≤ ‖a‖A(X)‖f1‖X .

Using standard arguments it is not hard to show that (A(X), ‖·‖A(X)) is a Banach

space. Moreover, it is easy to see that convergence in A(X) implies pointwise

convergence. Applying the Closed Graph Theorem, we may conclude that the

embedding l2 ⊆ A(X) given by the assumption on of the theorem is continuous,

in other words, ‖a‖A(X) ≤ c‖a‖2 (∀a ∈ l2). Now, inequality (3.1) follows directly

from (3.8). The theorem is proved. ¤

Corollary 3.5. Let X be a r.i. space on [0, 1] such that inequality (1.1) holds for

any sequence {fk}∞k=1 ⊂ X of i.i.d. mean zero r.v.’s. Then there exists c > 0 such

that for any n ∈ N, any sequence of disjointly supported and identically distributed

functions {gk}n
k=1 ∈ X, ‖g1‖X = 1 and any ak ∈ R, k = 1, 2, . . . , n the following

inequality holds:

(3.9)

∥∥∥∥∥
n∑

k=1

akgk

∥∥∥∥∥
X

≤ c

(
n∑

k=1

a2
k

)1/2

.

In particular,

(3.10)

∥∥∥∥∥
n∑

k=1

ak1[ k−1
n , k

n ]

∥∥∥∥∥
X

≤ cϕX(1/n)

(
n∑

k=1

a2
k

)1/2

,

where ϕX is the fundamental function of the r.i. space X.
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Proof. It is easy to see that there are sets {g+
k }n

k=1 and {g−k }n
k=1 of identically

distributed r.v.’s such that |gk| = g+
k + g−k , g+

k g−k = 0 and
∫ 1

0
g+

k (x)dx =
∫ 1

0
g−k (x)dx

for any k = 1, 2, . . . , n. Setting g′k = g+
k − g−k , k = 1, 2, . . . , n we obtain identically

distributed sequence of mean zero r.v.’s. Let {fk}n
k=1 be a sequence of independent

copies of g′k. We have, ‖f1‖X = ‖g′1‖X = ‖g1‖X = 1, and by Theorem 3.4

(3.11)

∥∥∥∥∥
n∑

k=1

akfk

∥∥∥∥∥
X

≤ c

(
n∑

k=1

a2
k

)1/2

, ∀a1, a2, . . . , an ∈ R,

with some constant c > 0 independent of {gk}n
k=1. We now note that the proof of

the left hand side inequality (3) in by [JS, Theorem 1] does not use the assumption

that an embedding Lp ⊆ X holds for some p < ∞ (see also [Br, Lemma 5, p.14-

15]). Therefore, applying this inequality to the sequence {fk}n
k=1 of i.i.d. mean

zero r.v.’s, we have

(3.12)

∥∥∥∥∥
n∑

k=1

akfk

∥∥∥∥∥
X

≥ 1
4

∥∥∥∥∥
n∑

k=1

akg′k

∥∥∥∥∥
X

=
1
4

∥∥∥∥∥
n∑

k=1

akgk

∥∥∥∥∥
X

.

Inequality (3.9) follows from (3.11) and (3.12), and inequality (3.10) is a conse-

quence of (3.9). ¤

Corollary 3.6. If a r.i. space X $ L2 and ϕX(u) = u1/2, then there exists an

i.i.d. mean zero sequence {fk}∞k=1 ⊂ X spanning a subspace in X which is not

isomorphic to l2.

Proof. If every i.i.d. mean zero sequence of r.v.’s {fk}∞k=1 ⊂ X spans a subspace

isomorphic to l2, then by the preceding corollary, the inequality (3.10) would hold.

In this case (3.10) may be equivalently re-written as
∥∥∥∥∥

n∑

k=1

ak1[ k−1
n , k

n ]

∥∥∥∥∥
X

≤ c

∥∥∥∥∥
n∑

k=1

ak1[ k−1
n , k

n ]

∥∥∥∥∥
L2

for any n ∈ N and any ak ∈ R, k = 1, 2, . . . , n. This immediately yields that

L2 ⊆ X, and invoking the assumption, we conclude that X = L2, which is not the

case, since by the same assumption X 6= L2. The corollary is proved. ¤

Remark 3.7. In particular, if X = L2,q, 1 ≤ q < 2, then it follows from Corollary

3.6 that there exists an i.i.d. mean zero sequence {fk}∞k=1 ⊂ L2,q spanning a

subspace in L2,q which is not isomorphic to l2. This answers in the negative a
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question from [CD, p. 157]. The same answer was earlier stated in [N]; however,

the proof there is incomplete.

Similarly, the same example also demonstrates that the conditions (a)—(c) on

a r.i. space X stated in the Introduction are not sufficient to guarantee that (1.1)

holds for every i.i.d. mean zero sequence {fk}∞k=1 ⊂ X of r.v.’s. This answers in

the negative a question in [Br, p. 71].

Corollary 3.8. If a r.i. space X has a Fatou norm, X $ L2 and ϕX(u) = u1/2,

then X /∈ Int(L2, L∞). In particular, L2,q /∈ Int(L2, L∞) for every 1 ≤ q < 2.

Proof. Since X ⊃ L2,1 ⊃ Lr, r > 2, then by [AS2, Corollary 5.4], the operator

K : X 7→ X×× is bounded. Therefore, if X ∈ Int(L2, L∞) then, by Theorem 3.4,

every i.i.d. mean zero sequence {fk}∞k=1 ⊂ X of r.v.’s would span a Hilbertian

subspace in X. This contradicts the assertion of Corollary 3.6. ¤

Remark 3.9. A proof of a similar result to that of the preceding corollary by a

different method may be found also in [MM, Theorem 5].

Corollary 3.10. Let ϕ be an increasing and concave function on [0, 1], such that

t
1
2 ≤ C1 · ϕ(t), 0 < t ≤ 1 and

(3.13)
∞∑

k=1

ϕ

(
tk

k!

)
≤ C2ϕ(t), 0 < t < 1,

for some constants C1 and C2. Then every i.i.d. mean zero sequence of r.v.’s from

the Lorentz space Λ(ϕ) spans in Λ(ϕ) a Hilbertian subspace if and only if there

exists a constant C3 > 0 such that

(3.14)

(
n∑

k=1

(
ϕ

(
k

n

)
− ϕ

(
k − 1

n

))2
)1/2

≤ C3ϕ

(
1
n

)
, n ∈ N.

Proof. At first, we suppose that every i.i.d. mean zero sequence of r.v.’s from the

Lorentz space Λ(ϕ) spans in Λ(ϕ) a Hilbertian subspace. By the definition of the

norm in the Lorentz space Λ(ϕ), we have

∥∥∥∥∥
n∑

k=1

ak1[ k−1
n , k

n ]

∥∥∥∥∥
Λ(ϕ)

=
n∑

k=1

a∗k

(
ϕ

(
k

n

)
− ϕ

(
k − 1

n

))
,
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where {a∗k}n
k=1 is the decreasing rearrangement of the sequence {|ak|}n

k=1. Thus, it

follows from (3.10) that

n∑

k=1

a∗k

(
ϕ

(
k

n

)
− ϕ

(
k − 1

n

))
≤ cϕ

(
1
n

) (
n∑

k=1

a2
k

)1/2

for any n ∈ N and ak ∈ R, k = 1, 2, . . . , n. It is obvious that the last inequality is

equivalent to (3.14).

Conversely, suppose that (3.14) holds. Since (3.13) means that the operator K
sends Λ(ϕ) into itself [AS2, Theorem 5.1], it follows from the proof of Theorem 3.1

that it is sufficient to verify that for every sequence a = (ak)∞k=1 ∈ l2, the operator

Taf(t) =
∞∑

k=1

akf(t− k + 1)1(k−1,k](t)

is bounded from Λ(ϕ) into Z2
Λ(ϕ). Fix n ∈ N. By the assumption and (3.14), we

have

‖Ta1[0, 1
n ]‖Z2

Λ(ϕ)
=

∥∥∥∥∥
n∑

k=1

a∗k1( k−1
n , k

n ]

∥∥∥∥∥
Λ(ϕ)

+

∥∥∥∥∥
∞∑

k=n+1

a∗k1( k−1
n , k

n ]

∥∥∥∥∥
L2(1,∞)

=
n∑

k=1

a∗k

(
ϕ

(
k

n

)
− ϕ

(
k − 1

n

))
+

(
1
n

∞∑

k=n+1

(a∗k)2
) 1

2

≤ C3ϕ

(
1
n

) (
n∑

k=1

(a∗k)2
) 1

2

+ C1ϕ

(
1
n

) ( ∞∑

k=n+1

(a∗k)2
) 1

2

≤ (C1 + C3)ϕ
(

1
n

)
‖a‖l2 .

If h ∈ (0, 1), then there exists n ∈ N, such that (n + 1)−1 < h ≤ n−1. Using the

argument above, we set

‖Ta1[0,h]‖Z2
Λ(ϕ)

≤ ‖Ta1[0, 1
n ]‖Z2

Λ(ϕ)

≤ (C1 + C3)ϕ
(

1
n

)
‖a‖l2 ≤ 2(C1 + C3)ϕ(h)‖a‖l2 .

Combining this inequality with Corollary 1 to Lemma II.5.2 in [KPS], we see that

Ta acts boundedly from Λ(ϕ) into Z2
Λ(ϕ) with the norm less or equal to 4(C1 +

C3)‖a‖l2 . ¤
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