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Abstract—We obtain simple necessary and sufficient conditions for the normability of
Marcinkiewicz classes, which play an important role in various problems of analysis. These
conditions are stated in terms of dilation exponents of the function generating the given class as
well as in terms of interpolation for operators bounded in the couple (L1, Loo).
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1. INTRODUCTION

Let ¢: [0,00) — [0,00) be an increasing function such that ¢(t) > 0, t > 0. The Marcinkiewicz
class M, is defined as the set of all measurable functions = = 2(t) on [0, o) such that the functional

]|, = sup ™ (t)p(t) (1)
t>0

is finite. From now on, by *(¢) we denote the nondecreasing rearrangement of the function |z(¢)|. In

particular, for ¢(t) = t'/7, 0 < p < oo, we obtain the classical spaces Ly, « introduced in[1](see also [2,
p. 197]). One can readily show (e.g., as was done for similar classes of integral type in [3]) that || - ||, is
a quasinorm (i.e.,

Iz +yllp < Cllzlle + llylle), 2y € M,

forsome C' > 0)if and only if the function ¢ satisfies the As-condition. This condition means that there
exists a constant K > 0 such that

w(2t) < Ko(t) for ¢>0.

[t is well known [2, Theor. 2.5.3, p. 156] that the functional (1) is equivalent to the norm in the
corresponding symmetric Marcinkiewicz space (see the definitions below) if and only if the upper dilation
exponent of ¢ is nontrivial. Here we consider the more general question about the normability of the
class M. A similar problem was studied in [4] for the sets

AP (w), where w: [0,00) — [0,00) and w(s) >0 fors > 0;

these sets consist of measurable functions f: R™ — R such that
t 1/p
| £l Ao () = sup f*(t) (/ w(s) ds> < 0. (2)
t>0 0

[t was proved in [4] that the normability of AP"*°(w) is equivalent to each of the following conditions:
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(i) The maximal Hardy—Littlewood operator

M(z) -sup<2r>"_/;( s

r>0

where Q(x,r) is the cube centered at x with edges of length 2r parallel to the coordinate axes, is
bounded in AP*°(w).

(ii) There exists a constant C' > 0 such that the function

m@u)>_<1jw@)mﬁlm

/KQLﬂw<C—i— t> 0. (3)
0 Wp(s) N Wp(t)’

Note that condition (ii) clearly shows that there is some “redundancy” in definition (2). (The answer
depends only on W,.) In this connection, we prefer to define Marcinkiewicz classes (referred to as
Lorentz spaces of the weak type in[4]) by relation (1).

The main goal of the present paper is to find simpler and more efficient conditions for the normability
of M, than (i) and (ii). We claim that normability is equivalent, on the one hand (just as for the
above-mentioned problem on the coincidence of M, with the corresponding Marcinkiewicz space),
to the nontriviality of the upper dilation exponent of ¢ and, on the other hand, to the interpolation
property of M, with respect to the couple of spaces L = L1(0,00) and Lo, = Lo (0, 00). We restrict our
considerations to function spaces on the half-line (0, c0), but all assertions remain valid word for word
in the case of R™. At the end of the paper, we show that the cited results in [4] are immediate corollaries
of those proved here. In conclusion, note that the more recent paper [5] gives a detailed study of similar
problems for discrete Marcinkiewicz classes.

satisfies the inequality

2. DEFINITIONS AND NOTATION
A detailed exposition of the theory of symmetric function spaces can be found, e.g., in the mono-
graphs [2] and [6].
If x = 2(t) is a measurable function on [0, 00), then, by definition,

njai(r) = pft € [0,00) < 2(B)] > 7}, T >0,

where p is the Lebesgue measure. Functions z(t) and y(t) are said to be equimeasurable if we have
nz|(T) = npy(7), 7> 0. In particular, each function z(t) is equimeasurable with its nondecreasing
rearrangement x*(t) = inf{7 > 0 : ny (1) < t}.

A Banach space X of measurable functions defined on [0, c0) is said to be symmetric if the relations
y=1y(t) € X and z*(¢t) < y*(¢) imply that x = 2(t) € X and ||z||x < |lyllx-

The fundamental function of a symmetric space X is defined by the formula wx(t) = [[x(0,) x>
where, as usual, xg(s) =1 for s € E and xg(s) =0 for s ¢ E. Recall that the function ¢x(t) is
quasiconcave on (0,00) [2, p. 137]; i.e., it is nonnegative and increasing, and the function ¢x(t)/t
is decreasing. Each quasiconcave function f(¢) on the half-line is equivalent to the least concave
majorant f(t) of itself; more precisely, f(t) < f(t) < 2f(t) fort > 0[2, p. 70].

Recently, along with ordinary L,-spaces, 1 < p < oo, the classes of symmetric Orlicz, Lorentz, and
Marcinkiewicz spaces, important in applications, have been studied. Let us recall the definition of spaces
of the last class.

Let 9(t) be a quasiconcave function on [0,00). The Marcinkiewicz space M (z)) consists of all
measurable functions z = z(s) on [0, 00) such that

t o«
0 Z¥(s)ds
x = su — < Q.
H ”M(w) 0<tp lb(t)

<o
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This space is the dual of the Lorentz space A(¢)) [2, p. 152—154], where the norm is defined as follows:

el = / " 2 (s) dip(s).

The fundamental function of the space M (v) is equal to ¢ /4(t).
If f(s) is a nonnegative function on [0, 00), then the dilation function of f(s) is defined as

f(st)
M (t) = sup , t > 0.
0=
Since .#;(t) is semimultiplicative, it follows that there exist numbers
o Inuy (1) o Iny(t)
= tLH(?Jr Int and Oy = tilgloo Int ~’

which are called the lower and upper dilation exponents of f. If f is quasiconcave, then
0<y<é6p< 1
Let (Xo, X1) be a Banach couple, i.e., a pair of Banach spaces linearly and continuously embedded
in a separable linear topological space. We say that a set X is an inferpolation set with respect to this

couple if it is intermediate with respect to it, i.e., if Xo N X7 € X C Xy + X; and each linear operator T’
bounded in X and in X7 satisfies T'(X) C X.

Finally, we say that two nonnegative functions f(¢) and g(¢) on [0, c0) are equivalent if we have

cf(t) <gt) <Cf(t), t>0,
forsomec¢ > 0and C > 0.

3. STATEMENT OF RESULTS AND PROOFS

Theorem 1. The following conditions are equivalent.
(a) 6, <1

(b) If a measurable function x(t) defined on (0, 00) satisfies the inequality

t
/ x¥(s)ds < — t >0,
0 0
then
C
t)’
[t.

2*(t) < t>0,

)

where the constant C' > 0 is independent

Q

(¢) Thespace M, is normable.

(d) Thespace M is an interpolation set between Ly and L.

We start from an auxiliary assertion, which is essentially known for functions defined on a closed
interval [7, Lemma 2]. (See also [2, Lemma 2.1.4, p. 80]). To make the exposition self-contained, we
also present the proof.

Lemma 1. Suppose that ¢(t) is a function increasing fort > 0. Then the inequality

1 [t ds C
Z/OWS)SWIS)7 t >0, (4)

holds with some C > 0 if and only if 6, < 1.
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Proof. If §, < 1, then the dilation function .#,(t) satisfies the inequality
Mp(t) < Ct e, t>1,

with some C; > 0 and € > 0 independent of ¢. Then

) [ds [l [t b, O
i /osa<s>‘/o o) S/o‘//’@““d SCl/o du =2,

and hence inequality (4) holds with C' := C} /e.
Conversely, let (4) hold. Since ¢(t) increases, we see that

1 [t ds 1
¥/o o) = P

hence p(t) is equivalent to the concave function

(1) ;_ﬁ, where <I>(t)_/0 ol

Now, by [2, Theorem 2.1.1],

g

20 =X )

for some K > 0 and for all t and u, 0 < ¢t < u < oo. Suppose that §, > 1. Then, for each n € N, there

exists a t,, > 0 such that

Consequently, in view of (5),

whence it follows that

b ds
sup@/O d = 00, (6)

which contradicts (4). O

Proof of Theorem 1. (a)=-(b). If 6, < 1, then

1/t 1/t ds C
() < = z¥(s)ds < = — < —, t >0,
e A A Rty

by Lemma 1| and by our assumption.

(b) = (c). Let M (®) be the symmetric Marcinkiewicz space with
tods
B(1) = / LR
=) o

M(®)c M, and  |[lzfly < Cllz| )
On the other hand, if z € My, then

[ et < e [ s
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ie.,
veM(@) and lz|y@) < [l
Consequently, My, = M(®) (|| - |, and || - [|a(a) being equivalent). This proves (c).

(c) = (d). Let | -|| be a norm on M, equivalent to the functional | -||,. Thus, M, becomes a
symmetric space whose fundamental function ¢ (¢) is equivalent to the function ¢ (¢) = [|x (0, ll,- Hence

the norm in the Marcinkiewicz space M (), ¥(t) = t/1(t), is equivalent to

t
t *(s)d
Sup(p( )fox (s) 3.
>0 t

Thus, in view of the inequality

/t x*(s)ds > tz*(t),
0

the embedding M (v») C M, holds and ||z, < Cle”M(J)' At the same time M (1)) is the largest of all
symmetric spaces with fundamental function « [2, p. 162]. Hence
M, C M(QZ) and ||xHM({§) < CQHCCH%'

As aresult, M, = M (%)) (the norms being equivalent), and hence M,, is an interpolation set between L
and Ly [2, p. 155].

(d) = (a). Let M, be an interpolation set between L; and L. Then, in particular, M, C L1 + L,
and hence, in view of [2, p. 108],

1 L1 \* 1
o, = G o= [ e
Li+Loo o \@(s) 0 ¢(s)

¥

i.e., the function 1 /¢ is locally integrable on (0, c0).
Suppose that §, > 1. Then, by Lemma 1, inequality (4) fails for any C' > 0, and we arrive at (6). In
this case, at least one of the following relations holds:

t t
A= supm/ﬂzoo or B::supm/ﬁzoo

o<t<1 t Jo ¢(s) 1 t Jo o(s)
Suppose that, say, A = co. Then there exists a 7y > 0 such that

o(11) /T1 ds > 2
0

1 ©(s)
Since
i £ / ds _ p(n) / aly
t=0+ 11—t Jo @(s) 1 Jo @(s)
it follows that
T1 d
‘p(ﬁ)/ o1, O<t<e, (7)
T1—tJ; ‘P(S)

for some € € (0,71). Next, again since A = oo, we see that there exists a 7o € (0, €) such that

o(m2) [™ ds
™ / o %

In particular, in view of (7),

o(11) /T1 ds 1.

-1 ), o(s)
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By continuing this process, we construct a sequence

{Tn oy, Tn>T9 >+, lim 7, =0,
so that
n ™od
sup P{) / ds _ (8)
neN Tn = Tn4+1 Jr, 4 90(3)
Note that the same relation results if B = oo, with the only difference that = <7 < --- and

lim,, o0 7, = 00.
Let A, be the interval (7,41, 7,] if A = oo and the interval (7, T+1] if B = co. In addition, let

N 2(70) = @(7at1) [t ds
u(t)—nzl Wi, where () = /0 ot

Since ®(t) is concave, it follows that u(t) decreases, and hence u*(¢) = u(t). The function

Ut) = /0 uls) ds

is linear on the intervals A,,n =1,2,...,and U(7,) = ®(7,,). Since ®(¢) is concave, we obtain

Now let us use the fact that, by assumption, M, is an interpolation set between L; and L., and
1/¢ € M,. By the Calderon—Mityagin theorem (see [8], [9], or[2, Theorem 2.4.3, p. 130]), we conclude
that w € My; i.e., u(t) < C/p(t) with some C' > 0 independent of ¢t > 0. This obviously contradicts
relation (8). Thus, the assumption that 6, > 1 is false, and the proof of the last implication (¢) = (d) is
complete. O

Using this theorem, one can readily obtain the results in [4] concerning the normability of the space
AP (w). (See conditions (i) and (ii) at the beginning of the paper.) Indeed, it is well known [2,
Theorem 2.6.10, p. 193] that the maximal Hardy—Littlewood operator M is bounded in a symmetric
space X if and only if the upper Boyd index of X satisfies Bx < 1. The proof of Theorem 1 shows that the
normability of the class M, (as well as of A?*°(w)) is equivalent to its coincidence with the symmetric

Marcinkiewicz space M(J), J(t) = t/y(t), where 9 (t) is equivalent to ¢(t). But the Boyd indices of
a Marcinkiewicz space coincide with the respective dilation exponents of the fundamental function [2,
p. 138]. Hence BM@) = dy. Since equivalent functions have equal dilation exponents, we have d,, = d,.

As a result, the operator M is bounded in M, if and only if 6, < 1; by Theorem 1, this is equivalent to
the normability of the class M,,. As to condition (ii), it suffices to note, in view of Lemma 1, that (3)
coincides with (4) for the function ¢(t) = W, (¢).
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