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ABSTRACT. Suppose that (Xo, X1) is a Banach couple, XoNX; is dense in Xy and X1, (Xo, X1)g,4
(0< 0 <1,1< ¢q<o0) are the spaces of the real interpolation method, ¢ € (XoNX1)*, ¥ # 0, is
a linear functional, N = Ker v, and N; stands for N with the norm inherited from X; (i =0,1).
The following theorem is proved: the norms of the spaces (No, N1)g 4 and (Xo, X1)g 4 are equivalent
on N if and only if 0 € (0, @) U (B0, @0) U (Bo, @so) U (B, 1), where a, 3, ap, Bo, Geo, and [ are
the dilation indices of the function k(t) = J& (¢, ¢; X, X7).

KEY WORDS: interpolation space, interpolation of subspaces, interpolation of intersections, real
interpolation method, J# -functional, dilation index of a function, weighted L,-space.

1. Introduction. Interpolation of subspaces is still one of the most significant problems in
interpolation theory [1]. It has been stated as early as in the monograph [2] by Lions and Magenes.
Various aspects of this problem have been treated in [3]-[12]. (The authors are very far from claiming
the completeness of this citation list.) An important special case of this general problem is the
problem of interpolation of intersections, which can be stated for the real method of interpolation
as follows. (The definitions will be given below.) Let (X, X1) be a Banach couple, i.e., a pair
of Banach spaces linearly and continuously embedded in a Hausdorff topological vector space .7 .
Every linear subspace N of .7 generates a normed (in general, non-Banach) couple (XoNN, X1NN),
where the norm on X; N N is the restriction of the norm of the space X; (i = 0,1). The problem
is to find conditions on the triple (X, X7, N) and the parameters 6 € (0,1) and ¢ € [1,o0] of the
real interpolation method under which the natural formula

(Xo NN, X1 N N)gq = (Xo, X1)pq NN (1)

is valid (in the sense that the spaces coincide as sets and the norms are equivalent).

We consider the case in which N is the kernel of a linear functional ¢ € (X N X1)*. Then
formula (1) just means the equivalence of norms of the spaces Ny, = (Xo N N, X; N N)g, and
X, = (X0, X1)p,q on the subspace N. In [13], [14] and independently in [15], four dilation indices
related to the functional 1) viewed as an element of the sum X+ X7 of dual spaces were introduced,
and the problem was solved under some additional condition on these indices. In this note, we
announce results in which this additional condition is dropped owing to the introduction of yet
another two similar indices. Thus we obtain a definitive, complete solution of this problem.

An important special case of this problem was treated by Krugljak, Maligranda, and Persson
[16], who, under some additional assumptions, found conditions on 6 € (0,1), p € [1,00), and the
weight functions wg(z) and wj(z) ensuring that

(Lp(wo) NN, Ly(w1) N N)gp = (Lp(wo), Lp(wi))ep NN, (2)

where L,(w) is the weighted L,-space on (0,00) with the usual norm and N is the space of all
functions f: (0,00) — R satisfying fooo f(z)dz = 0. In the same paper, a similar problem was posed
for the more general couple (Lp,(wo), Ly, (w1)). Using Theorems 1 and 2 in the present paper, one
can readily solve this problem; at the end of the paper, we state one result in this direction. (See
[14] for details.)
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2. Definitions and notation. For a normed couple (Xp, X1) and ¢ > 0, the Peetre J# -func-
tional is defined by the formula
H (L, 2 Xo, X1) = inf — ([[zollx, + tllz1llx,), @€ Xo+ Xi.
T=x0+x1,T;€X;
If0<60<1and1<gq< oo, then the space Xg, = (Xo, X1)g,4 of the real interpolation method
consists of all x € X + X7 such that

0 P dt 1/q
lzllx,, = {/ (7 (t,x: Xo, X1))? t} < 0.
0

One can give another definition of this space (with an equivalent norm) in terms of the _# -func-
tional

f(t,w;Xo,Xl) = maX(HxHXO,thHXI), r € XogNXj.

Specifically, Xy , consists of all z € X+ X1 representable in the form =z = )", 20k 2. (convergence
in Xog+ X1) with the norm

1/q
i {37 Xo x| 3)
k€EZ
where the infimum is taken over all such representations.

If XogN X is dense in Xy and X7 and ¢ € (XoNX7)*, then we can consider the Banach couple
(Xg, X7) of dual spaces, and ¢ € X5 + X7 [1, §3.7]. In what follows, an important role will be
played by the % -functional k(t) = 2 (t,%; X§, X{) and the functions

E(ts) E(ts) k(ts)
M(t) =sup ——~, Mo(t)=  sup , M(t)=  sup :
5>0 k(S) 0<s<min(1,1/t) k‘(S) s>max(1,1/t) k(s)
They are submultiplicative for ¢ > 0, and therefore, the following numbers, called the dilation
indices of k(t), are well defined:

logy M (T logy Mo(t logo M (%
a:limM’ aozlimw, amzlimM’
t—0 logyt t—0 logyt i—0  logyt
logy M (t logy Mo(t logy Mo (t
B = lim OgQi()? Bp = lim %270()7 By = i 089 Moo (t)
t—oo  logyt t—oo  logyt t—oo  logyt

It is readily seen that 0 < a <oy < <<l and 0 < a < ap <P <AL L.

3. Main results. Suppose that (X, X) is a Banach couple such that XN X, is dense in X
and X;. Let ¢ € (Xo N X1)* be a nonzero functional, let N = Kert, and let N; be the normed
space N with norm inherited from X; (i =0,1).

Theorem 1. The norms of the interpolation spaces Ng 4 = (No, N1)g,q and Xg 4 = (Xo, X1)a,4
are equivalent on N if and only if

NS (07a>U(BOOaQO)U(/607aoo)U</671)- (4)

Moreover, if 6 € (0,)U(Bo, oo )U(B, 1), then Ng 4 = (No, N1)g,q is dense in Xg g = (Xo, X1)0,q;
if 0 € (Boo, 0), then Ny 4 is dense in some subspace of Xy 4 of codimension 1.

Remark 1. The inequalities ap < By and as < B imply that at most one of the intervals
(Bo, o) and (oo, p) can be nonempty.

Using the following definition in [15], we can state Theorem 1 in a different way. Keeping the
preceding notation and conditions, by Xp ., we denote the set of all x € X+ X representable in
the form

x = Z 2% 4, @, € N (convergence in Xo + X1) (5)
kEZ
with the norm (3), where the infimum is taken over all representations (5).
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Theorem 2. The space Xg 4. is closed in the real interpolation space Xgq, = (Xo, X1)g,q if
and only if condition (4) holds.

Moreover, if 6 € (0,a) U (8o, aoo) U (B,1), then Xg g9 = Xo g5 if 0 € (Boo, ), then Xg g =
Xop,q N Ker QZ, where the functional 1; is a continuous extension of ¢ to the space Xg 4.

Remark 2. Theorem 2 strengthens Proposition 5.6 in [15], which contains the additional
condition (s < ayp.

Remark 3. As in [13]-[15], we use the idea of reducing the general problem of interpolation of
intersections to the study of the shift operator in some weighted [, sequence space. This approach
was developed by Ivanov and Kalton [10] for the comparison of the interpolation spaces (Xo, X1)g,q
and (No, X1)g,4, where ¢ € X7 and Ny = Ker. Here we consider a more general situation, and
therefore, Theorem 1 implies the interpolation results in [10] (see [14] and [15]).

4. On interpolation of intersections of weighted L,-spaces generated by an in-
tegral functional. Let w(x) be a positive measurable function on (0,00), 1 < p < oo. As
usual, we define L,(w) as the space of all measurable functions f: (0,00) — R with the norm
| fllwp = (fo~ | f (@) [Pw(z) dx)'/? (with the usual modification for p = co). Consider the linear func-
tional ¢(f) = [;° f(z) dz with domain consisting of all measurable functions f: (0,00) — R such

that f; |f(x)| dx < oo for arbitrary 0 < a < b < co and there exists a limit lim, .0 p—0 f; f(x)dx.
Denote by N its kernel.

Assume that the restriction of the functional ¢ to the intersection Ly, (wo)N Ly, (w1) is bounded.
Using Theorem 1 and arguing as in [14], we can find necessary and sufficient conditions under which
a formula similar to (2) holds for the couple (Ly,(wo), Ly, (w1)) (without any restrictions on the
dilation indices of the Peetre % -functional of ¢ in the couple (L;,(wo)*, Ly, (w1)*)). Here we do

wo ()
wi(z)’

not dwell upon details and state only the simplest result for the case pg = p1 = 1. Let w(z) =
and let w~!(z) be the inverse function of w(x).
Theorem 3. Suppose that wy(x) increases, wi(z) decreases, and lim, g w(x) = limgz_, 00 ﬁ

= 0. Let o, 3,0, B0, 0o, and Bs be the dilation indices of the function k(t) = 1/wo(w=1(1/t)).
The formula

(Ll(wo) NN, Ll(wl) N N)g’q = (L1 (w[)), Ll(wl))g’q NN
is valid if and only if condition (4) holds.
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