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EXTRAPOLATORY DESCRIPTION FOR THE LORENT?Z
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Abstract: We introduce the notion of a rearrangement invariant extrapolation space on [0,1]. We
obtain some sufficient conditions (also necessary in some cases) for the Marcinkiewicz and Lorentz
spaces to be extrapolation spaces. We generalize and improve the previous results, which enables us
to determine the possible limits of such description of spaces and thereby to establish assertions of the
Yano-type theorem. In particular, we present some examples of the spaces “close” to L, in a sense but
lacking this description.
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Introduction

It is well known that many important operators of analysis, for example the maximal Hardy—
Littlewood operator, the singular Hilbert operator, and the conjugate function operator in harmonic
analysis, act boundedly in the L,-spaces for 1 < p < oo but unboundedly at the “endpoints” of this scale,
i.e., in Lo and L; (or at least in one of those spaces). This circumstance was one of the reasons giving
rise to the extrapolation assertions the first of which is apparently the classical Yano theorem (see [1]
or [2, Chapter 12, Theorem 4.41]). Its part on the operators bounded in the spaces “close” to Lo, can be
stated as follows: If T is a bounded linear operator in L, = L0, 1] for all sufficiently large p < oo and
the estimate ||T'z|z, < Cp®||z| z, holds for some o > 0, where C' > 0 is independent of z = z(t) and «,

then T acts boundedly from Lo, to the Zygmund space Exp LY/ with the norm
—a 2 *
[#lap z17e = sup logz® (2 ) ().
0<t<1

Here and in the sequel z*(t) is the nonincreasing rearrangement of |x(t)|.

The next important step in the development of extrapolation theory is connected with the names of
Jawerth and Milman; developing the general approaches of the theory, they revealed the “source” of the
Yano-type theorems; namely, existence of the extrapolation constructions making it possible to describe
the limit spaces of such theorems [3-5]. In particular, they demonstrated (for example, see [5, pp. 22-23])
that

2/l gxp L1/e =< sup (p~%|[|L,). (1)
1<p<oo
It is easy to see that the Yano theorem is an immediate consequence of (1) and another elementary
extrapolation relation ||z||z., = sup;<p<oo 1], -

More general spaces and constructions were considered in [6, 7]. In particular, extrapolatory descrip-
tion was obtained for the exponential Orlicz spaces Exp L® (® is an Orlicz function on (0, 00)) consisting
of all functions x = z(t), t € [0, 1], satisfying

1
t
e e = inf{u >0 / <equ> (“’i)') _ 1) it < 1} .
0
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Namely [7, Corollary 1], for an arbitrary Orlicz function ® we have

X
lallmprs = sup 12 @)
1<p<oo p

The exponential Orlicz spaces generalize Zygmund spaces, while constituting a subclass of the rear-
rangement invariant Marcinkiewicz spaces which play an important role in many applications of operator
theory. This brings about the question of the possibility of extrapolatory description for rearrangement
invariant spaces, in particular, Marcinkiewicz and Lorentz spaces. Lately, such description turned out
to be interesting not only in its own right. It proved to be an important tool for studying convergence
of series over orthonormal systems in the spaces “close” to L. In this connection, we mention the
articles [8-10] which are far from filling a complete list of references.

The article is organized as follows: In §1 we give the basic definitions and some preliminaries from
the theory of rearrangement invariant spaces. Moreover, here we introduce the definition of extrapolation
spaces (“close” to Lo,) with respect to the L, scale (1 < p < o).

The main results, presented in § 2, deal with the extrapolatory description for Marcinkiewicz spaces.
Here we study two versions of this description. One of them is universal in the sense that every extrapola-
tion Marcinkiewicz space admits such a description. We obtain some necessary and sufficient conditions
for a Marcinkiewicz space to be an extrapolation space in terms of the properties of the generating func-
tion of the space under study. On the one hand, these results are the far-reaching generalizations of (1)
and (2) and, on the other hand, they enable us to find the possible limits of this description for spaces
and so of the assertions similar to the Yano theorem. In particular, we present some examples of the
spaces “close” to L in a sense but lacking this description.

In §3 we consider similar questions for the Lorentz spaces predual to Marcinkiewicz spaces. The
necessary and sufficient conditions found here for some quite definite extrapolatory description of these
spaces improve the recent results of S. F. Lukomskii [10] who applied them to studying convergence of
the Fourier series.

§ 1. Definitions and Preliminaries

Henceforth by an embedding of one Banach space into the other we mean a continuous embedding;
i.e., X C Xo means that x € X; implies z € X and ||z||x, < C||z| x, for some C' > 0. Writing X; = Xy
for some Banach spaces, we mean that they coincide and their norms are equivalent. The relation F; =< Fb
means that cFy < Fy < CF; for some ¢ > 0 and C' > 0; moreover, these constants are independent of all
or a part of the arguments of F; and Fb.

Denote by .# the class of increasing continuous concave functions ¢ on [0, 1] such that ¢(0) = 0 and
¥(t) >0 (0 < t <1). Recall that, for every continuous quasiconcave function ¥ (t) on [0,1] (i.e., 1(t) is
positive and increasing and 1 (t)/t is decreasing for ¢ > 0) such that ¥ (0) = 0, there is ¢ € . for which
o(t) = (1) [11, p. 70].

Henceforth we speak of rearrangement invariant (symmetric) function spaces; a detailed exposition
of this theory can be found in the monographs [11-13]. Recall that a Banach space X of measurable
functions on [0, 1] is called a rearrangement invariant space if the following are satisfied:

(a) y = y(t) € X and [o(t)] < |y(t)| imply that = = 2(t) € X and [l < |y

(b) if y = y(t) € X and x*(t) = y*(¢t) then x € X and ||z| = ||y|| (z*(¢) denotes the rearrangement
of |z(t)|, i.e., the nonincreasing function equimeasurable with |z(t)]).

The simplest and important example of rearrangement invariant spaces is given by the L,-spaces
(1 < p < o) with the usual norm

1
1/p
x|, = (/ |z ()P dt> (1<p<oo) and || = esssup|z(t)|.
/ 0<t<1
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The embedding L, C L4 holds (with constant 1) for p > ¢g. Moreover, Ly, is the smallest space among
all rearrangement invariant spaces on [0, 1], as mentioned in the introduction, and the norm of an arbitrary
function z(t) in L is expressed in terms of its norms in L, for p < 00! [|z|lcc = SUP1<peoo |Z]]p-

Other examples of the rearrangement invariant spaces are the Lorentz and Marcinkiewicz spaces.
Let ¢(t) € .#. The Marcinkiewicz space M () consists of all measurable functions z(¢) on [0, 1] with the

finite norm
S

s *
|2l as(p) = sup 2 )/x (t) dt.

0<s<1 $
0

The norm in the Lorentz space A,(¢) (1 < p < 00) is defined as follows:

fellayio = ( / (= (1) dgo(t));
0

The important characteristic of a rearrangement invariant space X is its fundamental function
¢x(t) = |Ix(0,t)llx, where x4 denotes the characteristic function (indicator) of the interval (0,¢). In

particular, ¢pz(,)(t) = ¢(t) and ¢y () (t) = (@(t))% Moreover, A(yp) := A1(yp) is the smallest space and
M () is the largest space among all rearrangement invariant spaces with the fundamental function ()
[11, pp. 160, 162].

The dilation function of a positive function ¢(t), t € (0, 1], is defined by the relation

p(st)
Mp(8) = sup , 0<s< o0
ols) 0<t<min(1,1/s) P(t)

Furthermore, the numbers

— lim log ., (s) log ., (s)
Vp_s—>0+ log s s—oo  logs

are called the lower and upper dilation indices of p(t). If ¢ € % then 0 < v, < d, <1 [11, p. 76].

Henceforth we are interested in the rearrangement invariant spaces X such that X C L, for all
p < oo. In particular, we will wonder when the norm in these spaces is expressed in terms of the
L,-norm. Moreover, we can construct rearrangement invariant spaces of the above-indicated form by
ourselves. Namely, if F' is an ideal Banach space of functions on [1,00) then we can consider the set Zp
of all functions z(t) for which & = &£(p) := ||z||, € F. It is easy to show that this set (with the usual
identification of the functions coinciding almost everywhere) becomes a rearrangement invariant space
under the norm:

z]l.zp = [I€]| -
Instead of a function space as a parameter of an extrapolation space, we can also take an ideal Banach
space of sequences, requiring that the sequences {||z||,,}>2; belong to this space.

DEFINITION 1. Let X be a rearrangement invariant space on [0, 1] such that X C L, for all p < oco.
We say that X is an extrapolation space (as p — o0) if there is an ideal Banach space F' for which
X = %r. We denote the set of all extrapolation spaces by &.

If F is an ideal Banach space of functions on [1,00) and w = w(p) is a positive function (weight)
then we denote by F'(w) the ideal space of functions z = z(t) with the norm ||z[|p(,) = [|[zw||r. There is
a similar definition for sequence spaces.
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§ 2. Extrapolatory Description for Marcinkiewicz Spaces

In this section we wonder when a Marcinkiewicz space M (¢) coincides with a space of the form Zp,
i.e., when M (yp) is an extrapolation space.

Let ¢(t) € .# and @(t) = t/p(t). In the case of lim; o4 p(t) > 0 we can assume that ¢(t) = ¢t and
then M(¢) = L;. Otherwise the function @ is absolutely continuous [11, p. 71] and therefore has the
derivative @’. Suppose that

S~ ~
t£151+ o(t)=0and ¢ € L, forall p< oo. (3)

It follows from the definition of the norm of a Marcinkiewicz space that

/x*(t) dt < ||zl pr(p) /to’(t) dt, 0<s<1.
0 0

However, this is an inequality between ¢ -functionals on the functions z(t) and @'(¢) in the pair of
spaces (L1, L) (for example, see [11, p. 108]). Since L, is an interpolation space between (L1, L) with
constant 1, applying [11, p. 130], we conclude that € L, for all 1 < p < co and

Izllp < Izl ar) 1@, 1< p < oo,

" ]
Tilp
sup -—— < ||| p(p)-
o1 11 )
The last inequality means that
M(p) C Lre, (4)

where F¥ = Lo (1/]|¢’||p); moreover, the norm of (4) is equal to 1.

Theorem 1. Let ¢ € .%. The following are equivalent:
(1) M(p) € &;

(2) M(p) = ZLre;

(3) there is C > 0 such that

1

p(t) <Csup=—, 0<t<1. (5)
p>1 [|@'[lp

PRrROOF. First of all note that the relations of (3) are consequences of each of the conditions (1)—(3)
(in particular, in the case of (1) and (2) they follow from the definition of extrapolation space). There-
fore, in all three cases we can assume (4) valid. Now, it is easy to see that (5) is an inequality between
the fundamental functions of M(y) and Zre. Since M(yp) is the largest space among all rearrangement
invariant spaces with a given fundamental function [11, p. 162], inequality (5) is equivalent to the em-
bedding Zre C M(p). Consequently, by the previous remark, (5) is valid if and only if M () = Lre.
Therefore, (2) and (3) are equivalent.

Since the implication (2) = (1) is obvious, we are left with proving the converse. Assume there
is an ideal Banach space Fj such that M(¢) = ZLp. If a = a(p) € F? then |a(p)| < |a|lre]|@ ||p,
p < oo. Since @' € M(yp), the function b = b(p) = ||@'||, belongs to F; and consequently (since Fj
is an ideal space) from the inequality |a(p)| < |la||Feb(p) we obtain a € Fi and |la||r, < |lallpe|bllF,,
whence F¥ C Fy. Thereby Zre C Lr = M(yp). Since the reverse embedding to (4) is always valid, the
theorem is proved. [

Now, suppose that the upper dilation index of ¢ is nontrivial, i.e., d, < 1. Then, by [11, p. 156],

zllar(p) =< sup (u)z*(u),
O<u<l
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whence, from monotonicity of z*(¢) and quasiconcavity of ¢(t), we obtain

2l a1(p) = supp(277)2"(277). (6)
p>1

In this case zy(t) = ﬁ € M(p). Therefore, it follows from (4) and the inequality @' < é that

11/¢llp < ||&'||, with constants independent of p € [1, c0). Consequently, we can replace (5) of Theorem 1
for 6, < 1 with the condition
(0 <Csup L G
pt) <Csup——, 0<t<1.
p>1 11/¢llp

Corollary 1. Let ¢ € .% be such that 6, < 1. Then M(y) € & if and only if

1/t » %
(] (E5) w) )=

PROOF. Since, under the conditions of the corollary, (5) and (7) are equivalent, by Theorem 1,

M (y) € & if and only if
(o0 [ pe) )} <
sup ¢ inf [ p(t)| = u 0.
te(0:1] | P21 t ) p(u)p

0

Using the change of variable u = st, we obtain the assertion. [J

Embedding (4), which is always valid, can be considered as some “upper approximation” of the
Marcinkiewicz space by an extrapolation space. Find a similar “lower approximation” in the case when

d, < 1. Since
2713

ety = [ opa)” 2 Lo,
0

from (6) we derive
Izllar() < Csup(270)]2 (8)
P>

with some constant C' > 0 independent of z. It follows from (8) and (4) that
LR, C M(p) C Lre, 9)

where Fi, = Loo(¢(277)).

In particular, M(yp) is an extrapolation space, if £, = ZLF». At the same time, as follows from
Theorem 1, for the last equality to hold, it is sufficient that M(yp) and ZF, coincide. We will find out
when this happens.

Lemma 1. Ifé, <1 then M(yp) = ZLF, if and only if the condition

1
dt 1
mevﬁmwmmpvPZL (10)

holds with some constant C' > 0 independent of p.
PROOF. Since ¢’ < %, it follows from (10) that p(27P) < C’lﬁ. Consequently, F'¥ C F,,, whence
p
Lre C ZLF,. Combining this with (9), we conclude that L5, = M(p) = Lre.
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Now, let M(p) = ZLF,. Since zo(t) =
obtain

sO(t) € M(p) by (6), from the embedding M(p) C ZF, we

PO/ ¢lly = supp2)lwolly < Crllollare) = €
p=

Since the inequalities are equivalent to (10), the lemma is proved. O
Show that (10) is equivalent to a more explicit property of .

DEFINITION 2. We say that a function ¢(t) € .F satisfies the A2-condition (¢ € A?) if there is a > 0
such that

p(t) < ap(t?) (11)
for all t € [0, 1].
Lemma 2. Let (t) € . For ¢(t) to satisfy the A%-condition, it is necessary and sufficient that (10)
be valid.
PRrOOF. If (10) is valid then, recalling that ¢(¢) is increasing, we obtain

1
/ dt 1
| Gy = e
whence ¢(27P) < 4Cp(27%) for all p > 1.
After the change 27P = ¢ the last inequality becomes (11) for ¢ < % Hence, by quasiconcavity of ¢(t),
(11) holds for all ¢ € [0, 1] with the constant 8C.

Now, take ¢ € A2, Then the inequality (t) < a™@(t2") holds for all n € N; in particular, for t = 277
we have

2 2
2—4pP

p(272P)P =

e(277) <a"p(272"P), p>0.

Now, choose ng € N so that the inequality 2" — (n + 1) logy &« > n holds for all n > ng. If p > 1 then

1 2—2"0p 2—2"p
dt n n dt
S 22 Op / 22 Op /
/ ((t))P (s0( ,; (p(2))P
0 0 Og—ontly
n 2-2"p n 1
2"0p 2"0p (n+1)py—2"p
<2 Z 2 (A (9—27F1p\\p <2 Z 2- ( (2—10))10
n= no n=no
n ngy, 27 TP 1 1
<922 "P 27" — 92"0p < CP ,
Z =27 (e 7))~ (p )P

where C' = 22"°; thus, (10) is satisfied. [
Using Lemmas 1 and 2, we can easily obtain

Theorem 2. Let (t) € % and 6, < 1. The following are equivalent:

(1) € A%

(2) (277) < 1/[|&']lp (p = 1);

(3) M(p) = ZLF,;

(4) M(p) = L, , where f, = loo(p(27")).

ProoOF. Equivalence of (1)—(3) follows from Lemmas 1 and 2, since the reverse inequality to (10)

is always valid. From monotonicity of f,(p) = ||z|, (p > 1) and quasiconcavity of ¢(t) we derive
L, = Z},; hence, each of these conditions is equivalent to (4). [
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It follows from Theorem 2 that, for ¢ € A2, both embeddings in (9) become equalities. If ¢(t) does
not satisfy the A?-condition then, at least for §, < 1, the embedding £, C M(p) becomes strict. Is
it possible that the equality M () = Zre remains valid in this case? We give an example showing that
the answer is affirmative.

EXAMPLE 1. Counsider a function ¢(t) € .% such that ¢(t) < ¥(t) = el=log" e/t for some 6 € (0,1).
Such a function in the class .# exists indeed, since 1(t) > 0, ¢/(t) > 0, and ¥"(¢t) < 0 for ¢t € (0,t9)
(where t is sufficiently small) and lim; o4 ¢ (t) = 0.

Show that M(yp) € &. It is easy to see that 6, = 0 < 1. Therefore, it suffices to prove (7) with

p(t) = ¥(t).

Estimate the Ly-norm of i as follows:

1 +oo
i log? e/t— —p+1 s?—s
= [ ¢P Pdt =e7P eP ds.
P0 1

Represent the integrand in the form ePs’=s = epso_ﬁse_(l_ﬁ)s, where 3 € (0,1) is a parameter, and find

E

the maximum of f(s) = ps”— fs. Since fé(s) =Ops?1—p3, 59 = (Hp/ﬂ)ﬁ is a maximum point of fg(s).
Consequently, for s € [1,00), we have fg(s) < fa(so) = (1 — H)plflt‘) (0/,8)% and

p 0 (0.9]
Hl < 7Pl eXp((l — O)pT (0> l 6) /e_(l_ﬁ)s ds
¥, B J

Thus,

R e

where v = %. Then

”
Putﬁ:]:iﬁ,

1/~ B)F = (1 +p7)? <2 <C < oo
for all p > 1. Moreover, since (14 x)Y <14 C,z for all z € [0, 1], we have

(1-0) (%”) T (2)7(1 ) = (1 " ])17)7(1 )07 < (1-0)075 (7 + Cy)

and consequently
o 0
11/, < Crexp((1 —0)01-2p1-7). (12)
To prove (7), verify that the inequality
GOI1/wllp < Cat™?
holds for p = éloglfg e/t with the constant Cy = Cye. Indeed, on the one hand, by (12),
D()11/%llp < Crexp((1 — 0)log” e/t) exp(1 — log” e/t) = Ca exp(—0log” e/t).
On the other hand,
t4/? = exp(logt/p) = exp(flog?~te/t(1 —loge/t)) > exp(—0log’ e/t).
Thus, M(p) € &. At the same time, we see easily that ¢ & A2,

For the function ¢(t) of Example 1 we have §, = 0. The same is true for all functions satisfying the
A2-condition. In this connection, the question arises: Is there a Marcinkiewicz space M (y) such that
simultaneously M (y) € & and §, > 07 A partial answer to this question is contained in
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Proposition 1. Let M(yp) € &. If §, < 1 then ¢, = 0.

PROOF. Take d, € (0,1). Then .#,(s) > s’ for some 0 > 0 if s > 1. Consequently, for every s > 1,
there is to = to(s) € (0,1/s) such that

t
eleto) o (13)
¢(to)
Since d, < 1, the condition M (y) € & is equivalent to (7) or the inequality
) < Gy sup 7 (14
pt)<Cy sup ——, O0<t< 1. 14
p>2/0 11/llp

Choose s > 1 so that s%/2 > C}. Since 6p — 1 > p/2 for p > 2/6, by (13), we have

E

for such p’s. Hence, we obtain

1 to
P d d t Opy t t
:/ “pz/ Coe s Bl P (2 T
» O@W) 0@@) p(to)? = p(sto) p(sto) p(sto)

t}/p
o) > C1—3
) > e

for t1 = stp and all p > 2/6, which contradicts (14). O

Corollary 2. For every § € (0,1), there is a function ¢ € .# such that §, = 0, M(p) C L, for all
p < oo, and M(p) € &.

PRrROOF. We start with constructing a function ¢(t) < ﬁ and searching the latter in the form
+o00
c(t) = ZCiX(infl;in} (t), wherel=c¢p<c <---<e¢,<....
i=0

For the function (t) = ?lt) to be equivalent to some function ¢(t) € .#, it is sufficient that the
conditions
¢i <cip1<2¢,1=0,1,..., and ¢; — o0 asi— oo (15)

are satisfied. .
Indeed, if (15) is valid then () increases and for k > i we obtain ¢ < 28~ic;, whence

25p(277) > 2p(277).

Now, if t; < tp then ¢; € [27%71,27F) and t5 € [27771,27%), k > i. Moreover,

V(t2) _ it o K+l ok k42, io—k—1 Y(t1)
4?r§2+w2)§2+w2)§2+¢@ )§4773

Thereby the function 1 (¢) is equivalent to some concave function [11, p. 69]. By (15), lim; o+ 9(¢) = 0.
Eventually, ¥(t) < ¢(t) € .Z.
For M (p) to be embedded into L, for all p < oo, it is necessary that

11/¢ellp < o0, 1<p<oo,

or, equivalently,

+00 ‘ :
ywb:<§:£r“v <oo, 1<p<cc. (16)
=0
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Now, choose {c;};-% so that (15) and (16) hold and &, = 6 € (0,1). First of all, assume that

(0) no = 1;

(1) n2j+1 = 2n2j, j = 0, 1, ceey

(2) noji2 =ngjr1+7J,7=0,1,....

Now, define a sequence {c;};L5 as follows:

( ) co=rc1=1

(b) Ci = Cny; if’ngj <1< n2j+1, ] = 0,1,...;

(C) c; = Cn2j+120(i7n2j+1) if nojr1 < 1 < Nn2;+2, j=0,1,....

Relation (15) follows from the definition of {¢;};-%. To check (16), we carry out some transformations:

+oo +00 M2k+1-1 HPZ (n2j—m2;j—1) +00 makt2—1 91?2 (n2j—m2;-1) . .
§ C€2 T E § 2 j=1 2 + § § 29p(7,7’n2k+1)272
=2 k=1 i=ngg k=1 i=nog41
+oo N2k+1—1 +oo N2k+2—1
_ Z Z 29pk(k 1) Z. Z Z 50 ( k(k LICESSIP noks1)—i
k=1 i=noy k=1 i=nak11

By (0)~(2), narp1 > nop > nop_1 > 2F for k > 0. Therefore,

+o0 Nog4+1—1

+
L _Z Z - —Z<2Z20P —n2k§2§20p@_2k<oo

k=1 1=nok k=1

and similarly
400 N2g+2—1

B S e i S

k=1 i= =N2k+1 k=1

Eventually,

+00 '
ZC?Qil =11 + I < ooy

therefore, (16) is valid. Straightforward calculation demonstrates that d, = 6. Consequently, by Propo-
sition 1, M(¢) ¢ &. O

The following implication played a key role in the proof of the embedding M(¢) C Lpe (see (4))
(where = z(t) is an arbitrary measurable function on [0, 1]):

t t
/l‘*( s < / s)ds for all t € [0,1] = [|z||, < [|@||, for all p > 1.
0 0

As is easily seen, the reverse embedding .Zre C M(p) holds if and only if the converse implication holds:

t
], < |§']lp for all p > 1 = /x*(s) / s)ds for all t € [0, 1].
0

By Corollary 2, there is ¢ € .% such that M(y) C L, for all p < oo, but M(p) & &; i.e., the last is false
for such function . We will give an assertion improving this remark and simultaneously demonstrating
the difficulties we face in interconnecting the interpolation and extrapolation constructions.

805



Proposition 2. There is no universal constant C > 0 such that the inequality

lzllp < llyllp, P=1,

valid for two functions x,y € L., would imply that
t ¢
/x*(s)dsSC/y*(s)ds, 0<t<l1. (17)
0 0

ProoF. Taken e Nyn >3, e = m, and 7 = (25)% = ﬁ Consider the functions

SC(t) = (1 - 1t) X[0,ne) (t) and y<t) = X[0,¢) (t) + TX[e,1) (t)

ne

Then [jy|[p = e+ 7P(L —¢), ||zl = 5, and

][5 < llyl5 (18)
for all p > 1. Indeed, we can rewrite the last inequality as follows:
ne
p+1
If n < p+ 1 then the inequality is obvious. Assume that 1 < p < n — 1. It suffices to show that

<e+7P(l-¢), p>1.

ne 1

<—-7P 1<p<n-1. 1
Sr1Sg™ lspsn (19)
Consider the function ¢(p) = (p+1)7P. Since ¢'(p) = 7P(1+ (p+1)log 7), p(p) is decreasing if 7 < 1/4/e.
Therefore, it suffices to verify (19) for p = n — 1 which is done by simple substitution: 7 = (25)%.
Thereby (18) is valid. Simultaneously, if

t
H(t,x; L1, Loo) = /x*(s) ds (0<t<1)
0

then

H (ne,x; L1, Loo) ne/2 n n oy oy
= = =— 0o asn 00
H(ne,y; L1, L) e+ (n—1D71e  242(n—1)7 4 ’

and so (17) is false. O
§ 3. Extrapolatory Description for Lorentz Spaces
S. F. Lukomskii [10] proved the following: If there is v > 0 such that the inequality
¢'(t) < 7t (£) (20)

holds for almost all ¢ € [0, 1] then the Lorentz space A,(p) is an extrapolation space; more exactly,

+00 1
P
el = (Z \wnzz-%’@—")) . (21)

n=1

In this section we find some necessary and sufficient conditions for (21) to be valid and also give
an example of ¢ € .F for which (20) is false whereas (21) holds.

Denote by g, the space I,(27"/P¢/(27™)1/P) in which the norm coincides with the right-hand side
of (21). Tts function-space analog is the space G}, = L,(27%/P¢/(27%)/P) of functions on [1,00).
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Theorem 3. The following are equivalent for each p € [1,00):
(1) p € A%

(2) Ap(p) = Za, 5

(3) Ap(p) = 2,

To prove the theorem, we need Lemma 3 below in which the role of the extrapolation parameter is
played by the space G, of functions on [p, co) with the norm

Iolg, = ( +/m|y(8)|p2_s¢,(2_s) ds);

Lemma 3. For every p € [1,00), the rearrangement invariant space £z s p-convex.
p

PrROOF. We need to prove that

H@W

for arbitrary n € N and x1,z9, ..., 2, from $~ . Since, for s > p, the space L;[0;1] is p-convex with
P
constant 1 [12, Proposition 1.d.5], we have

()

< c(éump ) (22

fa’p

D=

n
< (Z kauz:>
s k=1

Thereby

n 1 too g, % n 1
p P
H(Zw) < ( / (Z||xk||§)2—5so’<2—s>ds) (Xl )"
k=1 5 Vk=1 k=1 i
and (22) is proved. [

PrROOF OF THEOREM 3. First of all, note that .,2”~ in Lemma 3 coincides with % . Indeed, the
embedding £, C .,2”~ is obvious. On the other hand,

(/ x| 275 (27%) d ) < (1/||m|§2—5¢’(2—8)d5>"
o / ||x|r§28so'<23>ds)’l’ <o [lez o)
+ / 2?25/ (2% d ) <3al,_.

whence we find that £, D .Xa . Therefore, in the proof below, instead of £, we can consider .32”5 .
p p
It is easy to show that

fgp

=

5 Ayl®) (23)
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for every ¢ € .#. Indeed, since z*(27°) < 2||z||s (s > 1), we have

1/2;0 +o0
2l ) < 27 / 2 (8 dp(t) = 2P log 2 / 2@ (270) ds < 2 og 2l
0 p

As is well known [12, p. 54], if X is a p-convex Banach function space then we can consider the

Banach space Xy of all functions z = x(t) such that \x(t)]% € X with the norm |[|z[/x, = HM% I%- By

Lemma 3, this procedure applies to £ ; moreover, (Ap(9))p) = A(p). Thereby, by (23),
p

(Z5)w) C Alp)- (24)

The Lorentz space A(yp) is the smallest space among all rearrangement invariant spaces with the same

fundamental function [11, p. 160]. Therefore, the reverse embedding to (24), i.e., A(p) C (L5 )(p) or,
P

equivalently, Aj(p) C 2% , is valid if and only if
P

Pp(t) < Cop(t), 0<t<1, (25)
where ¢,(t) is the fundamental function of (£ )¢,). Using the definition of (£ )(,), we infer the
P P
inequality
+0oo
/ 5275 (27%) ds < Cop(t), 0<t<1.
P

Since both sides represent quasiconcave functions, it suffices to validate this relation for t = 277, j > 2p.

After substitution we obtain
—p

/ 2% dp(2%) < Cop(27).

Since '
—j

/ 2% dp(2°) < p(279),
—o0

the previous inequality is equivalent to the inequality
-p
[ 2 apz) < co2), (26)
—J

Prove that (26) holds if and only if ¢ € AZ.

Assume (26) valid. Then, on the one hand,

-3/2
[ 2¥ e < cpte)
—J
for j > 2p and, on the other hand,
—3j/2
[ 2¥ o) 2 2 @) - g2,
—J

808



Hence,
p(2797%) < (2%C +1)p(277), j>2p;

now, by the standard arguments involving the quasiconcavity of ¢ , we arrive at ¢ € AZ.

Suppose, vice versa, that ¢ € A2. First of all, note that in this case it suffices to prove (25) only
for the points t = 277/, where j = 2™, m € N. Indeed, assume that (25) is valid for such ¢ and take
j € [2™,2™F1]. Then

Pp(277) < p(272") < Cp(27") < Cap(27") < Cap(27),

where « is the constant from the A2-condition. Thus, in the proof of (26) we may assume that j = 2™,
m € N, and j > p. In this case we obtain

-p —1 — _ok-1

1
[2¥aee) < [2¥apr) < [2ape) =Y [ 2tape)

m

m
Z —2m=— k 2’“*1) < ZQ—QW*kam—kH(p(z—zm)
=1 k=1
“+oo

m—1
_ Oé(p 2 ] Z —2l41logy a < a¢(2—j)z2—2l+llog2a — Cg0(2_j),
=0 =0
where C = a Y % 2~ 2Hllogz e« o0 and (26) is valid. Consequently, A »(p) C $~

Thus, (1) and (2) are equivalent. To complete proving, show that %, = £, Indeed for s € [n,n+1]
we find

*H@“HPT” (277 < |zllP270¢'(27°) < 2f|zb, 27N (27 )
and so

n+1

|2l%,, = lewll’? <2Z/Ilwll’s’2sw’(25)d8
n

=2 / 252720 (27%) ds = 2||zll%,, <4Z||fﬁ|\n+1 A
1

Therefore, the norms in .7, and %, are equivalent. [J

Note that if ¢ € .F satisfies (20) then ¢ € A? (it suffices to integrate (20)). We will give an example
demonstrating that the converse is false; i.e., there is a function ¢ € .% belonging to A? but violating (20).

EXAMPLE 2. We denote by % the class of piecewise linear functions in .# of the form

p(27F) = Z A,, and ¢(t) is linear on [27%71, 27 ke Z,.

m>k

For a such function to belong to .%, it is necessary and sufficient that
(1) Ag > 0 (¢(t) is increasing);
(2) Zkzo Ag < 0o (p(t) is finite);

(3) AA;H < 2 (¢(t) is concave).
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By the properties of the functions in .%, it suffices to verify the A2-condition only at the points of
the form t;, = 27%. For ¢ € .#;, this condition is equivalent to the requirement

Y ASC DY Ay, neZy, (27)

k>n k>2n
Condition (20) for ¢ € .#; takes the form:
Ay < yymin(Aggyr,Dog), k€ Zy.

Therefore, ¢ does not satisfy (20) if

Jm A= o (28)

Thus, it suffices to construct an example of a function ¢ € .#; satisfying (27) and (28).
Assume that ng > 4 is a full square natural number satisfying

(n+ vn)? < 2Y"n3 (29)

for n > ng. Introduce the two sequences of natural numbers:

3
ni=ni, and m;=min{k >n;: k> <2" "in2}, ieN (30)

By (29) and (30), m; < n; + y/n; and the intervals [n;, m;] (i =0,1,...) are pairwise disjoint. Moreover,
none of the intervals of the form [n,2n] (n € N) can intersect more than one interval of the form [n;, m;].
Indeed, since n; > 4, we have n? > 2(n; + /n;). Consequently, if i is the least number such that
[ni, mi] N [n,2n] # @ then m; > n and

Nit1 —mi > ni —n; — /n; > ni+/ng > m; > n,

whence n;41 > m; + n > 2n. Therefore, [n;+1, mi+1] N [n,2n| = 2.
Consider ¢(t) such that

5 ifk=0,1,2;
Ay = 1%2 if k>3 and k& [n;,m;);

2ni_k# if k e [n,,mz)

We first verify the conditions (1)—(3) for ¢(¢) to belong to .%#;. Condition (1) is obvious. Since

3 o) 1 oo Mmi— .
;Ak§w+;2 ZOkZz 3/2—10 +2Z 3/2<3+22
> = i n;

we see that (2) holds as well.
We are left with verifying (3). If £k = 0, 1,2 then the condition is obvious. If k, k + 1 & [n;, m;) then

2
Av _(R+1?
Ak+1 k2 -

for k> 3. If k, k+ 1 € [n;,m;) then AAI:H = 2 by the definition of Ag. In the case k = n; — 1 for some
1=0,1,... we have
- p) S ) S 27
Agrr (=127 (ni—1)

810



since n; > 4. We are left with considering the last situation in which & = m; — 1. Using the definition
of m; in (30), we obtain
A _ et mt wd
Ap1 n3/? = (my—1)2 ~
(2

since m; > 4.
Thus, ¢ € Z1. To check (28), it suffices to assert that
lim
i—+00 A2ni

= OQ.

Since n;41 — 2n; = n? —2n; > 0 and m; < n; + /n; < 2n;, we have 2n; € (m;,n;+1) and therefore

Agy, = ﬁ Consequently,

An- (2ni)2

t = = 4 ;—>
Agni n?/2 VAL +00,

and thereby (28) is valid.
Checking (27), we can certainly assume that n > 4. By (30),
1 omh

R < E—
2
RS

for k € [n;, m;). Therefore, we can estimate the sum on the right-hand side of (27) from below as follows:

ZA,@Z%E%, n=12.... (31)

k>2n k>2n
Represent the sum on the left-hand side of (27) as
2n—1
STAk=D At ) A (32)
k>n k=n k>2n

Assume that there is ¢ satisfying [n;, m;] N [n,2n — 1] # @ (as observed above, this index ¢ is unique).
Then the first sum on the right-hand side in (32) is estimated as follows:

2n—1 2n—1 1 m;—1 9 9
DALY St ZAk55+nj.-
k=n k=n k=n;
Since n < m; < n; + /n; < 2n;, we have n; > 5; therefore, by (31),
2n—1 6
Z Ap<—<12 Z Ay
n
k=n k>2n
Eventually, using (32), we find that
Z Ap <13 Z Ag;
k>n k>2n

ie., (27) is valid.

REMARK 1. The above example demonstrates that there exists ¢ belonging to A? but violating (20).
The results of [10] do not apply to such functions but Theorem 3 of the present article does. At the
same time, we should observe that the constructed function ¢(t) is equivalent to the function log~*(10/)
which, as is easily verified, satisfies (20). The point is that (20) (unlike the condition ¢ € A?) is not
invariant under passage to equivalent functions.

REMARK 2. In Theorem 3 we gave necessary and sufficient conditions for A,(¢) to coincide with the
extrapolation space £, where the parameter G, has a special form. The authors are unaware whether
there are nevertheless p € .7, p & A%, such that A,(p) = Ly for some ideal Banach space H.
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