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SKCTPANONAUNOHHOE ONNCAHWNE
MPOCTPAHCTB JIOPEHLUA
N MAPUWNHKEBUYA, «BJIN3KNX» K L

C. B. Acramkun, K. B. JIbikoB

AwnsoTtanusi: Beogurcs moHaATHE SKCTPAOIANINOHHOIO CUMMETPUYIHOIO IIPOCTPAHCTBA
ua [0, 1]. Iosyuens! qocraTounblie (SBJISIONMECT B PsAJE CILyvaeB HEOOXOAMMBIMU) YCJIO-
BHS JJIsI TOTO, 9TOOBI mpocTpancrBa Mapnunkesnda u JlopeHiia 66111 9KCTPAIOIISIITHOH-
HbIMU. JlOKa3aHHbIE PE3yJIBTAThI, C OJTHONH CTOPOHBI, OOOOIAIOT U YCUIUBAIOT IIPEXKHUE,
a ¢ IpyTroii, MO3BOJISIOT OIPENE/IUTH IPAHNUIBI BO3MOXKHOCTH ITOJOOHOI'O OIMCAHUS IIPO-
CTPaHCTB, & TEM CaMbIM W JOKAa3aTe/IbCTBA YTBEPXKACHUM, IMOJOOHBIX Teopeme fmo. B
YaCTHOCTH, IIPUBEJIEHBI IPUMEPHI IIPOCTPAHCTB, B HEKOTOPOM CMBbICJIe «O/IU3KUX» K Loo,
HO J|JIs1 KOTOPBIX TaKOT'O OIMCAHUS HET.

KuroueBble cj10Ba: CUMMETPUYHbBIE IPOCTPAHCTBA, [IPOCTPAHCTBa JIopeHIia, mpocTpaH-
crBa MapiuHkeBU4a, SKCTPAIIOJISIIIMOHHBIE IPOCTPAHCTBA, UHTEPIIOJISIIAS OIIEPATOPOB.

BBeaenue

XOopoIIo U3BECTHO, YTO MHOT'HME BasKHBIE OIIEPATOPHI AaHAJIM3A TAKKUEe, HAIIPUMED,
KaK MaKCUMaJIbHBII ortepaTop Xapau — JIuTTiIbBy1a, CHHIYJISIPHBII oniepaTrop I niib-
OepTa, OlepaTop Iepexojla K COIPSIKEHHONH (PYHKIUA B FapMOHUYECKOM AHAJIU3E,
OIPDAHUYEHHO JEHCTBYIOT B L,-mipocTpaHcTBax npu 1 < p < 00, HO HE OrPAHHYIEHBI
HA «KOHIAX» TON MIKAJIbl — B IPOCTPAHCTBAX Loo U Ly (niam xors ObI B OJHOM U3
HUX). DTO 0BCTOATEIHCTBO CTAJIO OJHON U3 IPUYNH BOSHUKHOBEHUS IKCTPAIIOJISIIH-
OHHBIX yTBEPXKJIEHUM, [IEPBBIM U3 KOTOPBIX, BUJIUMO, CTAJIa KJIACCHIECKAs TEOPEMA
Suo (em. [1] mwam [2, . 12, Teopema 4.41]). Yacrb ee, oTHOCAILYIOC K OIIEpaTO-
paM, OrpaHUIEHHBIM B IPOCTPAHCTBAX, «OMU3KUX» K Lo, MOXKHO C(HOPMYTUPOBATD
caenyromuM obpa3oM: ecin ynHeiHbIl oneparop I orpanuder B L, = L,[0, 1] maa
BCEX JIOCTATOYHO DOJIBINUX p < 0O U IPU HEKOTOPOM « > () UMeeT MeCTO OIeHKa

1T, < Cp®llzllL,,

rje C' > 0 He 3aBucut Hu oT © = 2(t), HE OT <, TO T OrpaHUYEHHO JeHCTBYeT U3 Lo
B [IPOCTPAHCTBO 3UrMyH1a Exp LY ¢ HOPMOit

(2
2lgxp L1/a = sup 10g2"‘<;>93*(t)-
0<t<1

31ech u Berogy nagsiee x* (t) — HeBO3pacTaromasi nepectaHoBka GyHKmu |z(t)|.
Cureyrormuii BaKHBII AT B pA3BUTHN TEOPUH SKCTPATIOJISAIIN OLEPATOPOB CBsi-
3aH ¢ nMmeHamu fBepca m MuibMmama, KOTopble, paspadaTbhiBasi OOIIHE ITOIXOIbI
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TEOPHH, BLIABIIN <«ACTOYHUK» TEOPEM THIA SIHO — CyIIECTBOBAHNE SKCTPAIIOIAI-
OHHBLIX KOHCTPYKIIUii, MO3BOJIAIOIINX OIMCHIBATEH IPEJIeJIbHbIE TPOCTPAHCTBA TAKUX
reopeM [3-5]. B wacrHocTH, oHn nokasasnu (cm., Hanpumep, [5, c. 22, 23]), uro

€l gxp /e < sup (p~*lz,,)- (1)
1<p<oo

Jlerko BusieTh, uT0 Teopema JHO — HenocpecTBerHoe ciescTre (1), a TakiKe ere
OJTHOT'O 3JIEMEHTAaPHOI'O SKCTPAIOJISIIIMOHHOIO COOTHOIIEHUST
[#Le = sup |z,
1<p<oo

Bouiee obmpe mpocTpaHCcTBa 1 KOHCTPYKIMA PACCMATPUBAJINCH B padoTax [6, 7].
B wactHOCTH, TaM GBIIO MOJYHYEHO SKCTPAIOIAIMOHHOE ONUCAHUE SKCIOHEHIHA b
merx mpoctpancts Opiraa Exp L? (@ — dbymkmasa Oparaa ra (0,00)), cocTosamumx
u3 Beex byukuuii © = x(t), t € [0, 1], 111 KOTOPBIX

1
t

||| gxp Lo = inf u>0:/ exp ® 2] —1)dt<1) <oo.
u

A umenno [7, ciencrsue 1|, ayst npoussosbroil dbyakiun Oprnda @

X
||| xp L# =< sUp Izllog) (2)
1<p<oo p

Bynyun o6obienneM mpocTpaHcTB 3UTMyHJA, SKCIOHEHIHAIbHBIE TPOCTPaH-
crBa OpJinya OJJHOBPEMEHHO 00Pa3yIOT MOKIACC CHMMETPUIHBIX IPOCTPAHCTB Map-
[UHKEBUYA, UI'PAIOIIAX BA’KHYIO POJIb BO MHOTHX IIPUJIOYKEHUSIX TEOPHUU OIIEPATOPOB.
B ¢Bs131 ¢ 3TMM BO3HUK BOIIPOC O BO3MOYKHOCTHU IKCTPAIOJISIITHIOHHOTO OIIMCAHIS CHM-
METPUYIHBIX HTPOCTPAHCTB, B YaCTHOCTH IpocTpaHcTB Maprunkesuda u Jlopenra.
Kaxk BbIICHUIIOCH B TIOCJIE€/IHEE BPEMSsI, TAKOE OIUCAHUE MHTEPECHO He TOJIBKO CaMo
o cebe. OHO OKA3aJI0Ch Ba’KHBIM HHCTPYMEHTOM [IPHU U3YUE€HUH CXOTUMOCTHU PSIJIOB
10 OPTOHOPMHMPOBAHHBIM CUCTEMaM B IIPOCTPAHCTBAX, «OJIM3KUX» K Lo. OTMETHM
B 9TOi1 CBsA3M (HU B KOeil Mepe He IPeTeH/1ysl Ha TI0JHOTY) paboTsl [8-10].

Pabora nocrpoena ciejyromum obpazom. B §1 comep:karcs OCHOBHBIE OIpe-
JIeJICHUsT ¥ HEKOTOPBIE TIPEIBAPUTE/IbHBIE CBEJICHUS U3 TEOPUU CUMMETPUIHBIX TIPO-
crpancTB. Kpome TOro, 3/1eCh BBOAUTCs OUPEEIEHIE IKCTPAIIOJIAIMOHHBIX («6/1m3-
KIX» K Log) IIPOCTPAHCTB OTHOCHTENBHO IKAIBL Ly, (1 < p < 00).

OcHOBHBIE PE3YJILTATHI PACIIOIATAIOTCS B § 2 ¥ HOCBSIIEHBI SKCTPAIIOJIATINOHHO-
My OIHCAaHMIO TpocTpancTB MaprimakeBrnya. 3/1€Ch H3y9alOTCsI [Ba BADUAHTA TAKOTO
OIMCAHUsI, OJJUH U3 KOTOPBIX YHUBEPCAJEH B TOM CMBICJIE, 9TO JIO60E SKCTPATIOIs-
[IMOHHOE TIPOCTPAHCTBO MaprimHakeBruda OmUCHIBaeTCst 3tuM crocobom. [losmydersr
HEOOXOMMBIE U JIOCTATOYHBIE YCJIOBUSI, TIPU KOTOPBIX MIPOCTPAHCTBO MapIimHKeBnva
9KCTPAIOJISIIIMOHHO, B TEPMUHAX CBONCTB (DYHKIINHU, €ro MOPOXKJIAIONei. IDTu pe-
3yJIBTATHI SABJISIIOTCS, C OJIHOM CTOPOHBI, JAJIEKO UJLyIIUM ODODIIEHNEM COOTHOIIEHMI
(1) m (2), a ¢ APyTOH, TIO3BOJISIIOT ONPEJIEUTH TPAHUIBI BOSMOXKHOCTH MOF00HOTO
OIMCAHUS TIPOCTPAHCTB, & TEM CAMBIM U JIOKA3ATEJbCTBA YTBEPKICHUH, TTOT0OHBIX
teopeme Ho. B wacTHOCTH, IPUBEIEHBI TPUMEPBI TPOCTPAHCTB, B HEKOTOPOM CMBIC-
Jte «OmM3KuX» K Loo, HO JIJIsT KOTOPBIX TAKOT'O ONUCAHUS HET.

B § 3 anajiorudnbie BOIIPOCHI pACCMATPUBAIOTCS JIJIst TPOCTpaHcTB Jlopenma, Ko-
TOPBIE SIBJISIIOTCST IIPEJICONPSI?KEHHBIMHU 10 OTHOIIEHUIO K IIpocTpaHcTBaM Mapiiua-
keBuda. Haitjiennbie 3/1ech HEOOXOUMbBIE U JIOCTATOYHBIE YCJIOBUS JIJIsT HEKOTOPOTO
BIIOJTHE OIPEJIEJIEHHOTO SKCTPATIOJISIITHOHHOIO OMMCAHUST ITUX IIPOCTPAHCTB YTOIHSI-
1ot Hegasuue pesynbrarsl C. @. JTykomckoro [10], npuMensBinecs UM npu U3y YeHUH
cxojumocTu psifoB Pypbe.
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8§ 1. Ompepesienus U NpeBapUTEIbHbIE CBEIEHUSA

Bceiomy majiee BJIOXKEHHE OJHOrO 6aHAXOBa IPOCTPAHCTBA, B IPYTOe TIOHUMAETCS
KaK HempepsiBHOE, T. €. X1 C X o3Hadaer, 9ro u3 x € X caenyer: © € Xg u
Izl x, < C|l=||x, arst mekoToporo C' > 0. Ilox pasencreom X1 = X st 6anaxo-
BBIX IIPOCTPAHCTB OYJIEM O/IPA3YMEBATH UX COBIIQJICHUE C SKBUBAJIEHTHOCTHIO HOPM.
Broipaxkenune suma | < Fy o3nagaer, uro cFy < Fy, < C'F| mis HeKOTOpBIX ¢ > 0 n
C > 0, npuyueM 3TU KOHCTAHTBI HE 3aBUCAT OT BCEX WJIM 9acTu aprymenTos Fy u Fy.

O6ozHaunM uyepes # KJacC HelPEPhIBHBIX BO3PACTAIONINX BOTHYTHIX (DyHKIAI
1, onpegesiennnix Ha [0,1], Takux, uro (0) = 0 u ¢ (t) > 0 (0 < ¢ < 1). Hanomunwm,
qT0 Is J1H000# HenpepbIBHON KBasuBorHyToil Ha [0, 1] dyskmmn ¢ (t) (1. e. P(t)
HOJIOXKUTEJIbHA U Bo3pacTaer, a 1(t)/t yobBaer upu ¢t > 0) takoii, uyro (0) = 0,
cymiecrByer ¢ € %, s kKotopoit ¢(t) < 1(t) [11, c. 70].

B panbreiimeM pedb OyZeT UATH O CUMMETPUYHBIX (II€PECTAHOBOYHO WHBAPU-
AHTHBIX ) (DYHKIMOHAJIBHBIX IPOCTPAHCTBAX, OJAPOGHOE U3JI0KEHNE TEOPUH KOTOPBIX
MOKHO Hafitu B MoHOrpadusax [11-13]. Hanomuum, uro 6anaxoBo npocrpancTso X
u3MepuMbIX (DYHKIHIi, onpeneneHnbx Ha [0, 1], HA3BIBaeTCS CUMMEMPUYHBLM, €CITH
BBINIOJIHEHBI CICAYIONINE YCIAOBUA:

a) u3 Toro, uro y = y(t) € X u |z(t)] < |y(t)|, crenyer, uro x = x(t) € X n
] < llyll;

6) ecm y = y(t) € X u a*(t) = y*(t), o x € X u ||z|| = ||y|| (uepes x*(t)
obo3HaveHa nepecTaHoBKa dbyHkmu |x(t)|, T. e. paBHOM3MepuMas ¢ |z (t)| HeBo3pac-
rarormast GyHKIWs).

BaxkapIM 1 HanboJ1ee TPOCTBIM MIPHMEPOM CHUMMETPHYHBIX MPOCTPAHCTB SBJIsA-
torcst Ly-nipocrpancrsa (1 < p < 00) ¢ 06bIMHOI HOPMOI:

1/p

1
lzllp = /Iw(t)l” dt (I1<p<oo) u [[2fe = esssuplz(t)].
J 0<t<1

ITpu sTOM 1711 p > @ UMeeT MecTo BioxKenue (¢ KoHcranroii 1) L, C L,. Kpome
TOr0, Lo SIBJISIETCSI CAMBIM Y3KUM U3 BCEX CUMMETPUYHBIX IpocTpaHcTs Ha [0, 1],
U, KaK y»Ke MOBOPUJIOCH BO BBEJIEHHH, HOpMa Ipou3BosibHON dyHKmu x(f) B Lo

BBIPasKaeTCs depe3 ee HOPMBL B Ly mpH p < 00: ||2]|eo = sup ||z,
<p<oo

Jlpyrue mpuMepbl CHMMETPHYHBIX TPOCTPAHCTB — mpocTpancTia Jloperna n
Mapuuukesuua. IIycrs (t) € .%. Ilpocrpancrso Mapiakesuda M () cocrout us
Beex maMepuMbix Ha [0, 1] dyukmmit (t), 1yist KOTOPBIX KOHEUHA HOpMa

©(s) / .
T = sup —— [ z*(¢)dt.
1zl a1 () B B J (t)

B mpocrpancrse Jloperma Ay(p) (1 < p < 00) HOpMa ONPEAETAETCH CJIE/LYIOIIIM
obpazom:
1 v
lelaye = | [ @ @7
0

BasxHoit XapaKTepUCTHKOHN CUMMETPUYIHOTO IPOCTpaHcTBa X ABJIseTcs ero hyH-
namenrtanbuas byukims ¢x (t) = | x (o, |lx, T1e qepes x (o,+) 0bo3HaueHa XapaKTepH-
crudeckas dynknus (ungukarop) unrepsaia (0,t). B wacrroctn, ¢prp (L) = ¢(1),
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D, () () = (ap(t))% Kpowme toro, npocrpancrso A(yp) := A1(p) — camoe y3koe, a
M (p) — camoe mMHPOKOe U3 BCEX CUMMETPUIHBIX IIPOCTPAHCTB ¢ (DYHIAMEHTAIbHOM
dyukuueii ¢(t) [11, c. 160, 162].

DyHKIWs paCTsizKeHNsI TOJIOKUTeIbHON GyHKImnu ¢(t), t € (0, 1], onpenensiercs

COOTHOIIIEHHEM
(st)

4
Mp(8) = sup , 0<s<o0.
v 0<t<min(1,1/s) @(t)
IIpu sTom guca
. In,(s) . In,(s)
Te Sgrg+ Ins % = slggo Ins

HA3BIBAIOTCS HUMNCHUM U BEPTHUM NOKA3AMEAAMYU pacmsasicenus pyukuuu o (t). Ec-
mp € F, 100 <7, <0, <1][11, c. 76].

B janbHeiimenM Hann uHTEpEC OY/IET CBSI3aH C CHMMETPUYHBIME [IPOCTPAHCTBA-
M X rtakumy, 9o X C L, 1o1da Bcex p < oo. B wacTHOCTH, MBI paccMOTPHM
BOIIPOC O TOM, KOLJ[a HOPDMa B HUX BbIpaykaercsi depe3 L,-HopMmbl. Bosee Toro,
€CTh BO3MOYKHOCTb CAMHUM KOHCTPYHUPOBATH CHMMETPUYHBIE TPOCTPAHCTBA yKa3aH-
HOro BUja. A wmMmenHo, ecjim F' — 6aHaAXOBO WI€AJIbHOE MPOCTPAHCTBO (DYHKIIHIA,
OlpeJiesIeHHbIX Ha [1,00), TO MOXKHO PACCMOTPETh MHOXKeCTBO ZLp BCex (DyHKIM
x(t), mas xoropeix & = &(p) := ||z|p, € F. Hecnoxuo moxkasaTs, 9TO 9TO MHOKe-
cTBO (¢ OBBIYHBIM OTOXKJECTBICHHEM (DYHKIUI, PABHBIX HOYTH BCIOLY) CTAHOBUTCSI
CUMMETPHIHBIM TIPOCTPAHCTBOM, €CJIU B HEM OIPEJIETUTH HOPMY:

2]z == €]l -

Bmecro npocrpancTBa GyHKIMI B KA9eCTBE NAPAMETPA IKCTPATIOJIAIUOHHOTO IIPO-
CTPAHCTBA MOKHO GPATh TAK:Ke GAHAXOBO WJICATHLHOE NPOCTPAHCTBO MOCIEI0BATE b
HOCTel, Tpebysl, YTOOBI €My IPHHAJIIEXKAJIA [TOCIeI0BATENLHOCTD { || 2|1 }50 4.

ONPEAENEHUE 1. Ilycte X — cummerpudHoe mpocrpancTso Ha [0, 1] Takoe,
gto X C L, nns Bcex p < oo. Byzem rosopuTh, 9TO 3TO IPOCTPAHCTBO IKCMPANO-
AAYUOHHO (IIPH P — 00), €CJIU CYIIECTBYeT 6AHAXOBO UJIEAJIbHOE IPOCTPAHCTBO F|
Jutst KoToporo X = Zr. MHOXKECTBO BCEX 9KCTPAOJSIMOHHBIX TIPOCTPAHCTB OyIeM
obo3HaYaTh Yepe3 &

Eciim F — 6aHaxoBO ujeajibHOE IIPOCTPAHCTBO (DYHKIUIL, OIpeJe/IeHHBIX Ha
[1,00), a w = w(p) — monoxurenbHas dbyukmus (Bec), To depes F(w) Gymem obo-
3HAaYATh WieaTbHOEe IPOCTPAHCTBO MynKuil © = x(t) ¢ Hopmoit ||| pew) = ||zwl|F.
AmnasnorndHoe ompe/iesieHne IPUMEHSIETCS 1 JIVIs IPOCTPAHCTB MOCIIE0BATEIBHOCTEN.

§ 2. DKCTPAIOJAIMOHHOE OIMCAHUE
npocTpaHucTB MapIrimHKkeBu4ia

B sTom maparpade MbI paccMOTpUM BOIIPOC O TOM, KOTJIa TMPOCTpaHCcTBO Map-
nunkesunaa M (@) coBnajaer ¢ MpocTpaHCTBOM BHIA £, T. €. KOTJa OHO SKCTPAIIO-
JISILIUOHHO.

ITycrs @(t) € F, ¢(t) = t/p(t). B cayuae tli%lJr @(t) > 0 MOXKHO CUATATB, UTO

—
©(t) = t, aTorga M(p) = Ly. Vnaue dynkius @ abcoorHo HenpepsisHa [11, c. 71]

U [IO3TOMY CyIIECTBYeT NpousBoAHas @' . IIpeanosoKum, 94To

. ~i ~r
t1_1>1(1)1+ Pp(t)=0mu ¢ € L, s Bcex p < 0. (3)
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W3 onpenenenns HOpMBI B IpOCTPAaHCTBEe MapIiimHKeBU4Ia CIeIyeT, 9TO
S S

/a:*(t) dt < |\x||M(¢)/¢’(t) dt, 0<s<Ll.

0 0
Ho 310 — HepaBeHcTBO Mexy % -dyHkimonanamu Gyukimit z(t) u ¢’ (t) B nmape
npoctpascTs (L, L) (cM., manpumep, [11, c. 108]). ITosromy, Taxk kax L, uHTep-

HOJIANMOHHO OTHOCUTENLHO napbl (L1, L) ¢ KoHCTaHTO! 1, ipumenss [11, ¢. 130],
3aKJII09aeM, 9TO T € Lp ans Bcex 1 <p < oom

lzllp < llzllae) 1815, 1 <p < oo,

e Iz
Z|lp
Sup —— < 2|l rs¢e)-
o1 1211 ?)
[Tocnenree HEPABEHCTBO O3HATAET, ITO
M(p) C Lre, (4)

rae F¥ = Loo(1/]|@'||p), npuuem koncranra ioxkenust (4) pasna 1.

Teopema 1. Ilycts ¢ € F. Cuemyromue yCJIOBHS SKBUBAJICHTHBI:

1) M(p) € &;
2) M(p) = Lre;
3) cymecrsyer C > 0 Takoe, 9To0
.
o(t) < Csup 7=, 0<t <1 (5)
p>1 €]l

JIOKA3BATEJIBCTBO. Ilpexie Bcero 3amerum, 9T0 COOTHONICHUS (3) ABJISIIOTCS
CJIEICTBUEM KaxKJ0ro u3 ycjosuit 1-3 (B wacTHocTH, B ¢iiydae 1 u 2 OHU BBITEKAIOT
U3 OIPEJIE/ICHNs] SKCTPAIIOJISIUOHHOTO IPocTpancTBa). [109ToMy BO Beex Tpex Ciry-
JasX MOYKHO CYMTATh BBIIOJHEHHBIM BioxkeHue (4). Jlajee, jerko Buuerh, 9ro (5)
— 3TO HEPABEHCTBO MeXK Ty DyHIAMEHTATbHBIMEA (DYyHKIUAME TpOCTpancTs M (p) n
Zre. Tak kax upocrpancTso M (p) — caMoe MUPOKOe CPeJd BCEX CUMMETPUIHBIX
UPOCTPAHCTB C JaHHOU yHmaMerTanbHol dynkumeii [11, ¢. 162], To (5) paBHOCHIIb-
HO BJIOXKeHUI0 Lre C M (p). CiuenoBaresbHO, BBUJLY IPEJBIIYINErO 3aMeYaHUsT OHO
BBIIIOJIHEHO TOLJIA U TOJIBKO Torja, Korga M (p) = Lpe. Tem cambiv yenosust 2 u 3
9KBUBAJIEHTHBI.

Taxk kak uMnyukanus 2) = 1) o4eBUHA, OCTAETCH JI0KA3aTh 0OPATHOE YTBEP-
xaenue. IlycTh cymecTByeT GaHAXOBO HJEAJBHOE HPOCTPAHCTBO Fj Takoe, UTO
M(p) = Zr,. Ecm a = a(p) € F?, 1o |a(p)| < ||a||lpe]|@ |lp, p < co. Tak xak
¢ € M(p), o dyuxnus b = b(p) = ||¢’||, npuaagnexur Fi u, crenoBaTeabHO (Tak
Kak [} — mieanabHOE IPOCTPAHCTBO), u3 HepaseHcTsa |a(p)| < ||a|| peb(p) momyuaem
a € Fyula||lp < |allpe||bl|m, orkyga F¥ C Fy. Tem cambiM Lre C Lr = M(p).
Tak Kak IPOTHUBOIOJIOKHOE BJIOXKEHUIO (4) BEPHO BCerjia, TeopeMa jokasana. [

IIpenmnosiozkuM Tenepb, YTO BEPXHMil NOKa3aTesb pPacTsKeHus (DYyHKIUH @
HeTpHUBHAJIEH, T. €. 0, < 1. Torma BBy [11, c. 156]

[zllar(py < sup p(u)z*(u),
O0<u<l
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OTKYJIa, UCIIOJIb3Ysl MOHOTOHHOCTH &*(t) U KBA3UBOTHYTOCTD ¢ (t), 0/Iydaem

|zl ar(py < sup p(277)z"(277). (6)
p=>1
B stom caydae zo(t) = ﬁ € M(p). Ilostomy mu3 Bioxkenus (4) u HepaBeHCTBa
¢ < % CJIeIyeT, 9TO
11/¢llp < 11"l

C KOHCTAHTaMH, He 3aBHcsmuMu or p € [1,00). Ciegosaressno, yciosue (5) u3
reopeMsbl 1 1pu §, < 1 MOXKHO 3aMEHHUTH YCJIOBHEM
(0 < csip 7 @
pt) <Csup 77—, 0<t< 1. 7
p=1 11/l

Caenctsue 1. Ilycrs ¢ € % rakoBa, 410 6, < 1. Torza M(yp) € & B ToM 1
TOJIBKO B TOM CJIy9ae, €CJIH

1
1/t P

P
sup < inf / < olt) > ds < 0.
te(o;1] | P21 J o(st)

JIOKA3ATEJIBCTBO. Tak Kak B yCIOBHUsIX ciezicTBusi HepaseHcTsa (5) u (7)
paBHOCHJIBHBL, 110 Teopeme 1 M (p) € & Torja u TOJIBKO TOrJa, KOrja

1
1 P

1 1
sup [ inf | (¢ —/ du < 00.
te(o;1] | P21 0 3 " p(u)P

ITocsie 3aMeHBI © = st noIydaeM yTBepxKeHue. [J

Buioxkenue (4), BepHOe BCerjja, MOXKHO PACCMATPUBATH KAK <ANIIPOKCUMAIIUIO»
mpocTpancTBa MapImHKeBUYa SKCTPAIOJISAIINOHHBIM TPOCTPAHCTBOM CBepXy. Haii-
JleM HO/I00HYIO «aIIIPOKCUMAILUIO» CHHU3Y B C/Iydae, Korua 0, < 1. YuurbiBasd, 4TO

2~ P 1/p
1
lally > | [@@ra) =z,
0
u3 (6) mosyuaem
[zllar¢py < Csupp(277) |l (8)
p=1

¢ HekoTopoii korcrantoit C' > 0, me 3aBucsmeil ot x. 13 (8) u (4) crenyet, aro
ZLr, C M(p) C ZLre, 9)

rae Fy, = Loo(¢(277)).

IIpocrpancrso M (p) Gyaer SKCTPANOIAIMOHHLIM, B 9AaCTHOCTH, €Cliu ZF, —
ZLre.. B TO )Ke BpeMsi, KaK CJIeJlyeT U3 TEOPEMBbI 1, JJisi MOCJETHEr0 PaBEHCTBA
JIOCTATOYHO coBNaienns npocrpancts M (¢) u Zr, . BoiacHuM, Ipyu KAKIX yCIOBUAX
9TO MMPOUCXOJIUT.
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Jlemma 1. Ecm 6, < 1, to M(p) = £, TOorzga u TOJIbLKO TOIZA, KOIZA BbI-
IIOJTHSIETCSI YCJIOBHE

/ dt v 1
0/ Gy = ey P (10)

¢ Hexoropoii koucranroi C > 0, He 3aBHUCSIIIEH OT P.

JIOKABATEIBCTBO. Tak kax @' < 1. us (10) BBITeKaeT, 4To
%

1

cp(27p) <Ci——.
121l

Cuenosarensno, F'¥ C F,,, orkyna Lre C LF,. Obbemunsds s1o ¢ (9), 3aKmodae,
9TO
qu) = M((p) = chp.

[Iycrs Teneps M(p) = ZF,. Tak xak B cuny (6) zo(t) = ﬁt) € M(p), u3

sioxkenns M (p) C L, nomydaem

27/ ellp < Sgﬁ)%(?_p)HOSOHp < Cillzollae) = C-
Pz

IMockoubky nocseanee pasaocuwibao (10), memma jokazana. [

ITokaxkem, ato yciaosue (10) SKBUBAJIEHTHO HEKOTOPOMY G0JIee IBHOMY CBOHCTBY
dbyurIun @.

ONPEJENEHUE 2. Bymem rosopurs, uro dbyHkuus ¢(t) € F ydosaemeopsem
A?-ycaosuro (p € A?), ectu cymectsyer o > 0 Takoe, uro s Beex t € [0, 1]

p(t) < ap(t?). (11)

Jlemma 2. Ilycrs (t) € .F. Jst Toro aro6e ¢(t) yaosrersopsiia A2-yciosuro,
Heobx0Mo 1 JocTarodno Bermosnenue ycaosus (10).

JIOKA3ATEJIBCTBO. Ecsu Boiosneno (10), To BBuy Bo3pacranus ¢(t) moJy-

qaeM
272p

272 di [t b1
o < | G < / oy =< ey

0

OTKyZa JIJIsl Bcex p > 1
p(277) < 4Cp(277F).

ITocsie 3amensl 27 P = t 10csIe/IHEe HEPABEHCTBO NpeBpaiaercs: B yciaosue (11)
upu t < 3, a 3HAaUMT, BBMJY KBasusoruyrtoctu ((t) (11) BblIONHsETCS IpU Beex
t € [0, 1] ¢ xoncranToii 8C.

Ilycre Temeps ¢ € A2, Torma jys Bcex n € N cIpaBemInBO HEPABEHCTBO
o(t) < a™p(t*") n, B wacrHoCTH, PU t = 27P MMeem

P(277) < amp(277'7), p20.

Bribepem Temeps ng € N Tak, 9T00bBI 771 BCEX N > N BBIIOJIHIIOCH HEPABEH-
CTBO
2" — (n+1)logy a > m.
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Torma ecom p > 1, To

1 2—2"0p 22"
/ dt__ oo, / dt_ oo Z / dt
(o ()P (0 (t)) o (o ()P
0 0 Og—an+1y
2m0 2-%"» 2m0 S (n+1)pg—2"p 1
< 22"p s <277 Y el
Z [CrEaR) Z (p(z 7))
n ng, 27 "OP 1 1
< 22 Dp 9—np _ 22 Op < CP ,
Z 1 =277 (p(277))P (p(277))P

n=ngp
no
re C' = 22", u, Takmm ob6paszoM, yeaosue (10) Bemosmeno. [
C momompio teMM 1 1 2 HETPYIHO MOJIyUNTh CJEAYIOEE YTBEPKICHHE.

Teopema 2. Ilycts (t) € F ud, < 1. Crexyiomnine ycaoBHs SKBUBAJICHTHBI:

1) g e A%
2) p(277) < 1/|1¢'l, (P = 1);
3) M(p) = ZF,;

4) M(p) = Zy,, tae fo = loo(p(277)).

JOKABATEJILCTBO. PaBuocunbnoCTb yesoBuii 1-3 ciremyer u3 jtemum 1 u 2, Tak
KaK HepaBeHCTBO, NporuBonoJoxKHoe (10), BbiosHgeTcs: Beerga. BBuiy MOHOTOH-
nocru bynkumn fr(p) = ||z||, (p > 1) u kBazusormyrocTn ¢(t) umeem Lr, = Ls,,
U, 3HAYUT, KAXKJ0€ U3 TUX yCJOBU paBHOCHIBHO 4. [

3 reopembr 2 caesyet, uro aas ¢ € A? oba siaoxkenns B (9) mpespammaoTcsa
B pasencrsa. Ecim xe ¢(t) He ymosnersopser A2-yciosuio, To, o Kpaiinei Mepe
upu §, < 1, Broxkenne Lr, C M(p) cranosurcsa crporum. MozkeT jm npu sToM
coxpanuTbecs paBeHcTBo M () = Lr.? Ilpusemem upumep, HOKa3bIBAOIIUIL, YTO
OTBET II0JIOXKUTEJIEH.

ITPUMEP 1. Paccmorpum dbyskmuo ¢(t) € F 1akyro, 4To npu HEKOTOpoM 6 €
(0,1)

(1) =< p(t) = et e,

Takas dbyHKIMA B Kaacce & JNeHCTBUTENBHO cylnecTByer, Tak Kak 1upu ¢t € (0,1p)
(rze to mocrarogno maso) Y(t) >0, /(1) >0, ¢"(t) <0n tlir(l)1+ P(t) = 0.
—

ITokazkem, uro M(yp) € &. Hecnoxuo ybemurscss B ToMm, 4ro 0, = 0 < 1.
ITosromMy JrocTaTovHO JIOKa3aTh HepaBeHCTBO (7) ¢ ¢(t) = ().
Omnennm Ly-HOpPMY DYyHKIINH %:

1 “+o00
7]
epln e/t=p gt — P Tl / eP® ~9ds.

[IpencraBuM noabIHTErPATBHYIO (DYHKIUIO B BHUJIE

6 __ 6 __ _ _
ePs’—s _ ops’—Bs —(1 6)57

rie 5 € (0, 1) — napameTp, u HafmeM makcumyM dynkimn f5(s) = ps®—Bs. Tax kax
f,[’i (s) = Ops?~1 — B, 10 59 = (Op/B) =7 7 — Touxa makcumyMa fg(s). Cnenosarensbho,
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upn s € [1,00) Gyser fo(s) < fa(so) = (1 — O)pT™7 (9/8)77 m

o0

P L (0T
< e~ pt1 exp((l _ g)pﬁ <_> ) /e—(l—ﬁ)s ds
p B )

E

Takum obpazom,

ol ) ()

o <

[Tomoxum B = %, rje v = 125 Torma jiua Beex p > 1

(1/(1=B)% = (1+p")F <27 <C <.
Kpowme Toro, Tak xax (1 + )Y <1+ Cyx pua seex x € [0,1], To

(1-9)(%)ﬁ - (%)7(1—9)9ﬁ —p <1+%)7(1—9)9ﬁ < (1-0)075 (p7+C.)

I/I, CJIe,ZLOBaTeJII)HO,
11/9[l, < Cyexp((1 — )07 pT-7). (12)
st moxasareabcTBa, (7) nposepuM, 49to ¢ KoHcTaHToit Cy = Chie misg p =
% In' e /1 BBILIOJTHSAETCST HEPABEHCTBO

YO/, < Cat'/?.
JleficTBUTEIBHO, C OJHON CTOPOHBI, BBULY (12)
Y(O)11/9]l, < Crexp((1 —0)In’ e/t) exp(1 — In’ e/t) = Cy exp(—O1n’ e/t).
C Jipyroii CTOpOHHI,
/P = exp(Int/p) = exp(@In’ T e/t(1 —Ine/t)) > exp(—0In’ e/t).
Taxum o6pazom, M (p) € &. B To e Bpems, Kak Jerko BuaeTh, ¢ ¢ A2

s dyuxmun ¢(t) u3 npumepa 1 6, = 0. To ke caMmoe BepHO I A7 BeeX (DYHK-
umit, ynosnaersopsonmx AZ-yciopuio. B cBf3M ¢ 9THM BO3HHKAET BOIPOC: CyIIe-
crByer Jiu ipoctpaHcTBo Maprmakesnua M () Takoe, 9ro ogHoBpeMeHHO M (¢) € &
1, > 07 YacTH4HLIA OTBET HA HETO COAEPXKUTCS B CJCAYIONIEM yTBEPXKICHHN.

IIpennoxxenne 1. Ilycre M(p) € &. Torma ecan d, < 1, To §, = 0.

JIOKA3BATEJILCTBO. Ilpeanonoxum, aro §, € (0,1). Torma #,(s) > s mus
Hekoroporo 6 > 0, ecyim s > 1. CieoBaresibHO, jyist Jjiroboro s > 1 cymecrByer
to = to(s) € (0,1/s) rakoe, aro

¢(sto) 0
(o) > 7. (13)

Tak kak 0, < 1, yciosue M(p) € & paBHOCHIBHO BBIIOJIHEHNIO HepaBeHCTBa (7)
WU, SKBUBAJIEHTHO, TOMY, ITO

1 <C PP i<t (14)
p(t) <Oy sup ———, 0<t<l.
p>2/6 ||1/80||p
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BuiGepem s > 1 rax, aro6sr s%/2 > €. Torma, HOCKOIbKY Juist p > 2 /6 BbIIOJIHEHO
Op —1>0p/2, BBUay (13) juist Takux p

E

1 to
P / du / du to
= > >
v P(u)P ) (u)P ~ p(to)?
6
S 5Pt $0p—1 sto >
p(sto)? p(sto)?
Orciona s t1 = stg u Bcex p > 2/ 0 moygaem

}/p
p(t1) > Cro———,
11/¢llp

qro nporusopeunt (14). O

Canencrue 2. /L smo6oro 0 € (0,1) cymecryer ¢gyuknus ¢ € & rakas,
aro §, =6, M(p) C L, gmz Bcex p < oo u M(p) & &.

JIOKA3BATEJIBCTBO. Haunewm ¢ nocrpoenust dyukuuu c(t) =< ﬁ, KOTOPYIO Oy-
JIeM MCKATh B BUJE

+00
e(t) = ZCiX(Q—i—l;g—i](t), rmel=cp<c1<---<¢cp <
=0

st Toro uTober dbyHKIusA )(t) = %t) ObljIa SKBUBAJIEHTHA HEKOTOPOH (DY HKITHHI
o(t) € &, nocraTodno nOoTPeGOBATDH BHIIIOJHEHHS yCIOBHH
;i <civ1<2¢,1=0,1,..., U ¢ — 00 IpH i — 00. (15)

HeitcrBuresnbro, ecau (15) Boinosneno, To 1)(t) Bospacraer u upu k > i umeem

ek < 28 '¢;, oTkyma 4 4
2k (27F) > 20p(27).
Eciu rereps 1y < to, To t; € [27F71 27%) ty € [27971 27%), k > 4. TIpu srom
—1/’?2) <227 <227 < 2MPp27h ) < 4—%“).
2 1
Tem cambiM GyHKIWs 1(t) 9KBUBaJEHTHA HEKOTOPOIl BOorHyToii dyrkmu [11, c. 69].
Kpowme Toro, seumy (15) tlir(1)1+1/)(t) = 0. B urore 9(t) < p(t) € .Z.
—
st roro arobet M () 66110 BiI0ZKeHO B L), 15t BCex p < 00, MOTPeGyeM, ITOOBI

11/¢llp < o0, 1<p<oo,

WM, PAaBHOCUJIBHO,

1
+oo P
lellp = (Z cfz—H) <00, 1<p<oo. (16)
1=0

Bribepem Terieph {c; }.-% Tax, 4To6b! BhmosHsAICH yeaosus (15) u (16) u, kpo-
Me Toro, 0, = 6 € (0,1). IIpexkae Bcero, mycrsb

0) ng — 1,

1) naji1 = 2ng5, j = 0,1,...,

2) n2j+2 = N2jt1 +3,5=0,1,....
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OTipe/TesIM Tereph TOCIeI0BATETBHOCTD {¢; }; % CleIyloniM o6pasoM:
) Co — C1 — 1,
b) ¢; = cpyy, ecm ng; < i <ngjiy, j=0,1,...;
c) ¢ = cn2j+129(i*"2ﬂ'+1), ecin nojy1 < i < mgjyo, j=0,1,....
Coornomenue (15) Bortekaer us onpegenenust {c;}; 5. s nposepku (16)
IPOBEIEM TTPEOOPA3OBAHMST:

400 N2k+1—1 op Z (naj—naj_1)

+oo
> et = Z d>oo2 = 2”
=2

k=1 i=nay

400 N2k+2—1 sz naj—naj_1)

+Z Z 92 J=1 2917(1'*”21“1)271'

k=1 7/77L2k+1

—+00 N2k+41— R k —+00 N2k+2— (ke
_ E E 29p ( E § 29;0( ( 1)+Z*n2k+1) i
k=1 i=no k=11i=nok41

Beuny ycaosuit 0-2 6ymer nogt1 > Nog > Nok—1 > 2% pu k > 0. ITosTomy

400 N2k41—

=Y ¥ 2"1””“ *Z<222"P

k=1 i=nog

HES
) o < 222910 —2F < 00

1 aHaJIOTUYIHO

“+o00 N2k++2—
Z Z 291) k(k 1) +1—n2k+1 < 2229p(k(k 1) +k) 2k < oo.
k=1 1i=nak 1 k=1
B urore
+oo
Zcf27i =1 + 1 < oo,
=2

nostoMy (16) Bemmosmeno. Hemocpencrsennast IpoBepKa MOKa3bIBaeT, ITO O, = 6.
CuesroBarenbo, BBy npemioxenus 1 M(p) € £. O

ITpu noxazaresnberse Baoxkernst M (p) C Lpe (cM. (4)) KIHOUEBYIO POJIb UIPAJIA
nMmiumKanus (rae @ = x(t) — npousBosbHasg u3MepuMast Ha [0, 1] dyHKIws)
¢ t
/ *(s)ds < / "(s)ds ns Beex t € [0,1] = ||z]|p, < ||@']lp anst Beex p > 1.
0 0
Kax Jsierko BuzieTh, o6parHoe Bioxkenne Lpe C M () MMeeT MeCTO TOT/Ia U TOJIBKO
TOrJIA, KOTJIa CIIPaBe/INBA IIPOTHBONOIOKHAST UMILIMKAIIHS
t
lzllp, < &'l mast Beex p > 1 = / s)ds < C’/ '(s)ds s Beex t € (0, 1].
0
CoryiacHO CJIEJICTBUIO 2 CYIIECTBYET @ € F raxasi, uro M (gp) C Lp JIJIsT BcexX p < 00,
Ho M(p) € &, 1. e. mia rakoit pyHKIUU @ 10caeqHee HeBepHo. Ilpusenem yTBep-
JKJIEHHE, KOTOPOE YTOYHSIET 3TO 3aMEIaHHUe U OJTHOBPEMEHHO II0KA3BIBAET CJIOXKHOCTH,

BO3HHUKAIOIMUE IIPU IIOIBITKAaX CBA3aTb MEXKIY coboit NHTEPIOJIAIINOHHBIC 1 9KCTPa-
TIOJIAIIMOHHBIE KOHCTPYKITUN.
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Ilpensoxxenune 2. He cymecrByer ynusepcasbuoi koucranrelr C > 0 Takof,
YTO U3 HEPABEHCTBA
Izllp < llyllp, »=>1,
BepHOTo Jjist ABYX GyHKIuil T,y € Loy, caemyer, 910
t t

/x*(s)dsgC’/y*(s)ds, 0<t<1. (17)

0 0
JIOKABATEJBCTBO. Ilyctb n € N, n > 3, ¢ = ﬁ’ T = (28)% = ﬁ
Paccevorpum dyukmmm
1
x(t) = <1 - n—€t> Xjo,ne)(t) 1 y(t) = Xj0,e) (£) + TX[e,1) (1)
Torna [[yl[p = e+ 7P(1 —¢), ||lz[|f = 535 n ana Beex p > 1
=15 < llyllp. (18)
HeficTBUTENBHO, [TOCJIE/IHEE HEPABEHCTBO MOXKHO HEPEINCATD TaK:
ne
< P(1 — > 1.
Pl (1-¢), p=
Ecim n < p+1, To ono oueBugno. Ilycts 1 < p < n—1. JocraTodno mokasarb, 9T0
ne 1
<=t 1<p<n-—1. 19
p+17— 2" =p=n (19)

Pacemorpum dyukimo ¢(p) = (p + 1)77. Tak kak ¢'(p) = 7P(1 + (p + 1)In7), TO
©(p) yowBaer, eciim 7 < 1/4/e. Tlostomy (19) mocraTouno nmposepuTs pu p = n— 1,
YTO JOCTUrAeTCs MPOCTOM MOJCTAHOBKOM: T = (25)7%. Tem cambim (18) BBITIOSHEHO.
O THOBPEMEHHO €CJTH

t

%(t,z;Ll,Loo):/z*(s)ds (0<t<1),

TO ’
H (ne,x; L1, Loo) B ne/2 B n _P o 1pE 1L — 00
H(ne,y; L1, L) e+ (n—D71e 24+2n—-1)7 4 ’
u, TakuM obpasoM, (17) e umeer mecra. [

§ 3. DKcTparosaIMoHHOe
onucaHue npocrpancts JlopeHia

C. @. Jlykomekuit [10] jokazai ciepyrolee yTBEP:KIEHUE: €CIAH CYIIeCTBYET
~ > 0 Takoe, 9T0 st mouTH Beex ¢ € [0, 1] BBIIOIHEHO HEPABEHCTBO

@' (t) <yt (1), (20)
To npocrpanctso Jloperna A, (@) IKCTPATIOIAIMOHHO, TOIHE, HIMEET MECTO COOTHO-

IIeHue .

+00 P
lzlla,(p) = (Z |93||ﬁ2"80'(2")> - (21)
n=1

B srom maparpade Mbl HaiizemM HeoOXOAMMbIE U JOCTATOYHBIC YCJIOBHS, IPH
KOTOPBIX crpasemmBo (21), a rakxke npuseseM npumep QyHKOuu @ € F, g
KOTOpOIi He BhiosiHeHO (20), HO TeM He MeHee mMeeT MecTo (21).

O6o3HAUMM Yepes g, TPOCTPaHCTBO [, (27"/Py/ (27™)1/P), HopMa B KOTOPOM COB-
nazaer ¢ upasoil yacrsio (21). Ero dyHnkuuonajibubiM aHajgoroMm GyueT IpOCTPaH-
ctBo G = L, (27%/P¢/ (27°)Y/P) dbymkumii, onpenenennbix ma [1,00).
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Teopema 3. /[Lis kaxzoro p € [1,00) ciaemyromnue yc0BUsl S9KBUBAJICHTHDIL:

1) p € A%

2) Ap(‘P) = EGZ,J

3) Ap(p) = 2,

s noxazaTesbeTBa TEOPEMBbl HaM IOHAJIOOUTCA JleMMa, B KOTOPOH B Kave-
CTBE SKCTPAOJSIHOHHOIO [apaMeTpa paccMaTpuBaeTcs HpocTpaHcTBo G dyHK-
Ui, OLPeJIeJICHHBIX Ha [p, 00), ¢ HOPMOIi

1

“+o00o
lollg, = | [ ooz @ s
p

JIemma 3. s siroboro p € [1,00) cHMMETPHYIHOE TPOCTPAHCTBO Z5  p-BbI-
P
IIYKJIO.

JOKABATEJIBLCTBO. Hyx)HO mokazars, 9T0 [jisi TPOU3BOJbHOTO n € N u Jro-

OBIX T1, T2, ..., Ty U3 L5
P
1 1
n P n
H Z |z |? H <C Z lzelps | - (22)
k=1 Z= k=1 or
P

Tak Kak 1pu s > p npocrpancTBo Lg[0; 1] p-seinykiio ¢ koHcranToii 1 [12, npemio-
skenne 1.d.5], To
n P n %
(3omr) | = (mz)
k=1

k=1 s

g =

Tem cambIM

1
+o00 P

H(Zw) < /<Z||xk||f;>2-sso'<2-s>ds
k=1 Za, 5 \k=1

u coorHorenue (22) gokazano. [

1
n P
_ 2: p
= Tkl oo
(kl : ”gc”> 7

JIOKA3BATEJIbCTBO TEOPEMBI 3. IIpexkje Bcero, 3aMeTuM, 4TO IMIPOCTPAHCTBO
fap, urypupyiomee B jeMme, COBIJAET ¢ IIPOCTpaHcTBOM L, . eiicrsurenbho,

Bioxkenue £, C £ ouesuano. C npyroft cropons,
p

+o00 % » 1
[lalzzeeeyas| < [ [lelzze@ s
! 1

i
P

+o0 v 2p
o fzzeveas| <2{ [legzeds
p +1

P

400
o [ lzzeeds| <zl
p

OTKy/Ia HoJTydaeM, uto £, O L5 . llosromy najee B 10Ka3aTe/IbCTBE Mbl BIPaBe
P
BMeCTO £, PacCMaTpPUBATh MIPOCTPAHCTBO L7 .
P
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Jlerko mokaszarn, 9To mJist JII000H € F
,,2”51) C Ap(p). (23)

JeiicTBuresnbHo, Tak Kak 2*(27°) < 2||z||s (s > 1), To
1/2°
lally, o <2 [ =@ dett)

0
+0oo

VI, / T (2725 (27%) ds < 2 22| .
Gp
p

Kak uzsecrno [12, c. 54|, eciiu X — p-Bblrykiioe 6aHaxoBo GyHKIMOHAIBHOE
IIPOCTPAHCTBO, TO MOYKHO 00pa30BaTh GAHAXOBO NMPOCTPAHCTBO X (p,), COCTOsIIICE U3

Beex dyHKumii © = z(t) Takux, 9To |$(t)|% € X, ¢ Hopmoii

lzllx, = Il |%-
Io memme 3 3Ta mporie/ypa MPUMeHIMa K TTIPOCTPAHCTBY £ , KpoMme Toro, (Ap(#))(p)
= A(p). Tem campiv BBHIY (23)

(Z&, ) C Ap). (24)

ITpocrpancreo Jlopenna A(p) — camoe y3Koe U3 BCEX CUMMETPUIHBIX IIPOCTPAHCTB
¢ Takoi xke dbyHamerTaabHON dyHKImed [11, ¢. 160]. TTosToMy BIOXKEHUE, IPOTH-
BONIOJIOXKHOE (24), T. e.

Ap) € (Zg -

N, SKBUBaJIEHTHO,

Ap((p) C j@pa
BBIIIOJIHEHO TOTJIA U TOJBKO TOTJA, KOTJIa CIIPABE/UINBO HEPABEHCTBO
Pp(t) < Colt), 0<t<1, (25)
e ¥y, (t) — dbynmamenranbhas dynximusa npocrpanctsa (L )(p)- Bocnonbzosas-
p
IIUCH OIIPEJIEIEHNEM TIOCIIEHENO IPOCTPAHCTBA, MOy IUM HEPABEHCTBO
+o00
/ £5275¢/(27%) ds < Cop(t), 0<t<1.
P

Tak Kak cjieBa U CIipaBa CTOSIT KBa3UBOIHYTbIE (DYHKIMH, JOCTATOYHO yCTAHOBUTH
CIIPABEJIMBOCTD ITOTO COOTHOIIeHns i t = 277, j > 2p. [locse 3amens oty uaem

—-p
/ 2% dp(2%) < Cop(279).

ITockoubky
—J
[ 2 aez) < o2,

—00
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IIpeJIblIyInee HePaBeHCTBO SKBUBAJIEHTHO TOMY, YTO
—p
[2# () < Col2) (26)
—J
JIoKazKeM, 9TO 3TO MMeeT MECTO TOLJa M TOJILKO TOra, Korma ¢ € A2,
IMycrs Bomoaneno (26). Toraa, ¢ 0aHOI CTOPOHDL, It j > 2p

a C Apyrou,
—j/2

2% dp(2°) > 272 (p(279/%) — p(279)).

Orcroma
p(277/%) < (2C + D)p(27), j=2p,

U Telepb CTAaHJIapPTHBIE PACCYKJEHUS C UCIOJb30BaAHNEM KBa3UBOTHYTOCTH (0 IIPH-
BOJSAT K TOMYy, uTo ¢ € A2

IIpemonozkum, 9ro, Haobopot, ¢ € A2, Ilpexe BCero, 3aMeTHM, 9TO B 9TOM
citydae HepaBeHCTBO (25) Mex 1y dbyHIaMEeHTAIbHBIME (DYHKIUIMA JOCTATOIHO J[0-
Kaz3aTh IJId TOoUeK Buja t = 277, rme j = 2™, m € N. [leiicTBUTeNLHO, IyCTh IS
TaKnX t HepaBeHcTBO (25) cipaseammso u j € [2™, 2™ L], Torma

Up(277) <9, (272") < Cp(27") < Cap(272") < Cap(27),

e o — KoucTanTa n3 A2-ycnosus. Wtak, mpu moKasaTeaberse (26) MOXKHO CIHTATE,
aro j = 2", m € Nu j > p. B srom ciiygae mosrygaem

-p - iy m
[2Haee) < [2¥ape < [2tape) =Y [ 2ape)
—j —j —j k=1 on
k k— 1 m k
< 22_2771 2_2 S 22 om-— ﬂ’L k+180(2_27n)
k=1 k=1
m—1 +oo
_ CW’(ij) Z 272L+llog2a < aso(ij)Z2f2l+llog2a _ C@(ij),
=0 =0

+oo !
rne C = a ), 272 T8 < o0, 11 (26) Bemosmeno. Crenosarensuo, Ap(p) C L .
1=0 ’
Urak, ycnosus 1 u 2 sxBuBaeHTHBL. [[71s1 3aBepIIEHHsT JOKA3ATEIbCTBA TTOKA~
xKeM, 4T0 LG, = Ly, . HeiictBurensHo, upu s € [n,n + 1] nmeem

1 o _
llellR27"e (27) < 252779 (277) < 2|«

u, cjaeaoBaTe/IbHO,

n+12—n—130/(2—n—1)

n+1

2l = annpa ") <22 / lallz2~¢'(27*) ds

+oo
=2 / lzllf 2759 (27*) ds = 2|1zl <4 Izl 27"l @7 ) < dllallfy,)

n=1
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[TosTomy HOpMBI B £, U £, 9KBUBATCHTHLI. [

BameTnM, 9TO eciu A BYHKIHN ¢ € F BBmomHeno ycaosue (20), To p € A2
(mocrarouno HepasencTso (20) npounrerpuposars). IIpusesem npumep, OKa3bIBaA-
IOMIWif, 9TO OOpaTHOEe HEBEPHO, T. €. CYIIecTByeT (DYHKIHUs @ € F Takas, 9TO
npunaiexxut A2 Ho He yyosaersopser yciosuto (20).

I[TPUMEP 2. Yepes % OyzeMm 0603HAYATE KJIACC KYCOUHO-JTMHEHHBIX (DYHKITHI
n3 % BUIA

p(27F) = Z A, u o @(t) muameitna na 2771 27F) ke Z. .

m>k

st Toro 9robbl (DYHKIMS YKA3aHHOTO BHJIA MPUHAJJIEXKAJIA MHOXKECTBY %, HEOD-
XOJIIMO U JOCTATOYIHO, ITOOBI

1) Ag > 0 (Bospacranue p(t));

2) > >0 Ak < 00 (KoHedHOCTD (1));

3) 2k < 2 (Bormyrocts o(t)).

Agi1
B i i F AZ -
CHJIy CBOMCTB (DYHKIMIT Kj1acca % BBIIIOJIHEHUE YCJIOBUS JIOCTATOYHO TIPO
BEPUTH JMIIh B TOYKAX Bujaa t — 2°F. Jlaa @ € F1 3TO ycJIoBUE PABHOCHILHO

TpebOBAHUIO

ZAkSC Z Ak, n€Z+. (27)

k>n k>2n

Venosue xke (20) s ¢ € F; IpUHUMAET CJISLYIOMUI BUJIL:
Ap <yimin(Agpy1, Aok), k€Zy.

IMosromy dyukius ¢ He GymeT yaoBiIeTBOpATH yeiaosuio (20), eciu

lim Bk _ +00. (28)
k—-+o0 Agk
Takum 06pa3oM, JOCTATOYHO MOCTPOUTH MpuMep GYHKIMH ¢ € F1, JJisi KOTOPOi
BBIIIOJTHEHB! ycsioBus (27) n (28).
[Iycte mHaTypampHoe 9ucio ng > 4, sIBIAIONIEECH TOJTHBIM KBaJIPATOM, TAKOBO,
4TO IPU N > Ng

(n+vn)? <2V'ni. (29)

BsesieM JBe 10C/Ie0BATEILHOCTI HATYPAIbHBIX YHCEI:
3
ni=ni, mw m;= min{k: > k2 < Qk_”inz? }7 1€ N. (30)

Beumy (29) u (30) m; < n; + \/n; u orpesku [ng, m;| (i = 0,1,...) nomapro j1usb-
IOHKTHBL. Kpome Toro, Hukakoil orpe3ok Buua [n,2n] (n € N) nHe moxer mepe-
cekaThcst GoJlee WeM ¢ OJJHUM OTPe3KoM Buma |n;,m;|. lelicTBuTesnHO, TaK Kak
n; > 4, To n? > 2(n; + \/n;). CieoBaTenbHo, ey § HAMMEHbIIEe, JIsi KOTOPOro
[ni,mi] N [n,2n] # &, Tom; > nu

ni+1—mi2n?—ni—\/n_i>ni+\/n_i2miZn,
OTKYJA N1 > m; +n > 2n. Hosromy [nii1,mir1] N [n,2n] = 2.
Paccmorpum dbyuknmio ¢(t), st KOTOPOit
, ecin k =0,1,2;
, ecm k>3 u k & [ni,m;);

i—k_1
73, ecm k € [ni,m;).
3

T~ gl

Ay =

[N}
3
3

&
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ITposepum crauasa ycosus 1-3 npunagyexuocru () xiaccy F#1. Ycnosue 1
oueBuIHO. Tak Kak

o7} 1 oomlflni 1
kZN)Ak<—+kZ:k— z;kz ik 3/2

3 — 1
_10+—+22 3/2<3+ ];n—,g<oo,

YCJIOBHE 2 TAK?Ke BBIIIOJIHAETCS.
Ocragoch ipoeputs yesosue 3. Eciu k = 0,1, 2, ono oueBuaao. Ecom k, k+1 ¢
[ni, m;), TO

2
Ak (k+1) <9,
Ak+1 k'2 -
tak Kak k > 3. Ecim k, k + 1 € [n;,m;), To AAkil = 2 no onpegesnenuio Ag. B

caydae k = n; — 1 nupu sexkoropom ¢ = 0,1,. ..

Av _n” M 9
Ak+1 (nl — 1)2 - (ni — 1)2 -7
Tak Kak 1n; > 4. Ocrajsoch paccMOTPETh MIOCJIEIHIO CATyaluio, Koraa k = m; — 1.
Ucnonbsys oupenenenue m; 8 (30), noaydaem

ni—(m;—1),,2 2
JAVA 2 wTUmy <9
AV n3/? ~(mi—1)2 7

K2

IIOCKOJIBKY ™my; > 4.
Urak, ¢ € F;. Hna uposepku (28) nocrarodno y6eurbes B TOM, YTO
ng

lim — = o
1—+00 AQn

Tak KaK n;4+1 — 2n; = nf —2n; > 0um; <n;+m; < 2n;, 10 2n; € (Mj,Nip1) U
IIO3TOMY

1
Ao, = .
2n; (2711)2
CiietoBaTesibHO,
Ani (Zni)Q
e
K3

u TeM caMbIM (30) BBIIOJIHEHO.
ITpu nposepke (27) MOXKHO, KOHEYHO, cUuTaTh, 9ro n > 4. Beumay (30) s
ke [ni, mi)
1 2ni—k
J— < [
2 3/2
k n

— Ap.

IMosTomy cymmy u3 npaBoiil yactu (27) MOXKHO OLIEHUTH CHU3Y CJIEYIOIUM 00Pa30M:

ZAk>Zk22%, n=12,.... (31)

k>2n k>2n
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CymMmy u3 JieBoii yactu (27) npejcraBuM B BHJIE

2n—1

Yo YAy a @
k>n k=n k>2n

ITpeosiokuM, 4TO CyIiecTByer i, jjis KOToporo [n;,m;| N [n,2n — 1] # & (kax
paHee 0OTMEYAJIOCh, TAKOH MHIEKC i MOXKeT ObITh TOJIBKO ojiuH). Torua nepsas cymMMa
crpaBa B (32) ONEHMBAETCS CIIEIYIOMUM 00PA30M:

2n—1 2n—1 1 m;—1 9 9
DM mr D Mesod
k=n k=n k=mn;

Tax kax n < m; < n; +/n; < 2n;, T0 n; > F, nosromy BaUIy (31)

2n—1 6
A< =<12 Ag.
< leny A,

k=n k>2n

B wurore, ucnonnsys (32), nosaydaem, 9To

ZAkSBZ Ag,

k>n k>2n

T. €. ycsosue (27) BBIOJIHEHO.

3AMEYAHUE 1. ToJIbKO 9TO MOCTPOEHHBIH IPUMEP ITOKA3BIBAET, YTO CYIIECTBY-
10T dbynkmn @, npuaasexamue A2, Ho me yposrersopsiomue yeaosuio (20). s
HHUX He NPUMEHMMbI pe3ysbrarhl paforsl [10], HO npuMeHHMa Teopema 3 HACTOsI-
meit paborel. B TO 2Ke BpeMs ciieflyeT CKa3aTb O TOM, YTO MOCTPOEHHAs (DYHKITH
©(t) sxBuBasenTHa bynxmmn In~* (10/t), mis koropoii (20), KAK JEIKO IPOBEPUTH,
BbInosiHeHo.  Jleso B oM, uto yceqosue (20) (B ormume ot yenous ¢ € A?) me
MHBAPUAHTHO OTHOCUTEILHO TIEPEX0/Ia K IKBUBAJEHTHBIM (DYHKIIUSIM.

3AMEYAHUE 2. B Teopeme 3 npuBeieHbI HEOOXOMMBIE B JJOCTATOIHBIE YCIIOBUST
J1s TOTo, 9T00b! Ay () COBIAIANO C SKCTPANIOJIAIMOHHBIM IPOCTPAHCTBOM £, , TJe
napamerp (G, uMeeT crenuaJbHbli Bua. HaM HenssecTHO, CyIIeCTBYIOT i DyHKIN
p € .F, o ¢ A% nus Koropbix TeM He Menee Ay, (@) = L U1 HeKoTOporo Ganaxosa
UJieaJIbHOTO TIpocTpancTa H.
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