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Abstract

Let X be a rearrangement invariant (r.i.) function space on [0,1]. We consider the Rademacher
multiplicator space�(R, X) of measurable functionsx such thatxh ∈ X for every a.e. converg-
ing seriesh=∑ anrn ∈ X, where(rn) are the Rademacher functions. We show that for a broad
class of r.i. spacesX, the space�(R, X) is not r.i. In this case, we identify the symmetric
kernel Sym(R, X) of the Rademacher multiplicator space and study when Sym(R, X) reduces
to L∞. In the opposite direction, we find new examples of r.i. spaces for which�(R, X) is
r.i. We consider in detail the case whenX is a Marcinkiewicz or an exponential Orlicz space.
© 2005 Elsevier Inc. All rights reserved.
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0. Introduction

This paper is concerned with the behaviour of the Rademacher functions(rn) in
function spaces. LetR denote the set of all functions of the form

∑
anrn, where the
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series converges a.e. For a rearrangement invariant (r.i.) spaceX on [0,1], let R(X)

be the closed linear subspace ofX given by R ∩ X. The Rademacher multiplicator
spaceof X is the space�(R, X) of measurable functionsx: [0, 1] → R such that
x
∑

anrn ∈ X, for every
∑

anrn ∈ R(X). Endowed with the norm

‖x‖�(R,X) = sup
{∥∥∥x∑ anrn

∥∥∥
X

:
∑

anrn ∈ X,

∥∥∥∑ anrn

∥∥∥
X

�1
}
,

�(R, X) is a Banach function space on [0,1]. The space�(R, X) can be viewed as
the space of operators given by multiplication by a measurable function, fromR(X)

into the whole spaceX.
In [9], it was shown that for a broad class of classical r.i. spacesX (including, for

example, theLp,q spaces) the Rademacher multiplicator space�(R, X) is not r.i. In
[10] the case when�(R, X) = L∞ was studied; moreover, a class of Orlicz spaces
with �(R, X) r.i. but different from L∞ was identified. In [2], it was shown that
�(R, X) = L∞ holds for all r.i. spacesX which are interpolation spaces for the couple
(L∞, LN), whereLN is the Orlicz space withN(t) = exp(t2) − 1.

In this paper, we study the symmetric kernel Sym(R, X) of the Rademacher multi-
plicator space, namely, the largest r.i. space embedded into�(R, X). It can alternatively
be described as the set of allx ∈ �(R, X) such that ify is a function equimeasurable
with x then, y ∈ �(R, X). This study is motivated by an extension of the result from
[9] mentioned above, where we show that for “most’’ r.i. spacesX the space�(R, X) is
not r.i. (Theorem 2.1). This is done is Section 2, where we prove that ifX is a r.i. space
satisfying the Fatou property andX ⊃ LN , then Sym(R, X) = Xlog1/2, whereXlog1/2 is

the r.i. space with norm‖x‖log1/2 = ‖x∗(t) log1/2(e/t)‖X (Corollary 2.11). We consider
the problem of which r.i. spaces arise as symmetric kernels of Rademacher multipli-
cator spaces, showing that this is the case for all interpolation spaces for the couple
(L log1/2 L, L∞) with Fatou property (Theorem 2.17). In Section 3, we characterize
when the symmetric kernel reduces toL∞ (Theorem 3.2). In Section 4, we exhibit a
family of r.i. spacesX for which the Rademacher multiplicator space�(R, X) is r.i.
but different fromL∞ (Theorem 4.7). Namely, the exponential Orlicz spaces, which
include the previous examples of this situation shown in [9,10]. All these results allow
to identify the symmetric kernel for relevant classes of r.i. spaces as Lorentz–Zigmund
spacesLp,q(logL)�, Lorentz spaces�p(�) and Marcinkiewicz spacesM(�).

1. Preliminaries

Throughout the paper a r.i. spaceX is a Banach space of classes of measurable
functions on [0,1] such that ify∗ �x∗ and x ∈ X then y ∈ X and ‖y‖X �‖x‖X. Here
x∗ is the decreasing rearrangement ofx, that is, the right continuous inverse of its
distribution function:nx(�) = m{t ∈ [0, 1] : |x(t)| > �}, wherem is the Lebesgue
measure on [0,1]. Functionsx and y are said to be equimeasurable ifnx(�) = ny(�),
for all � > 0; this denoted byx � y. The associated space (or Köthe dual) ofX
is the spaceX′ of all functions y such that

∫ 1
0 |x(t)y(t)| dt < ∞, for every x ∈ X.



S.V. Astashkin, G.P. Curbera / Journal of Functional Analysis 226 (2005) 173–192 175

It is a r.i. space. The spaceX′ is a subspace of the topological dualX∗. If X′ is a
norming subspace ofX∗, thenX is isometric to a subspace of the spaceX′′ = (X′)′.
The spaceX satisfies the Fatou property ifxn ∈ X, with ‖xn‖X �M, for all n ∈ N,
and 0�xn �xn+1 ↑ x a.e. imply x ∈ X and ‖xn‖X → ‖x‖X. In this case,X′ is a
norming subspace ofX∗ and X = X′′. We denote byX0 the closure ofL∞ in X. If
X is not L∞, then X0 coincides with the absolutely continuous part ofX, that is, the
set of all functionsx ∈ X such that limm(A)→0 ‖x�A‖X = 0. Here and next,�A is
the characteristic function of the setA ⊂ [0, 1]. The fundamental function ofX is the
function �X(t) := ‖�[0,t]‖X.

Important examples of r.i. spaces are Marcinkiewicz, Lorentz and Orlicz spaces. Let
�: [0, 1] → [0, +∞) be a quasi-concave function, that is,� increases,�(t)/t decreases
and�(0) = 0. The Marcinkiewicz spaceM(�) is the space of all measurable functions
x on [0,1] for which the norm

‖x‖M(�) = sup
0<t �1

1

�(t)

∫ t

0
x∗(s) ds < ∞.

If �: [0, 1] → [0, +∞) is an increasing concave function andp ∈ [1, +∞), then the
Lorentz space�p(�) consists of all measurable functionsx on [0,1] such that

‖x‖�p(�) =
(∫ 1

0
(x∗(s))p d�(s)

)1/p

< ∞.

The last Riemann–Stieltjes integral may be rewritten in the form

‖x‖�p(�) =
(
�(+0)‖x‖p

L∞ +
∫ 1

0
(x∗(s))p�′(s) ds

)1/p

.

In particular, this implies that�p(�0) = L∞, for �0(t) = 1.
Let M be an Orlicz function, that is, an increasing convex function on[0, ∞) with

M(0) = 0. The norm of the Orlicz spaceLM is defined as follows:

‖x‖LM
= inf

{
� > 0 :

∫ 1

0
M

( |x(s)|
�

)
ds � 1

}
.

The fundamental functions of these spaces are�M(�)(t) = t/�(t), ��p(�)(t) = �(t)1/p

and �LM
(t) = 1/M−1(1/t), respectively.

The MarcinkiewiczM(t/�) and Lorentz�(�) := �1(�) spaces are, respectively,
the largest and the smallest r.i. spaces with fundamental function�, that is, if the
fundamental function of a r.i. spaceX is equal to�, then �(�) ⊂ X ⊂ M(t/�)

[15, Theorems II.5.5 and II.5.7].
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If � is a positive function defined on [0,1], then its lower dilation index is

�� = lim
t→0+

log
(

sup0<s �1
�(st)

�(s)

)
log t

.

For eacht > 0, the dilation operator�t x(s) := x(s/t)�[0,1](s/t), s ∈ [0, 1], is bounded
in any r.i. spaceX. Moreover,‖�t‖X→X � max(1, t) [15]. Important characteristics of
a r.i. spaceX are the lower and upper Boyd indices

�X = lim
t→+0

ln ‖�t‖X→X

ln t
and 	X = lim

t→∞
ln ‖�t‖X→X

ln t
.

The Rademacher functions arern(t) = sign sin(2n
t), t ∈ [0, 1], n�0. We have already
introduced the spaceR(X) := R ∩ X whereR is the set of all a.e. converging series∑

anrn, that is, (an) ∈ �2 [21, Theorem V.8.2]. ForX = Lp, 1�p < ∞, Khintchin
inequality shows thatR(X) is isomorphic to�2. If X = L∞, then R(X) ≈ �1. The
Orlicz spaceLN , for N(t) = exp(t2) − 1, will be of major importance in our study.
A result of Rodin and Semenov shows thatR(X) ≈ �2 if and only if (LN)0 ⊂ X

[20]. Hence, for spacesX satisfying this condition we have, for constantsC1, C2 > 0
depending onX and not on(an),

C1 ‖(an)‖2�
∥∥∥∑ anrn

∥∥∥
X

�C2 ‖(an)‖2. (1)

We will express this situation by writing
∥∥∑ anrn

∥∥
X

� ‖(an)‖2. The fundamental
function of LN is (equivalent to)�(t) = log−1/2(e/t). Since N(t) increases very
rapidly, LN coincides with the Marcinkiewicz space with fundamental function�, that
is, M(�) for �(t) = t log1/2(e/t) [17]. This together with [15, Theorem II.5.3], gives

‖x‖LN
� sup

0<t �1
x∗(t) log−1/2(e/t). (2)

In particular, for every 0< t �1 we have

x∗(t)�C ‖x‖LN
log1/2(e/t). (3)

Hence, for a r.i. spaceX, LN ⊂ X is equivalent to log1/2(e/t) ∈ X. From (1) and (3)
we have, for every 0< t �1

(∑
anrn

)∗
(t)�K ‖(an)‖2 log1/2(e/t). (4)

For facts related to r.i. spaces see[6,15,16].
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2. Symmetric kernel of the Rademacher multiplicator space

In [9] it was proved that ifX is a r.i. space such thatLN ⊂ X, the fundamental
function�X satisfies the inequality�X(st)�C�X(s)�X(t) for a constantC > 0 and all
s, t ∈ [0, 1], and the lower Boyd and fundamental indices coincide then, the Rademacher
multipicator space�(R, X) is not r.i. A detailed analysis of the proof shows that the
following more general result holds.

Theorem 2.1. Let X be a r.i. space with��X
> 0, where ��X

is the lower dilation
index of�X, then�(R, X) is not r.i. In particular, the result holds if the lower Boyd
index �X > 0.

Proof. If ��X
> 0, then for 0< � < ��X

there exists a constantC > 0 such that

�X(st)

�X(s)
� C t� (5)

for 0 < s, t �1. Hence,�X(t)�C�X(1)t� and so,�(t�) ⊂ �(�X). Note thatLp ⊂
L1/�,1 := �(t�) for p > 1/�; see [6, IV.4.2]. Since LN ⊂ Lp for all finite p, and
�(�X) ⊂ X, we haveLN ⊂ X. So, R(X) ≈ �2.

Lemma 1 in [9] shows that for everyn�1 there exist measurable setsBn and Dn

of measuren2−n, such that for any(bi) ∈ l2

c · ‖�Bn
‖�(R,X)

‖�Dn
‖�(R,X)

�

∥∥∥�[0,n2−n]
∑∞

n+1 biri

∥∥∥
X

n1/2�X(n2−n)
+
( �X(2−n)

�X(n2−n)

)1/2
(6)

with a constantc > 0 independent ofn.
From (5) we have�X(2−n)/�X(n2−n) < C (1/n)�. Hence, the second term in the

right-hand side of (6) tends to zero asn → ∞.
We now consider the first term in the right-hand side of (6). Since

m

({
t : �[0,n2−n](t)

∣∣∣∣∣
∞∑

n+1

biri(t)

∣∣∣∣∣ > �

})
= n

2n
m

({
t :
∣∣∣∣∣

∞∑
n+1

biri(t)

∣∣∣∣∣ > �

})
,

we have

(
�[0,n2−n]

∞∑
n+1

biri

)∗
(t) =

( ∞∑
n+1

biri

)∗
(2nt/n), 0� t �n/2n.
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The embedding�(�X) ⊂ X and (4) give

∥∥∥∥∥�[0,n2−n]
∞∑

n+1

biri

∥∥∥∥∥
X

�
∥∥∥∥∥�[0,n2−n]

∞∑
n+1

biri

∥∥∥∥∥
�(�X)

=
∫ n/2n

0

( ∞∑
n+1

biri

)∗ (
2nt

n

)
�X

′(t) dt

� K ‖(bi)‖2

∫ n/2n

0
log1/2

( ne

2nt

)
�X

′(t) dt.

Integrating by parts this last integral, we get

�X

( n

2n

)
− lim

t→0
log1/2

( ne

2nt

)
�X(t) + 1

2

∫ n/2n

0

log−1/2
(

ne
2nt

)
�X(t)

t
dt. (7)

From (5), the second term in (7) is zero. Since log−1/2
(

ne
2nt

)
�1, for 0< t �n/2n, the

last term in (7) is bounded byC�X(n/2n); see [15, p. 57].
Consequently, the first term in (6) is bounded byC/n1/2, which tends to zero as

n → ∞. Hence, the space�(R, X) is not r.i.
The last assertion follows from��X

��X. �

From Theorem 2.1 it follows that for “most’’ r.i. spacesX the Rademacher mul-
tiplicator space�(R, X) is not r.i. In this case we are interested in identifying the
largest r.i. space embedded into�(R, X). The problem of finding the largest r.i. space
embedded into a Banach function spaceE has been considered in [4] in the case
when E is reflexive. Under certain conditions, the largest r.i. space embedded intoE
coincides with the set of all functions inE which remain inE after rearrangement.

Definition 2.2. Let E be a Banach lattice of measurable functions on [0,1]. Thesym-
metric kernelof E is

Sym(E) = {x ∈ E : if y � x, then y ∈ E}.

Proposition 2.3. Let E be a Banach lattice of measurable functions on[0, 1]. Suppose
that E′ is a norming subspace ofE∗. The symmetric kernel of E endowed with the
norm

‖x‖Sym(E) := sup
z: z�x

‖z‖E

is the largest r.i. space embedded into E. In particular, the result holds if E has the
Fatou property.
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Proof. For x ∈ E, let fx(y) := ∫ 1
0 x(t)y(t) dt , for y ∈ E′. Let x ∈ Sym(E) and

y ∈ E′. There exists a functionx0 equimeasurable withx, so x0 ∈ E, such that

sup
z:z�x

fz(y) = fx0(y)�‖x0‖X ‖y‖X′ < ∞;

see[6, II.2.6]. Hence, the set{fz : z � x} of continuous linear functionals overE′ is
pointwise bounded. SinceE′ is a closed subspace ofE∗, by the Uniform Boundedness
Principle, this set is uniformly bounded

sup
z: z�x

sup
‖y‖E′ �1

∫ 1

0
z(t)y(t) dt < ∞.

SinceE′ is a norming subspace ofE∗, we have supz: z�x ‖z‖E < ∞. Thus,‖ · ‖Sym(E)

is well defined. It is routine to check that it is a complete norm. By construction
Sym(E) is r.i. and ifY is a r.i. space withY ⊂ E, then Y ⊂ Sym(E). �

For the symmetric kernel of the Rademacher multiplicator space�(R, X) we are
able to prove an analogous result without any assumptions onX. To simplify notation
we will write Sym(R, X) for Sym(�(R, X)).

Proposition 2.4. Let X be a r.i. space. The symmetric kernel of�(R, X) endowed with
the norm

‖x‖Sym(R,X) := sup
z: z�x

‖z‖�(R,X)

is the largest r.i. space embedded into�(R, X).

Proof. Let x ∈ Sym(R, X). For every z � x consider the operatorTz given by
Tzy(t) := z(t)y(t), where y ∈ R(X). Since z ∈ �(R, X), we haveTz: R(X) → X

boundedly. Giveny ∈ R(X) andε > 0, there exists a measure preserving transformation
�: [0, 1] → [0, 1] such that‖ |y| − y∗(�)‖∞ �ε; see[15, p. 60]. Then,

‖Tz∗y∗‖X = ‖z∗(�)y∗(�)‖X

� ‖z∗(�)y‖X + ‖z∗(�)(|y| − y∗(�))‖X

� ‖x∗(�)y‖X + ε‖x‖X,

sincex ∈ Sym(R, X) and y ∈ R(X) imply that x∗(�)y ∈ X. This together with

(Tzy)∗(2t)�Tz∗y∗(t), 0 < t < 1
2,
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see[15, p. 67], and the boundedness of the dilation operators gives

sup
z�x

‖Tzy‖X �2‖Tz∗y∗‖X �2(‖x∗(�)y‖X + ε‖x‖X) < ∞.

So, the family{Tz : z � x} is pointwise bounded and hence, by the Uniform Bound-
edness Principle it is uniformly bounded. The result follows.�

Proposition2.4 and general properties of rearrangements [15, p. 69] imply the fol-
lowing useful characterization of the symmetric kernel Sym(R, X) of the Rademacher
multiplicator space�(R, X).

Corollary 2.5. Let X be a r.i. space. Then, x ∈ Sym(R, X) if and only ifx∗(
∑

anrn)∗ ∈
X for every

∑
anrn ∈ R(X), and in this case

‖f ‖Sym(R,X) � sup
‖∑ anrn‖X

�1

∥∥∥f ∗ (∑ anrn

)∗∥∥∥
X

.

The Rademacher multiplicator space and its symmetric kernel inherit certain proper-
ties from the spaceX.

Proposition 2.6. Let X be a r.i. space with the Fatou property. Then the Rademacher
multiplicator space�(R, X) and its symmetric kernelSym(R, X) have the Fatou
property.

Proof. Let (xn) be a bounded sequence in�(R, X) of nonnegative functions increas-
ing to x. For any z ∈ R(X) and y ∈ X′, by the Monotone Convergence Theorem,∫ 1

0 |xn(t)z(t)y(t)| dt increases to
∫ 1

0 |x(t)z(t)y(t)| dt so,

∫ 1

0
|x(t)y(t)z(t)| dt � sup

n
‖xnz‖X ‖y‖X′ � sup

n
‖xn‖�(R,X) ‖z‖X ‖y‖X′ .

Hence,xz ∈ X′′. SinceX has the Fatou property, thenX = X′′, so xz ∈ X. Thus,
x ∈ �(R, X).

The result for Sym(R, X) follows similarly using Corollary2.5. �

The following definition will be useful in identifying the symmetric kernel of the
Rademacher multiplicator space for many classical r.i. spaces.

Definition 2.7. Let X be a r.i. space withLN ⊂ X. We denote byXlog1/2 the space

Xlog1/2 =
{
x : ‖x‖log1/2 = ‖x∗(t) log1/2(e/t)‖X < ∞

}
.

Note that conditionLN ⊂ X implies log1/2(e/t) ∈ X.
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Recall that given Banach spacesX0, X1 continuously embedded in a common
Hausdorff topological vector space, a Banach spaceX is an interpolation space with
respect to the couple(X0, X1) if X0∩X1 ⊂ X ⊂ X0+X1 and for every linear operator
T with T : Xi → Xi continuously, i = 0, 1, we haveT : X → X continuously. We
denote byI (X0, X1) the set of all interpolation spaces with respect to(X0, X1). The
K-functional of x ∈ X0 + X1 is defined, fort > 0 as

K(t, x; X0, X1) = inf {‖x0‖X0 + t‖x1‖X1 : x = x0 + x1, xi ∈ Xi}.

The couple(X0, X1) is K-monotone if everyX ∈ I (X0, X1) satisfies thatx ∈ X and
K(·, y; X0, X1)�K(·, x; X0, X1) imply y ∈ X and ‖y‖X �C ‖x‖X. In this case, there
exists a Banach latticeE of two-sided sequences satisfying(min(1, 2k))∞−∞ ∈ E, such
that

‖x‖X � ‖(K(2k, x; X0, X1)k‖E;

see[8, Theorem 4.4.5].
The functional‖ · ‖log1/2 is only a quasinorm. However, ifX ∈ I (L1, L∞) then it is

equivalent to a norm andXlog1/2 becomes a r.i. space. Indeed,(L1, L∞) is aK-monotone

couple andK(t, x; L1, L∞) = ∫ t

0 x∗(s) ds; see [8, Theorem 2.6.9]. This, together with
log1/2(e/t) being decreasing and Hardy’s lemma (see [6, II.3.6]) gives the subadditivity
of ‖x∗ log1/2(e/t)‖X. In particular, Xlog1/2 is r.i. if X has the Fatou property or is
separable. Note that ifX has the Fatou property then, as in Proposition 2.6,Xlog1/2

also has the Fatou property.
Spaces similar toXlog1/2 have already appeared in the literature: in the study of

operators of weak type (1,1), Dmitriev and Semenov given a r.i. spaceX considered
the space of functionsx ∈ X such that‖x∗(t) log(e/t)‖X < ∞ [12].

Theorem 2.8. Let X be a r.i. space withLN ⊂ X. Then

Xlog1/2 ⊂ Sym(R, X) ⊂ (X′′)log1/2.

Proof. Since LN ⊂ X we haveR(X) ≈ �2. Let x be such thatx∗ log1/2(e/t) ∈ X.
For (an) ∈ �2, from (4) we have, for every 0< t �1,

x∗(t)
(∑

anrn

)∗
(t)�K ‖(an)‖2 x∗(t) log1/2(e/t).

It follows that x∗(∑ anrn

)∗ ∈ X. Hence, from Corollary2.5 we havex ∈ Sym(R, X)

and

‖x‖Sym(R,X) �K ‖x‖Xlog1/2 .
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Suppose now thatx ∈ Sym(R, X). Let xn = n−1/2∑n
1 ri . From (1), ‖xn‖X �C2. From

the Central Limit Theorem we have

log1/2
(

1√
2
t

)
� lim

n
x∗

n(t), 0 < t <
1√
2


;

see[16, p. 136]. Thus, for a certain constantC > 0

x∗(t) log1/2(e/t)�C lim
n

x∗(t)x∗
n(t). (8)

Since x ∈ Sym(R, X), from Corollary 2.5 we havex∗x∗
n ∈ X and ‖x∗x∗

n‖X �C2
‖x‖Sym(R,X). Thus, (8) implies thatx∗(t) log1/2(e/t) ∈ X′′ and

‖x∗(t) log1/2(e/t)‖X′′ �C lim inf ‖x∗x∗
n‖X �C C2 ‖x‖Sym(R,X). �

Remark 2.9. Observe that the imbedding Sym(R, X) ⊂ (X′′)log1/2 still holds if (LN)0

⊂ X, that is, if LN ⊂ X′′.

Remark 2.10. From Theorem2.8, since Sym(R, L1) = (L1)log1/2 = L log1/2 L, it
follows that for every r.i. spaceX:

L∞ ⊂ Sym(R, X) ⊂ L log1/2 L.

If X has the Fatou property thenX = X′′. Hence, we have the following consequence
of Theorem2.8.

Corollary 2.11. Let X be a r.i. space withLN ⊂ X and the Fatou property. Then

Sym(R, X) =
{
x : ‖x‖log1/2 = ‖x∗ log1/2(e/t)‖X < ∞

}
.

We apply Corollary2.11 to identify the symmetric kernel of the Rademacher multi-
plicator space for relevant classes of spacesX.

Example 2.12.For X = Lp with 1�p < ∞, we have

‖x‖Sym(R,X) �
(∫ 1

0

(
x∗(t) log1/2(e/t)

)p
dt

)1/p

.

Hence, Sym(R, Lp) is the Zygmund spaceLp(logL)1/2; see[6, IV.6.11].
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Example 2.13.The spaces in Example2.12 are included in the case whenX is a
Lorentz–Zygmund spaceLp,q(logL)�; see [5]. We consider either 1< p < ∞, 1�q <

∞ and � ∈ R, or p = q = 1 and��0. In this case,

‖x‖Sym(R,X) �
(∫ 1

0

(
t1/p log1/2+�(e/t)x∗(t)

)q dt

t

)1/q

.

Hence, Sym(R, Lp,q(logL)�) is the Lorentz–Zygmund spaceLp,q(logL)1/2+�.

Example 2.14.For X = Lp,∞(logL)� with 1 < p < ∞ and � ∈ R we have

‖x‖Sym(R,X) � sup
0<t �1

t1/p log1/2+�(e/t)x∗(t).

Hence, Sym(R, Lp,∞(logL)�) is the Lorentz–Zygmund spaceLp,∞(logL)1/2+�. In
particular, for � = 0 we have the weak-Lp spaces for which Sym(R, Lp,∞) =
Lp,∞(logL)1/2.

Example 2.15.For X = �p(�), where 1�p < ∞ and � is an increasing concave
function, the conditionLN ⊂ �p(�) is precisely

∫ 1
0 logp/2(e/t) d�(t) < ∞. Then

‖x‖Sym(R,X) �
(∫ 1

0

(
x∗(t)

)p logp/2(e/t) d�(t)

)1/p

.

The function �′(t) logp/2(e/t) is nonnegative, integrable and decreasing. Hence,
Sym(R, �p(�)) is the Lorentz space�p(�), where �(s) = ∫ s

0 �′(t) logp/2(e/t) dt .
In particular, forp = 1 we have Sym(R, �(�)) = �(�) for �′(t) = �′(t) log1/2(e/t).

Example 2.13 shows that there existsX such that Sym(R, X) = Lp, indeed, the
Zygmund spaceX = Lp(logL)−1/2. The general question in this regard is: What r.i.
spacesZ arise as symmetric kernels of Rademacher multiplicator spaces? Remark 2.10
shows that necessarilyZ ⊂ L log1/2L.

The next lemma (in the spirit of Krein et al. [15, (2.40), p. 75]) is needed later.

Lemma 2.16. Let � > 0 and � ∈ R. Then, for constants depending on� and � but
independent of the function x on[0,1], we have

∫ 1

0

(
x∗(·) log�(e/·))∗(t) log�(e/t) dt �

∫ 1

0
x∗(t) log�+�(e/t) dt.
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Proof. We need to consider only the case when� < 0. Since� > 0, we have log�(e/t)

decreasing, so

∫ 1

0
x∗(t) log�+�(e/t) dt �

∫ 1

0

(
x∗(·) log�(e/·))∗(t) log�(e/t) dt.

For the other inequality, following the proof of Krein et al.[15, (2.40), p. 75] it is
enough to show that the result holds forx = �(0,a], 0 < a < 1. In this case

∫ a

0

(
log�(e/·))∗(t) log�(e/t) dt =

∫ a

0
log�

(
e

a − t

)
log�(e/t) dt

� log�(e/a)

∫ a

0
log�(e/t) dt �

∫ a

0
log�+�(e/t) dt,

taking into account that
∫ t

0 log	(e/s) ds � t log	(e/t), for 	 ∈ R. �

Theorem 2.17.Let Z be a r.i. space with the Fatou property andZ ∈ I (L log1/2 L,

L∞). Then, there exists a r.i. space X such thatSym(R, X) = Z.

Proof. Given a r.i.Z, we define the space

Zlog−1/2 =
{
x : ‖x‖log−1/2 = ‖x∗(t) log−1/2(e/t)‖Z < ∞

}
.

The functional‖ · ‖log−1/2 is equivalent to a r.i. norm. To see this we first compute the

K-functional for the couple(L log1/2 L, L∞). The spacesL∞ andL log1/2 L are Lorentz
spaces. Indeed,L∞ = �(�0), for �0(t) = 1 and L log1/2 L = �(�1), for �1(t) =
t log1/2(e/t). Since�0/�1 is decreasing, we have�(�0) + �(�1) = �(min{�0, �1});
see[15, Theorem II.5.9]. Thus, fort ∈ (0, 1],

K(t, x; L log1/2 L, L∞) = ‖x‖L log1/2 L + t‖x‖∞

=
∫ 1

0
x∗(s) d(min{�1(s), t�0(s)})

=
∫ s(t)

0
x∗(s) d(s log1/2(e/s)),

where s(t) satisfies the equation:s log1/2(e/s) = t ; thus, s(t) � t log−1/2(e/t). Since
d(s log1/2(e/s)) � log1/2(e/s) ds, we have

K(t, x; L log1/2 L, L∞) �
∫ t log−1/2(e/t)

0
x∗(s) log1/2(e/s) ds (0 < t �1). (9)
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SinceZ ∈ I (L log1/2 L, L∞) and this couple isK-monotone[11] there exists a Banach
lattice E of two-sided sequences satisfying(min(1, 2k))∞−∞ ∈ E such that

‖x‖Z � ‖(K(2k, x; L log1/2 L, L∞))∞k=−∞‖E.

Let {ek}∞k=−∞ be the standard basis in the sequence spaceE. Note that, for t �1,

we haveK(t, x; L log1/2 L, L∞) = ‖x‖L log1/2 L. Since theK-functional is concave, we

haveK(1, x; L log1/2 L, L∞)�2K(1/2, x; L log1/2 L, L∞); see[6, V.1.2]. Then,

∥∥∥∥∥
∞∑

k=0

K(2k, x; L log1/2 L, L∞)ek

∥∥∥∥∥
E

= K(1, x; L log1/2 L, L∞)

∥∥∥∥∥
∞∑

k=0

ek

∥∥∥∥∥
E

� C K(1/2, x; L log1/2 L, L∞) ‖e−1‖E

� C

∥∥∥∥∥
−1∑

k=−∞
K(2k, x; L log1/2 L, L∞)ek

∥∥∥∥∥
E

.

Consequently,

‖x‖Z �
∥∥∥∥∥

−1∑
k=−∞

K(2k, x; L log1/2 L, L∞)ek

∥∥∥∥∥
E

. (10)

From (9), (10) and Lemma 2.16 it follows that

‖x‖log−1/2 �
∥∥∥∥∥

−1∑
k=−∞

∫ 2k/
√−k

0

(
x∗(·) log−1/2(e/·))∗(t) log1/2(e/t) dt ek

∥∥∥∥∥
E

�
∥∥∥∥∥

−1∑
k=−∞

∫ 2k/
√−k

0
x∗(t) dt ek

∥∥∥∥∥
E

.

This expression shows that‖ · ‖log−1/2 is equivalent to a r.i. norm. Moreover, it implies

that Zlog−1/2 is an interpolation space for the couple(L1, L∞).
It is not hard to see, as in Proposition 2.6, thatX = Zlog−1/2 has the Fatou property,

thus from Corollary 2.11 we have

‖x‖Sym(R,X) � ‖x∗ log1/2(e/t)‖X

= ‖(x∗(·) log1/2(e/·))∗(t) log−1/2(e/t)‖Z = ‖x‖Z,

since the functionx∗(t) log1/2(e/t) is decreasing. �
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3. The case Sym(R, X) equal to L∞

For X = LN Corollary 2.11 gives Sym(R, LN) = L∞. In this section we study the
general situation when Sym(R, X) reduces toL∞. Recall thatX0 is the closure of
L∞ in X and (LN)0 is the closure ofL∞ in LN .

Lemma 3.1. Let X be a r.i. space such that(LN)0 �⊂ X0. Then for everyε > 0
there exist a Rademacher sumxn = ∑n

1 airi and a set E withm(E) < ε for which
‖xn�E‖X �(1 − ε)‖xn‖X.

Proof. If (LN)0 �⊂ X0, the norms ofX0 and L1 are not equivalent onR(X0) [20].
Then it is easily checked that, for everyε > 0, we have

R(X0) �⊂
{
x ∈ X0 : m({t ∈ [0, 1] : |x(t)| > ε‖x‖X})�ε

}
.

These last sets were defined by Kadec and Pelczynski in[13] in the caseX = Lp, see
also [18,19] in the case of general r.i. spaces. This implies that for everyε > 0 there
exists a Rademacher seriesx = ∑

airi ∈ X0 such that

m({t ∈ [0, 1] : |x(t)| > ε‖x‖X}) < ε.

Let xn = ∑n
1 airi . The Rademacher functions form a 1-unconditional basic sequence in

X, so‖xn‖X �‖xn+1‖X; see[7, Proposition 14]. SinceX0 is separable it has absolutely
continuous norm. This, together withxn → x a.e., implies that‖x‖X � lim inf ‖xn‖X.
Hence,‖xn‖X → ‖x‖X. The a.e. convergence of the series implies that for a certain
n ∈ N we have:

m({t ∈ [0, 1] : |xn(t)| > ε‖xn‖X}) < ε.

Set E = {t ∈ [0, 1] : |xn(t)| > ε‖xn‖X}. Observe thatm([0, 1] \ E) > 1 − ε and on
[0, 1] \ E we have|xn|�ε‖xn‖X. Then

‖xn‖X �‖xn�E‖X + ‖xn�[0,1]\E‖X �‖xn�E‖X + ε‖xn‖X,

and the proof is completed. �

We now characterize when Sym(R, X) coincides withL∞.

Theorem 3.2. Let X be a r.i. space. Then, Sym(R, X) = L∞ if and only if log1/2(e/t) /∈
X0.
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Proof. Suppose log1/2(e/t) ∈ X0. From (2) it follows that LN ⊂ X, hence (1) holds.
Then, from Corollary 2.5 it follows that, for every 0< a�1,

‖�[0,a]‖Sym(R,X) � sup
‖(an)‖2 �1

∥∥∥�[0,a]
(∑

anrn

)∗∥∥∥
X

. (11)

If ‖(an)‖2�1, from (2)

(∑
anrn

)∗
(t)�C log1/2(e/t), 0 < t �1,

which implies

�[0,a](t)
(∑

anrn

)∗
(t)�C �[0,a](t) log1/2(e/t), 0 < t, a�1.

From (11), it follows that

‖�[0,a]‖Sym(R,X) �C ‖�[0,a] log1/2(e/t)‖X. (12)

Since X0 has absolutely continuous norm and log1/2(e/t) ∈ X0 we have ‖�[0,a]
log1/2(e/t)‖X → 0 as a → 0. Hence, (12) implies ‖�[0,a]‖Sym(R,X) → 0. Therefore,
Sym(R, X) �= L∞.

Suppose now log1/2(e/t) /∈ X0. If (LN)0 �⊂ X0, then from Lemma 3.1 and
Corollary 2.5 we get‖�E‖Sym(R,X) � 1 for every measurable setE ⊂ [0, 1]. Hence,
Sym(R, X) = L∞.

Consider now the case(LN)0 ⊂ X0. Then, LN ⊂ X′′. From Theorem 2.8 and
Remark 2.9 it follows that Sym(R, X) ⊂ (X′′)log1/2 and

‖x‖Sym(R,X) �C ‖x∗ log1/2(e/t)‖X′′ . (13)

Since (X′′)0 = X0, we have log1/2(e/t) /∈ (X′′)0. Thus, there exists� > 0 such that
for every ε > 0 we have

‖ log1/2(e/t)�[0,ε]‖X′′ ��. (14)

From (13) and (14) we have that, for everyε > 0

‖x‖Sym(R,X) �C x∗(ε)‖ log1/2(e/t)�[0,ε]‖X′′ �C � x∗(ε).

Thus,‖x‖Sym(R,X) �C � ‖x‖∞. So, Sym(R, X) = L∞. �
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Corollary 3.3. If X is a separable r.i. space, then Sym(R, X) = L∞ if and only if
LN �⊂ X.

Corollary 3.4. If X and Y are r.i. spaces withX ⊂ Y , thenSym(R, X) ⊂ Sym(R, Y ).

Proof. If LN �⊂ X, then Theorem3.2 implies Sym(R, X) = L∞ so, Sym(R, X) ⊂
Sym(R, Y ). If LN ⊂ X ⊂ Y , then R(X) = R(Y ) ≈ �2. In this case, the definition
of the Rademacher multiplicator space andX ⊂ Y imply �(R, X) ⊂ �(R, Y ). Thus,
again Sym(R, X) ⊂ Sym(R, Y ). �

Example 3.5. Theorem3.2 allows to answer in the negative the question if the space
LN is the largest r.i. space with Sym(R, X) = L∞. Let the function� be piecewise
linear, supported on the points(tk, log−1/2(e/tk)), where tk ∈ [0, 1], t0 = 1 > t1 >

t2 ↓ 0. Then� is a quasi-concave function satisfying: (1) 0��(t)� log−1/2(e/t); (2)
�(tk) = log−1/2(e/tk), k�0. Moreover, we can choose{tk} so that (3) inf0<t �1 �(t)/

log−1/2(e/t) = 0. Consider the Marcinkiewicz spaceM(t/�). From (1) and (3) we
have LN�M(t/�). Condition (2) implies that limt→0 �(t) log1/2(e/t) �= 0. Since
tx∗(t)�

∫ t

0 x∗(s) ds, it follows that log1/2(e/t) /∈ (M(t/�))0; see [15, Theorem II.5.3
and Lemma II.5.4]. Thus, Sym(R, M(t/�)) = L∞.

4. The case�(R, X) a r.i. space different from L∞

In this section, we exhibit a family of spacesX for which �(R, X) is a r.i. space
different fromL∞. For this we first study the space Sym(R, X) for X a Marcinkiewicz
space.

Theorem 4.1. Let � be a quasi-concave function withLN ⊂ (M(�))0. Consider the
following conditions:
(i) There exists a constantC > 0 such that, for every0� t �1

∫ t

0

�(s)

s
log−1(e/s) ds�C �(t);

(ii) Sym (R, M(�)) is a Marcinkiewicz space;
Then, (i) implies (ii). If log−1/2(e/t)�(t)/t is decreasing then, (ii) implies (i).

Proof. Suppose (i) holds. SinceLN ⊂ M(�), from Corollary 2.11 we have
Sym(R, M(�)) = (M(�))log1/2. Since M(�) ∈ I (L1, L∞), it follows that
Sym(R, M(�)) is a r.i. space. Its fundamental function is

�Sym(R,M(�))(t) � sup
0<s � t

s log1/2(e/s)

�(s)
. (15)
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Denote by �(t) the function in the right-hand side of (15). It is increasing and
�(t)/t is decreasing. SinceLN ⊂ (M(�))0 we have limt→0 t log1/2(e/t)/�(t) = 0, so
lim t→0 �(t) = 0. Thus,� is quasi-concave and so,(M(�))log1/2 ⊂ M(t/�).

For the opposite inclusion, letx ∈ M(t/�) have norm one. Then,
∫ t

0 x∗(s) ds� t/�(t)

for 0 < t �1. Thus, usingt log1/2(e/t)/�(t)��(t), we have

∫ t

0
x∗(s) log1/2(e/s) ds =

∫ t

0
log1/2(e/s) d

( ∫ s

0
x∗(u) du

)

�
∫ t

0
log1/2(e/s) d

(
s/�(s)

)

= log1/2(e/s)
s

�(s)

∣∣∣t
0
+ 1

2

∫ t

0

log−1/2(e/s)

�(s)
ds

� �(t) + 1

2

∫ t

0

�(s)

s
log−1(e/s) ds

�
(

1 + C

2

)
�(t),

sincet log1/2(e/t)/�(t)��(t). Hence,x ∈ (M(�))log1/2 and‖x‖(M(�))log1/2 �1+C/2.

Suppose now that (ii) holds and log−1/2(e/t)�(t)/t is decreasing. From (15),�(t) =
t log1/2(e/t)/�(t). Then, Sym(R, M(�)) = M(t/�) = M(�(t) log−1/2(e/t)). Let �(t)

be the least concave majorant of the function�(t) log−1/2(e/t). Using integration by
parts, we have

∫ t

0
�′(s) log1/2(e/s) ds � 1

2

∫ t

0

�(s)

s
log−1/2(e/s) ds

� 1

2

∫ t

0

�(s)

s
log−1(e/s) ds.

Since�(t) log−1/2(e/t)��(t)�2�(t) log−1/2(e/t), [15, p. 49], thenM(�) = M(�(t)

log−1/2(e/t)). On the other hand, Sym(R, M(�)) = (M(�))log1/2. Thus, �′ ∈ M(�)

implies �′ ∈ (M(�))log1/2. So,
∫ t

0 �′(s) log1/2(e/s) ds�C �(t). Hence (i) follows. �

Remark 4.2. Condition �′ ∈ L(log logL) is necessary for (i) in Theorem4.1 to hold.
This follows from

∫ 1

0
�′(s) log log(e/s) ds =

∫ 1

0

1

s

∫ s

0
�′(t) dt log−1(e/s) ds

=
∫ 1

0

�(s)

s
log−1(e/s) ds�C �(1).
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Remark 4.3. The proof of Theorem4.1 shows Sym(R, M(�)) ⊂ M(�) where�(t) =
t/�(t) and �(t) is given by the right-hand side of (15). It is easily verified that� is
the largest concave minorant of�(t) log1/2(e/t).

Remark 4.4. The space Sym(R, M(�)) need not be a Marcinkiewicz space: for�(t) =
1, M(�) = L1 and Sym(R, L1) = L log1/2 L = �(t log1/2(e/t)). In more generality,
this occurs for every� with log−1/2(e/t)�(t)/t decreasing and�′ �∈ L(log logL). The
function �(t) = log−1 log(e/t) is an example of this situation.

Corollary 4.5. Let � be a quasi-concave function with�� > 0. ThenSym(R, M(�))

is a Marcinkiewicz space.

Proof. It follows from Theorem4.1 since [15, Corollary 3, p. 57] implies that

∫ t

0

�(s)

s
log−1(e/s) ds�

∫ t

0

�(s)

s
ds�C �(t). �

Remark 4.6. The condition in Corollary4.5 is not necessary. Consider�(t) = log−1/p

(e/t), for p ∈ (0, 2). Direct computation shows that�� = 0 andLN ⊂ (M(�))0. Since

∫ t

0

log−1/p(e/s)

s
log−1(e/s) ds � log−1/p(e/t),

it follows from Theorem4.1 that Sym(R, M(�)) is a Marcinkiewicz space. In partic-
ular, from (15) we have Sym(R, M(�)) = M(�), for �(t) = log−(1/2)−(1/p)(e/t).

Let � be an Orlicz function. The exponential Orlicz space ExpL� is the Orlicz space
associated to the Orlicz functione�(t) − 1. The next result shows that, under certain
conditions, for these spaces the Rademacher multiplicator space�(R, X) is a r.i. space
different from L∞. Note that the spaces ExpL� are “close’’ to L∞. For details on
Orlicz spaces see [14].

Theorem 4.7. Let � be an Orlicz function such that�−1(t)/t1/2 is increasing. Then
�(R, ExpL�)=ExpL�, where� is the Orlicz function satisfying�−1(t)=�−1(t)/t1/2.

Proof. The function�−1 is quasi-concave: it is increasing by assumption and�−1(t)/t

= (�−1(t)/t) · t−1/2 is decreasing, since�−1(t) is quasi-concave. Thus,� is (equiv-
alent to) an Orlicz function. Since�(t)�C t2, for t �1, we haveLN ⊂ ExpL� so,
R(ExpL�) ≈ �2.

We first show that�(R, ExpL�) ⊂ ExpL�. From [9, Lemma 1], givenf ∈
Lp, 1�p < ∞, there exists a Rademacher serieshp = ∑

bkrk with ‖(bk)‖�2 =
1, such that‖f ‖p �3p−1/2 ‖f hp‖p. Using the extrapolation result [1, Theorem 1]
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(see[3, Proposition 1] for a detailed proof), since�−1(t) = �−1(t)/t−1/2, we have

‖f ‖ExpL� = sup
1�p<∞

1

�−1(p)
‖f ‖p

� 3 sup
1�p<∞

p−1/2

�−1(p)
‖f hp‖p

� 3 sup
1�p<∞

p−1/2

�−1(p)
sup

‖(ak)‖
�2 �1

∥∥∥f ∑ akrk

∥∥∥
p

= 3 sup
‖(ak)‖

�2 �1
sup

1�p<∞
1

�−1(p)

∥∥∥f ∑ akrk

∥∥∥
p

� sup
‖(ak)‖

�2 �1

∥∥∥f ∑ akrk

∥∥∥
ExpL�

� ‖f ‖�(R,ExpL�).

The space ExpL� is a Marcinkiewicz spaceM(�) for �(t) = t�−1(log1/2(e/t)) [17].
Direct computation shows�� > 0. Thus, Corollary 4.5 implies that Sym(ExpL�) is

a Marcinkiewicz space. Sincet1/2/�−1(t) is decreasing, the fundamental function of
Sym(ExpL�) is

�Sym(ExpL�)(t) = ‖�[0,t] log1/2(e/s)‖ExpL�

� sup
0<s � t

log1/2(e/s)

�−1(log(e/s))
= log1/2(e/t)

�−1(log(e/t))
.

This coincides with the fundamental function of ExpL� which is �ExpL�(t) = 1/�−1

(log1/2(e/t)). Since ExpL� is also a Marcinkiewicz space, we have Sym(ExpL�) =
ExpL�. Hence,�(R, ExpL�) = ExpL�. �

Remark 4.8. The spacesX = ExpLp of functions of pth exponential integrability
are Marcinkiewicz spaces for�(t) = t log1/p(e/t); Lorentz–Zygmund spaces with
parametersp = q = ∞ and � = −1/p; and exponential Orlicz spaces ExpL� for
�(t) = tp. In the case 0< p < 2, from Theorem4.7 we have�(R, ExpLp) = ExpL�,
for � = 2p/(2 − p). This result coincides with the one obtained in [10, Theorem 3].
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