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Abstract

Let X be a rearrangement invariant (r.i.) function space on [0,1]. We consider the Rademacher
multiplicator spaceA(R, X) of measurable functions such thatxi € X for every a.e. converg-
ing seriesh=>_ayr, € X, where(r,) are the Rademacher functions. We show that for a broad
class of r.i. space¥, the spaceA(R, X) is not r.i. In this case, we identify the symmetric
kernel SymR, X) of the Rademacher multiplicator space and study when @&nX) reduces
to L®. In the opposite direction, we find new examples of r.i. spaces for whitR, X) is
ri. We consider in detail the case whehis a Marcinkiewicz or an exponential Orlicz space.
© 2005 Elsevier Inc. All rights reserved.
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0. Introduction

This paper is concerned with the behaviour of the Rademacher funatiphsn
function spaces. LeR denote the set of all functions of the forn a,r,, where the
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series converges a.e. For a rearrangement invariant (r.i.) spawe [0,1], let R(X)
be the closed linear subspace ¥fgiven by R N X. The Rademacher multiplicator
spaceof X is the spaceA(R, X) of measurable functions:[0,1] — R such that
x> ayry € X, for every ) a,r, € R(X). Endowed with the norm

”x”A(R,X) = SUP{ Hx Zanrn ¥ : Zanrn € X, Zanrn ¥

A(R, X) is a Banach function space on [0,1]. The spaq&R, X) can be viewed as
the space of operators given by multiplication by a measurable function, Rox)
into the whole space.

In [9], it was shown that for a broad class of classical r.i. spaémcluding, for
example, theL?-9 spaces) the Rademacher multiplicator spA¢®, X) is not r.i. In
[10] the case whem\(R, X) = L*° was studied; moreover, a class of Orlicz spaces
with A(R, X) r.i. but different from L>° was identified. In [2], it was shown that
A(R, X) = L holds for all r.i. spaceX which are interpolation spaces for the couple
(L*™, Ly), whereLy is the Orlicz space withV (1) = exp(t2) — 1.

In this paper, we study the symmetric kernel St X) of the Rademacher multi-
plicator space, namely, the largest r.i. space embedded\iffta X). It can alternatively
be described as the set of alle A(R, X) such that ify is a function equimeasurable
with x then,y € A(R, X). This study is motivated by an extension of the result from
[9] mentioned above, where we show that for “most” r.i. spa¥abe spaceA(R, X) is
not r.i. (Theorem 2.1). This is done is Section 2, where we prove théidfa r.i. space
satisfying the Fatou property ard O Ly, then SymR, X) = Xiogt/2: whereX,ogl/z is
the r.i. space with normix|ljpgr2 = lx*(#) log'/2(e/1)||x (Corollary 2.11). We consider
the problem of which r.i. spaces arise as symmetric kernels of Rademacher multipli-
cator spaces, showing that this is the case for all interpolation spaces for the couple
(Llog? L, L>) with Fatou property (Theorem 2.17). In Section 3, we characterize
when the symmetric kernel reduces £6° (Theorem 3.2). In Section 4, we exhibit a
family of r.i. spacesX for which the Rademacher multiplicator spad€R, X) is r.i.
but different from L> (Theorem 4.7). Namely, the exponential Orlicz spaces, which
include the previous examples of this situation shown in [9,10]. All these results allow
to identify the symmetric kernel for relevant classes of r.i. spaces as Lorentz—Zigmund
spacesL?-9(log L)*, Lorentz spaced\”(¢) and Marcinkiewicz spacesf(¢p).

<1},

1. Preliminaries

Throughout the paper a r.i. spa¢éis a Banach space of classes of measurable
functions on [0,1] such that if* <x* andx € X theny € X and ||y||x <|lx|x. Here
x* is the decreasing rearrangementpfthat is, the right continuous inverse of its
distribution function:n, (1) = m{r € [0,1] : |x(¢)| > A}, wherem is the Lebesgue
measure on [0,1]. Functionsandy are said to be equimeasurablenif(/) = n,(1),
for all 2 > 0; this denoted byx ~ y. The associated space (or Kéthe dual)>of
is the spaceX’ of all functionsy such thatfol [x(®)y(t)|dt < oo, for everyx € X.
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It is a r.i. space. The spack’ is a subspace of the topological dusF. If X' is a
norming subspace ok*, then X is isometric to a subspace of the spacé = (X’)'.
The spaceX satisfies the Fatou property if, € X, with ||x,||x <M, for all n € N,
and O0<x, <xy41 P x ae. implyx € X and |x,llx — |x|x. In this case, X’ is a
norming subspace ok* and X = X”. We denote byXg the closure ofL*® in X. If
X'is not L*°, then X coincides with the absolutely continuous partXgfthat is, the
set of all functionsx € X such that lim,a)—ollxy4llx = 0. Here and nexty, is
the characteristic function of the sdtc [0, 1]. The fundamental function oX is the
function ¢ (1) == [l %10,/ x-

Important examples of r.i. spaces are Marcinkiewicz, Lorentz and Orlicz spaces. Let
¢:[0, 1] — [0, +00) be a quasi-concave function, that is,increasesyp(r)/t decreases
and ¢(0) = 0. The Marcinkiewicz spac#/(¢) is the space of all measurable functions
x on [0,1] for which the norm

lx || = su / x*(s)ds < o0.
Mo = 20 o)

If ¢:[0,1] — [0, 400) is an increasing concave function apde [1, +00), then the
Lorentz spaceA” (¢) consists of all measurable functiorson [0,1] such that

1 1/p
IxlAP @) = </0 (x*(s)? d@(S)) < oo.

The last Riemann—Stieltjes integral may be rewritten in the form

1 1/p
Ixlar) = <m<+0>||x||ioo+ /0 <x*<s>>p<o’<s>ds) .

In particular, this implies that\” (¢g) = L*°, for ¢q(1) = 1.
Let M be an Orlicz function, that is, an increasing convex function[@ro) with
M (0) = 0. The norm of the Orlicz spacky, is defined as follows:

lxllL,, = inf {A>o / ('””') sgl}.

The fundamental functions of these spaces@jR,, (1) =t/ (1), (j)Ap((p)(t) = pn)V/r
and ¢, (1) = 1/M~1(1/1), respectively.

The Marcinkiewicz M(t/¢p) and LorentzA(p) := Al((p) spaces are, respectively,
the largest and the smallest r.i. spaces with fundamental funetiothat is, if the
fundamental function of a r.i. spac¥ is equal tog, then A(p) C X C M(t/p)
[15, Theorems I1.5.5 and 11.5.7].
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If W is a positive function defined on [0,1], then its lower dilation index is

— im IOg(Sup0<s<l%)
= A0 log '

For eachr > 0, the dilation operatos;x(s) := x(s/1)yj0.1;(s/1), s € [0, 1], is bounded
in any r.i. spaceX. Moreover, |lo; || x— x < max(1, t) [15]. Important characteristics of
a r.i. spaceX are the lower and upper Boyd indices

. In|o XX . In|o XX
oy = lim Infloellx—x and fy = lim Inflorllx—x
X
t—+0 In¢ 1—00 In¢

The Rademacher functions argt) = sign sin2"nt), ¢t € [0, 1], n>0. We have already
introduced the spac®(X) := RN X whereR is the set of all a.e. converging series
S apry, that is, (a,) € €2 [21, Theorem V.8.2]. ForX = L?, 1< p < oo, Khintchin
inequality shows thaR(X) is isomorphic tof?. If X = L™, then R(X) ~ ¢1. The
Orlicz spaceLy, for N(r) = exp(r?) — 1, will be of major importance in our study.
A result of Rodin and Semenov shows tHa(X) ~ ¢2 if and only if (Ly)o C X
[20]. Hence, for spaceX satisfying this condition we have, for constaris, C2 > 0
depending onX and not on(a,),

Cull@nllz< | Y aur,

. <Czl(an)ll2. 1)

We will express this situation by writing " a,r, ||, =< l(as)ll2. The fundamental
function of Ly is (equivalent to)o(r) = log=Y/%(e/1). Since N(¢) increases very
rapidly, Ly coincides with the Marcinkiewicz space with fundamental functjgrthat

is, M () for y(r) =1 log¥?(e/r) [17]. This together with [15, Theorem I1.5.3], gives

Ixllzy = sup x*(r)log=Y2(e/1). )
0<r<1

In particular, for every O< t <1 we have
(D) <C |xllLy log™?(e/1). ©)

Hence, for a r.i. spac¥, Ly C X is equivalent to lo§?(e/t) € X. From (1) and (3)
we have, for every < r<1

(X am) O<K I@nlz log?e/n. (4)

For facts related to r.i. spaces sggl5,16].
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2. Symmetric kernel of the Rademacher multiplicator space

In [9] it was proved that ifX is a r.i. space such thaty C X, the fundamental
function ¢y satisfies the inequality y (st) < Coy (s)@x (¢) for a constanC > 0 and all
s,t € [0, 1], and the lower Boyd and fundamental indices coincide then, the Rademacher
multipicator spaceA(R, X) is not r.i. A detailed analysis of the proof shows that the
following more general result holds.

Theorem 2.1. Let X be a ri. space With)(px > 0, where Yoy is the lower dilation
index ofpy, then A(R, X) is not r.i. In particular, the result holds if the lower Boyd
index oy > 0.

Proof. If 7, >0, then for O< « <7y, there exists a constaidt > 0 such that

Px(st) <cr ()
Px(s)

for 0 < 5,7<1. Hence,px (1) <Cox(Dt* and so,A(t*) C A(py). Note thatL? C
LY%1 .= A@*) for p > 1/o; see[6, IV.4.2]. SinceLy C L? for all finite p, and
A(py) C X, we haveLy C X. So, R(X) ~ (2.

Lemma 1 in [9] shows that for everny>1 there exist measurable seks and D,
of measuren2™", such that for any®;) € I,

o0
s, IaRx) _ || %10m2-m 2nsa biri
lxp, Iar.x)y — niPex(n2")

X Px(27") \V2
- <<Px(n2_")> (©)

with a constant > 0 independent oh.

From 6) we havepy(27")/px(n27") < C (1/n)*. Hence, the second term in the
right-hand side of (6) tends to zero as— oc.

We now consider the first term in the right-hand side of (6). Since

m ({t S X jo.m2-n (1) > )}) = % m ({t : > }}) ,

we have

ibm’(l)

n+1

ibiri(t)

n+1

00 * [e'S) *
(X[o,nz—n]zbm) (z)=<2b,~r,~> 2"t/n), 0<1<n/2".

n+1 n+1
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The embedding\(¢py) C X and @) give

o0
X[0,n2-" Zb i X[0,n2-] Zbiri

n+1 n+1 Alpy)
n/2" on;
/ Zb ri < ) oy (1) dt
n+1

n

n/2
<Kz [ 1062 (55) oy 0.
0

Integrating by parts this last integral, we get

n/2" —1/2 ( ne
Y i 1/2 1 2 log™2 (57)ex ()
gDX(Z") zlino log (2 )QDX([H_ /(; t dr. ™

From (), the second term in (7) is zero. Since 10 (4%) <1, for 0< r<n/2", the
last term in (7) is bounded b¢ ¢y (n/2"); see [15, p. 57].

Consequently, the first term in (6) is bounded ©yn'/?, which tends to zero as
n — oo. Hence, the spacA(R, X) is not r.i.

The last assertion follows from, >ax. O

From Theorem 2.1 it follows that for “most” r.i. spaces the Rademacher mul-
tiplicator spaceA(R, X) is not r.i. In this case we are interested in identifying the
largest r.i. space embedded i\GR, X). The problem of finding the largest r.i. space
embedded into a Banach function spd€e has been considered in [4] in the case
when E is reflexive. Under certain conditions, the largest r.i. space embeddedEinto
coincides with the set of all functions iB which remain inE after rearrangement.

Definition 2.2. Let E be a Banach lattice of measurable functions on [0,1]. $ym-
metric kernelof E is

SYym(E) = {x e E: if y>~x, thenye E}.

Proposition 2.3. Let E be a Banach lattice of measurable functions[@nl]. Suppose
that E’ is a norming subspace af*. The symmetric kernel of E endowed with the
norm

lxllsyme) := sup |izllg

7:7=x

is the largest r.i. space embedded into E. In particuldre result holds if E has the
Fatou property
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Proof. For x € E, let fi(y) = folx(t)y(t)dt, for y € E’. Let x € Sym(E) and
y € E’. There exists a functiomp equimeasurable with, so xg € E, such that

sup f2(y) = fao(¥) <llxollx [[yllx < o0

7:7=x

see[6, 11.2.6]. Hence, the setf; : z ~ x} of continuous linear functionals ovet’ is
pointwise bounded. Sincg’ is a closed subspace @&*, by the Uniform Boundedness
Principle, this set is uniformly bounded

1

sup  sup z(t)y(t)dt < oo.
222X |yl <1 J0

Since E’ is a norming subspace @&*, we have sup_., |zl < co. Thus, |- [lsym(k)
is well defined. It is routine to check that it is a complete norm. By construction
Sym(E) is ri. and ifY is a r.i. space withY C E, thenY c Sym(g). O

For the symmetric kernel of the Rademacher multiplicator sp&¢g, X) we are
able to prove an analogous result without any assumptionX.dfo simplify notation
we will write Sym(R, X) for Sym(A(R, X)).

Proposition 2.4. Let X be a r.i. space. The symmetric kernelAgfR, X) endowed with
the norm

lxllsymR.x) == Sup llzllar,x)
Z7:7>2Xx

is the largest r.i. space embedded iMd@R, X).

Proof. Let x € Sym(R, X). For everyz >~ x consider the operatof, given by
T.y() := z(t)y(t), wherey € R(X). Sincez € A(R, X), we haveT,: R(X) - X
boundedly. Givery € R(X) ande > 0, there exists a measure preserving transformation
: [0, 1] — [0, 1] such that|| |y| — y*(w)|lc <¢; see[15, p. 60]. Then,

1Ty llx = 2" (@)y" (@)l x
IZ*(@)yllx + 2" (@)(y] — y* (@)llIx

<
< I (@)yllx + elixllx,

sincex € Sym(R, X) andy € R(X) imply that x*(w)y € X. This together with

(T)* @) <Ty*(t), O0<t <3,
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see[15, p. 67], and the boundedness of the dilation operators gives

supl Tzyllx <20 Tz y* llx <2(Ix" (@) yllx + ellxllx) < oo.

X

So, the family{T; : z >~ x} is pointwise bounded and hence, by the Uniform Bound-
edness Principle it is uniformly bounded. The result follows]

Proposition2.4 and general properties of rearrangements [15, p. 69] imply the fol-
lowing useful characterization of the symmetric kernel Sn X) of the Rademacher
multiplicator spaceA(R, X).

Corollary 2.5. Let X be ar.i. space. Then € Sym(R, X) if and only ifx*(}_ a,r,)* €
X for every ) a,r, € R(X), and in this case

*
Iflsymerx) = sup | (D aur)

X anrally <1

v
The Rademacher multiplicator space and its symmetric kernel inherit certain proper-

ties from the spac&.

Proposition 2.6. Let X be a r.i. space with the Fatou property. Then the Rademacher
multiplicator spaceA(R, X) and its symmetric kerneBym(R, X) have the Fatou

property.

Proof. Let (x,) be a bounded sequence MR, X) of nonnegative functions increas-
ing to x. For anyz € R(X) and y € X', by the Monotone Convergence Theorem,

fol |x, (H)z(t)y(1)| dt increases tofol |x()z(t)y(t)|dt so,

1
/o [x()y(@)z()] dt < supllxazllx [Iylx < SUPIxallar,x) 1zllx Iy llx:-
n n

Hence,xz € X”. Since X has the Fatou property, theki = X”, so xz € X. Thus,
x € A(R, X).
The result for SymiR, X) follows similarly using Corollary2.5. O

The following definition will be useful in identifying the symmetric kernel of the
Rademacher multiplicator space for many classical r.i. spaces.

Definition 2.7. Let X be a r.i. space witlLy C X. We denote byX,qi.> the space

Xiogz = [ ¢ ¥lliogve = lx*(1)log!2(e/n)x < oc].

Note that conditionLy c X implies log”/%(e/1) € X.
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Recall that given Banach space&y, X1 continuously embedded in a common
Hausdorff topological vector space, a Banach spdds an interpolation space with
respect to the coupleXo, X1) if XoNX1 C X C Xo+ X1 and for every linear operator
T with T:X; — X; continuously,i = 0,1, we haveT:X — X continuously. We
denote byZ (Xg, X1) the set of all interpolation spaces with respect(iy, X1). The
K-functional of x € Xo + X1 is defined, forr > 0 as

K(t,x; Xo, X1) = inf{|lxollxo + tllx1llx; : ¥ = x0 + x1, x; € X;}.

The couple(Xg, X1) is K-monotone if everyX € 7 (X, X1) satisfies thatr € X and
K(,y; X0, X1)<K(,x; Xo, X1) imply y € X and ||y|lx <C ||x|lx. In this case, there
exists a Banach latticE of two-sided sequences satisfyiigin(L, 2¢))>*, € E, such
that

Ixllx =< 11K 2%, x5 Xo, X))l £3

see[8, Theorem 4.4.5].

The functional]| - llogt/2 is only a quasinorm. However, X € Z (L1, L™) then it is
equivalent to a norm ané, 1,2 becomes a r.i. space. Indegd?, L>°) is aK-monotone
couple andK (¢, x; LY, L®) = fé x*(s)ds; see [8, Theorem 2.6.9]. This, together with
log!/?(e/1) being decreasing and Hardy’s lemma (see [6, 11.3.6]) gives the subadditivity
of ||lx* log/2(e/t)|x. In particular, Xjoqt2 is ri. if X has the Fatou property or is
separable. Note that K has the Fatou property then, as in Proposition X2
also has the Fatou property.

Spaces similar taX,,,.2 have already appeared in the literature: in the study of
operators of weak type (1,1), Dmitriev and Semenov given a r.i. spacensidered
the space of functions € X such that||x*(¢) log(e/t)||x < oo [12].

Theorem 2.8. Let X be a r.i. space witiLy C X. Then
X|0g1/2 C Sym(R, X) C (X”)|ogl/2.

Proof. Since Ly C X we haveR(X) ~ (2. Let x be such thatc* log/2(¢/t) € X.
For (a,) € £2, from (4) we have, for every & <1,

@ (Y awm) O<K @l x* @) logH(e/1).

It follows thatx*(Zanrn)* € X. Hence, from Corollary2.5 we havex € Sym(R, X)
and

I lsymer. 30 < K 1l x 0
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Suppose now that € Sym(R, X). Let x, = n=Y2 3" r;. From (), ||x, [ x < C2. From
the Central Limit Theorem we have

1 1
log™/? (—) <lim x*(#), O0<t < —;
g  2nt n " NV

see[16, p. 136]. Thus, for a certain constafit> 0

x*(t)log?(e/t) < C lim % (1) (0). (8)

Since x € Sym(R, X), from Corollary 2.5 we havex*x} € X and ||x*x}|x <C2
Ixllsym(r,x)- Thus, (8) implies that*(¢) log'/?(e/t) € X" and

Ix* () logY?(e/0) [l x» < C liminf [x*x}|x <C C2 |xllsymr.x). U

Remark 2.9. Observe that the imbedding SyR, X) C (X”)logl/z still holds if (Ly)o
C X, thatis, if Ly Cc X".

Remark 2.10. From Theorem2.8, since SyniR, L1) = (L1)|0g1/2 = L log/2L, it
follows that for every r.i. spac:

L>® c Sym(R, X) C L log*? L.

If X has the Fatou property theti= X”. Hence, we have the following consequence

of Theorem?2.8.

Corollary 2.11. Let X be a r.i. space witli.y C X and the Fatou property. Then

SYM(R. X) = { : [[xllggve = llx*log”2(e/n)1x < oo].

We apply Corollary2.11 to identify the symmetric kernel of the Rademacher multi-

plicator space for relevant classes of spakes

Example 2.12.For X = L? with 1< p < oo, we have

1 1/p
X lsym(r, x) < (/0 (x*() Iogl/z(e/t))”dt) )

Hence, Sym{R, L?) is the Zygmund spacé&? (log L)Y/?; see[6, IV.6.11].



S.V. Astashkin, G.P. Curbera/Journal of Functional Analysis 226 (2005) 173-192 183

Example 2.13.The spaces in Exampl@.12 are included in the case whefis a
Lorentz—Zygmund spack? 4 (log L)*; see [5]. We consider either4 p < o0, 1<qg <
ooanda e R, or p=¢g =1 anda>0. In this case,

1/q

1 dt
Ixllsym (R, x) = ( /O (17 log?t* e/ 1)x* (1)) 7)

Hence, SymR, L?9(logL)*) is the Lorentz—Zygmund spade”-4(log L)Y/,

Example 2.14.For X = LP-*°(log L)* with 1 < p < co anda € R we have

Ixllsymr.x) < sup Y7 log? ™ (e/0)x*(1).

0<r<1

Hence, SymR, L”*(logL)*) is the Lorentz—Zygmund spack” *(log L)¥/?+*, In
particular, fora = 0 we have the weak? spaces for which SyriR, L7-*°) =
LP*®(logL)Y/2,

Example 2.15.For X = A”(¢), where I p < oo and ¢ is an increasing concave
function, the conditionLy c A”(¢) is pl’eCise|yf01|ng/2(e/t)d(/)(t) < 0o. Then

1/p

1
llx lsym(R.x) =< ( /0 (x*(®))" log?/?(e/ 1) d(p(t))

The function ¢'(¢t)log’/?(e/t) is nonnegative, integrable and decreasing. Hence,
Sym(R, A”(¢)) is the Lorentz space\”(y), where y(s) = fg @' (1) logP?(e/1) dt.
In particular, forp = 1 we have SyniR, A(p)) = A()) for /(1) = ¢'(t) log2(e/1).

Example 2.13 shows that there exisbé such that SyniR, X) = L?, indeed, the
Zygmund spaceX = L”(logL)~Y/2. The general question in this regard is: What r.i.
space<Z arise as symmetric kernels of Rademacher multiplicator spaces? Remark 2.10
shows that necessarilg c L log2L.

The next lemma (in the spirit of Krein et al. [15, (2.40), p. 75]) is needed later.

Lemma 2.16.Let & > 0 and y € R. Then for constants depending om and y but
independent of the function x df,1], we have

1

1
/ (x*(~)Iog“/(e/~))*(t)Iog“(e/t)dtxf x*(t)log’™*(e/1) dt.
0 0
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Proof. We need to consider only the case whea 0. Sincex > 0, we have log(e/t)
decreasing, so

1 1
/ x*(t) log’ % (e/t) di < / (x*(-) log’(e/-))" (1) log*(e/1) dt.
0 0

For the other inequality, following the proof of Krein et 4l5, (2.40), p. 75] it is
enough to show that the result holds foe= y ., 0 <a < 1. In this case

/a (log’(e/))" (1) log*(e/1) dt = /a log” (L> log*(e/t) dt
0 0 a—t
< log’(e/a) /a log*(e/t) dt < /a log"™*(e/t) dt,
0 0

taking into account thaf; logf(e/s)ds =< t logP(e/1), for pe R. O

Theorem 2.17.Let Z be a r.i. space with the Fatou property a@de Z (L log/? L,
L°). Then there exists a r.i. space X such th@ym(R, X) = Z.

Proof. Given a r.i.Z, we define the space

Ziogv2 = {x t Ixllog-v2 = ")) log™2(e/ D)l < o}.
The functional]| - |||ng1/2 is equivalent to a r.i. norm. To see this we first compute the
K-functional for the coupléL log'/? L, L>). The space&.® andL log}/? L are Lorentz
spaces. Indeed.® = A(¢g), for @o(t) = 1 and LlogY? L = A(@y), for ¢.(1) =

tlogt/?(e/t). Since py/p, is decreasing, we havA(gg) + A(py) = AMIn{@g, ¢1));
see[15, Theorem 11.5.9]. Thus, for € (0, 1],

K(t,x; L |Ogl/2 L, L) = ”x”LIogl/zL + tllx oo
1
:/(; x*(s) d(min{@4(s), t@g(s)})
s(t)
:/ x*(s) d(s log¥?(e/s)),
0

where s(¢) satisfies the equation:log?(e/s) = t; thus, s(r) < rlog=Y/2(e/1). Since
d(s log'?(e/s)) < log'/?(e/s) ds, we have

tlog=Y2(e /1)
K(t,x; Llog*? L, Lm)x/ x*(s)logY?(e/s)ds (0 < 1<1). (9)
0
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SinceZ e Z (LlogY? L, L>) and this couple i-monotone[11] there exists a Banach
lattice E of two-sided sequences satisfyirigin(1, 2’<))‘i°OO € E such that

lxllz = 1K 2, x: LlogH? L, L)FE e
Let {e}2_., be the standard basis in the sequence spactlote that, forz>1,

we havek (¢, x; LlogY2 L, L®) = X1l 1oqt/2 .- Since theK-functional is concave, we
have K (1, x; Llog"? L, L>®)<2 K (1/2, x; Llog¥2 L, L*®); see[6, V.1.2]. Then,

o0 o0
ZK(Zk,x;Llogl/zL, L®er| =K@ x;LlogY?L, L™) Zek
k=0 E k=0 E
< CK(1/2 x; L1og”? L, L) |le_1llg
-1
<C| Y K@ .xiLlog"?L, L®)e;
k=—00 E
Consequently,
-1
Iellz =< | Y K(@.x:Llog 2L, L%)e; (10)
k=—o00

E

From @), (10) and Lemma 2.16 it follows that

X llipg-22 =

2k/«/i
5 L rotog e ) tog ey i

k=—o00

E

e ANe
Z / x*(1)dt ey
0

k=—o00

X

E

This expression shows th#t llog-1/2 is equivalent to a r.i. norm. Moreover, it implies

that Zj,,-1/2 is an interpolation space for the couplel, L>).
It is not hard to see, as in Proposition 2.6, that= Ziog-1/2 has the Fatou property,
thus from Corollary 2.11 we have

1/2
Ixllsymr.x) = llx*log"2(e/0)l1x

= [I(x*() log"2(e/))" () log™Y2(e/D)llz = |Ixlz,

since the functionc*(r) logt/2(e/1) is decreasing. O
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3. The case SyniR, X) equal to L*®

For X = Ly Corollary 2.11 gives SynfR, Ly) = L*°. In this section we study the
general situation when Sy(&, X) reduces toL*°. Recall thatXg is the closure of

L in X and (Ly)g is the closure ofL*> in Ly.

Lemma 3.1. Let X be a ri. space such thatLy)o ¢ Xo. Then for everye > 0
there exist a Rademacher sum = Y ] a;r; and a set E withm(E) < ¢ for which
lxnxellx =@ —e)llxnllx-

Proof. If (Ly)o ¢ Xo, the norms ofXo and L1 are not equivalent ofR(Xo) [20].
Then it is easily checked that, for evesy> 0, we have

R(Xo) ¢ {x € Xo:m({t € [0.11: [x()] > ellx|lx]) >e].

These last sets were defined by Kadec and Pelczyngli3hin the caseX = L?, see
also [18,19] in the case of general r.i. spaces. This implies that for every there
exists a Rademacher series= ) a;r; € Xo such that

m({t € [0, 1] : [x(1)| > ellx|Ix}) < e.

Let x, = )1 a;r;. The Rademacher functions form a 1-unconditional basic sequence in
X, 80 ||lx, llx <llxna1llx; see[7, Proposition 14]. Sinc&y is separable it has absolutely
continuous norm. This, together with, — x a.e., implies thaf|x||x < liminf ||x,| x.
Hence,|lx,llx — llx|lx. The a.e. convergence of the series implies that for a certain
n € N we have:

m({t € [0,1] : [xp ()] > ellxnllx}) < e.

SetE = {t € [0,1] : |x,(t)] > ellxullx}. Observe thain([0,1]\ E) > 1 — ¢ and on
[0,1]\ E we have|x,|<ellx,llx. Then

I llx < 1xXn gl x + Ixn 210,00 £l x S Ixnxellx 4 €llxnllx,

and the proof is completed. [J
We now characterize when SyiR, X) coincides withL.

Theorem 3.2. Let X be ar.i. space. TheSym(R, X) = L™ if and only iflog'/2(e/1) ¢
Xo.
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Proof. Suppose lo§?(¢/r) € Xo. From @) it follows that Ly c X, hence (1) holds.
Then, from Corollary 2.5 it follows that, for every 9 a <1,

110,41 /lsym(R. sup | anr (11)
[0,a]llSym(R.X) = 1@la <1H [0,a] (Z n n)
If la)ll2<1, from (2)
(Z anrn)* ()< C log”%(e/1), 0<1<1,
which implies
* 1/2
to.a® (Y @) (<C goplogh?(e/n), 0<ra<i

From (11), it follows that

1710.01 I symcr. x) < C 170,41 109" 2(e/ 1) [ x - (12)

Since Xo has absolutely continuous norm and i6ge/r) € Xo we have 171041
logt/2(e/1)|x — 0 asa — 0. Hence, 12) implies |11 4llsym(®,x) — 0. Therefore,
Sym(R, X) # L.

Suppose now lof2(e/t) ¢ Xo. If (Ln)o ¢ Xo, then from Lemma 3.1 and
Corollary 2.5 we getlygllsymr,x) =< 1 for every measurable sét C [0, 1]. Hence,
Sym(R, X) = L*®

Consider now the caséLy)o C Xo. Then, Ly C X”. From Theorem 2.8 and
Remark 2.9 it follows that SyriR, X) C (X”)logl/z and

Ixllsym(r.x) = C lIx* log2(e/1) [l x». (13)

Since (X")o = Xo, we have lod/%(e/t) ¢ (X")o. Thus, there exist$ > 0 such that
for everye > 0 we have

Iog"2(e/t) 10,6l x7 = 6. (14)
From (3) and (14) we have that, for every> 0
Ix lsym(r, x) = C x* (&)1 10gY2(e/ 1) 710, x7 = C 3 x*(e).

Thus, [lx lsym(R.x) = C 6 [ lsc. SO, SYMR, X) = L®. O
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Corollary 3.3. If X is a separable r.i. spacehen Sym(R, X) = L if and only if
Ly ¢ X.

Corollary 3.4. If X and Y are r.i. spaces witlk c Y, thenSym(R, X) Cc Sym(R, Y).

Proof. If Ly ¢ X, then TheorenB.2 implies SymR, X) = L* so, SymR, X) C
Sym(R,Y). If Ly c X C Y, thenR(X) = R(Y) ~ ¢2. In this case, the definition
of the Rademacher multiplicator space akdc Y imply A(R, X) € A(R,Y). Thus,
again SymR, X) c Sym(R,Y). O

Example 3.5. Theorem3.2 allows to answer in the negative the question if the space
Ly is the largest r.i. space with SyfR, X) = L®. Let the functionyy be piecewise
linear, supported on the points, log=Y2(e/1.)), wherer, € [0,1], to = 1 > 11 >

12 | 0. Theny is a quasi-concave function satisfying: (1X@ (1) < log=2(e/1); (2)

Y (1) = log=Y2(e/1), k>0. Moreover, we can choose} so that (3) inp, <1 ¥(1)/
log=Y2(¢e/t) = 0. Consider the Marcinkiewicz spad¥ (s/y). From (1) and (3) we
have LyGM (/). Condition (2) implies that lim.q y(r)log/?(e/r) # 0. Since

tx* (1)< fo x*(s)ds, it follows that log”?(e/1) ¢ (M(t/}))o; see [15, Theorem 11.5.3
and Lemma 11.5.4]. Thus, SyiR, M(t/y)) = L*™°.

4. The caseA(R, X) a r.i. space different from L*

In this section, we exhibit a family of spaceésfor which A(R, X) is a r.i. space
different from L°°. For this we first study the space Sy, X) for X a Marcinkiewicz
space.

Theorem 4.1. Let ¢ be a quasi-concave function withy C (M (¢))o. Consider the
following conditions
(i) There exists a constar > 0 such that for every0<r<1

t
/ &Iog_l(e/s)dsgC OR
0 N
(i) Sym (R, M(¢p)) is a Marcinkiewicz space
Then (i) implies (ii). If log=Y2(e/1)p(t)/t is decreasing then(ii) implies (i).

Proof. Suppose (i) holds. Sincely < M(¢), from Corollary 2.11 we have
SYym(R, M(p)) = (M())oq2. Since M(p) € I (L', L™), it follows that
Sym(R, M(¢)) is a r.i. space. Its fundamental function is

slogY2(e/s)
PsymR.M(py (1) < SUp —————.

15
O<s <t ¢(s) ( )
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Denote by ®(¢) the function in the right-hand side ofl§). It is increasing and
®(1)/1 is decreasing. Sincéy C (M (p))o we have lim_o tlog2(e/t)/o(t) = 0, so
lim;_o ®() = 0. Thus,® is quasi-concave and SOM((p))|ogl/2 C M(t/D).

For the opposite inclusion, late M (¢t /®) have norm one. Therfé x*(s)ds <t/D()
for 0 < r<1. Thus, using log¥?(e/1)/ (1) <®(t), we have

t t s
fx*(s) Iogl/z(e/s)ds=f |ogl/2(e/s)d(/ x*(u)du)
0 0 0

t
< / log?(e/s) d(s /D(s))
0

t —-1/2
— log¥2(e/s) e )‘l ¥z /O IOg(D%ds

o) + = / (p()logfl(e/s)ds
0

< (1+ %) (1),

sincer log'/2(e/1)/®(1) < (t). Hence,x € (M (@)iogiz and [1x [l a1 gy 20 <1+ C/2.

Suppose now that (i) holds and oY?(e/1)p(r)/t is decreasing. From (15®(r) =
t10g"?(e/1)/ (). Then, SymR, M(p)) = M(1/®) = M(¢p(1) log~"/?(e/1)). Let (1)
be the least concave majorant of the functip@r) log=Y/?(e/r). Using integration by
parts, we have

t t
/ V' (s)logY?(e/s) ds > % / @Iog_l/z(e/s)ds
0

\\/

/(p(s) log~(e/s) ds.
2 Jo

Since (1) log™/2(e/1) <y(1) <2¢(t) log™Y2(e/1), [15, p. 49], thenM (1) = M (¢ (1)
log=*/%(e/1)). On the other hand, SymR, M(¢)) = (M(¢))oqv2- Thus, ¥/’ € M)
implies y/' € (M (9));pq2- S0, [o ¥/'(s)l0ogY?(e/s) ds < C ¢(t). Hence (i) follows. [

Remark 4.2. Condition ¢’ € L(loglogL) is necessary for (i) in Theored.1 to hold.
This follows from

1 1 K
/ ¢'(s) log log(e/s) ds =/ %/ @' (t)dt |Og_l(e/s) ds
0

/ 26 tog=Ye/s) ds <C (1),
0
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Remark 4.3. The proof of Theorend.1 shows SyniR, M (¢)) C M (p) wherep(t) =
t/®(t) and @(¢) is given by the right-hand side of (15). It is easily verified tais
the largest concave minorant @f(r) log'/2(e/1).

Remark 4.4. The space SyniR, M(¢)) need not be a Marcinkiewicz space: ip(r) =

1, M(p) = L* and SymR, LY) = Llog"? L = A(rlog"?(e/t)). In more generality,
this occurs for everyp with log=Y/2(e/1)¢(t)/t decreasing ang’ ¢ L(loglogL). The

function ¢(r) = log~1log(e/1) is an example of this situation.

Corollary 4.5. Let ¢ be a quasi-concave function wii;l;n/, > 0. ThenSym(R, M(¢))
is a Marcinkiewicz space

Proof. It follows from Theorem4.1 since [15, Corollary 3, p. 57] implies that

t t
/q’(s) |og*1(e/s)ds</ ) ys<cow. O
0 N

0 N

Remark 4.6. The condition in Corollan4.5 is not necessary. Conside(t) = log=/?
(e/1), for p € (0, 2). Direct computation shows th% =0andLy C (M(¢))o. Since

! log~ Y/
f 09 ) tog-2e/5) ds = log 7 e/,
0 N

it follows from Theorem4.1 that Sym(R, M (¢)) is a Marcinkiewicz space. In partic-
ular, from (15) we have SynR, M(¢)) = M (), for ¢(1) = log= 2=/ (¢/1).

Let ¢ be an Orlicz function. The exponential Orlicz space Efpis the Orlicz space
associated to the Orlicz functios?™ — 1. The next result shows that, under certain
conditions, for these spaces the Rademacher multiplicator spéReX) is a r.i. space
different from L. Note that the spaces EX¥ are “close” to L*. For details on
Orlicz spaces see [14].

Theorem 4.7. Let ¢ be an Orlicz function such thap_l(t)/tl/2 is increasing. Then
AR, ExpL?)=ExpL¥, whereV is the Orlicz function satisfyiny’ 1 (r)=¢ (1) /1Y/2.

Proof. The function'¥ ! is quasi-concave: it is increasing by assumption %d )/
= (dfl(t)/t) -t71/2 is decreasing, sincéfl(t) is quasi-concave. Thus¥ is (equiv-
alent to) an Orlicz function. Since(r) < C 2, for r>1, we haveLy C ExpL¢ S0,
R(ExpL?) ~ ¢2.

We first show thatA(R,ExpL?) c ExpLY¥. From [9, Lemma 1], givenf €
LP, 1<p < oo, there exists a Rademacher serigs = ) biri with [[(bo)ll2z =
1, such that| fll,<3p Y2 fh,|,. Using the extrapolation result [1, Theorem 1]
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(see[3, Proposition 1] for a detailed proof), sine@‘l(t) =¥ 1)/~ Y2, we have

Il fllexpry = sup A1
ExpL 1< peoo - 1( ) p
—-1/2
<3 sup ||f l
1< p<oo b l pee
-1/2
<3 sup ”fzakrk

1< p<c0 Y77 (p) ||<ak)|| 2<1

=3 sup
a2 <1 1<p<oo<i) (p)

| E ]

= f”A(R,ExpL‘f’)'

Hf Zakrk

X

II(ak)sz <1

The space Exp? is a Marcinkiewicz spacé/ () for ¢(t) = t¢*(logY?(e/1)) [17].
Direct computation shows,, > 0. Thus, Corollary 4.5 implies that Sy(BxpL?) is

a Marcinkiewicz space. Sincg/2/¢~1(r) is decreasing, the fundamental function of
Sym(ExpL®) is

110,11 109"%(e/$) I gxpLo

‘PSym(ExpL‘f’)(t)

log'2(e/s) log'/2(e/1)
sup — =— .
o<s<r ¢ ~(log(e/s)) ¢ ~(log(e/1))

X

This coincides with the fundamental function of E&B which is PexprLr (1) = /91

(log*2(e/1)). Since ExpLY is also a Marcinkiewicz space, we have SgExpL?) =
ExpL¥. Hence,A(R, ExpL?) = ExpL¥Y. O

Remark 4.8. The spacesX = ExpL” of functions of pth exponential integrability
are Marcinkiewicz spaces fop(r) = rlog¥?(e/t); Lorentz—Zygmund spaces with
parametersp = ¢ = oo and « = —1/p; and exponential Orlicz spaces Ekf for
¢(t) =t?. In the case G< p < 2, from Theoremd.7 we haveA(R, ExpL?) = ExpL?,
for « = 2p/(2 — p). This result coincides with the one obtained in [10, Theorem 3].
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