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Abstract. We obtain general theorems which enable the calculation of the Banach-Saks index
set for rearrangement invariant function spaces in terms of their Boyd indices. For many impor-
tant classes of rearrangement invariant spaces, the index set is non-trivial if and only if the Boyd
indices of the underlying space are non-trivial, although the latter equivalence does not hold
in full generality. We also study Banach-Saks index sets defined for weakly null sequences of
(identically distributed) independent random variables and their connections with the classical
Banach-Saks index set.

1. Introduction

The classical Banach-Saks theorem [B], Ch.12, Theorem 2 states that every weakly
null sequence x, € L, (1 < p < 00) contains a subsequence {x,,} C {x,} such
that

m
11
1) i, < Cm™p2 (1.1)
k=1

for every m € N. The exponent max (2, %) is exact for every p € (1, 00). For
p € (2, 00) the estimate (1.1) also follows from [KP]. This theorem leads to the
following definitions.

Let X be a Banach space and p > 1. A bounded sequence {x,} C X is called
a p-BS-sequence (BS-sequence) if there exists a subsequence {y,} C {x,} such

S.V. ASTASHKIN

Department of Mathematics, Samara State University, Samara, Russia

(e-mail: astashkn@ssu.samara.ru)

E.M. SEMENOV*

Department of Mathematics, Voronezh State University, Universitetskaya pl.1, Voronezh,
394006, Russia (e-mail: root@func.vsu.ru)

F.A. SUKOCHEV**

School of Informatics and Engineering, Flinders University, Bedford Park, SA 5042, Australia
(e-mail: sukochev@infoeng.flinders.edu.au)

* Research supported by the RFFI and “Universities of Russia” grant.

**Research supported by the Australian Research Council.


Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.
You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.

GENERAL ----------------------------------------
File Options:
     Compatibility: PDF 1.2
     Optimize For Fast Web View: Yes
     Embed Thumbnails: Yes
     Auto-Rotate Pages: No
     Distill From Page: 1
     Distill To Page: All Pages
     Binding: Left
     Resolution: [ 600 600 ] dpi
     Paper Size: [ 595 842 ] Point

COMPRESSION ----------------------------------------
Color Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Grayscale Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Monochrome Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 600 dpi
     Downsampling For Images Above: 900 dpi
     Compression: Yes
     Compression Type: CCITT
     CCITT Group: 4
     Anti-Alias To Gray: No

     Compress Text and Line Art: Yes

FONTS ----------------------------------------
     Embed All Fonts: Yes
     Subset Embedded Fonts: No
     When Embedding Fails: Warn and Continue
Embedding:
     Always Embed: [ ]
     Never Embed: [ ]

COLOR ----------------------------------------
Color Management Policies:
     Color Conversion Strategy: Convert All Colors to sRGB
     Intent: Default
Working Spaces:
     Grayscale ICC Profile: 
     RGB ICC Profile: sRGB IEC61966-2.1
     CMYK ICC Profile: U.S. Web Coated (SWOP) v2
Device-Dependent Data:
     Preserve Overprint Settings: Yes
     Preserve Under Color Removal and Black Generation: Yes
     Transfer Functions: Apply
     Preserve Halftone Information: Yes

ADVANCED ----------------------------------------
Options:
     Use Prologue.ps and Epilogue.ps: No
     Allow PostScript File To Override Job Options: Yes
     Preserve Level 2 copypage Semantics: Yes
     Save Portable Job Ticket Inside PDF File: No
     Illustrator Overprint Mode: Yes
     Convert Gradients To Smooth Shades: No
     ASCII Format: No
Document Structuring Conventions (DSC):
     Process DSC Comments: No

OTHERS ----------------------------------------
     Distiller Core Version: 5000
     Use ZIP Compression: Yes
     Deactivate Optimization: No
     Image Memory: 524288 Byte
     Anti-Alias Color Images: No
     Anti-Alias Grayscale Images: No
     Convert Images (< 257 Colors) To Indexed Color Space: Yes
     sRGB ICC Profile: sRGB IEC61966-2.1

END OF REPORT ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments false
     /DoThumbnails true
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize true
     /ParseDSCCommentsForDocInfo false
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue false
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.2
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends false
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo false
     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /sRGB
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 150
     /EndPage -1
     /AutoPositionEPSFiles false
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 600
     /AutoFilterGrayImages true
     /AlwaysEmbed [ ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 150
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 576.0 792.0 ]
     /HWResolution [ 600 600 ]
>> setpagedevice


880 S.V. Astashkin et al.

that

1w &
C=supm 7|y yllx < o0 (mll_gf;ozng)’kux—o)-

meN k=1

Following [J], [Ro], [Ra] we say that X has the p-BS-property (the BS-property)
and we write X € BS(p) (X € BYS) if each weakly null sequence contains a
p-BS-sequence (BS-sequence). Clearly, every Banach space has 1-BS-property.
The set

F'X)={p: p>1, X € BS(p)}

is said to be the index set of X, and is of the form [1, @], or [1, @) for some
o = o(X). This number «o(X) is called the Banach-Saks index of X. Thus, it
follows from (1.1) that I'(L,) = [1, min(p, 2)] for any p € (1, c0) and it is
established in [B], Ch. 12, Theorem 3 that I'(/,) = [1, p] for 1 < p < o0 and
['(co) = T'(l}) =[1, 00). A number of articles study the BS- and p-BS-properties
in symmetric (or rearrangement invariant) function and sequence spaces ([Ra],
[KO], [Ba], [DSS], [SS]). In particular, for (normed) Lorentz function spaces
L, 4, thesetI'(L, ;) is completely described in [SS] for all pairs p, g € [1, o0]
and the description of all Orlicz and Lorentz spaces possessing the BS-property
is obtained in [DSS].

In this article we study the index set of separable rearrangement invariant
(=r.i.) spaces. It should be noted that any r.i. Banach space with the BS-property
(and moreover, with the p-BS-property) is necessarily separable. Indeed, if a r.i.
space X is non-separable, then it contains the universal space [, as a subspace.
Since the latter space contains a further subspace without the BS-property, and
since the BS-property is inherited by subspaces, we see that the space X itself
does not possess the BS-property. The main focus of this article is the description
of the set I'(X) in terms of more familiar function space indices. In particular, our
main results in Section 4 show that there is a non-trivial connection with the (so-
called) Boyd indices of the underlying r.i. Banach function space. In fact, for the
familiar classes of Orlicz, Lorentz and (separable parts of) Marcinkiewicz spaces,
the index set is non-trivial (i.e. different from {1}) if and only if the Boyd indi-
ces of the underlying space are non-trivial (Corollaries 4.8- 4.10). On the other
hand, the latter equivalence fails in the class of all r.i. spaces (Theorem 4.11).
We also study the question for which r.i. spaces X, the set I'(X) coincides with
its counterparts defined for all weakly null sequences of (identically distributed)
independent random variables. This question has a precise answer in terms of
Boyd indices (Theorem 4.4, Corollary 4.6 and Proposition 4.12). We also charac-
terize (Theorems 4.3, 4.5 and remark following Proposition 4.12) the connection
between the set I"(X) and its counterpart defined for all weakly null sequences of
disjointly supported elements.
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2. Definitions and preliminaries

A Banach space (X, || - ||, ) of real-valued Lebesgue measurable functions (with
identification A-a.e.) on the interval J, where J = [0, 1], orelse J = [0, o0) will
be called rearrangement invariant if

(i). X is an ideal lattice, that is, if y € X, and if x is any measurable function on
JwithO < |x| < |y|thenx € X and ||x]|, < [|¥l,;

(i1). X is rearrangement invariant in the sense that if y € X, and if x is any mea-
surable function on J with x* = y*, then x € X and ||x|, = [ly|l,.

Here, A denotes Lebesgue measure and x* denotes the non-increasing, right-
continuous rearrangement of x given by

O =inf{s>0:A{|x|>s) <t}, t>0.

For basic properties of rearrangement invariant spaces, we refer to the mono-
graphs [KPS], [LT]. We note that for any rearrangement invariant (=r.i.) space
X = X|[0, co) (resp., X = X[0, 1])

LiNLyl0,00) € X C Li+ Ly[0,00), (resp. Loo[0,1]1 € X C L]0, 1])

with continuous embeddings [KPS] (see definitions of the sum and the intersection
of Banach spaces forming a Banach couple below in this section).

Let X be ar. 1. space on [0, 1]. We shall also work with a r.i. space X ([0, 1] x
[0, 1]) of measurable functions on the rectangle [0, 1] x [0, 1] given by

X([0,1] x [0,1]) :={f € L1 ([0, 1] x [0, 1]) : f* € X},
”f”X([(),l]x[O,l]) = ||f*||x-

Here, the decreasing rearrangement f* is calculated with respect to product Le-
besgue measure on the square [0, 1] x [0, 1]. It is well known that there exists
an isometric isomorphism between r.i. spaces X and X ([0, 1] x [0, 1]). If x, y €
L0, 1], then (x ® y)(t,s) = x(¢)y(s) belongs to L([0, 1] x [0, 1]) and ||x ®
yliz, = lIxllL, IyllL, forevery x,y € L, 1< p < oo,

Let (2, F, P) be a probability space, let {F,};2, be an increasing sequence
of o-algebras, 7, C F, n > 0. A sequence of random variables {d,}>, <
L(2, F, P) is said to be a martingale difference sequence (with respect to
{Futny)s if dj, is F,-measurable and the mathematical expectation E(d,1|F,)
vanishes for every n > 0.

The Kothe dual X of an r.i. space X on the interval J consists of all measur-
able functions y for which

IVl = Sup{/ x@y®ldt : x € X, |x]ly =1} < oo0.
J
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Basic properties of Kothe duality may be found in [LT] and [KPS] (where the
Kothe dual is called the associate space). If X* denotes the Banach dual of X, it
is known that X* C X* and X* = X™ if and only if the norm || - ||, is order-
continuous, i.e. from {x,} € X, x, |}, O, it follows that ||x, |, — 0. We note that
the norm || - ||, of the rearrangement invariant space X on J is order-continuous if
and only if X is separable. An r.i. space X on J is said to have the Fatou property
if whenever {f,},., € X and f measurable on J satisfy f, — f a.e.on J and
sup, || full, < oo,itfollowsthat f € X and || f|, < liminf,_ o || full,. Itis well
known that the rearrangement invariant space X has the Fatou property if and only
if the natural embedding of X into its Kothe bidual X ** is a surjective isometry.
Such spaces are called maximal. In this paper, we shall only consider separable
and/or maximal r.i. spaces X. In this case, the natural embedding X <— X** is
isometric. We denote by (X), the closure of Lo, (if J = [0, 1]) or L; [ L (if
J = [0, 00)) in X. The space (X)y is a r.i. subspace of X. We denote L[0, o0)
the closure of L{[0, c0) N L[0, 00) in L + L[0, 00).
Recall that for 0 < t < oo, the dilation operator o, is defined by setting

x()=x(t/7), if J=][0,00)
and, when J = [0, 1], by setting

x(t/t), 0 <t <min(l, 7)
0, min(l,7) <t < 1.

o:x(t) = {

Operators o, are bounded in every r.i. space X. The numbers «y and Sx given by

. Anflocllx . Inflorllx
ay ;= lim ————, By := lim ————
=0 Int =00 Int
belong to the closed interval [0, 1] and are called the Boyd indices of X (see
[KPS]). The Boyd indices of a given r.i. space X are said to be non-trivial if
O<ay <pBx < 1.
Letusrecall some classical examples of r.i. spaces on [0, 1]. Denote by €2 the set

of all increasing concave functions on [0, 1] with ¢(0) = ¢(+0) = liI‘I(l) ﬁ =0.
—
Each function ¢ € Q2 generates the Lorentz space A(¢) endowed with the norm

1

1l = f X (Do),

0

and the Marcinkiewicz space M (¢) endowed with the norm

T

1

[lx|] = su —/x*(t)dt 2.1
M@ O<r§l ‘P(T) o
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The space M (¢) is not separable, but the space
1 T
x € M(p): lim — /x*(t)dt =0
=0 ¢(7)
0

endowed with the norm (2.1) is a separable r.i. space which, in fact, coincides
with the space (M (¢))o.

Let M(t) be a convex function on [0, o0) such that M(t) > O forallr > O
and such that

. M@ . t
0=MQO) =lim —— = lim ——
t—0 t t—o00 M(t)

Denote by L, the Orlicz space on [0, 1] (see e.g. [LT], [KPS]) endowed with the
norm

1
Ix|lz, = inf{A: A >0, /M(lx(t)l/k)dt <1}
0

Throughout this paper, we denote by 7() = (X0, X1) a (compatible) Banach
couple [KPS], [LT]. The sum Xy + X and the intersection X¢ N X; are equipped
with the usual norms:

lx Nl xo+x, = inf{[lxollx, + lIx1llx, : x = x0 + x1, X0 € Xo, x1 € X1},

lxlIxonx, = max{[lx|lx,, llxlx,}.
The K -functional K (¢, x; 7()) is defined for x € Xy + X; and ¢ > O by setting

—
K, x; X)=K(,x; Xo, X1)
= inf{||xollx, + llx1llx, : x = xo + x1, x0 € Xo, x1 € X1}.

It will be sometimes convenient to write K (¢, x) = K (¢, x; 7) for brevity, and
this should cause no confusion in the sequel.

Let ® be a Banach lattice over ((0, 00), %) satisfying the condition min(1, ¢) €
®. Denote by (Xo, Xl)g the set of all elements x € Xy+ X such that K (¢, x, Xy,
X1) € ® endowed with the norm

”x”(Xo,Xl)g =K, X)lo.

It is well known that (X, X 1)35 is an interpolation functor (see e.g. [BK]
3.3.12). The latter means, in particular, that if 7() = (Xo, X;) and 7 = (Yp, 1)
are two Banach couples, then any bounded linear operator A : Xo+X; — Yp+1)
which maps X; boundedly into Y¥;, (i =0, 1) also maps X = (Xo, X l)g bound-
edly into Y = (Yo, ¥1)X and
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IAllzx,y) < max I ANl zcx: v

(here, the symbol L(E, F) denotes the set of all linear bounded operators from
a Banach space E to a Banach space F'). This interpolation method is called the
K -method and the lattice ® is called the parameter of the K-method.

For a given Banach couple 7() = (Xo, X1), denote by Int(Xg, X;) the set of
all interpolation spaces with respect to X . For every X € Int(Xy, X;), we have,
in particular, Xo N X; € X € Xy + Xi.

A couple of Banach spaces 7() = (Xo, X) is said to be a K-couple, if there
exists aconstant C > 0, such that forany x, y € Xo+ X, with K (¢, x) < K(t, y),
t € (0, 00), there exists a bounded operator A : Xg + X; — X + X, such that
x = Ay and such that A € L(Xg, Xy), L(X, X;) with max Al zx;.x) < C.

If X is an r.i. space on [0, 1] and oy > % (respectively, By < %) then X is an
interpolation space for the pair (L, L,) (respectively, (L2, L)) [AM].

We denote by x.(¢) the characteristic function of a measurable set e C [0, 00)
and by supp(f) the support of a measurable function f.

3. Auxiliary results

For every n € N we consider a sublinear operator acting from L;(0, o) +
Lo (0, 00) into L{(0, 1) given by

1

Bux(t) = (sz(t+k— 1)) ,0<t<1.

k=1

Lemma 3.1. B, maps L,(0, co) boundedly into L,(0, 1) and (L + L»)(0, 00)
into L1(0, 1); in both cases |B,|| = 1, Yn € N.

Proof. Since for every x € L,(0, c0)
| BuxllLi0.1) < l1BuXllLy0.1) = 11X £500.00)»
and for every x € L(0, 00)
1 BuxllLi0.1) = XL 0.00)5

we get

1BuxllL,0.1) = IxllLi+L2)0.00)- O
Lemma 3.2. The equality

(Xo + X1, X1)g = (Xo, X1)g + X1

holds for any Banach couple X = (Xo, X1) and any parameter ® of the
K-method.
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The proof of this lemma is based on the formula

K, x; Xo, X1), t <1
K, x1; Xo+ X1, X1) =
K (1, x; Xo, X1), t>1,

we omit further details.

Let X be an r.i. space. Following [LT] 2.f, we denote by X the r.i. space on
[0, 00) consisting of all functions x € (L + L)[0, 0o) for which x*x,1) € X
and x* x(1,00) € L2 endowed with the following quasi-norm

lxllx = lx*xo,0llx + 11X X(1,00) [l -

It is known that || - || v is equivalent to a norm. Therefore there exists a constant
C > 0 such that

lx + ylla = Clixllx + lIyllx)

for any x, y € X. The following lemma shows that the correspondence X — X
is compatible with the operation of taking the Kothe dual.

Lemma 3.3. If X is a separable r.i. space on [0, 1] and Y is its Kothe dual X*,
then Y = X*.

The proof is routine and therefore is omitted.

For any given sequence {x,},>1 C X, wesetx, (1) = x,(t—n)ift € (n,n+1)
and x,,(¢) = 0ift ¢ (n,n+ 1), n € N. Clearly, {X,},>1 is a sequence of pairwise
disjoint elements from A" such that x;) = X,,* foralln € N.

Lemma 3.4. If X is a separable r.i. space on [0, 1] and {x,},>1 € X is a weakly
null sequence in X, then {x,},>1 is a weakly null sequence in X.

Proof. Suppose g € X*. Then we can split g = gxa + h where A(A) = 1,
f =gxa € X*(A) and h € (Lo N Ly)[0, 00). Then, there exists a sequence

{hn}nzl c Loo(o, l) such that

00 1 B
/ )_Cnh - / xnhn’ n = 1
0 0

and > ||ﬁn||% < 00, sup ||13,1||OQ < o00. Since (x,);2; is weakly compact in L,

given € > 0 there exists a decomposition x, = y, + z, where ||z,l» < M(€) and
lyxll1 < €.Itis easy to check that

1
/ xnﬁn — 0.
0
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It remains to check f0°° fx, — 0. Welet f,(¢) = f(n+1t)for0 <t <1and

note that
00 1
/ f)_cn :/ fnxn-
0 0

Now f,x, — 0 a.e. since the sum of the measures of the supports of the f;’s is
at most one. If we do not have convergence to 0 then we can find a subsequence
(ny) and disjoint sets (By) so that

/ fnk Xny
By

Let F = ), fuxs, sothat F € X* and Fx, — 0 weakly in L;. We then
contradict the standard criteria for weak compactness in L. O

>e>0 k=1,2,....

Lemma 3.5. If X a separable r.i. space on [0, 1] and X € Int(L, L;), then there
exists a constant C > 0 such that

n n
1> uilly < CIY @l
i=1 i=1

for any sequence of martingale differences {u;}}_, C X and any integer n € N.

Proof. Since (L, L,) is a K-couple [BK], 4.4.38, it follows from [BK], 3.3.20
that there exists a parameter ® of K-method such that

(L1, L)X = X.
We claim that
X =X + L,[0, 00), 3.1

where X = X[0,00) = (L;[0, 00), L1[0, 00))X. To see the validity of our
claim, first note that by the assumption L,[0, 1] € X, and this easily implies that
L>[0, 00) € X. To see that X C X, fix an element x € X and observe that for
every t € [0, 1], we have

K (t, x* x0,17; L110, 00), L1[0, 00)) = K (t, x* x[0,17; L110, 11, L»[0, 1]).

It follows that x*xj0,17 € X. Since x € (L; + L»)[0, 00), we easily see that
X*X1.00] € L2[0, 00). Thus, x € X, and we have established that X + L, [0, co) C
X. Since the inverse embedding trivially follows from the definition of X, our
claim is proved.

Since the K-method interpolates sublinear operators [BK], Corollary 3.3.12,
it follows from (3.1) and Lemmas 3.1 and 3.2 that the operator B, acts from X
into X for any n € N and

sup || Bullzcx,x) = C1 < o0.
neN
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In other words, for any sequence {x;}7_;, € X we have

1
n 2 n
[ (Zx?) lx < Cill Y Fllx (3.2)
i=1 i=1
Since, by the assumption, X € Int(L,, L,) we have ay > % (see e.g. [LT2],
Proposition 2.b.13). Therefore, it follows from [JS1], Theorem 3 that

n 1
2
1> willx = Call (3 u?) lx
i=1

for any sequence of martingale differences {u;}7_; € X and some constant C, >
0. Combining this fact with (3.2), we obtain the assertion of Lemma 3.5. O

The following lemma establishes a variant of (so-called) subsequence splitting
property for separable r.i. spaces which do not necessarily have the Fatou property.
For maximal r.i. spaces a subsequence splitting property was earlier established
in [SS] Theorem 3.2 and [DSS] Proposition 3.2.

Lemma 3.6. If X is a separable r.i. space on [0, 1] or [0, 00) and {x,},>1 C X,
lx:llx <1, n €N, then

(1). There exist a function u € X**, |ullxxx < 1, a subsequence {y,},>1 C
{xn}n>1 and sequences {uy}p>1, {Vntns1, (Waln>1 € X such that y, = u, +
v, + w,, n € Nand
HDu; <u, neN;
2) vy,’s are pairwise disjoint and sup ||v,||x < 2;
n

3) lim [lw,llx = 0.
n—00

(ii). If, in addition, the sequence {xy},>1 is weakly null and X* < Ly[0, oo) (in
particular, if X is a ri. space on (0, 1)), then the sequences {u,}n>1, {Vn}n>1
may be chosen to be weakly null as well.

The proof is omitted since it is very similar to previous results which are quoted.
Letn € N, wy, w, ...w, be a sequence of measure preserving transformations
of [0, 1] and

Anx(t) = (Z x2<wk<z>)>

k=1

Lemma 3.7. Let 1 < p <2, X be an r.i. space on [0, 1] and 0 < axy < Bx < %
Then

1
[Anxlx = Cnrllx]lx (3.3)

where C does not dependon x € X,n € N, w{, wa, ...w,.
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Proof. The estimate
11
1AL, < Cqn™ 2@ x]ly,

was proved in Lemma 5.3 [SS] for any ¢ € [1, oo]. Applying the interpolation
theorem 2.b.11 [LT] and remark after it to the pair ¢ = p and ¢ = oo and
quasi-linear operator A, we get (3.3). O

We denote by {r,,},2 | the usual Rademacher system on [0, 1] defined by setting
r,(t) = sgn sin(2"zt), te€[0,1].

Lemma 3.8. If {x,},>1 is a weakly null sequence in a separable r.i. space X on
[0, 1], then any sequence {y,},>1, where y, = z, @ I, z)) = X, n > 1 is weakly
null in X ([0, 1] x [0, 1]).

Proof. The set {y,},>1 is relatively weakly compact for every r.i. space X on [0, 1]
(see [DScS], Proposition 2.1 (v)). If X # Ly, then (X*)g is a separable r.i. space
such that (X*)j = X**, therefore, we may say that the set {y,},> is relatively
o (X>*([0, 1] x [0, 1]), (X*)o([O0, 1] x [0, 1]))-compact, and furthermore there
exists a subsequence {u, },>1 C {yn}n>1 and u € X>*([0, 1] x [0, 1]) such that

o (X ([0, 1] x [0, 1]), (X™)o([0, 1] x [0, 1])) — lim u, = u.

The same argument as in Lemma 3.4 [SS] now shows that ¥ = 0. This com-
pletes the proof in the case when X # L. The case X = L, is dealt with in
a similar fashion: the existence of a weakly convergent subsequence {u,},>; C
{yu}n>1 converging to some element u € L[0, 1] x [0, 1]) is then guaranteed
by the Eberlein-Smulian theorem and by the weak sequential completeness of
L-spaces. |

4. Index sets

In this section we present the main results of this article which concern the descrip-
tion of the index set I'(X) of a separable r.i. space X and its connection with the
Boyd indices ax, Bx of X. Along with the set I'(X), we consider also the follow-
ing three index sets. We denote by ['4(X) the set of all positive real p such that,
for every weakly null sequence {x,},>; € X of pairwise disjoint elements, there
exists a subsequence {y,},>1 such that

2 n
k=1

Similarly, if in the preceding definition we replace weakly null sequences of pair-
wise disjoint elements by weakly null sequences of independent random variables

(respectively, by weakly null sequences of independent identically distributed
random variables), we obtain the sets I';j(X) (respectively, ['jq(X)).

_1
supm ? < 00.

meN

X
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Lemma 4.1. If X is a separable r.i. space on [0, 1], then
@). I'X) cTiX) < ia(X) < [1,2].
(). T(X) € Ta(X).
Proof.  (1). The embeddings I'(X) C Tj(X) < Tjig(X) are obvious. The
embedding I'jq(X) C [1, 2] follows from the proof of [SS], Lemma 4.1.

(ii). Let {x;};>1 be a normalized weakly null sequence of pairwise disjointly
supported functions from X. It follows from Lemma 3.8 that there exists a weakly
null sequence of independent random variables z; () C X such that z7 = x} for
every n € N. By [JS2] Lemma 3, there exists a constant C > 0 such that

1 xilly < CIY il
iel iel
for every finite subset / C N. If p € I'j(X), then there exists a subsequence
{ix} C N such that

n
1
supn 7 || ZZika <00
neN k=1

Hence
| n
supn” 7| Y xyllx < oo
neN k=1
This proves that p € I'q(X). O

Theorem 4.2. If X is a separable r.i. space and p € (1, 2], then

D). pel'X)= ax>0;

(). peliX)= fx=<1.
Proof. (i). Let p € (1, 2] belong to I'(X) and suppose, on the contrary, that
ayx = 0. It follows from [LT], 2.b.7 that for every k € N, there exists a sequence
{x; }l.zil of pairwise disjoint equidistributed random variables from X such that for
any scalars {ai}?il

2k 3

max |ai| < || ) aixilly <5 max |ai (4.1)

1<i<2k = 1<i<2k

For every k € N, we consider the sequence {y;k)}i‘;l C X ([0, 1] x [0, 1]) given
by '
2k
YO ) =Y rpg()xi(t), j=1,2, ..
i=1
Therighthand side of (4.1) implies that, forall k, j € N, wehave ||y§k)||x([0,1]x[0,1])

< % It follows from [SS] Lemma 3.4 that { y;.k)}fl?"zl is a weakly null sequence in
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X ([0, 1] x [0, 1]). We claim that for any subsequence {yj )}g> - {y; )}]>1 the
inequality

(k) > k(e — 1)

e

4.2)

X ([0,1]1x[0,1])

holds for all sufficiently large k € N. Suppose for a moment that (4.2) is already
established. To see that (4.2) leads to the contradiction with the assumption p €
I'(X), we note first that this assumption together with [SS] Lemma 4.2 yields the
existence of a constant C > 0, such that any weakly null sequence {y;}72, C
X with |yillx < % contains a subsequence {y; }5, € {y;}72, for which the
inequality

<C

Z | =
holds. Taking into account the facts that the r.i. spaces X and X ([0, 1] x [0, 1]) are
isometric and that (4.1) holds for an arbitrary k € N, we arrive at the contradiction
with the inequality above. Thus, to complete the proof of the first part of Theorem
4.2, it is sufficient to verify (4.2). It is clear from the definition of the sequences
{y jk) 192 1, k € N that it is sufficient to make such a verification only for the case

supk ’
keN

j=r
Jjs =5, s > 1. We set for brevity
2k 2
(s, 1) = Zy(% D= g ©x(t) = Z > r() | i)
j=1i=1 i=1 \neQ;

where Q; = {2f'+k +i}L,, i =1,...,2% Obviously | Q;| = 2k and since 2/ +
1 > 2K 4 2M=1 (j > 1), wehave Q; () Q; = @, forany i,l = 1, ..., 2% such
that i #£ [. It is well known, that

rlselo,1]: Zrn(s) >kV >0k
neQ

2](
forany Q C N, |Q| = 2k. Since the system { > rn} consists of independent
neQ; i=1
random variables, we get

A 3§ max Zrn(s) <k

1<i<2k

neQ;

=TT [1-2{s: > | =k} | <@ -2’

1<i<2k neQ;

k
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in particular, for all £’s

1
A : max » >k >1—-—. 4.3
s: max > )] = (4.3)

neQ;

We now set

Ej=={s€[0.1]: max |y r)|=|> m@|¢. j=12...2"

1<i<2k
St= neQ; neQ;

Without loss of generality, may assume that £;’s are chosen to be pairwise disjoint
and that A <Uf; Ej) > 1—1 (see (4.3)). Letus also set for brevity F; := supp(x;),

e

and note that F;NF; = @foralli # j,i,j=1,2,..., 2k Note further, that it fol-
lows from the definition of sets E;’s and from (4.3) that forevery iy = 1,2, ..., 2k
and every point (s, t) € E;; x Fj,, we have

2k
(s, O = Y| D rals) | xe, )% (O xE, ()| = k |xE,.0 ()i (D xF, (1)) -

i=1 \neQ;
Since (E; x F;)N(E; x F;) =@ foralli # j,i, j =1,2,...,2*% we infer from
the above that

s = ot t,

2205, D] = 2205, DXt g 159)]

2k
> k| xeOx@Oxr @), Yt s) €0, 1] x [0, 1]
i=1
and further (recalling the definition of sets F;’s) that
2k
lz2k 1 x 0, 17x10,17) = & Z XE; (8)x; (1)
i=l1 X([0,11x[0,1])
Since the functions x;’s are equidistributed, then again via (4.3) we get

k{(s,t): >r}:

2k 2k
=Y M) > TIAE) = MIx1 ()] > 1} 2 ME) > Mlx (1) > 7} - &L
i=1 i=1

2k
XE; ($)x;(t)
=1

1

for all T > 0. Since ||x;||x > 1 (see (4.1)), we obtain (4.2)

k(e—1) k(e—1)
|2k 1 x 0, 11x10,1)) = kllO(e—1)e-1X1llx > T”xlﬂx > Y

This completes the proof of the inequality ax > 0.
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(i1). Let p € (1, 2] belong to I'j(X). Fix a positive integer n, an element
0 <x e X with |lx||lx = 1 and supp(x) C (0, %). Let {yx};_, be a sequence
of equidistributed copies of x such that supp(y,) C kn;l %). Furthermore, let
{xt}z=, € X be a weakly null sequence of independent random variables such
that |x;| is equimeasurable with x(¢) for each k € N (we can construct such a

sequence via [SS] Lemma 3.4). By [JS2] Lemma 3, we have

,\{z D ) > r} < 2)\{: DY x> r}
k=1

k=1
for every T > 0. Hence

n

Z)’k

k=1

<2
X

lonxlx =

n
2
k=1

X
Observe that

n n
Dn| =2

forany sequence {i;};~; € N. Using this observation together with the assumption
that p € I'i(X), we get

X X

n
1
| E Xellx < Cnb
k=1
for some C > 0 and every n € N. Hence,

1
lowxllx <2Cn?, VneN

It follows from the definition of the dilation operators o, that the norm of the
operator g,,, n € N in X is attained for some x € X such that A{supp(x)} < %
Therefore

1
lonllx—x <2Cn»

for every n € N. This means that Sy < % O
Theorem 4.2 gives the best possible estimate of the Boyd indices of a r.i. space
X in the terms of the set I'(X). Indeed, if X = L ,(1 < p < 2), then By = % if

X=L,2<p<o0),thenay = .

Theorem 4.3. Let X be a separable r.i. space on [0, 1] such that ax > % and let
p € (1,2]. The following conditions are equivalent

®. pelX);
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(). peTaX);
(iii). peTX).

Proof. If p € T'(X), then Lemma 4.1(i) and Theorem 4.2(ii) show that 8y <
% < 1, in particular, the Boyd indices of X are non-trivial. By [LT] 2.f.1, this
implies that the Banach spaces X and X’ are isomorphic. Consequently, p € I'(X).
This proves the implication (i) = (iii). The implication (iii) = (ii) is triv-
ial. Therefore, to complete the proof it is sufficient to establish the implication
(ii) = (i). To this end, assume that p € I'q(X) and that {x;} C X is a weakly
null sequence such that ||x;||x < 1,i € N. It follows from the proof of Theorem
4.3 in [SS], that there exists a subsequence {x;,} C {x;}, admitting the decomposi-
tion x;, = u; + v;, where {u;} is a weakly null sequence of martingale differences
and ||v;|| <27, i € N. It follows from Lemma 3.4, that the sequence {u;}%2, is
weakly null in X. Since p € I'q(&X), there exists a subsequence {u; } C {%;} such
that

n

— 1

1Y w,llx < Cinv
s=1

for some C; > 0 and every n € N. By the assumption % <ay < Bx <1, we
may use Lemma 3.5, which yields (for some C > 0)

n n
_ 1
l E uillx < Cl| E uilx <CCnnv, Vnel.
s=1 s=1

Hence
1Y xillx <Y uillx + 1) villx
s=1 s=1 s=1
<CCin? +1<(CC + Dn?, VneN
In other words, p € I'(X) and this completes the proof of Theorem 4.3. O.

An inspection of the proof of Theorem 4.3 shows that each of the assumptions
(1), (i), (iii) above is equivalent to

(iv). for every weakly null sequence {x,} C X of pairwise disjoint elements
with A{supp(x,)} < 1 for every n € N, there exists a subsequence {x,,} C {x,}
such that

_1
supm’” 7
meN

<00 (4.4)

m
D
k=1

Theorem 4.4. If X is a separable r.i. space on [0, 1] with ay > % then I'(X) =
I (X).

X
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Proof. By Lemma 4.1(i), Theorem 4.3 and remark thereafter, it is sufficient to
prove that condition (iv) above holds for any p € I'j(X). Fix an arbitrary sequence
{xn}n>1 C X satisfying the assumptionin (iv). By Lemma 3.8 there exists a weakly
null sequence of independent random variables {y,} € X such that |y, | is equidis-

1
tributed with |x,, | and f yu(t)dt = 0 for every n € N. The assumption p € I';(X)
0

implies that

Ll
supm™ 7| Yy llx < 00 (4.5)
meN k=1
for some subsequence {y,, }i>1 C {¥Yn}n>1- By [JS2] Lemma 3, there exists a
constant C > 0, which depends on the space X only such that

m m
1> " xulle < CID vnellx
k=1 k=1

for every m € N. It follows from this estimate and (4.5) that (4.4) is satisfied. This
proves that p € I'(X) and completes the proof of Theorem 4.4. O

Our next result describes the index set I'(X) of r.i. spaces X with non-trivial
Boyd indices via its index set for disjointly supported sequences ['q(X).

Theorem 4.5. If X is a separable r.i. space on [0, 1] with 0 < ay < Bx < %,

where p € T'q(X), 1 < p <2, then p € I'(X).

Proof. Thanks to Lemma 4.1, it is sufficient to show that p € I'(X), whenever
p € Ta(X)(NI1,2]. Let {xx}x>1 € X be a weakly null sequence with ||x;|lx < 1,
k > 1. Using Lemma 3.6, we select a subsequence {y;} C {xx}, a weakly null
sequence {ur}r>1 € X, a weakly null sequence {vi}x>1 € X of pairwise dis-
joint functions, a sequence {wi}r>1 € X with Z,fil lwellx < 1 and a function
u € X** with |lu||xxx < 1 such that

Ve =up + v +wi, up<u, kel (4.6)
Thanks to the assumption on p, we may also assume that the sequence {vj}>1 in

(4.6) satisfies the inequality

< Cim? 4.7)

m
D
k=1

for some constant C; > 0 and every m € N. The proof will be complete if we
show a similar estimate for the sequence {u}r>1 in (4.6) (a similar estimate of
this sort for the sequence {wy}r>1 in (4.6) is trivially satisfied). To this end, using
[SS] Theorem 4.3 (and its proof), we may (and shall) assume that the sequence
{ur}r>1 in (4.6) admits the splitting

X
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uy =ay+by, keN (4.8)

where {a;}i=1 C X is a sequence of martingale differences and ||b; | x < 27 for
each k € N. In other words, the decomposition (4.6) may be rewritten as

Vi =ap +v+ (b +wi), kel 4.9)

We claim that there exists a constant C4 > 0 such that
m

D a

k=1

Again, since a similar estimate of this sort for the sequence {by + wi}x>1 in (4.9)
is trivially satisfied, the estimates (4.7) and (4.10) suffice to complete the proof
of Theorem 4.5. To prove (4.10), we first shall apply [JS1] Theorem 3 to the
sequence of martingale differences {ay}>1 (we may do so, thanks to the assump-
tion oy > 0). By that theorem, there exists a constant C, > 0, such that

1
m 2
< (C, (Za,%) , VYmeN
k=1

X = X

<Cym?, VmeN, (4.10)
X

m

D

k=1

Next, we observe that the assumption on the sequence {b};>; in (4.8) imply that
1 1 1
m 2 m 2 m 2
(Z b,%) (Z a,%) (Z ui) + 1. Thus,
k=1 k=1 k=1 ¥

1
m 2
<G (Zui) +1|, VmeN. 4.11)
X

k=1 x

< 1, and so <

X

m
D a
k=1
1
m 2

(Z u%) from above, we first note that for any given inte-
k=1

X

ger m € N, there exists a sequence iy, U, ..., U, < X such that the functions
ur = ﬁj‘ forall 1 <i,j <mandu; <uj <u*forallk =1,2,..m. Clearly,

it follows from the assumption |lu|/xxx < 1 and the inequality u} < wu* that

()

out loss of generality, that u} = uj‘ forall1 <i,j < mand |lu)||lx < 1. By

X

Now, to estimate

1
2

llZ1]|x < 1. Thus, to estimate from above, we may assume with-

Lemma 3.7, the assumption 0 < oy < fx < %, 1 < p <2 guarantees that there
exists a constant C3 > 0 depending on X only, such that

1
m 2
(Z ui) < Cgm% Vm € N. 4.12)

k=1 X
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Combining (4.11) and (4.12), we deduce (4.10) with C4 = C»(Cs + 1). This
completes the proof of Theorem 4.5. o.

Corollary 4.6. If X is a separable r.i. space on [0, 1] with 0 < axy < Bx < %,
then

['(X) = IN(X) = Ta(X) ﬂ[l, 2]

Since 1 € T'(X) (respectively, 1 € I'q(X)) for any r.i. space X, we shall
say that I'(X) (respectively, ['q4(X)) is non-trivial if I'(X) # {1} (respectively,
[4(X) # 1). Using Theorems 4.2 and 4.5 we get

Corollary 4.7. Let X be a separable r.i. space on [0, 1]. The set I (X) is non-trivial
if and only if the set I'q(X) and the Boyd indices of X are non-trivial.

Now we shall specialize the result of Corollary 4.7 to the key classes of r.i.
spaces.

Corollary 4.8. Let ¢ € Q2 and A(p) be the corresponding Lorentz space. The set
['(A(@)) is non-trivial if and only if the Boyd indices of A(g) are non-trivial. In

this case
[1, min (L 2)) c I'(A(p)) C [1, min ( ! ,2)]
Bap) Ba)

Proof. 1f the set '(A(¢)) is non-trivial, then the fact that the Boyd indices of
A (@) are non-trivial follows from Theorem 4.2. On the other hand, assume
that 0 < aaq) and p < for some p € (1,2] (or, equivalently, that

1
Bac)
0 < aa@) =< Baw) < %) Any pairwise disjoint sequence x; € A(¢) such that
0< 1nf lxillac) < sup llxilla¢p) < o0 contains a subsequence equivalent to the

standard basis of [; [CD] Weak convergence in /| coincides with the convergence
in norm, and so any weakly null sequence of pairwise disjoint elements from A (¢)
contains a subsequence which converges in norm. Hence I'q(A(p)) = [1, 00). We
are now in a position to apply Theorem 4.5, which yields p € I'(A(¢)). Finally,
if p € (1, oo0) belongs to I'(A(¢)), then p < 2 ( Lemma 4.1), and, by Theorem

4.2, Bagy) < %. Hence p < min(m, 2]. m]
Both cases /#(@ € I'(A(¢)) and ﬁA;(@ ¢ I'(A(p)) are possible. Indeed, if
@.(t) =1*,0 < 1 < 1, then By(y,) = A by [SS], Theorem 5.9
[1.2], <3
T(A(p)) =4 [12), r=3
(1,11, A>3

Note that an embedding of a Lorentz space A(g) into the scale of L ,-spaces
does not imply the non-triviality of ['(A(¢)). Indeed, for any pair 1 < p; <
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p2 < o0, there exists a Lorentz space A(g) such that L,, C A(p) C L, and
such that the Boyd indices of A(¢) are trivial. Our assertion then follows from
Corollary 4.8.

A bounded disjointly supported sequence from (the separable part of) any
Marcinkiewicz space My(¢), ¢ € 2 contains a subsequence equivalent to the
standard unit basis of ¢y [CD]. Therefore, I'4(My(p)) = [1, co) for each ¢ € 2.
Reasoning as in the proof of Corollary 4.8 we obtain the following result.

Corollary 4.9. Let ¢ € Q2 and M (@) be the corresponding Marcinkiewicz space.
The set T'(My(¢)) is non-trivial if and only if the Boyd indices of My(¢p) are
non-trivial.

It is well known that the Boyd indices of A(¢) and/or My(¢) are non-trivial
if and only if

2t 2t
1 < liminf v(0) < limsupM <2

t—0 o(t) t—0 (1)

Thus, Corollaries 4.8 and 4.9 show that I"'(A(¢)) is non-trivial if and only if
I'(My(¢)) is non-trivial. However, there is a substantial difference in the behavior
of the Banach-Saks property in the spaces A(¢) and My(¢). Indeed, it is proved
in [DSS] that

(i)  A(e) has the BS-property for any ¢ € €2,

(i)  thereexist functions ¢ € 2 such that My(¢) does not have the BS-property.

We now specialize our results to the case of Orlicz spaces.

Corollary 4.10. Let L y; be an Orlicz space on [0, 1]. The set I' (L) is non-trivial
if and only if the Boyd indices of Ly are non-trivial.

Proof. 1t is well known that the Boyd indices of L, are non-trivial if and only if
Ly is p-convex and g-concave for some 1 < p < g < oo [LT], 2.b.5 and 1.£.7.
Applying further [LT] 1.£.3, we infer that in this case the space Ly, is of type
p- Using [Ra], Theorem 1 we get p € I"'(Lys). The converse assertion follows
immediately from Theorem 4.3. O

It is well known that the Boyd indices of an Orlicz space L, are non-trivial
if and only if the space Ly, is reflexive. We also mention that it follows from
Theorem 5.5 (ii) [DSS] that the separable part (L j)o of any non-separable Orlicz
space L, fails the Banach-Saks property.

The results contained in Corollaries 4.8 - 4.10 do not extend to the set of all
separable r.i. spaces.

Theorem 4.11. There exists a separable r.i. space X on [0, 1] with non-trivial
Boyd indices, such that T4(X) = I'(X) = {1}.
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Proof. The space U of Pelczynski, which is universal for all unconditional basis
sequences, has a representation as a separable r.i. space X on [0, 1] (see [LT],
2.g.5). Since U; has an unconditional basis, its Boyd indices are non-trivial [LT],
2.c.6. A. Baernstein has constructed a reflexive Banach space with unconditional
basis and without the BS-property [Ba]. The latter space is contained in U; as a
subspace. Therefore, U; also does not possess the BS-property. Hence I'(X) is
trivial. The fact that the set "4 (X) is also trivial follows now from Corollary 4.7. 0.

Finally, we shall show that the result of Theorem 4.4 (and that of Corollary 4.6)
is sharp.

Proposition 4.12. If X = A(p,), with A =
I'(X).

%, then ax = Bx = % but T'y\(X) #

Proof. The first assertion is well known. Since, by [SS] Theorem 5.9, I'(X) =
[1, 2), the second assertion will be established as soon as we show that 2 € I';(X).
Let {x;}x>1 € X be a weakly null sequence of independent random variables with
lxrllx <1,k > 1. We shall first make an additional assumption that the sequence
{xx}x>1 consists of symmetric random variables. The latter assumption lets us to
apply [JS2] Theorem 1, which asserts that there exists a scalar C > 0 such that

m

>

k=1

m

D%

k=1

<C , meN. (4.13)

X

X

Applying Lemma 3.6, [DSS] Proposition 3.2 and [SS] Lemma 3.1 to the sequence
{xr}r>1 € X, we infer that there exists a subsequence {y}ir>1 € {x¢}r>1, a weakly
null sequence {u}i>1 € X, such that u; = uj, k > 1, |lui||x < 1, a weakly null
sequence {vili>1 € X, ||vkllx < 2, kK > 1 of pairwise disjoint elements, and a
sequence {wy k=1 € X with Y .2, [lwillx < 1 such that

Ve =g+ v +wi, keN. (4.14)

Repeating the same argument as in the proof of Corollary 4.8, we may further
assume that ||vg||x — 0. In particular, (again passing to a subsequence if nec-
essary), we may assume that Z,fil luellx < 1. Passing now to the sequence

{Vite=1 S X we get the following decomposition
Ve =ug +v+wg, kel (4.15)

Itis clear that ) oo |vcllxy < land ) 22, |wkllx < 1. Thus, taking into account
(4.13)- (4.15), to prove the assertion of Proposition 4.12 for the sequence {x;}¢>1
we need only to show that there exists a constant C; > 0 such that

m
PILE

k=1

<Cm?, meN. (4.16)
X
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To see that (4.16) indeed holds, note that () ux)* = o,, (1) and that a simple di-
k=1

. . 1
rectl computation yields ||oy, |l zx,x) = llomllc(r,,0,) = m2. Thus, |loy |l cx.2) <
2m?2 and this yields (4.16) with C} = 2.

Let {x¢}x>1 € X be an arbitrary weakly null sequence of independent random

variables. Set for brevity, ¢; 1= fol X (t)dt and assume without loss of generality
that Y "~ |cx] < 1. Consider

he= (e —c) — (xp —c), k=1

where {x;};>1 is a sequence of independent copies of x;’s. Clearly, {x; — c}i>1
and {x; — cx}x>1 are sequences of independent mean zero random variables, and
so {hi}r>1 1s a sequence of independent symmetric random variables. Obviously,
the latter sequence is weakly null in X and therefore, it follows from the first part
of the proof that there exists a subsequence {k;};>; € N and a constant C; > 0
such that

1
D hy| =Cm?, meN. (4.17)
i=1 X
m m
Since the elements ) x; — ¢; and ) x; — ¢ are independent mean zero random
i=1 i=1

variables, it follows from [Br] Proposition 11, page 6 that there exists a constant
C3 > 0 such that

m
E xki — Cki
i=1

Combining (4.17) and (4.18) with the condition Z,fil |c,] < 1, we see that there
exists a constant C4 > 0 such that

m
<G> hy| . meN. (4.18)
X i=l X

m
1
Zxki <Cim2, meN. 0O
i=1 X

The space X = A(gp,) also serves as an example showing that the condition
ay > % in Theorems 4.5 and 4.3 is sharp as well. Indeed, it immediately follows
from the proof above that 2 € I'4(X), and this shows that the assumption ay > %
in Theorems 4.5 can not be relaxed. Furthermore, the argument above can be
modified to yield that 2 € I'g(X'), with the same effect for Theorem 4.3. We omit

further details.

Acknowledgement. The authors thank Peter Dodds, for useful consultations and comments on
earlier versions of the present paper. We also thank the referee for useful remarks and a simpler
version of the proof of Lemma 3.4.



900

S.V. Astashkin et al.

References

[AM]  Astashkin, S.V., Maligranda, L.: On interpolation in L, spaces. Math. Notes, 74, 782—
786 (in Russian) (2003)

[B] Banach, S.: Theorie des operations lineaires. Monografie Matematyczne 1, Warszawa,
1932

[Ba] Baernstein, A.: On reflexivity and summability. Studia Math. 17, 91-94 (1972)

[Br] Braverman, M. Sh.: Independent random variables and rearrangement invariant spaces.
Cambridge University Press, 1994

[BK]  Brudnyi, Ju. A., Krugljak, N.Ya.: Interpolation Functors and Interpolation Spaces.
North-Holland, 1991

[CD] Carothers, N.L., Dilworth, S.J.: Geometry of Lorentz spaces via interpolation.
Longhorn Notes, The University of Texas at Austin, Functional Analysis Seminar.
1985-86, pp.107-133

[DScS] Dodds, P.G., Schliichterman, G., Sukochev, F.A.: Weak compactness in rearrangement
invariant operator spaces. Math. Proc. Camb. Philos. Soc. 131, 363-384 (2001)

[DSS] Dodds, P.G., Semenov, E.M., Sukochev, F.A.: The Banach-Saks property in rearrange-
ment invariant spaces. Studia Math, 162(3), 263-294 (2004)

[J] Johnson, W.B.: On quotients of L, which are quotients of /,. Compositio Math. 34,
68-89 (1977)

[JS1]  Johnson, W.B., Schechtman, G.: Martingale inequalities in rearrangement invariant
function spaces. Israel J. Math. 64, 267-275 (1988)

[JS2] Johnson, W.B., Schechtman, G.: Sums of independent random variable in rearrange-
ment invariant function spaces. Annals of Probability 17, 789-806 (1989)

[KO] Knaust, H., Odell, E.: Weakly null sequences with upper /,-estimates. In: Odell, E.,
Rosenthal, H. (eds) Functional Analysis, Proceedings, The University of Texas at Aus-
tin, 1987-89. Springer, Berlin Heidelberg New York, 1991, pp.81-107

[KP] Kadec, M.1., Pelczynski, A.: Bases, lacunary sequences and complemented subspaces
in the spaces L. Studia Math. 21, 161-176 (1962)

[KPS] Krein, S.G., Petunin, Ju.l., Semenov, E.M.: Interpolation of Linear Operators. Transl.
Math. Monographs. 54, AMS. 1982

[LT] Lindenstrauss, J., Tzafriri, L.: Classical Banach spaces II. Function spaces. Springer,
Berlin Heidelberg New-York, 1979

[PSW] de Pagter, B., Sukochev, F. A., Witvliet, H.: Double operator integrals. J. Functional
Analysis 192, 52-111 (2002)

[Ra] Rakov, S.A.: On Banach-Saks exponent of some Banach sequence spaces. Math. Notes,
32, 613-626 (in Russian) (1982)

[Ro] Rosenthal, H.: Weakly independent sequences and the Banach-Saks property. In: pro-
ceedings of the Durham Symposium on the relations between infinite dimension and
finite dimension convexity. Durham. July, 197, pp.26

[SS] Semenov, E.M., Sukochev, F.A.: Banach-Saks index. Sbornik: Mathematics, 195, 263—
285 (2004)

[SSC]  Sedaev,A.A.,Sukochev, F.A., Chilin, V.I.: Weak compactness in Lorentz spaces. Uzbek

Mat. J. (1993) N.1, pp.84-93 (in Russian)



