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ABSTRACT. Let (Xg,X;) be a Banach couple such that Xo N X; is dense in Xy and X;. By
(Xo0,X1)o,4, 0 < 8 < 1,1 < ¢ < oo, we denote the spaces of the real interpolation method.
Let ¢ be a nonzero linear functional defined on some linear space M C Xy + X; and such that
Y € (XoNXyp)*, and let N = Kervy. We examine conditions under which the natural formula

(XoN N, X1 N N)gq = (Xo,X1)9.q NN

is valid. In particular, the results obtained here imply those due to Ivanov and Kalton on the
comparison of the interpolation spaces (Xo, X1)g,q and (No, X1)e,q, where ¢ € X§ and Ny = Ker .
By way of application, we consider a problem, posed by Krugljak, Maligranda, and Persson, on the
interpolation of intersections generated by an integral functional defined on weighted L,-spaces.

KEY WORDS: Banach space, interpolation space, subspace, Banach couple, subcouple, K-functional,
real interpolation method, weighted space.

1. Introduction. Let (Xy, X;) be a Banach couple, i.e., a pair of Banach spaces linearly and
continuously embedded in a Hausdorff topological vector space 7. Every linear subspace N of 7
generates a normed (in general, non-Banach) couple (Xo NN, X; N N), where the norm on X; N N
is just obtained by restriction from X; (i =0,1).

The problem on the interpolation of intersections is the problem of finding conditions on the
triple (Xo, X1, N) and the parameters 6 € (0,1) and ¢ € [1,00] of the real interpolation method
under which the natural formula

(XoﬁN,Xlﬂ]\Ug’q: (X(),Xl)g,qﬂN (1)

is valid (in the sense that the spaces coincide as sets and the norms are equivalent). The definition
of the spaces (Xo, X1)g,4 will be given below.

The important special case of this problem in which (Xo, X1) is a couple (Ly(wp), Ly(w1)) of
weighted Lj-spaces and N is the linear space of all functions f: (0,00) — R such that

/ ” f@)dw =0 2)
0

was considered by Krugljak, Maligranda, and Persson [1], who also posed a more general problem:
what conditions on wo(z), wi(x), po,p1 € [1,00), 8 € (0,1), and ¢ € [1,00) guarantee that

(Lpo (wo) NN, L, (w1) N N)g,g = (Lpg (wo), Lp, (w1))g,g N N, 3)

where, in general, pg # p; and the space N is still defined by (2)7 This question has become a
starting point for the statement of the problem considered in this note.

Suppose that IV is the kernel of a linear functional v defined on a linear space M C 7 and
such that ¢ € (Xo N X1)*. We define four dilation indices of the K-functional of 1 in the Banach
couple (X, X7) of dual spaces and use these indices to find conditions necessary for formula (1)
to be valid. For an appropriate choice of IV, these conditions are also sufficient. As a consequence,
we obtain the results due to Ivanov and Kalton [2] on the comparison of the interpolation spaces
(X0, X1)p,q and (No, X1)g,q, where ¢ € X§ and Ny = Kert with the norm inherited from Xo. At
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the same time, the proof of Theorem 1 is based on the idea [2] of reducing the general problem of
interpolation of subspaces to a study of the shift operator in some weighted [, sequence space. Under
certain conditions, our results allow one to solve the problem on the interpolation of intersections
of weighted L,-spaces posed in [1] (see formula (3)). We discuss this at the end of the note.

In conclusion, we note that the problem on the interpolation of intersections, as well as the
problem considered in [2], is an important (but nevertheless special) case of the general, rather
complicated problem on the interpolation of subspaces stated as early as in the book [3] by Lions
and Magenes (in particular, see [4-13]).

2. Definitions and notation. For a normed couple (Xo, X;) and ¢ > 0, the Peetre K- and
J-functionals are defined by the formulas

K(t,z; Xo, X1) = inf  ([[zollx, +tlz1llx,), € Xo+ X,
r=x0+x1,x;€X;
j(tx;XO?Xl) = maX(HxHXoatHxHX1)7 r e XoNXjy.

If0<6#<1and 1< q< oo, then the space Xy, = (Xo, X1)p,q of the real interpolation method
consists of all x € X + X7 such that

© RARA
HxHXe,q = {/ (t7K(t,x : Xo, X1))? t} < 0.
0

If XoN X; is dense in Xy and X; and ¢ € (X9 N X1)*, then we can consider the Banach couple
(Xg, X7) of dual spaces, and ¢ € X§ + X7 [14, §3.7]. In what follows, an important role will be
played by the K-functional k(t) = KC(t,1; X, X7) and the functions

Ek(ts) k(ts)
M(t) = sup , My(t) = sup , ~(t) = sup .
( ) 5>0 ]{3(8) 0( ) 0<s<min(1,1/t) k(S) ( ) szmax(1,1/t) k(*s)

These functions are submultiplicative for ¢t > 0, and therefore, there exist limits

logy, M log, M
t—0 10g2 t t—o00 10g2 t
log, My(t logy Mo (t
ap = lim ogy Mo( )7 Ba = lim 0gy M (1)
t—0 10g2 t t—o00 10g2 t

which are called the dilation indices of the function k(t). It readily follows that 0 < a < ap < < 1
and 0 < o < fBo < B < 1. In particular, if ¢ € X, then k(t) < C (¢t > 0). Hence a = 5, = 0.
The remaining two indices ap and [ were introduced and used by Ivanov and Kalton [2].

3. Main results. Suppose that (Xy, X1) is a Banach couple such that Xy N X is dense in X
and X;. Let ¢ € (XgN X1)* be a nonzero functional, let N = Kert, and let N; be the normed
space N with norm inherited from X; (i =0,1).

Theorem 1. If

NS (O,Q)U(ﬁoo,ao)U(ﬂ,l), (4)
then the norms of the interpolation spaces Nyg = (No,N1)oq and Xgq=(X0,X1)eq are equivalent
on N. Under the condition B < g, the converse is also true: if the norms of the spaces Ny, and
Xo,q are equivalent on N, then (4) holds.

Moreover, if 0 € (0,a) U (5,1), then Ny 4 is dense in Xgq; if 0 € (Boo, ), then Ny 4 is dense
in some subspace of Xy, of codimension 1.

Corollary 1. Suppose that 1 is a linear functional defined on some linear space M D XoN X1
and N = Ker . Let 1 be the restriction of 1 to the intersection XoNXy. Suppose that 1y € (XoN
X1)*, o #0, and o, B, o, and B are the dilation indices of the function k(t) = K(t,vo; X§, X7),
Boo < 9. Then formula (1) implies condition (4).

Theorem 2. Suppose that ¥y € (XoNX1)*, o # 0. If 0 € (B0, ), then by can be extended to
a functional ¢ € ((Xo, X1)p,q)*- If 0 € (0, ) (respectively, 0 € (5,1)), then g can be extended to a
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functional ¢ € ((Xo, X1)o,qNX1)" (respectively, 1 € ((Xo, X1)o,qNXo)*). Moreover, if N = Ker,
then formula (1) is valid in all three cases.

Theorems 1 and 2 imply the following important assertion.

Corollary 2. Let ¢ € (XoN X1)*, ¥ # 0, and N = Kerv. If 0 € (0,a) U (8,1), then
the interpolation space Xg4 = (Xo,X1)s,q coincides with the set of all x € Xo + X1 such that
T=Y 1 xk, x €N, and

°° 1/q
(3 et o x2 ) < Claly,,

k=—o00
where the constant C > 0 is independent of x. A similar assertion holds for 0 € (Boos 0) if we
replace the space Xy 4 by the intersection Xg 4 N Kemb, where the functional 1/1 is an extension of
Y to the space Xg 4.

From this, one can readily obtain the results [2] on the comparison of the spaces (X, X1)g 4
and (No, X1)g,q, where Ny = Ker+ and ¢ € X;;. Indeed, o = foo = 0 in this case. Moreover, since
1 is defined on the entire space Xo, we have (Xo, X1)gq C No + X1. Hence we have, in view of
Corollary 2 and the theorem on the equivalence of K- and J-interpolation methods [14, Theorem
3.3.1],

(No,Xl)gjq = (Xo,Xl)g’q if 6 € (,6, 1)
and
(No,Xl)gq (Xo,Xl)gqﬂKeI‘T/) if 0 € (0,0éo).
Furthermore, it follows from Theorem 1 that (Ng, X1)g4 is not closed in (Xo, X1)gq if 0 € [0, 5].

4. Applications. Let us return to the problem related to Eq. (3). In this case, the space N

defined by (2) is the kernel of the functional ¥(f fo x) dx with domain M consisting of all

measurable functions f: (0,00) — R such that fa |f(z ]dac < oo for arbitrary a,b € (0,00) and

there exists a limit lim,—0, p—oo f b f(x)dx.

For simplicity, we restrict our con81derat10ns to the case in which 1 < pg < p1 < o0 and pg, p1,
wp, and wy satisfy regularity conditions similar to those in [1]. Namely, we assume that

(*) wo(z) is an increasing function, wo(2z) < Crwo(z) (z > 0) and [ wo(s)/1~P) ds <
Cozwy(z)/ (=) (2 > 0) for pg > 1, and wi(z) is either a decreasing function with wy(z) <

ngl(Qx) (r > 0) or an increasing function such that w(z) = wo(x)/wi(z) increases and
Jo wi(s)Y =P ds < C’4xw1( YV A=p1) (2 > 0).
Suppose that 71 = pyt — prt, v(@) = wo(a)Pr/(PLr=Po)eyy (2)~Po/Pr=P0) "and ~(t) is a solution

of the equation [ v(s) ds =t~" for each t > 0.

Theorem 3. Let py, p1, wo(z), and wi(z) satisfy assumptions (x), and let o, B, ap, and Boo
be the dilation indices of the function k(t) = ~(t)Po=D/Poqy(y(t)) =P | By < ag. Then formula
(3) is valid if and only if (4) holds.

In particular, consider the case of power weight functions wg(z) = 2! and w;(z) = 2™. Then
conditions (x) are satisfied if either (a) I > po—1 and m < 0 or (b) I > pp — 1, 1 > m, and

0 < m < p1—1. Since k(t) < t% where 6y = %, it follows that a = 8 = ap = B = 6o,

and we arrive at the following assertion.

Corollary 3. Suppose that po, p1 (1 < pg < p1 < ), I, and m satisfy condition (a) or (b).
Then one has

(Lpo(z') VN, Ly, (2) N N)g.q = (Lpo (2'), Ly (2™))o.g N N
p1(l=po+1)
H‘l) —po(m+1) ~

For pp = p1 = ¢, the last result was proved in a d1fferent way in [1, Corollary 1].

The author thanks Professor Lech Maligranda for useful discussions related to the proof of
Theorem 2.

(in the sense of equivalence of norms) if and only if 6 7é
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