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INTERPOLATION OF INTERSECTIONS BY THE REAL METHOD

S. V. ASTASHKIN

ABSTRACT. Let (X, X1) be a Banach couple with X N X3 dense both in Xy and
in X3, and let (Xo,X1)g,q (0 < 6 < 1,1 < g < o0) denote the real interpolation
spaces. Suppose 1 is a linear functional defined on some linear subspace M C Xo+X1
and satisfying ¢ € (Xo N X1)*, ¥ # 0. Conditions are considered that ensure the
natural identity
(Xo NKerp, X1 NKerth)g g = (Xo,X1)g,q N Kerep.

The results obtained provide a solution for the problem posed by N. Kruglyak, L. Ma~
ligranda, and L.-E. Persson and pertaining to interpolation of couples of intersections
that are generated by an integral functional in a weighted Ly-scale. Furthermore, an
expression is found for the K-functional on a couple of intersections corresponding to
a linear functional, and some other related questions are treated.

INTRODUCTION

Let (Xo, X1) be a normed couple, i.e., a couple of normed spaces embedded linearly
and continuously in a Hausdorff linear topological space 7. For x € Xg+ X; and ¢ > 0,
we define the Peetre KC-functional

IC(t, X, XQ, Xl) = inf{HxOHXO + tHlexl X =T9+T1,T0 € Xo, T € Xl}.

If0 <6 <1and1<g < oo, the real interpolation space Xg 4 = (Xo, X1)g,q consists of

all x € Xy + X7 with
o0 AR
P {/ (t_elC(t,x:Xo,Xl))q?} < 0.
0

Next, if (Xo, X1) is a Banach couple, then each linear subspace N C 7 determines the
normed (in general, non-Banach) couple (Xo N N, X; N N) of intersections. The norm
on X; NN is simply the restriction of the norm of X; (: =0, 1).

Now, it is natural to look for conditions ensuring the natural identity

(0.1) (XoNN,X1NN)gq=(Xo,X1)pqNN

]

(with equivalence of the norms).

This formula is true if, for instance, (Xo, X1) is a couple of Banach function lattices
and N is a linear space of functions (on the same measure space) with the lattice property:
if g € N and |f| < |g|, then f € N (see [1, Remark 2]). On the other hand, if we
take the couple (L1[0, 1], Loo[0,1]) for (Xo, X1) and the closed linear span [r,] of the
Rademacher system in L]0, 1] for N, then (0.1) fails. Indeed, by the Khinchin inequality,
L,N[ry) = Iy for 1 < p < 00, and Lo N [ry] = l1. Thus, calculating the interpolation
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spaces in (0.1) for arbitrary 0 < 6 < 1 and ¢ = ﬁ (see [2, Theorem 5.2.1]), we arrive
at (XO NN, XN N)g’q ~ lq, and (XO, Xl)g’q NN = Is.

In this paper we are interested in the case where N is the kernel of a linear functional
defined on some linear subspace D C 7. An important particular case of this problem
was treated in [1]. Namely, in that paper certain conditions on 6 € (0,1), p € [1, 00),
and on weight functions wp(z) and wi(z) were found ensuring the formula

(0.2) (L;D(WO) NN, L;D(wl) n N)G,p = (L;D(WO)a L;D(wl))(?,p AN,

where L, (w) is the weighted L,-space on (0, co) with the usual norm, and N is the space
of all functions f : (0,00) — R satisfying

(0.3) /OOO F@)dz = 0.

It turned out that the validity of (0.2) is closely related to the possibility to “interpolate”
certain Hardy-type integral inequalities. In the same paper [1], the following more general
question was asked: Under what conditions on wo(z), wi(x), po,p1 € [1,0), 6 € (0,1),
and ¢ € [1, 0] do we have the identity

(0.4) (Lpo(wo) NN, Ly, (w1) N N)g,q = (Lp, (wo), Ly, (w1))g,q N N?

(Generally speaking, here pg # p1, but N is still determined by (3).)

It is well known (see [2, Chapter 5]) that the standard equivalent expressions for the
K-functional on the couple (L, (wo), Ly, (w1)) differ substantially in the cases of pg = p1
and of pg # p1; as a result, the latter question is highly more complicated than that
treated in [1]. This was the origin for the following general problem.

Suppose (X, X1) is a Banach couple with X; C 7 (i = 0,1) and such that Xy N X;
is dense both in X and in X;. Next, let ¥ be a linear functional defined on some linear
space D C T, let ¢ belong to (Xo N X71)*, and let ¢ (x) # 0 for some z € Xg N X;. We
shall see that, for the validity of the formula

(05) (XO ﬂKeM/),Xl ﬂKeI‘w)g’q = (XO,Xl)g’qﬂKem/),

of primary importance are four indices «, 3, g, and [, related to the Peetre IC-functional
K(t,¢¥; X5, XT) in the couple (X, X7) of dual spaces. These indices satisfy the inequal-
ities
0<a< min(QOaﬁoo) < max(a(hﬁoo) <B<L1.

It will be shown that, under the additional condition (5 < «g, the norms of the in-
terpolation spaces Xg 4 = (Xo,X1)o,q and Ny, = (No, N1)g,q are equivalent on N :=
Xo N X1 NKer if and only if 6 € (0, ) U (B0, a0) U (3, 1) (see Theorem 1). Here N; is
the space N endowed with the norm of X; (i = 0,1). So, the latter condition is neces-
sary for (0.5) to be true. Furthermore, we shall show that if ¢ is defined on X N X7,
P € (XoN X1)*, then for every 6 € (0, ) U (8o, o) U (8,1) the functional ¢ admits
extension by continuity to some space My > Xo N X; such that (0.5) is fulfilled for the
kernel of this extension (see Theorem 2).

In the proof of Theorem 1, an approach developed by Ivanov and Kalton in [3] is used.
The first part of [3] was devoted to comparison of the interpolation spaces (Xo, X1)s,q
and (Yp, X1)o,q (0 <0 < 1,1 <gq < 00), where Yy = Ker ¢, ¢ € X{j. The essence of that
approach is in reduction of the general interpolation problem for subspaces to the study
of the shift operator in a certain weighted [,-space. At the same time, the results of [3]
are consequences of those obtained here (see Corollary 3 and Remark 2).

It should be noted that interpolation of intersections and the problem studied in [3]
are only partial (though important) cases of the general subspace interpolation problem
formulated as early as in the monograph [4] by Lions and Magenes. Various aspects of
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this general problem have been treated in [5]-[14] (the author is very far from claiming
the completeness of this citation list).

Under certain conditions, the results of the first part of the paper allow us to answer
the question from [1] mentioned above. In this setting, N is the kernel of the integral
functional ¥(f) = fooo f(x) dz. Not entering in the details, we only signalize that the
answer depends essentially on py and p; and has the simplest form in the case of power-
type weights wy and wq. Specifically (see Corollary 8), if 1 < pg < p; < oo and either
(a)l >po—1land m <0,0r (b) I >py—1,1>m, and 0 < m < p; — 1, then (0.4) is
fulfilled with wo(z) = 2! and wy(z) = 2™ if and only if 6 # %.

For general weights, the situation is different. For instance, it is shown (see Corollary
7) that for every numbers 0 < a < b < ¢ < d < 1 there exist weights wo(x) and
wiy(z) such that, for pp = p1 = 1 and ¢ € [1,00), relation (0.4) is true if and only
if & € (0,a) U (b,¢) U (d,1). Thus, the values of 6 for which the natural interpolation
identity (0.1) fails may fill one or two arbitrary subsegments of (0, 1) (cf. [1, Corollary 2,
Remark 8]).

Surely, a most natural approach to the subspace interpolation problem is via calcu-
lation of the K-functional for the couple of subspaces in question; see [1, 8, 12]. This
problem proves to be interesting in itself and is treated in §3. In Theorem 3 an expression
for K(t, z; XoN N, X1 NN) is found under the condition that the functional ¢ in question
is defined on the set {yo(t) € Xo:y € Xo NN + X; N N,t > 0}, where yo(t) is the first
summand in an optimal decomposition y = yo(t) + v1(¢), vi(t) € X; (i =0,1), i.e.,in a
decomposition for which

%(HyO(t)HXo +tln@lx,) < Kty Xo, X1) < llyo@)lxo + tllyr(®)llx, (> 0).

Note that this condition is fulfilled in the case of weighted L,-spaces that was treated
in [1]. Therefore, the theorem proved in the present paper extends the expressions for
K(t, f; Lp(wo) NN, Ly(w1) N N) obtained in [1] by direct inspection. In conclusion, we
mention that a similar result for the couple (Yy, X1), Yo = Ker ), ¢ € X, was obtained
by Wallsten [8] (see also [12, Theorem 2.1]).

Definitions and notation. Let (X, X;) be an arbitrary normed couple. The defini-
tions of the Peetre K-functional (¢, x; Xo, X1) (x € Xo + X1, t > 0) and of the real
interpolation spaces Xy, = (Xo, X1)a,q (0 <6 < 1,1 < ¢ < c0) were given at the begin-
ning of the paper. Analyzing the proof of the equivalence theorem [2, §3], we see that it
remains true for normed (rather than merely for Banach) couples. Thus, the space Xy 4
(with an equivalent norm) can be defined in terms of the J-functional

J(t, x5 Xo, X1) = max{|[z| x,, t]|z] x,} (2 € XoNXy).
Specifically, Xg 4 consists of all x € Xo 4+ X; representable in the form
T = Z 20k, (convergence in Xo + X1)
keZ
with the norm
1/q
wt { (@04 oo, x0)
k€eZ

where the infimum is taken over all representation indicated above.
Next, it will be tacitly assumed that Xy N X; is dense in X and in X;. Therefore, we
may consider the Banach couple (X§, X7) of conjugate spaces, and if ¥ € (Xo N X7)*,
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then ¢ € X + X7 (see [2, §3.7]). The function k(t) = KC(¢, ¥; X, X7) will play a crucial
role in what follows; we have

(0.6) k(t) = sup{|[y(z)| : 2 € Xo N X1, T(t™ 1, 25 Xo, X1) < 1}
(see [2, §3.7]).
We introduce the functions
k(ts) k(ts) k(ts)
M(t) =sup ——=, My(t)= sup , My (t) = sup ,
( ) 5>0 k(S) 0( ) 0<s<min(1,1/t) k(S) ( ) s>max(1,1/t) k(S)

which are semimultiplicative for ¢ > 0, and so the following numbers are well defined:

logy M logy M
a=li 082 (t) , 6 — lim 082 (t) ,
i—0 logyt t—oo logyt
logy M, logy Moo
ap = 1 082 O(t) , 600 = 1 082 (t) .
t—0  logyt t—oo  logyt

This numbers are called the dilation indices of k(t). It is easily seen that
0 < a < min(ag, ) < max(ag, foe) < B < 1

Now, putting p, = (k(27"))"! (n € Z), we see that p, > 0, and, since k(t) is
monotone increasing and concave on (0, 00), also

(0.7) P < ping1 <24, (0 €Z).
Furthermore,
1 1
a=— lim —log,sup Hi , B = lim — log, sup Hi ,
n—oon keZ Mn+k n—oon keZ Mk—n
1 1
(0.8) ap = — lim —log, sup k , Boo = lim —log, sup Pk
n—oo n kZO ,un—i-k n—oo n kSO ,Uk—n

Let ex (k € Z) denote the standard unit vectors in a sequence space, and let {,(¢t) be

the space of two-sided numerical sequences a = (ax)3>_ ., with the norm
1/q
oo = { Sttt}
kez

In what follows, we shall study the shift operator S(ax) = (ax_1), its inverse S~1, and
also the operators Ty = S — 297 (0 < < 1), where I is the identity mapping. By (0.7),
both S and S~! are bounded on l,(u), and ||S| < 2, [|S7!|| < 1. Next, by P} and P-
we denote the projections

P+(ak) = Zakek, P_(ak) = Z AK€,
k=1

k=-1

and 7(T") stands for the spectral radius of an operator T on l4(u).

Finally, writing F7 =< Fy we mean that there exist two constants ¢ > 0, C' > 0 with
cFy < F < CFy. Usually, ¢ and C do not depend on all (or some) of the arguments of
the functions F} and F5.
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§1. AUXILIARY RESULTS

Lemma 1. We have r(S) =27, 7(S7!) =272, r(SP_) = 2P~ and r(S™1P;) = 270,

Proof. Since S™(ay) = (ag—n) and S™"(ax) = (ag+n), we have

M _
S™ 1 1 = sup y s~ 1 1 = sup .
I1S™ 1, ()=t () S 1S 114 (1) —1q (1) sup

Thus, by (0.8), we see that

n—oo

1/n
r(S7!) = lim (sup Kk > =27
n—00 \ kez Hk+n

1/n
r(S) = lim (sup Fk > =20
keZ Hk—n

Similarly,

(SP_)"(ak) = Z AkCl+n, (S_1P+)"(ak) = Z A€k —mn, N = 1, 2, ceey
k=n

k=—n

and, therefore,

n 123 —1 n
SP_ _ =su , S P _ =su .
1CSP-)"Ml1, ()14 () e v Il( )" iy () =1y () -

This results in

1/n
r(SP_) = lim (sup Kk > = 2P,
n—oo kSO ,uk—n

1/n
r(S7'P,) = lim (sup b > =279, O
n—oo kZO ,uk—l-n

The next key statement about properties of Ty = S—2°T (I is the identity) is similar to
Lemma 2.2 in [3]. However, there is an important point of difference. In [3] the functional
1) belonged to X*, which resulted in inf, ¢z p,, > 0. The latter condition implies that Tj
is injective for every 6 € (0,1). In the present more general setting, where ¢ € (XoNX1)*,
the operator Ty may fail to be injective because inf, ¢z 1, may happen to be zero.

Lemma 2. Suppose 0 < 8 <1 and 1 < g < oco. Then Ty is an isomorphic embedding of
lg(p) into lg(p) if and only if 6 € (0, @) U (Boo, o) U (B, 1).

Moreover, if 0 € (0,) U (8,1), then ImTy = l,(1); if 6 € (Boo, o), then ImTy is the
closed subspace of codimension 1 in ly(p) consisting of all (ag)kez € lq(p) with

(1.1) S 9, =0,

keZ

Proof. First, if # € (8,1), then Lemma 1 implies the inequality 2¢ > r(S), whence
Ty is an automorphism of [, (x) onto l4(u). The same is true for 6 € (0, &) because then
r(S™1) < 279 (again by Lemma 1) and
(1.2) Ty =2°S(271 - S71).

We show that neither T nor T, is an isomorphism of [, (1) onto {5 (). Indeed, for every
A € C with [A| = 1 the operators Qx(a;) = (Na;) and Q) (a;) = (A\T'a;) are isometries
of l;(p). Since S — \2°T = Q;lTﬂQS\, the supposition that T is an isomorphism onto
l,(p) would imply that all operators S — A2°T (X € C, |A\| = 1) have the same property.
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But this contradicts the relation r(S) = 2%. Similarly, the supposition that T, is an
isomorphism onto /(1) would imply the same property for S™' — X\27J (apply (1.2)
with § = o and take the relation S™1 — \27%T = Q4 (S~ — 27°T)Q; ! into account).
This contradicts the fact that r(S—1) =27,

Now we determine the possible form of Im Ty. Since

n—1
T0 ( Z 2(n_1_i)0€¢> =€n — 20”60)
=0

we have e,, — 297¢y € Im T} for all n € Z. Suppose fj is a linear functional vanishing at
every b € ImTy. Then fy(e,) = 20nC. Thus, we may assume that fy corresponds to the
sequence (2°7),,¢z.

Clearly, the condition fp € l,(1)” is equivalent to the condition

o —q' 1 1
(1.3) 22’” “pp® < oo, where —+ = =1
kez T 4

(with the usual modification if ¢’ = 00). If fy is a bounded functional, the Hahn-Banach
theorem and the preceding arguments imply

(14) Im Tg = Ker fg.
On the other hand, if fy & l,(1)", then
(1.5) ImTy = 1g(p).

We show that if 6 € (8, ), then the functional fy is bounded and ImTj is closed.
Let oo + € < 0 < ap — € for some € > 0. By (0.8), we have

sup adl < 2 @08 gup ol < Cp2nBecte) (n=1,2,...),

k>0 Hk+n k<0 Hk—n
whence
(1.6) pnt < pgltey2leome) ol <yt oponBeete) (= 1,2, ).
Therefore,

Z 2110#;1 < ,u()_lcl Z 2n(0—a0+5) + ,u()_102 Z 2—11(0—[3@0—5) < o0,

nez n=0 n=1

i.e., (1.3) is true for every 1 < g < oo, yielding fp € l,(1)". In order to prove that Im Tp,
is closed, we represent [,(u) as follows:

lq(,u) =FE_ + EO + E—‘ra

where E_ = [{en}n<-1lgu, Eo = [{€o}]qp, and Ey = [{en}n>1]qu (here [Flg, is the
closed linear span of a set F' in the space l;(p)). Since

ImTy =To(E-) +Ty(Eo) + To(Ey),

Ty(E_)NTy(E4) = {0}, and the space Tp(Ep) is one-dimensional, we see that it suffices
to prove that Ty(F_) and Ty(E,) are closed.

Since Bo < 0 < ag, and r(SP_) = 2P~ r(S7'P,) = 27% by Lemma 1, it fol-
lows that the operators SP_ — 29T and S™'Py — 2797 map I,() onto l,(u) isomor-
phically. Therefore, the image Tp(E_) = (SP_ — 2°I)(E_) of the closed set E_ is
also closed. Similarly, Ty(Ey) is closed because S is an isomorphism of I,(x) and
Ty(Ey) = —2°S(S~1P, —279T)(E.).



INTERPOLATION OF INTERSECTIONS BY THE REAL METHOD 7

Furthermore, it is easily seen that Tj is injective for 8 € (0, ap) U (8o, 1). Indeed, the
relation Tya = 0 means that a,_1 = 2%a,, i.e., a, =27"ag (n € Z). Since a € lq(p), we
must have

(1.7) |a0|qz2_kq9,uz < 00.
kez

If, for instance, 6 < ap, then the first inequality in (1.6) with 0 < ¢ < ag — 6 shows
that (1.7) is true only if ag = 0, i.e., a = 0. But if § > S, we can argue similarly by
using the second inequality in (1.6) with 0 < e < 0 — 8.

Thus, for Soc < 6 < o the operator Ty maps l,(x) isomorphically onto the subspace
of codimension 1 consisting of all (ay) € l4(1) that satisfy (1.1).

Next, suppose 6 ¢ (0,a]U[3,1) and Ty : I;(1) — Im Ty is an isomorphism. Then there
exists ¢ > 0 such that

(1.8) 1Toalli, () = cllall,

for all a € l4(p).
For arbitrary (for the moment) n € Nand k € Z, put a = (I+270S+---+27708")2¢;.
Direct inspection shows that a > n2"%¢y.,,, whence

(1.9) lalliyuy = 127" ten
We estimate the quantity || T;all;, (. from above. First,
THI+27%S 4. +2705m)2
=20(5 =20 (2= (HDOGgn+t _ (142708 ... 427 05m)
—920] _9l—(n—1)0gn+l | 9—2n0g2n+2.
Consequently,
Tia =2%¢, — 2170 00+ 272000 4o,
and inequalities (0.7) imply that
ITFalle, o = (2 pf, — 20277 DC0pd 4272000 o)
<App+ 827 + 4272 gy
Therefore,
T3 alliy () = 8- 27" ik < Ak + 27" pon k) < 8max (g, 27" pon ).
Now we choose n with nc? > 16. Then (1.8) and (1.9) imply yield
1T5alli, () = n27 " s,
whence

27" i r < max (g, 277" o k),
or, equivalently,

(1.10) Vntk < max(vg, vontk) (k€Z)

with v, = 2_"9,un.

Since 6 < (8 by assumption, for the number n chosen above we can find k& € Z with
Pk > 2", i.e., Upin > vk Therefore, vy o, > gy, by (1.10). Substituting k + n
for k in (1.10) and arguing in the same way, we obtain V13, > Vgton, and so on. Thus,
the sequence (Vi4rn)22, is monotone increasing.

Let j > k and m > n. We find 0 < r; < ry with

E+(ri—1)n<j<k+rin, k+ron<j+m<k+(ro+1)n.
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Then .
Hitm o Hktran 2m2n
B Mktrn 2700400

Since m — 2n < (ro — r1)n, we see that

Vk+ran > 211(7’2—7’1)0

Hjt+m > 2(m—2n)0 (] >k,m > n),
122
or _
sup Hi < cg—me (m >n).
j>k Hj+m
But by (0.7), for k > 0 and 0 < j < k we have

Hy < Pk Hk+m < ok Hi ,
Hj+m  Hk+m Hj+m Hk+m
implying
sup 4 < ¢rg=me (m >n).
j>0 Mj+m
Taking (0.8) into account, we obtain
(1.11) 0 < ag.
The inequality
(1.12) 0 > Boo
is proved similarly. Indeed, for the element b = (I +27S +---4+27"98")2¢; 5, we have
(1.13) 1B]]1, ) = 127" =
Since

T2b=2%¢)_gp, — 2100, 427200 o,
by (0.7) we have
T30, < 2% th—n +4- 27" pgr + 272y
<App_on+8-27"0u_, +4.2720,,
Again, if nc® > 16, then (1.8) and (1.13) imply

2—n0 —2n6

k—n < max(fig—2n, 27" ig),

so that
(1.14) Vg—pn < max(Vg, Vg—on) (k € Z),

where v, = 27" u,,, as before. If # > «, then for n chosen above there exists k € Z with

Pr—n > 27" ;. Consequently, v < vgp_,. Applying (1.14), we obtain vgx_,, < Vi_2n.

Repeating the arguments, we show that the sequence (vi_,n)22, is monotone increasing.
If 5 > —k and m > n, there exist 0 < r; < ry with

k—(rm+In<—j<k—rn, k—ron<—j—m<k—(rq9—1)n.

Then
2—7’1110

H—j < Hk—rin _ eyk—f’ln < 2n(r2—r1)0,
H—m—j Mk—ron 2—r2mn Vik—ran
and since (ro — r1)n < m + 2n, we obtain
sup Mg <Cc2™  (m>n).
i>—k B—j-m
As before, from this we deduce the estimate

sup H-j < 2™ (m > n).
>0 H—j—m
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This implies (1.12) by (0.8).

Summarizing, we see that the operator Ty : lj(n) — ImTy is an isomorphism for
6 € (0, @)U(Boo, g)U(B, 1), and it is not an isomorphism for § € (a, oo )U(xg, B) by (1.11)
and (1.12). Furthermore, the operator Ty is Fredholm with index 0 for 6 € (0, a)U (8, 1)
and it is Fredholm with index —1 for 6 € (f, o). Since the set of all Fredholm operators
with fixed index is open, and for § = « and § = (8 the operator Ty is not an isomorphism
onto lg(p), the lemma is proved by (1.4) and (1.5). O

Remark 1. Lemma 2 and its proof show that, under the condition 8., < «g, the operator
Ty is an isomorphic embedding of [, () into I, () if and only if the image of Ty is closed.
Indeed, since Ty is injective for 8 € (0, ap) U (B0, 1), it suffices to consider the case where
Boo = o and show that T,, must be injective if its image is closed. But otherwise Ty
is a Fredholm operator of constant index in some small neighborhood of «g; since it is
injective for 6 # ay, it is an isomorphic embedding of /,(x) into l4(x). However, its index
can only be equal to zero, i.e., To(lq(1t)) = lq(p). In particular, the index of T, is also
equal to zero, whence Ty, (I4(1)) is a closed subspace of codimension 1 in l;(p). But this
implies (1.3), consequently, (1.7) may only be fulfilled if a = 0, that is, Ty, is injective,
a contradiction.

The following simple statement is contained in fact in [15, Lemma 3.2]. We include it
for completeness.

Lemma 3. For every Banach couple (Yo, Y1), everyy € Yo + Y1, and t € (0,1] we have
1
7Sy Yo, Y1) < K(t,y: Yo + Y1, Y1) < K(t,y; Yo, V).

Proof. Tt suffices to verify the left-hand inequality. By the definition of the K-functional,
for every t > 0 there is a representation y = u’ + vt with u? € Yy + Y7, v* € Y7, and

1
Kt y: Yo + Y1, Y1) 2 5 (16 v + Hlv'Iv2)-
For a similar reason, u’ = u§ 4+ u}, where uf € Yy, u} € Y7 and

1
1 llvorvs > 5 (lupllve + llutllv,)-
Since t < 1, it follows that

K(t,y; Yo + Y1, Y1)

1
> 7 (lugllyo + g +vllv,)
1
> Kty Yo 1) O
Lemma 4. For every Banach couple (Xo, X1) and arbitrary0 < 6 <1 and 1 < ¢ < o0
we have

(1.15) (XoN X1, X1)o,q = (X0, X1)o,g N X1
and
(1.16) (X0, Xo N X1)o.q = (X0, X1)9.4 N Xo.

Proof. Since (Ao, A1)g,q = (A1, Ag)1-9,q, if suffices to verify (1.15). The embedding
(XoN X1, X1)o,q C (Xo,X1)p.q NX1

is obvious. Thus, the lemma will be proved if we show that

(1.17) Kt z; XoN X1, X1) < 2(K(t, 2; Xo, X1) + min(1, t)||z| x,)
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for all z € X7 and ¢t > 0.
If0 < t <1, then K(¢t,x; XoN X1, X1) = t||z|| x,, and (1.17) is fulfilled. Now, let ¢ > 1.
For x € X; and € > 0, we find a decomposition © = zo +x1, z; € X; (i =0, 1), such that

K(2t, z; Xo, X1) = (1 = &) ([|zollx, + 2t[|21llx, )-
Then zg € Xg N X;. Since the K-functional is concave in ¢, the preceding inequality
implies
K(t, z; Xo N X1, X1)

< max(||zol|x,, [[zollx, ) + tllz1]lx,

< llzollxo + (¢ + Dzl x, + l[=x,

< (1 —e) K2t 2; Xo, X1) + [ x,

2

< 1—_5(’C(t,$;X0,X1) + llzllx.)-

Since € > 0 is arbitrary, (1.17) follows. O

A statement close to the above was obtained in [7].

§2. REAL INTERPOLATION FOR COUPLES OF INTERSECTIONS

In what follows, (Xp, X1) is a Banach couple with Xy N X; dense both in Xy and
in Xy, and Xg4 = (X0, X1)o,q (0 <6 <1,1<g¢g < 00). Let ¢ be a linear functional
with ¢ € (Xo N X71)*, and let «, 8, ag, and B« be the dilation indices of the function
k(t) = K(t, b, XE, XP).

We denote N = Ker ) and Ny 4 = (No, N1)g,q, where N; is the space N endowed with
the norm of X; (i =0,1). Clearly, Ny, C Xg,4 and |||/ x, , < ||z]| Ny, (2 € No,q)-

Theorem 1. If
(2.1) 0 € (0,a) U (Boo, o) U (B,1),

then the norms of the spaces Ny 4 and Xy 4 are equivalent on N. Under the condition
Bs < ag, the converse is also true: if the norms of Ng 4 and Xg 4 are equivalent on N,
then (2.1) is fulfilled.

Moreover, if 0 € (0,a) U (8,1), then Ny 4 is dense in Xg 4, and if 0 € (Boo, ), then
Ny q is dense in some subspace of codimension 1 in Xg 4.

Proof. First, suppose (2.1) is fulfilled. In the previous notation, by Lemma 2 we have
(2.2) lalli, ) < BllToalli, (), a € lqg(n),

with some B > 0. Furthermore, if a) 8 € (0,a) U (8, 1), then ImTyp = l,(n), and if b)
0 € (B0, ), then Im Ty = Ker fy, where the functional fy € l;(n)" is defined by

fola) = Z 2%, a=(an) € ly(n).

nez
In case b) condition (1.3) is fulfilled, i.e.,

’ ’ ’ 1
D 2RO )T = Cf <00, S+
kez q
(here and below K(t,v) := K(t, ¢, X5, X7), J(t,x) =T (t, z, Xo, X1)); therefore, 1) can

be extended up to a functional ¢y € Xj , [16, Theorem 3.7.2].

1
Z -1
q
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Now, let x € Xp 4 with [[z|x, , = 1. Then there is a sequence {zx} C Xo N X; such
that

(2.3) w= M, (T2 2)kllg < 2.
keZ

Since 1 € (Xp N X1)* by assumption, formula (0.6) implies
[W(aw)] < K275 9)T @8 ) = i ' T (@8 an) (k€ Z).
By (2.3), it follows that

1/q
(2.4) (Z |w<xk>|quz) <T@ el < 2

keZ

e, ((zx)) € ly(n). ~

In case b) we assume additionally that z € Ker ¢. Since the series in (2.3) converges in
Xg,q and ¥ € Xp,4*, we have 3, 2759 (21,) = 0. Now, Lemma 2 shows that (1(zy)) €
Im Ty both in case a) and in case b). Thus, there exists a sequence a € (1) such that
Tya = (1(v1)) and, moreover, |lall;, .y < 2B by (2.2) and (2.4).

Using (0.6) once again, we find a sequence {u!,} € Xo N X; such that J(2",u) < 2
and ¥ (ul,) = p, ! (n € Z). Putting u,, = anpunu’,, we see that u, € XoN X1, J (2", uy,) <
2|an|pin, and ¥ (un) = ay, (n € Z). Consequently,

(2.5) (T 2" un))nllq < 2llalli,u) < 4B

In particular, it follows immediately that the series Y-, ., 2°%u), converges in Xo + X;.
Indeed,

Z 20nun

n>N

(% <2"|un|xl>q)l/q( ) 2"“—”4/)1”/

n>N n>N

< 302070y x,
X1 p>N

< C( > (J(z",un»q)l/q —0 as N — oo,

n>N

and similarly

Z 20nun < Z zenHunHXo

n<—N Xo  p<—N

< c’( > (j(2",un))q>l/q —0 as N — oc.

n<—N
Therefore, putting v, = un—1 — 2%u,, we obtain Y, ., 2°%v, = 0, whence
(2.6) z =Y 2%y,
kez
with yr = xp — vk, by (2.3). Furthermore,
P(yr) = () — Y(up—1) + 2% (ur) = (Toa)r — ar—1 + 2%a, =0,

ie., yp € N (k € Z). Since the series in (2.6) converges in Xy 4,, the second part of the
theorem is proved.
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Next, by (2.3) and (2.5) we obtain
(T2 yn))nlla < (T @™ zn))nllq + (T 2", v0))nllq

1/q
<2+ (Z(maX(lluk_lllxg, 2k||uk—1||xl)q>

keZ

1/q
+ Q(Z(max(ﬂukﬂxo, 2k||uk||xl)q>

kEZ
<2+ 16B.

Consequently, for z € N formula (2.6) implies |z||n, , < 168 + 2. Thus, the norms of
Xp,q and Ny 4 are equivalent on V.

We prove the converse under the condition G, < «g. By assumption, there exists
D > 0 such that

(2.7) %l N, < Dl xo,,
for all z € N. By Lemma 2, it suffices to prove that the operator Ty : I;(1) — ImTp,
Ty =S — 291, is an isomorphism.

Again, we distinguish two cases: a) the functional ¢ is not bounded on Xy N X; in
the norm of Xy 4; b) ¢ is bounded on Xy N X; in the norm of Xy ,. In the second case,
we let 1/; € Xy ¢* denote the extension of .

So, let a = (an) € lg(i), llalli,u) < 1. As before, there exists a sequence {z,} C
Xo N X1 (Tl S Z) with

J (2", xn) < 2|ap|pin, Y(zn) =an (n€Z).
Therefore,
(T 2", zn))nllg < 2[lalliym) <2,
whence the series

(2.8) T = Z20kxk

keZ

converges in Xo 4+ X1, 2 € Xy 4, and [|z]|x, , < 2. Moreover, in case b) we have [(z)] <
Cllz||x,, < 2C. Since the series in (2.8) converges in norm in Xy 4, we are led to the
conclusion that

> o,

keZ

= |{(x)| < 20

> 2%y ()

keZ

[ fo(a)l =

for every a € lg(p) with |lall;, < 1, ie., fo € lg(p)". By the facts proved above,
fo(a) = 0 in this case, i.e., x € Xg 4N N, where N := Ker ).
In the next lemma, Zy 4 is the closure of NV in Xg q.

Lemma 5. We have Zg g = Xy 4 in case a) and Zy 3 = Xg,q4N N in case b).

Proof. If the functional 7 is not bounded on Xy N X; in the norm of Xy ,, then N is
dense in Xy N X7, and, consequently, also in Xy 4 (relative to the same norm), see [2,
Theorem 3.4.2]. Therefore, Zg , = X 4.

In case b), if v € Zy 4, then 1/3(3;) =0, and, consequently, Zy , C Xg,qﬂ]\Nf. To prove the
reverse inclusion, take x € Xy , with 1/3(3;) = 0. There exists a sequence {x,} C XoN X3
such that z, — x in Xy 4. Since ¥ € (Xo N X1)*, we have z,, = Y, + A, 2z, where y, € N,
z€ XoNXy, ¥(z) =1, and A, € R. Then () = Apt0(2) = Ay — ¥(z) = 0. Therefore,
Yn —  in Xg 4, whence x € Zp 4. O
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We continue the proof of the theorem. We remind the reader that the vector = defined
by (2.8) with ¥ (zx) = ar belongs to Xy , in case a) and to Xg 4 N N in case b). In both
cases, Lemma 5 implies the existence of a sequence {z,} C N such that

(2.9) 2 = x Xog, |2ng1 — 2nllxe, <277, n=12,....

It follows that

o0

(2.10) 2= (2n41—2), 20 =0,

n=0

where the series converges absolutely in Xy 4. Since ||zn11 — 2nlln,, < 27D by (2.7),
we see that for every n =0,1,2,... there exists a sequence {z,;}icz C N with

(2.11) It —zn =3 2% (T2 200))illg < 277D
i€Z

Consequently,

Z Hzn 1HX00X1 < max 1 2- Zj an

n=0
< max(1,27" ZH T (2%, z2n.0))illg

< 4Dmax(1,2” 1),

and the series

n=0

converges absolutely in Xo N X for every ¢ € Z. But z,; € N and N is the kernel of the
functional ¢ € (XN X;)*; therefore, y; € N, i € Z. Moreover, (2.11) and the Minkowski
inequality show that

(T2 90))illg < {Z (ij@i,zn,i)y}l/q

iE€EZ n=0
1/q
Z (Z  Zn 1))‘!) <4D.
n=0 i€Z

Therefore, the series ), 2%y, converges in Xo + X to a vector y € Xp,q- We show
that y = 2. By (2.10)—(2.12), it suffices to prove that the double series

oo
> 2
n=0 {€Z

converges absolutely in X + X;. To do this, we apply the Holder inequality and (2.12),
obtaining

Z2 Nznillx, <Zj 20D

’

/4
< (Z 2 ) 172 zni))ills < Cog2' "D
=0
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and
. | -1\ ,
> 2zl s( > 2) T2 2ni))illg < Ch 2D,
whence 00
Z Z 2%| 2.l x4 x, < 4D max(Cy,q, C.q)-
n=0 i€Z

Thus, along with (2.8), both in case a) and in case b) we have a representation of the
form

(2.13) z=>Y 2"y, where y, € N and [[(J(2",yn))nll < 4D.
neL
Next, as in [3], consider the vectors

Uy = Ty, — Yp and v, = Z 2(k_"_1)9uk.
k=n-+1
Then
and from (2.8) and (2.13) it follows that
(2.15) > 2, =0, [[(TQ2" un))nlly < AD +2.
nez
Moreover,

2" onllx, < Y 20ROy, 2%,
k=n-+1
and by (2.15) we have

n

2(k—n—1)0
> e,

k=—oc0

n
[onllxo < < > 2w k.

Xo k=—o00

Now, the elementary inequality max(a, b) < a+b (a,b > 0) combined with the Minkowski
inequality and (2.15) yields

1T (2", vn))nllq

oo n qy 1/q
< {Z ( Z 2(k—n—1)(0—1)j(2k,uk) + Z 2(k—n—1)0j(2k,uk)> }
nezZ k=n-+1 k=—oc0
oo —1 ay1/qa
_ {Z (Z21(0_1)5(2l+"+1,uz+n+1) + Z 2lej(21+"+1,uz+n+1)> }
nezZ " 1=0 l=—o00

< (izl“—lu > 2 )12 w )l < ColaD+2).

=0 l=—o0

So, v, € XoN X1, v =320, € Xg4, and |v]/x,, < Co(4D + 2). By (0.6), we
have ¥ (v,,) < p, T (2", v,). Consequently, the element b = (¢)(vy,)),, belongs to l, (i)
and [|b]|;,(u) < Cp(4D + 2). Furthermore, by (2.14) we have

(Tyb)n = bp—1—2"b, = Y(vp_1) — 279 (vy,)

_ ’lr/)(i 2(k—n)0uk _ Z 2(k—n—1)0uk> _ "r/)(un) =a,

k=n k=n-+1
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for all n € Z.

Thus, the operator Ty : I;(p) — lg(p) is closed. Moreover, Im Ty = [,(x) in case a)
and Im Ty = Ker fp in case b). Since S, < g by assumption, Remark 1 implies that Ty
is an isomorphic embedding, and the theorem is proved. O

Now, we present some corollaries. The first of them is a direct consequence of the
proof of Theorem 1.

Corollary 1. The following statements are equivalent:

1) the norms of Xg 4 and Ng 4 are equivalent on N, and v extends up to a functional
(NS Xe,q*;

2) 0 € (Boo, o).

Corollary 2. Suppose a linear functional ¢ is defined on some linear space D D XoNXj.
Let ¢ be the restriction of ¢ to Xo N X1, and suppose that ¢ € (Xo N X1)*, ¢ # 0. Let
a, B, ap, and Poo be the dilation indices of the function k(t) = K(t,¢; X3, X7). We
assume that Beo < ag. If

(2.16) (Xo NKerp, X1 NKer ¢)g,q = (Xo, X1)o,g N Ker o,

then (2.1) is true.

Proof. Relations (2.16) imply, in particular, that the norms of (X, X1)s,q and (Xo N
Ker ¢, X1 N Ker ¢)g 4 are equivalent on N := Ker 1. On the other hand, the norms of
(Xo NKerg, X1 NKery)g, and (Ng, N1)g 4 coincide on N. Therefore, the norms of
(Xo,X1)o,q and (Ng, N1)g,q are equivalent on IV, and Theorem 1 applies. O

The last corollary is also a direct consequence of the proof of Theorem 1.

Corollary 3. Suppose 1 € (XoNX1)*, ¥ #0, and let N = Kerv. If 6 € (0, ) U (5, 1),
then for every x € Xy 4 there exists a representation

o0
T = Z 29kxk, T € N,
k=—oc0
with
(T (2%, 215 Xo, X1))klli, < Cllzllx.,

where the constant C > 0 does not depend on x. A similar statement is true also for
0 € (Boo, o) if we replace Xg 4 with the intersection Xg 4 N N, where N is the kernel of
the extension 1/~) of P to Xo 4.

Remark. Corollary 3 readily implies the results of [3] that guarantee the identity of
the spaces (Xo, X1)g,q and (No, X1)g,4. In that situation, ¢ € X and Ny := Ker is
endowed with the norm of Xj. First, we observe that presently k(t) := KC(t, ¢; X§, X7) <
C (t > 0), whence o = B = 0. Next, (Xo,X1)g,q C No + X1 because, if z € Xy 4 and
x = xo + 21 with z; € X;, then also = yo + y1, where yo = x9 — ¥(x9)z € Ny, and
y1 = 21 +¥(xo)z € Xi; here z is an element of XN Z; satisfying ¢(z) = 1. By Corollary
3 and the equivalence of the K- and J-methods (see [2, Theorem 3.3.1]), we see that

(No, X1)o,g = (X0, X1)e,q ift0 € (5,1),
and
(No, X1)a,g = (X0, X1)a,g NN if 6 € (0, ),
where N is the kernel of the extension ¢ of 1 to (Xo, X1)o,q-
Theorem 1 implies in addition that (No, X1)g,q is not closed in (Xo, X1)g,q for 6 €
o, A].
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Theorem 2. Suppose ¥ € (Xo N X1)*, ¥ # 0. If 0 € (B0, 0), then ¢ extends by
continuity up to a functional 1y € (X0, X1)a.q)*. If 0 € (0,) (respectively, 8 € (6,1)),
then 1 extends by continuity up to a functional g € ((Xo, X1)o,qNX1)* (respectively, up
to a functional 1/;9 € ((Xo,X1)o,g N Xo)*). Moreover, if ]\79 = Ker 1/;9, then in the three
cases we have

(2.17) (Xo N Ny, X1 ﬂNg)g’q = (Xo,Xl)g’qﬂNg.

Proof. Tt 6 € (Ba, ), then 1 extends up to ¥y € ((Xo, X1)s,4)* by Corollary 1. We
prove (2.17) in this case.
For N := Ny, the inclusion

(Xo NN, X1 NN)gy C (Xo,X1)ag NN
is obvious. So, by Corollary 3, it suffices to prove the inclusion
(2.18) Xp,NNCXoNN+X,NN.
First, we observe that
(2.19) Xo.q C Xp.qN Xo+ XoqN Xy
Indeed, for every = € Xy , there exists a sequence {z,,} C X N X; such that

T = Z 20k (convergence in Xg + X1)
k=—oc0
and (J (2%, z1))x € l,. As before, it is easily seen that
—1
Z 29z, = x¢ € Xy (convergence in Xp)

and

o0
Z 2y, =21 € Xy (convergence in X7).
n=0

At the same time, the J-method definition of Xy , yields z; € Xg,4 (1 =0,1), and (2.19)
follows from the relation z = zg + ;. B

Passing to the proof of (2.18), we take z € Xo N Xy with ¢(2) = 1. If 2 € Xy, NN
and z =xo+ 1, 7, € XggNX; (i =0,1), we put

(2.20) Yo = zo + Yo(z1)z, Y1 = z1 — V(212
Then y; € X; NN (i =0,1), and (2.18) follows.

Now, let 8 € (0,a) U (8,1). If 8 € (0, ), we use Lemmas 3 and 4. For this, consider
the Banach couple (X N X7, X7) and the corresponding K-functional
The dilation indices for the function k'(t) will be denoted by o/, ', af, and (.. Since
P € (Xo N X1)*, we have k'(t) < C (¢t > 0) and, therefore, o/ = . = 0. Applying
Lemma 3 to the couple (X§, X7), we obtain k' (t) =< k(t) := K(t, ¥; X§, X7) for t € (0,1].
So, the definition of the dilation indices implies o, > . Thus, 0 € (8., o), and by the
first statement of the theorem (which has already been proved) we see that ¢ extends
by continuity up to a functional 1/;9 € ((XoNX1,X1)g,q)". But the latter space coincides
with ((Xo, X1)e,q N X1)* by Lemma 4.

The case where 6 € ((3,1) reduces to the preceding case. We put

() = K(t, 3 X¢, (Xo N X1)"),
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and denote by o/’ 8", g, and B the dilation indices for k”. Then k"(t) < Ct (t > 0)
and, therefore, off = " = 1. Next, we observe that

k(t) = tl(g), E'(t) = tm(%),

where
1(t) == K, ¢; X1, Xg), m(t) := K(t, ¢; (Xo N X1)", Xg).
It is easily seen that
(2.21) B+al=1, L 4o =1,
where a! and o stand for dilation indices of I(t) and m(t), respectively. From the above
it is clear that o' > o!. But then (2.21) immediately implies the inequality 87, < §.

Thus, if € (8,1), then 6 € (5L, af), and again Lemma 4 shows that ¢ extends up
to a functional ¥y € ((Xo, X1)o,q N Xo)*.

It remains to prove (2.17) for 8 € (0, ) or 6 € (8,1). For definiteness, let 6 € (0, a)
(the other case is treated similarly). By Corollary 3, it again suffices to prove (2.18), in
which N := Np is  the kernel of the extension 1/)9 of .

Ifz e XgqN N, we use (2.19) to represent z in the form = xg + 21, where z; €
XoqgNX; (i =0,1). It follows that x; and, with it, z¢ belong to the domain of 1/;9.
Consequently, defining yo and y; by (2.20), we obtain = = yo + y1, where y; € X; N N
(i = 0,1). Thus, we arrive at (2.18) and, therefore, also at (2.17). O

Corollary 4. Suppose a linear functional ¢ is defined on a linear space D, D D XoN X1,
the restriction Y of ¢ to XoN X is a bounded functional on XoNXy, and 1 3 # 0. For every
0 satisfying (2.1), let 1/)9 denote a continuous extension of 1 with domain M, (equal either
to Xg 4, or to Xg,4NX1, or to Xg ;N Xo), as in Theorem 2. IfMg C D and ¢(x) = 1/)9( )
for x € Mp, then (2.16) is fulfilled.

Proof. If 6 € (0,a) U (8, 1), then, again by Corollary 3, it suffices to show that
(2.22) Xo,q NKer p C XoNKerg+ X1 NKero.

Let 6 € (0, o) for definiteness. If x € Xy 4, N Ker ¢, then (2.19) shows that x = zg + z1,
where z; € Xp,N X, (¢ =0,1). Then z; € My = Xp,q N X1. Defining 3o and y; by
(2.20), we obtain x = yo + y1, hence y; and, with it, yo belong to Ker . Thus, (2.22) is
proved. The case of 6 € (,1) is treated similarly.

Now, let 8 € (Boc, o). If Xgq NKerp = Xg 4N Ng, where ]\79 = Kerq/;(;, then the

# ~
result follows from Theorem 2 (or Corollary 3). Suppose Xg 4 NKerg D Xg N Ny. Since
Ny is a subspace of codimension 1 in Xy 4, we have Xy , C Ker g, i.e., p(x) = 0 for all

x € Xg,4. This contradicts the assumptions of the corollary.
a

§3. THE K-FUNCTIONAL ON COUPLES OF INTERSECTIONS

Let (Xo, X1) be a Banach couple with Xy N X7 dense in Xy and in X7, and let Yy be
a closed subspace of codimension 1 in Xy. In [8] a formula connecting K (¢, x; Yy, X1 ) and
K(t, x; X9, X1) was found (see also [12, Theorem 2.1]). We show that, under a certain
additional assumption, a similar result holds true also for a normed couple of intersections
generated by a linear functional.

Let 1 be a linear functional defined on a subspace M O Xy N X5, and let N = Ker .
Moreover, we assume that the restriction of 1) to XqgN X7 is a bounded nonzero functional
on this space. Weput V; = X; NN (i =0,1).
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For every y € Yy + Y7 and every t > 0, there exists an “optimal” decomposition
with the property
1
(3:2) 5o @®llxe + iy @®llx,) < Kty Xo, X1) < llyo (@)l xo + tllya ()l]x, -

Theorem 3. Suppose XoN X, is dense both in Xo and in X1, and for everyy € Yo+ Y1
an “optimal’ decomposition (3.1) can be chosen in such a way that yo(t) € M for all

t > 0. Then

1Y (yo(t))]
(t=1, 9 X5, X7)’
where the constants of equivalence do not depend on y € Yo + Y7 and t > 0.

K(t,y; Yo, Y1) < K(t, y; Xo, X1) + e

Proof. Take h € XN X, with ¢(h) # 0. For y € Yy 4 Y1, consider a decomposition (3.1)
satisfying the assumptions of the theorem. Putting

Y(yo(t)h
t) = yo(t) — me
ZO( ) yO( ) 1/)(h) )
we see that z;(t) € Y; and y = 20(t) 4 21 (¢). Consequently,
K(t,y; Yo, Y1)
< lz0(®)llxo + tllz2 ()]l x,

z1(t) = v (t) +

<Ilyo(t)l|xo +tllya ()| x, + |¢;@Mﬂ)|%

j(t, h, X(), Xl)
[ (h)]

by (3.2). Applying (0.6) and passing to the infimum over all h € Xy N X; with ¢(h) # 0
in the second term on the right, we obtain

< 2K(t, y; Xo, X1) + 2|¢(yo(t))]

)y

) ) 0> 1

To prove the reverse inequality, if suffices to show that

(o (1))]
K@=t 4; X5, X7)

(3.3) < AK(t, y; Yo, Y1).

We may assume that ¥ (yo(t)) # 0 (otherwise there is nothing to prove). For ¢t > 0,
we find a decomposition y = 2o(t) + 21(t), z;(t) € Y;, such that

(I20(®)llxo + tllz1 ()] x2)

N =

(an “optimal” decomposition of y in the couple (Yp,Y7)). Using it and also the decom-
position (3.1), we define h = yo(t) — 20(t) = 21(¢t) — y1(¢). Then h € Xy N X3, and the
relation zo(t) € Yo C N implies

P(h) = P(yo(t)) — ¥(20(t)) = ¥(yo(t)) # 0.

Therefore,
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and by (3.4), (3.2), and (0.6) we obtain

e300 2 5 (o)~ S+ oo+ S )
> 5 (1wen et — (oo, + el >||X1>)
> o), r ORI g, )
= SR ety o0
Now, (3.4) follows immediately, because K(t, y; Xo, X1) < K(, ; Yo, Y1) 0

§4. INTERPOLATION OF INTERSECTIONS OF WEIGHTED L,-SPACES
GENERATED BY AN INTEGRAL FUNCTIONAL

As usual, for a positive measurable function w(z) on (0, 00), we define L,(w) as the
space of measurable functions f : (0,00) — R with the norm

LS 1/p
IIfIIw,p:( / If(x)l”w(x)dx> 1< p <,

and

[ fllew,00 = esssup (| f(x)|w()).

For an arbitrary measurable function g : (0, 00) — R, consider the linear functional

n=[ 1

with the domain D, consisting of all measurable functions f : (0,00) — R such that
f |f(z)g(x)| dz < oo for all 0 < a < b < 0o and the following limit exists:

i / f(@)g(x) da

Basically, we shall be interested in the case where g(x) = 1. Then we use the notations
@ and D, respectively.
First, we find conditions ensuring the relation

(1) (Lpo(wo) NKer o, Ly, (w1) N Ker @)y = (Lpy (1w0), Ly, (1w1))o.q N Ker .
Thus, g(x) =1, and we consider three cases distinguished in terms of pg and p;.

) 1 < po < p1 < oo. We denote by ¢ the restriction of the functional p(f) =
fo x) dx to Ly, (wo) N Ly, (w1). For every Banach couple (Xo, X7) with XN X; dense
both in XO and in X4, we have (XoNX1)* = X§ + X7 isometrically (see [2, §2.7]). Thus,
if -+-1 =1(i=0,1), then the condition ) € (Lp, (wo) N Ly, (w1))* is equivalent to the
condition

L€ Ly (wy /"7 4 Ly (w0 VPTY) (o > 1)
or
1€ Loc(wg ") + Ly (wy /7 7Y) (o = 1),
It its turn, this is equivalent to the finiteness of the function

k(t) = K(¢, 15 Ly (wg /P70, Ly (wi V' P79)) - (po > 1)

or
K'(t) = K(t, 1; Loo(wg ), Ly (wy 7)) (po = 1)
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for some (all) ¢ > 0.
Assume first that pg > 1. After reduction to one weight function, we can write

k(t) = K(t, u; Ly, (v), Ly, (v)),

where
py—1 po—1 P PO
(42) 1,(,(.23) = wo(x)_Pll—PO w1 (3;) P1-P0 'U(x) = wO(x) Pl—lp() w1 (x)_pl ~p0 |

Applying the Holmstedt formula [2], we obtain

k() = th(%, s Ly (), Ly (v)

.

= ) 1/p} o0 , 1/p)
= t(/ u*(s)Pr ds) + (/ u*(s)Po ds) ,
0 t-r
1_ 1 _ 1

where & = -~ — -~ and u*(s) is a nonincreasing rearrangement of u(z) with respect to

the measure v(E) = [, v(z) dz. Putting
(4.3) Fr={x>0:u(x)>u*(t™)}, FS=(0,00)\ F,
we have k(t) < ki (t), where

1/py 1/pg
ki(t) = t(/ wy (x) " P1=D) dx) + (/ wo(z) "1/ Po—1) dx) :
Fy Fy

Much in the same way, it can be shown that for pg = 1 we have k’(t) < k{(¢), where

1/py
K (t) = t(/ wy (z) "/ P11 dx) :
Fy

We also note that 7 = p} and u(x) = wy ' (z) in the latter case.

Theorem 4. Suppose 1 < pg < p1 < 0o, and let functions u(x) and v(x) and sets Fy,
Ff (t > 0) be defined by (4.2) and (4.3), respectively. Suppose the function

1/py /o
ki(t) = t(/ wl(x)—l/(pl—l) dx) + (/ wo(x)—l/(pg—l) dx)
Fy Fyg

(if po = 1, the second term on the right should be suppressed) is finite for some (all)
t > 0, and let «, B, ag, and B denote its dilation indices. If B < g, 0 < 6 < 1, and
1< g < oo, then (4.1) is true if and only if (2.1) is true.

Proof. If (4.1) is fulfilled, then Corollary 2 is applicable by the assumptions of the theo-
rem, and we obtain (2.1).

Conversely, let (2.1) be fulfilled. By the arguments preceding the theorem, the re-
striction 9 of ¢ to Ly, (wo) N Ly, (w1) belongs to (Lyp, (wo) N Ly, (w1))*. Moreover, ¢ # 0.
Consequently, by Theorem 2, there is a continuous extension of ¢ up to a functional
g € My, where My is either (Lyp, (wo), Lp, (w1))e,q, 0r (Lp, (o), Lp, (w1))g,q N Lp, (w1),
or (Lp, (wo), Lp, (w1))g,q N Lp, (wo), depending on whether 6 belongs to (8, ), (0, @),
or (3,1).

We show that My C D for every 6 € (0, a)U (Bso, a0) U (8, 1), and for f € My we have

(1.4) Jo(f) = o(f) = / " f(e) da.

First, Ly, (wo) N Ly, (w1) C D by assumption, and for f € Ly, (wo) N Ly, (w1) we have
the estimate

(4.5) / @) de < Coll



INTERPOLATION OF INTERSECTIONS BY THE REAL METHOD 21

Now, let f € My, and let a sequence {fn} C Ly, (wo) N Ly, (w1) satisty || fo—fllzz, — 0
as n — 00. Then fnx(0,5) = fX[0,5) @ 7 — 00 in measure for every b > 0 (here and below
Xr stands for the characteristic function of a set F' C R). By (4.5) we obtain

b
/Olfn(x)ldxécellfnllm,

and the Fatou lemma shows that
[ 1r@)ds < Co tim 1fall, = Coll 7,
0
ie., My C L1(0,00) C D. Next, applying (4.5) once again, we see that

|10 = fa@)de < Col = full, (= 1.2,

Consequently, the sequence {f,} has a limit in L;(0, c0), which must coincide with f.
Since

/0 " fa@) de = Go(fu) — Ga(f)

at the same time, we arrive at (4.4). Now, all conditions of Corollary 4 are satisfied.
Applying this corollary, we obtain (4.1). d

If the numbers pg, p1 and the weight functions wo(z) and wy (z) satisfy some additional
conditions, we can obtain more specific results. First, let pg > 1, and assume that
(*) wo(z) is monotone increasing, wo(2x) < Crwg(x) (x > 0), and
1

/ wo(s)ﬁ ds < Cozwo(z)™r0, x>0

next, either wy (x) is monotone decreasing and w1 (z) < Cswy(2z) (x > 0), or both wy ()

and w(x) = Z;’gzg

are monotone increasing and

/ wl(s)ﬁ ds < C4xw1(x)ﬁ (x > 0).
0

It is easily seen that, under condition (), u(x) is monotone decreasing and v(z) is
monotone increasing. In particular, it follows that F; = (0, s(t)), where s(t) is a solution
of the equation

* 1 1 1
(4.6) V(x) ::/ v(s)ds=t—", —=———.
0 T Po DN
Moreover, it is easily seen that V(x) =< zv(z). Therefore,
(4.7) s(t)v(s(t)) <t .

Now, on one hand, we have

25(t) 1/pg ) ,
kq(t) > (/ wo(z) "1/ Po—1) dx) >Cy /pgs(t)l/pﬂwg(s(t))_l/pg
s(t)

by (x). On the other hand, (x) and (4.7) imply
Fr (1) < C(s(6)YPouwg(s(£))~H/P0 + ts(t)/Prawy (s(t))~H/P1)
= Cs(t)l/péwo(s t))—l/;vo(l + tS(t)l/r’U(S(t))l/r)
< O's(t)M/Powg (s(t)) /P,
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Thus, under condition (x) we have the equivalence
k1 (t) = s(t)/Powg(s(t)) 1 /Po.
If po = 1, a slightly less restrictive condition can be employed:
(%) wo () is monotone increasing and wp(2z) < Crwo(x) (z > 0); next, either wi ()

is monotone decreasing and wi (z) < Cowy(2z) (z > 0), or both wy(x) and w(z) = Efgig

are monotone increasing and
T
/ w1 (s) o ds < Cszwq () = (x > 0).
0

Much as in the case where py > 1, it can be shown that (xx) implies
k(t) < wo(s(t) ™"
As a result, applying Theorem 4, we arrive at the following statement.

Corollary 5. Suppose two numbers po, p1 (1 < po < p1 < 00) and two weight functions

wo(x), wi(x) satisfy (x) if po > 1 and satisfy (xx) if po = 1. Let , B8, g, and B be the
po—1

dilation indices of the function ko(t) = s(t)%wo(s(t))_%, where s(t) is the solution of

equation (4.6). If Boo < g, 0 < 0 < 1, and 1 < q < 0o, then (4.1) is equivalent to (2.1).

b) 1 < pg =p1 =p < oo. It is well known (see [2]) that in this case
k() = Kt 1; Ly (wg 7), Ly (w7 070))

oo 1/’
= (/ min(wo(z) PV g ()7 D) dx)
0

1/p
:(tp/ wl(x)_l/(p_l)dx—F/ wo(x)_l/(p_l)dx>
Fy Fe

wo(x)
w1 (x)

The following statement is proved much as Theorem 4.

where

(4.8) F, = {x >0: < t‘p}, Fe = (0,00)\ Fy.

Theorem 5. Let p € (1,00). Suppose wo(x) and wq(x) are such that the function

1/p’
ks(t) = (tp / wy (z) /P~ dx—|—/ wo(z) "/ =Y dx) ,
F Fe
where Fy and Ff are defined by (4.8), is finite for some (all) t > 0. If a, B, g, and
Boo are the dilation indices of the function k3(t) and Be < e, then the relation
(4.9) (Lp(wo) NKer ¢, Ly(w1) NKer ¢)g ¢ = (Lp(wo), Lp(w1))a,q N Ker ¢
is equivalent to (2.1).

Suppose () is fulfilled for py = p1 = p, wo(x), and wi(x). Then F; = (0,w 1 (t7P)),
where w™!(x) is the function inverse to w(z) = wo(z)/w1(x). Therefore, arguing as we
did before Corollary 5, we obtain yet another statement.

Corollary 6. Suppose () is fulfilled for po = p1 = p € (1,00), wo(x), and wq(x). Let
a, B, ag, and B be the dilation indices of the function

ka(t) = (w™ (t7P) PP (wo(w ™ (7)) 7P,
and let Boo < 9. Then (4.9) is equivalent to (2.1).



INTERPOLATION OF INTERSECTIONS BY THE REAL METHOD 23

¢) po = p1 = 1. In this case

wo(x) )

k(t) = K(t, 15 Loo(1/wo), Loo(1/w1)) = sup —— e

min (1, t
2>0 Wo(2)
If the weight functions obey the condition
wo(x) is monotone increasing, wi(x) is monotone decreasing, and

(4.10) 1

lim wiz) = lim -5 =0,
then
1
k(t) <

wo(w=1(1/t))
As before, here w(z) := Efgig, and w~!(z) is the function inverse to w(z).
The following statement is proved much as Theorem 4.

Theorem 6. Suppose wo(x) and wi(x) satisfy (4.10). Let «, B, ap, and Boo be the
dilation indices of the function ks(t) = m, and let Boo < 9. Then the relation

(4.11) (L1 (wo) NKer ¢, Li(w1) NKer ¢)g.q = (L1(wo), L1(w1))g,g N Ker ¢
is equivalent to (2.1).

From the preceding theorem we deduce an interesting consequence. Let a,b,c, d be
four numbers satisfying 0 < a < min(b,¢) < max(b,¢) < d < 1. Then there exists a
concave function v(x) on (0,00) whose dilation indices «, S0, @, and 8 coincide with
a, b, ¢, and d.

In order to exhibit such a function, we take a two-sided monotone increasing sequence
{xi}p2 _ o of positive numbers such that 2o = 1 and limjy| o rgtl = 00.

If b > 0, we define a function v’ in the following way:

x a
V(z) = (—) Vi(zok), ok < < Togtr,
T2k
/ € b /
vi(z) = ( ) V(zak41), Tokt1 < @ < Tokqo,
T2k+1

for k=0,1,2,..., and

x C
V(z) = (—) Vi(zok), Top—1 <z < xop,

T2k
V' (z) = (

x
for k=0,-1,-2,....

If b =0 and d > 1, we define v'(z) as before if z € (0, 1], and for z € [1,00) we put
V' (xz) =Inez.

Finally, if d = 0, we put v/(z) = ﬁ for € (0,1] and v'(x) = lnex for x € [1, 00].

It can easily be shown that v/(x) is monotone increasing, v'(z)/z is monotone de-
creasing, and the range of v/(z) is (0, 00). There exists a monotone increasing concave
function v(z) such that v'(z) < v(z) < 2v'(z) (z > 0); see [17, Theorem 2.1.1]. Clearly,
the range of v(x) also coincides with (0, 00). The definition of v’ readily implies that its
dilation indices «, B0, g, and G (therefore, also those of v) coincide with a, b, ¢, and d,
respectively.

We denote wo(z) = z and wy (z) = zv~1(1/x) (v~ is the inverse function to v). Since
these functions satisfy (4.10) and

d
/

) Vi(zak—1), xak—2 < < Tog_1,

T2k—1
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application of Theorem 6 leads to the following result.

Corollary 7. For arbitrary numbers 0 < a < b < c < d < 1, there exist weight functions
wo(x) and wi(x) such that (4.11) is fulfilled if and only if 8 € (0,a) U (b,c) U (d, 1).

Remark. The last statement shows that all situations indicated in Theorem 1 realize
indeed, already in the framework of weighted L;-spaces. Partial results of the same
nature were known earlier; see [1, Corollary 2].

The case of power-type weight functions leads to the most transparent results. If
wo(z) = 2! and wy (x) = 2™, it can easily be seen that (x) is fulfilled if a) [ > pg — 1 and
m<0or(b)l>py—1,1>m,and 0 <m < p; — 1.

By (4.2) and (4.7), we have

~pom r(p1 ~pg)
v(r) = x%, s(t) < t_pll_l":g%"fpl —r0 ., ko(t) < teg,

I—po+1
where 90 = pl(fig)—;l;%—(m)—i-l) .

results yield the following.

Consequently, a = 8 = ag = PBo = 0y, and the preceding

Corollary 8. Suppose pg, p1 (1 < pg < p1 < ), I, and m satisfy (a) or (b). Then
(L;DO (xl) N Ker ¢, L;Dl (xm) N Ker @)9,4 = (LZDO (xl)a L;D1 (xm))e’q N Ker ¢

if and only if 0 # =)

Remark. For pg = p1 = ¢, the last statement was proved in [1, Corollary 1] by a different
method.

Now, we apply the results of §3 to the evaluation of the IC-functional on the couple of
intersections (L, (wo) N Ker ¢4, Ly(w1) N Ker ¢g) for weighted L,-spaces, where ¢4(f) =
15" f(z)g(x) dz. Consider two cases.

a) po = p1 = p > 1. As before, the condition ¢, € (L,(wo) N Ly(w1))* is equivalent to
the condition

g€ELy (wo—l/(:v—l)) + Lp/(wl_l/(p_l)) _ Lp/(maX(’LUo,wl)_l/(p_l))-
Then, as was mentioned already in [2],
Ic(t_la Pg> Lp(wO)*a Lp(wl)*)
- —1/(p—1 —1/(p—1
= K g3 Ly (g ), Ly (oY)
o) , 1 1 , 1/p'
= ( / lg()[” min(wy /P (@), 77wV (1)) dx) :
0
and the latter function is finite for all ¢ > 0. In a similar way, we obtain
o) 1/p
Kt Lyl Lyton)) = ([ 1) i o), 70 () o
0
Therefore, under the assumption

1
(4.12)  the function w(x) := wo(z) is monotonic and limw(z) = lim —— =0,
t—0 t—00 w(x)
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we have
K(t, J: Ly(wo), Ly(wn))
W (47) s 1/p
- ( [ s@pwe e+ | If(x)l”wl(x)dx>
0 w-1(tp)
1/
= LI gy + PRI )
= 15 ey + 11,

where fi(z) = f(x)X(0,w-1@r)(x) and fi(z) = f(2)X(@w-1@r),00)(x). The last display
shows that the decomposition f = f{ + fi is optimal (see (3.2)). Moreover, if f €
L, (wo) NKer gy + Ly(w1) N Ker ¢y, then f¢ belongs to the domain D, of ¢, for every
t > 0. Thus, Theorem 3 implies the following result.

Theorem 7. Suppose p € (1,00), the function w(x) = E;’g; satisfies (4.12), and g €
Ly (max(wg, wy) ™/ ®=1). Then

K(t, f; Lp(wo) NKer pg, Ly(w1) N Ker ¢g)
1/p

= ([ i@ mintun(e), ) o )

) g(2) (@) da
N —

where
1/p’

Gott) = ([ ool mintug ™V o), OV ) )

If g(z) = 1, the formula for the K-functional in Theorem 7 simplifies under certain
conditions on p € (1, 00) and the weight functions wo(z) and wi (x). Specifically, suppose
that

(% % %) wo(x) is monotone increasing and

/ wo(s)ﬁ ds < C’lxwg(x)ﬁ (x > 0);

next, either wy () is monotone decreasing and wy (z) < Cowi(2z) (x > 0), or both w1 ()

and w(x) = E;’g;

are monotone increasing, and

/ wl(s)ﬁ ds < ngwl(x)ﬁ (x > 0).
0

Arguing as we did before Corollary 6, we easily obtain the following result, which
was established in [1, Theorem 3] by a different method, namely, on the basis of direct
estimates.

Corollary 9. Suppose p € (1,00), wo(x), and w1 (x) satisfy (x « *). Then
K(t, f; Lp(wo) NKer ¢, Ly(w1) N Ker )

1/p

= ([ P mintun(e), o 2) o)

w L (t7)
" <w—1<tp>>1/p—1wé/”<w—1<tp>>‘ [ o
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b) po = p1 = 1. In this case the condition ¢, € (L1(wo) N L1 (w1))* emerges, which is
equivalent to
9 € Loo(1/wo) + Loo(1/w1) = Loo(1/ max(wp, wy)).
Now, for all ¢ > 0 the following function is finite:
K(t. pg; L1(wo)*, L1(w1)")
= K(t, 9; Loo(1/wo), Loo(1/w1))

. 1 t
= (s min (G o))
As in the case of p > 1, if (4.12) is fulfilled, then
K(t, f: Li(wo), L1 (w1)) = (| f5]l £y (wo) + N FLllLs ()

where f§(x) = f(2)X(0,0-1())(®) and f{(z) = f(2)X(@w-1(t),00)(x). Thus, the decomposi-
tion f = f¢+ fi is optimal. Moreover, if f € Li(wo) N Ker ¢4 + Li(w1) NKer ¢4, then
f¢ € Dy for every t > 0. Therefore, Theorem 3 yields yet another theorem.

Theorem 8. If (4.12) is fulfilled and g € Loo(1/ max(wg,w1)), then
K(t, f; L1(wo) NKer ¢g, L1 (w1) N Ker ¢g)

= ([ @ mintun(o),tun () o

s ey () do|
Gl(t)

where

G (1) = sup (lg(a)] min (% L))

>0 (z)" twy ()

If g(z) = 1 and the weight functions are sufficiently regular, the formula for the
K-functional on the couple of intersections simplifies somewhat.

Corollary 10. If wo(z) and wi(x) satisfy (4.10), then
K(t, f; L1(wo) N Ker ¢, L1 (wq) N Ker p)

= ([ 1@ min(un(o),tur(2) o)

1(t)
+ wo(w ‘ / x)dx|.

Remark. Under the additional assumption wi(x/2) < Awq(x) (z > 0), Corollary 10 was
proved by a different method in [1] (see Theorem 3).

The author is grateful to Prof. L. Maligranda for a useful discussion of certain issues
related to the proof of Theorem 2.
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