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EXTRAPOLATION FUNCTORS ON A FAMILY OF SCALES
GENERATED BY THE REAL INTERPOLATION METHOD
S. V. Astashkin UDC 517.982.27

Abstract: A new class of extrapolation functors is defined on a family of scales generated by the real
interpolation method. We prove extrapolation relations for the J#- and _#-functionals corresponding
to some natural pairs of limit spaces which make it possible to describe the values of these functors.
We can consider these relations as new assertions similar to the classical Yano theorem on estimates
for the norms of operators in interpolation scales of spaces.
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The starting point for extrapolation theory is the classical Yano theorem (see [1] or [2, Chapter 12,
Theorem 4.41]) about the Zygmund spaces L(log L)* and Exp L? with the norms

1
2 * - 2 *
£l Log Ly = /IOg% <>f (t)dt and | fllgxprs = sup log, 1/ﬁ<>f (t)
/ 3 0<t<1 t

which are important in applications. Here a, 3 > 0 and f*(¢) is the nonincreasing rearrangement of
a function |f(¢)| on the interval [0, 1]. Suppose that 7" is a bounded linear operator in the L, = L0, 1]
spaces for all p in some right half-neighborhood of 1 and ||T|z,—~, = ¢((p —1)7%) (p — 1+) for some
a > 0. Then we can define T' on the Zygmund space L(log L)® so that it becomes a bounded operator
from this space to Li. The dual assertion about the dual space Exp L'/ to L(log L)® is also valid. If
a linear operator 7" is bounded in L, for all sufficiently large p and ||T||.,—r, = O(p®) (p — o0) for some
a >0 then T : Lo — Exp LY.

In the 1990s some general approaches of extrapolation theory began to be developed which are
mainly associated with Jawerth and Milman [3-5]. The primary goal of this theory consists in studying
the natural limit spaces associated with the interpolation scales of spaces and obtaining estimates for
the norms of operators in these spaces. Jawerth and Milman showed that a “source” for the Yano-type
theorems is existence of extrapolation constructions (functors) whose values are the limit spaces of these
theorems. In particular, using the functors of intersection A and sum X, they obtained the following
extrapolation description for the Zygmund spaces of the Yano theorem (for example, see [5, pp. 22-23]):

At cpeco (p*aLp) =ExpL'* and 21<p<oo((p — 1)*aLp) = L(log L)* (o > 0).

Jawerth and Milman considered as extrapolation functors only the extreme functors, the sum and
intersection of families of Banach spaces (for example, see [4, §2] or [5, Chapter 2]). This choice leads
only to the generalized Lorentz and Marcinkiewicz spaces (see the definitions below) as the resultant
extrapolation spaces. A broader class of functors (defined however only on the scale of Ly,-spaces) was
introduced in [6]. It is closely connected with the real interpolation method and enables the limit space
to be almost every rearrangement invariant (symmetric) space “close” to Lo, and Lj. This article is
devoted to extending and developing these ideas.

First of all, we extend the definition of functors of [6] to the following family of discrete scales of
Banach spaces. Let ® be an Orlicz function on [0,00). Denote by o/ the family of sequences (discrete
scales) of the form

AT = (Ao, A eema@ny, n=12
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and by 4, the family of the form

17 _ I _
Aﬁf - (A(), Al)1/@(271)7@(271)/(@(271)_1), n=12... R
- 1 ,
where A = (Ap, A1) is an arbitrary Banach pair such that A;CAg and (Ao,Al)gf; and (Ao,Al)(;jp (0 <
0 < 1,1 <p<o0) are the spaces of the real - and _#-methods.
The main results of this article consist in description for the values of some extrapolation functors
(defined below) on the scales of these families. We prove that in the case of &/ (of #) we precisely

- - -

obtain the interpolation spaces with respect to the pair (A1, M,(A)) (the pair (Ag, Ayx(A)), where M, (A)
and Aw(ﬁ) are the generalized Marcinkiewicz and Lorentz spaces constructed for the function ¢p(u) =
u®1(log(1+ (e —1)/u)) (0 < u < 1). The key point here is the extrapolation relations we obtain below
for - and _#-functionals of the pairs (Aq, Mw(ﬁ)) and (Ao, Ag,(;l')). In the last part of this article we
show that the above-introduced functors can also be defined on some broader families of scales without
changing the values of these functors. This is one of the consequences of the important stability property
of extrapolation constructions.

The results of this article in the particular case of the scale of Ly-spaces (i.e., for the pair A=
(L1, L)) were partially announced in [7].

8 1. Definitions, Notations, and Preliminaries

A detailed exposition of the theory of operator interpolation and the theory of rearrangement invari-
ant spaces can be found in [8-11].

Henceforth we assume that each embedding of one Banach space into the other is assumed continuous;
i.e., X C Xo means that z € X; implies that x € X and ||z||x, < C||z| x, for some C' > 0. To specify

the constant of the embedding, we sometimes write X7 g Xo.

Let Xo and X; be Banach spaces such that X; C Xo. Then we define the completion of X1 with
respect to Xo (or Gagliardo completion) as the set X; of all x € X such that there is a sequence
{zn} C X with the properties: ||z,|x, < C (n =1,2,...) for some C > 0 and z,, — x in Xy. The
space X7 is said to be complete with respect to Xg if )~(1 = X].

If (Xo,X1) is a Banach pair (i.e., the Banach spaces Xy and X; are linearly and continuously
embedded in some Hausdorff topological vector space) then we can naturally define the intersection
XoN X1 and the sum Xy 4+ X; with the respective norms

HxHXoﬂ)ﬁ = max HxHXm
1=0,1

2]l x0+x, = inf{{|zollx, + |lz1llx, - 2 = 2o + 21, 5 € Xy, i = 0,1}

Let (Xo, X1) and (Yo, Y1) be Banach pairs. A triple (Xo, X1, X) of spaces, XoNX; C X C Xo+ X3,
is called an interpolation (exact interpolation) triple with respect to (Yo,Y1,Y), YoNnY: CY C Yy + Y1,
if every linear operator 7" on Xy + X; bounded from Xy to Yy and from X; to Y7 is also bounded from
X to Y (and moreover ||T| x_y < max;—o1||T]|x,—y;)- f X; =Y; (i =0,1) and X =Y then we say
that X is an interpolation space with respect to (Xo, X1).

An (ezact) interpolation functor is an arbitrary mapping F of the set of Banach pairs to the set of
Banach spaces such that for all Banach pairs X = (Xo, X1) and ¥ = (Yp, Y1) the triple (Xo, X1, F(X))
is an (exact) interpolation triple with respect to (Yp, Y1, F(Y)). The characteristic function p(t) of the
interpolation functor F' is defined by the relation F(R,(1/t)R) = (1/p(t))R, t > 0. If F is an exact
functor then p(t) is a quasiconcave function on (0, 00); i.e., p(t) increases and p(t)/t decreases for t > 0.

An important way for obtaining interpolation spaces is the real interpolation method based on
application of the Peetre J#- and _# -functionals:

:%/(t,:l,’;X(),Xﬂ = inf{”l’o”xo + tHleXI rx=x0+ 21, 9 € Xo, T1 € Xl},
(b, @5 Xo, X1) = max{||z]|xo, ¢l x, }-

206



For a fixed ¢t > 0, the first of them is the norm on the sum Xy+¢X; and the second is the norm on the
intersection XoNtX; (if X is a Banach space and a > 0 then the space aX consists of the same elements
as X but has the norm ||z||,x = o||z|x). If we take z € Xo+ X1 (x € XoN X7) then (¢, x; Xo, X1) is
an increasing concave function of ¢ (_# (t,z; Xo, X1) is an increasing convex function).

Let E be a Banach lattice of two-sided real sequences a = ()72 _. If (Xo,X1) is an arbi-
trary Banach pair then the space (Xo, X1)# of the J#-method consists of all z € X + X; satisfying
(%(2j, x; Xo, Xl))j € F and

[ z]] = (A (2, 25 Xo, X1));]|lE < 00

The space (Xo, X1) g of the _Z-method consists of all z € Xy + X; representable as

oo
x = Z u; (w.r.t. the convergence of Xo + X1), where u; € XoNXj. (1)

j=—00

The norm in (Xp, Xl)gg is defined as infy, ) I(_# (27, u;; Xo, X1)) ;]| £, where the greatest lower bound is
calculated over all sequences {u;}22_ such that (1) is valid.

If E is a Banach lattice of two-sided sequences and o = (aj)?2__ is a sequence of nonnegative
numbers then the space E(ay) consists of all a = (ax)72 _ ., such that (axax)p2_ € E and |lal|g(a,) =
| (axar)|| - Suppose that B D A(ls) := loo Nle(27%) ({0} £ E C B(I1) := 1 + 11(27%)). Then the
mapping (Xo, X1) — (Xo, X1)7% ((Xo,X1) — (XO,Xl)g) defines an exact interpolation functor. The
collection of all such functors is called the real # -method (_# -method). It is important to notice that in
the case of the #-method (_#-method) the parameter E can always be considered as an interpolation
space with respect to the pair lng = (Iso, loo(27%)) (I1 = (I1,11(27%))) [9, Corollaries 3.3.10 and 3.4.6].
Moreover, if p(t) is a quasiconcave function then the functors (-, -) l{

(1/p(2%))
in the sense that, for every exact interpolation functor F' with the characteristic function p(t), we have

and (-, ')fo(l/p(zk)) are extreme

I 1 1 #
(X[), Xl)ll(l/p(Qk))CF(Xo’ Xl)C(XO, Xl)loo(l/p(Qk))
for every Banach pair (Xo, X1).
In particular, for 0 < 8 < 1 and 1 < p < oo we obtain the classical interpolation spaces

(X0, X1)7p = (X0, X1)/(9-rs) and (X0, X1)7, = (Xo,Xl)ff(g_ko)

whose properties are studied in detail in [8]. Tt is well known [8, Theorem 3.3.1] that (Xo, X1), =

(XO,Xl)g; for arbitrary 0 < 6 < 1 and 1 < p < oo. Moreover, it is important to observe that the
constant of the equivalence of their norms depends on 6 and p and may tend to co.

Henceforth we speak in particular of the pairs of rearrangement invariant (symmetric) function
spaces on the interval [0,1]. Recall that a Banach space X of measurable functions on [0, 1] is called
rearrangement invariant provided that

(a) if y = y(t) € X and |z(t)| < |y(t)| then z = z(t) € X and [lz]| < [ly[;

(b) if y =y(t) € X and z*(t) = y*(¢) then x € X and ||z|| = ||y

The simplest and important examples of the rearrangement invariant spaces are the Lj,-spaces
(1 <p < oo) with the usual norms:

; 1/p
|z, = (/ |z ()P dt> (1<p<oo) and || = esssup|z(t)].
s <

0<t<1

Their natural generalizations are Orlicz spaces. Henceforth by an Orlicz function we mean an increas-
ing continuous convex function N(u) > 0 on [0,00) such that N(0) = 0 and N(1) = 1 (thus N always
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has the inverse N~! which is concave). The corresponding Orlicz space Ly consists of all measurable
functions = = z(t) on [0, 1] such that the norm

R R S AP
0

is finite. In particular, if N(¢) =t (1 < p < 0o0) then we obtain the L,-space.

Other examples of rearrangement invariant spaces are Lorentz and Marcinkiewicz spaces. If 1(t) is
a nonnegative increasing concave function on [0, 1] then the Marcinkiewicz space M (1)) consists of all
measurable functions z = z(s) on [0, 1] satisfying

ftw*(s) ds

0
X = sup ————~———
7l = 22 50

and the Lorentz space A(¢) consists of all z = x(s) satisfying
1

]l aq) = /x*(s) dip(s) < .

0

< 00,

Henceforth we are interested in the exponential Orlicz spaces Exp L® = L Ng» Where Ng(u) = (eq’(“) —
1)/(e—1), and ®(u) is an Orlicz function. It is well known [12, 13] that the norm in Exp L® is equivalent
to that in the Marcinkiewicz space M () constructed with the concave function ¢(u) = u®~*(log(1 +
(e — 1)/u)). Hence, it follows in particular that Exp L® = A(¢)* [10, pp. 152-154]. For ®(u) = u®
(a > 1) we obtain the well-known Zygmund spaces Exp L* and L(log L)'/® [14] mentioned already in
the introduction in connection with the Yano extrapolation theorem.

In line with [5, p. 8], we recall the definitions of extrapolation space and extrapolation functor
(in the case of discrete scales). A sequence (or discrete scale) {A,}°°; of Banach spaces is strictly
compatible if there are Banach spaces U and V4 such that the continuous embeddings V4 C A, C Uy
(n =1,2,...) hold. Suppose that {B,}°° is another strictly compatible sequence of Banach spaces
such that Vg C B, C U (n = 1,2,...). Then A and B are called extrapolation spaces (with respect
to the scales {A,}72, and {B,}2,) if V4 C A C Uy and Vg C B C Up and every linear operator T,
T :Us — Up, sending A, to By, with ||T||a,—p5, < 1 for all n = 1,2,..., is bounded from A to B.

An extrapolation functor on the family o7 of strictly compatible scales is a mapping { A, } Z z {A,}),
{4, } € &, such that .#({A,}) and .# ({B,}) are extrapolation spaces whenever {A,} and {B,} belong
to the family <.

The simplest extrapolation functors are the sum and intersection functors. Let Xj (k = 1,2,...)
be Banach spaces embedded linearly and continuously in a Hausdorff topological vector space 7. Then
their intersection is the Banach space A° | X}, constituted by all « € (72, X}, satisfying

zll = sup [lz]lx, < oo

=1,4,...

Suppose additionally that there is a Banach space Xy embedded into .7 and such that XkéXo (k =
1,2,...). Then the sum ) 7>, X is defined as the set of all z € X representable as z = ) 7z
(z, € X) where > 77 |lzkllx, < oo. This space becomes a Banach space with the norm |z| =
inf 327 [|zk| x,., where the greatest lower bound is calculated over all possible representations of x.

Denote by e (k= 0,4+1,42,...) the standard basis vectors in the space of two-sided real sequences;
ie., ef = (e;“), ef =1 and eé‘? =0(j #k). If1 <p < oo then p' is the conjugate of p; ie., 1/p' +
1/p = 1. The dilation function of a positive function ¥(s), s € (0,00), is defined by the relation
My (t) = supy~o¥(st)/Y(s). Finally, the relation Fy =< F» means henceforth that ¢y < Fy < C'F; for
some ¢ > 0 and C' > 0; moreover, as a rule, the constants ¢ and C' are independent of all or a part of the
arguments of F; and Fs.
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§ 2. Auxiliary Results

In extrapolation theory, it is customary to consider, alongside the usual spaces of the real method,
the modified spaces [5, p. 13]:

(X0, X1)7) = co.p(Xo, X1)7,,  where cpp, = (6(1 — 0)p)'/P(1 < p < 00) and cpo = 1, (2)
and

<(X0,X1)5’¢:p> = cep(Xg,Xl)ep, where c'g.p =01 —0)p) 1/17'(1 < p < o0) and 0’971 =1.
The characteristic function of the functors < : > and < 5; > is exactly t? [5]; moreover [15, Exam-
ple 7],

(L1, Loo){jgrg) = Lg (1< ¢ < 00) (3)

and the norms of the spaces in (3) are equivalent with a constant independent of q. Note that for § = 1/¢’
the constant ¢y, is equal to (¢') '/, whence 1/v/2 < ¢y, < 1 if ¢ > 2. Thereby, by (3),
(L1, Loo) g 4 = Lg (4)
with a constant of the equivalence of norms independent of ¢ > 2.
Moreover, we need some auxiliary assertions. The first contains a formula for calculation of the
 -functional of the pair (Lo, M (1)) (M(v) is the Marcinkiewicz space on [0, 1]). In the particular case

of Y(t) = tlogl/ 2(2 /t), this was proved in [16] and applied therein to studying the space of multipliers
generated by the Rademacher system.

Lemma 1. Let ¢ be an increasing concave function on [0, 1] such that its dilation function satisfies
the condition .#(1/2) < 1. Then the relation
fr(uw)u

H(t, f; Loo, M =
(t f (77[))) tu:i/)S(Ll)I)Ztu w(u)

is valid with constants independent of f € M (1) and t > 0.
PRrOOF. First of all, since Lo, = M (1)) where ¢o(u) = u, we have

H (b, f5 Loo, M(9)) = [ fllar(pr),  where  hi(u) = max(u, ¢ (u) /1), (5)

with constants independent of f € M(v) and ¢ > 0 [17].
Verify that the dilation function .#y, (u) of ¢, satisfies

My, (1/2) < My(1/2) <1 (¢t >0). (6)
To this end, represent
1. 2(u/2)
My, (1/2) _1 sup Fi(u), where Fi(u)= max(l, =, ) (7)
2 p<us1 max(1, 24)

Since 1 is concave, the following three cases are possible:

(a) P(u) > tu;
(b) ¥(u) < tu < 2¢(u/2);
() 24(u/2) < tu.
In the first two cases we have:
2¢(u/2)

Fw) = =5

< 2.44(1/2)

and

Fi(u) = W < 2.,(1/2) P ( ) <o.m,1)2),
respectively. In the last case Fy(u) =1 < 2.4,(1/2). Thereby, (6) is a consequence of (7).
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Using (6) and arguing as in the proof of Lemma 1.4 of [10], we obtain

/ Gl gy < Cy(s),
0

u

where C' > 0 is independent of s € [0,1] and ¢t > 0. Hence, by the definition of the norm of the
Marcinkiewicz space,

0<sg1 Pi(s)

L[ ) uf*(v) uf* ()
(3)0/ du sup < C sup .

1 S
1 larcwn = su / £ (u) du
0

< sup
0<s<1 ¥t u o<u<1 Yi(u) o<u<1 V()

Since the reverse inequality || f[ s (1) = SUPp<yu<1 %(S”)) is obvious, it follows from (5) that
H i Lo M) = sup T gy S, W

O<u<l ¢t(u) 0<u<l max(l,zp(u)/(ut)) wip(u)>ut ¢(U) .

Lemma 2. Let Exp L® be the exponential Orlicz space corresponding to an Orlicz function ®. Then

the inequality
/14
f » < C'sup
|| ||ExpL 1 (I)fl(q)

is valid with some C' > 0 independent of f.

PROOF. It is easy to verify that log(1 + 2¢) < ¢olog(l +¢) (t > 1), where ¢y := log3/log2 < 2.
Therefore, by concavity of @1, the inequality .#,(1/2) < c¢p/2 < 1 is valid for the function ¢(u) =
u®~1(log(1 + (e — 1)/u)). Consequently, by [13] and [10, Theorem 2.5.3],

_ _ f*(u)
ey o = 15l < S0P, ooy 5)

whence

* -1 q9_1 (e 4
Il o < Casp IN(C @—)1/(5;) ) < e, ?iﬁ)é‘(f(q))'

The assertion of the lemma now follows from the fact that

e’ 1/q *(e—
Hfllq2</f*(t)th> S ACRONNS
0

e

In line with [18], we now consider an approach in which the spaces of the real .#-method are
parametrized by rearrangement invariant spaces on the interval [0, 1]. Namely, with each rearrangement
invariant space X on [0, 1] and an arbitrary Banach pair A = (A, A1) we associate the space

X(A):={aecAdy+ A4, : tlir}rlof(t, a; A) =0 and (L, a; ﬁ)x[m] (t) e X}

with the norm ||aHX(fT) = ||, a; A)X[0,1]HX-
As usual, we denote by cg the space of all sequences (ay)p2 _ such that limy_, 4+ oy = 0.
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Lemma 3. Let F be a Banach lattice of two-sided real sequences such that F C co + loo(27%) and

o0

>
F

k=1

< K[e|F. (9)

Then for every Banach pair A = (Ag, A1) such that A; C Ay we have
(Ao, A)# = X(A), where X := (L1, Loo) % ;

moreover, the norms of these spaces satisfy the inequality
1

m”a”x(g) < HQH(AO,Al)fg’ < (K + 1)”“”){(,@)- (10)
PROOF. If a € (Ag, A1)#% then, by hypothesis,
Jm (2, a; A) =0, lallagang = 1225 a; A)]lp < oo.

1 -
Since A;CAp, we have # (t,a; A) = |la||a, (t > 1) and, by (9),

o0 o0 —0o0
Z%/(kam A)ek = HaHAo Zek < KHQHAOHQOHF <K Z%(2k7a; ;{)ek )
k=1 F k=1 F k=0 F

whence

Z H (28 a; A)e”
k=0

< llall(ag,apyx < (K +1) (11)

Z H(2F a; A)eF
k=0 F

F

In particular, using the well-known equality J# (¢, f; L1, L) = fg f*(s)ds [8, Theorem 5.2.1], we obtain

(12)

< fllx < (K +1)
F

a2 2
f*(s)dse* f*(s)ds ek
21 2 rowl

Since the function %(t,a;;{) is absolutely continuous in ¢ [10, p. 67], we now have %(t,a;ﬁ) =
fot H(s,a; A) ds. Using the fact that the derivative (s, a; A) of a concave function decreases, from (11)
and (12) we therefore obtain

lall ) = 17 as A)xolx < (K +1)

< (K +1)lallag a0 -

L 2
Z/%’(s,a;ﬁ)dsek

Thus, the embedding (Ao, A1)% C X (A) and the left inequality in (10) are proved. The reverse embed-
ding and the right inequality in (10) can be verified similarly by means of (11) and (12). O

§ 3. Extrapolation Functors on a Family of
Scales Generated by the Real .#-Method

Suppose that ®(u) is an Orlicz function on [0, 00) and A = (Ag, A1) is an arbitrary Banach pair such
1 -
that A1 CAp. Introduce the discrete scale of spaces constructed for the pair A by the real #-method:

Aig = (Ao, Al)il/(}(?’n)’@(zn), n=12....
Denote by &7 the family of all such scales.
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DEFINITION 1. Let F' be an intermediate Banach lattice with respect to the Banach pair Z;o =
(oo, 1o (279)); iee., A(lse) € F C B(lso). Define Z{F({An"g}) as the set of all a € Ay such that the
sequence ug = y_ " |lal| z.-€™ belongs to F.

It is easy to verify that ngF({ A }) is a Banach space with the norm ||a

zirp(Azy) = Iuallr and
the mapping {Af/ b f{F({Afl‘/ }) is an extrapolation functor on the family < in the sense of the
definition of [5, p. 8] (see §1).

Our main goal is to describe the corresponding limit (or extrapolation) spaces of these scales. We
will show that, under some conditions, all of them are precisely interpolation spaces with respect to the
pair (A, M,(A)) where M,(A) is the generalized Marcinkiewicz space constructed with the increasing
concave function

o(u) = ud L(log(l+ (e —1)/u)) (0 <u<1).
Recall [19, p. 422] that

MQO(A) = (Ao, Al)ljfo(l/cp(%))'

1
Note that, by (11) and the fact that A;CAp, the last space is well-defined in spite of the fact that the
function ¢(u) is defined only on the interval [0, 1].

First of all, we find an extrapolation description of the J#-functional for the pair (Ai, M,(A)),
whence, in particular, it will follow that M¢(A) is a limit space for the scale {Zlff } as n — 00. Recall
that A; is the completion of A; with respect to Ay (see §1).

Theorem 1. Let ®(u) be an Orlicz function on [0, ). For a Banach pair A = (Ag, A;) such that

1 ~
A1CAp and A1 = A4, the relation

H (28 a; Ay, My(A)) = sugz’f—“nauﬁ
n> n

is valid with constants independent of A, ac€ MSD(Zl), and k=1,2,....

First, consider the particular case in which A is the pair (L1, Lso) of spaces of functions on [0, 1].
Then M,(A) coincides with the usual Marcinkiewicz space M (i) or the exponential Orlicz space Exp L®
(with equivalence of norms) [12,13].

Proposition 1. If & is an arbitrary Orlicz function then the following holds:

A (D, f; Loo, Exp L?) < psup LA
e>p 4
with constants independent of f € Exp L® and p > 1.
Proor. By Lemma 1,
-1 . oy _ g1 fr(u)
H (@), f: Loo Bxp L?) = B1(1)  sup (t>0).  (13)

O<u<(e—1)/(et—1) CI)_l(lOg(l + (6 - 1)/U>)
Given ¢ > 1, we estimate
e 2

mus@%/uwwwfm

0
q

o 1/a 7+ ()
e2 ) e — ) du su .
< (Z@ (tog(1 + ( D/md> =y
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By change of variables, we obtain

[ @ o+ = ppptan=e-1 [ @) S <si@a), (013
0 log(1+€249)
where 1(®, q) f2q eV dv.

Since &~ ( ) is concave and &~ 1(v)®'(®!(v)) is increasing; therefore, integrating by parts, we infer
the estimate

® ~1(y) )21
I(®,q) = e 29(®71(29))" + Q/e_”(s,@(_l)()m dv < e72929(07 1 ()7 + (I)—I(Qq)q)(/](q)—l(Qq))I(q)7q)'
2q

Moreover, since v®’(v) > ®(v), we have ®~1(2¢)®'(®~1(2¢)) > 2¢q and

1
1(®.q) < 207 (g))7 + S I(®.0).
whence
1(®,q) < e 29217997 (g))%.
The last inequality together with (13)—(15) yields
1fllg < CLx (@71 (@). f Loo, Exp L?) (¢ 2 1).
Since J# (t, z; Xo, X1) is a concave function of ¢, we have

flla o #(@7H@), fi Lo, Bxp LT) _ . H (ST (p), f Loo, Exp LT)

=< <Ci
®~!(q) >~1(q) o1 (p)
for all ¢ > p > 1. Changing variables and using the properties of ®, we arrive eventually at the estimate
p I/l2(q) < C1H (p, f; Loo, Exp L?).
e>p 4

We have to prove the reverse inequality. To this end, by (13), it is sufficient to show that the
inequality

F*() < Cosup H071 log(1 + (e = 1)) (16)

is valid for all 0 < u < (e —1)/(eP — 1).
From Lemma 2 and (8) we obtain

f*(u) < Cssup (I)HfH(q)@) Ylog(1+ (e —1)/u)) (0<u<1). (17)
g>1

In the proof of (16) we can assume that f = f* and {s € [0,1] : f(s) # 0} C [0,2!7P] (since (e—1)/(eP—1)
< 217P). If 1 < ¢ < p then, by Holder’s inequality,

A—p)(p—

9) 2_,
Ifllg <2 e [l fllp <27 9| fllp-
Moreover, ®~1(p) < %@fl(q) < 2P/99=1(q) by concavity of ®~'. Hence, for 1 < ¢ <p
1fllg o 4l
©=(g) ~ & (p)

1flle 4l
sup < .
1<q<p @71 (q) — @7 L(p)

Thereby (16) follows from (17) and the proposition is proved. [

whence

As a consequence, we obtain an extrapolation description for the exponential Orlicz spaces.
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Corollary 1. For every Orlicz function ® we have

1 £l p)
f o X sup .
H HExpL o1 P

1
PROOF. Since Lo, CExp L®, by concavity of the #-functional, we have
HfHExpL‘I> - %(17 f;LOmEXpLCD) < %(27f;L007EXpL¢) < 2”fHExpL‘I>7

and the claim follows from Proposition 1. [

PROOF OF THEOREM 1. Using the definition of generalized Marcinkiewicz space, [19, p. 384], and
the condition A; = A;, we find that

M,(4) = (Ao, A1)

/oy and  Ar= (Ao, A1) o-x) (18)

isometrically. In particular,

Exp L? = (L1, L)

loo(]_/cp(zk)) and LOO = (L17 LOO)Z,Z(Q_’“

S (19)

Since ¢ is a concave function and lims_, 9 ¢(s) = 0, the conditions of Lemma 3 are satisfied for the
spaces loo(27F) and I (1/¢(2%)); hence,

My (A) = Exp LP(A), A = Loo(4A), (20)

and the norms of these spaces are equivalent with a constant independent of A. Moreover, loo(2_k)
and I (1/¢(2F)) are interpolation spaces with respect t0 loo = (loo,loo(27%)) (for example, see [19,
p. 422]). Therefore, putting f,(s) := # (s,a; A) (a € Ay) and applying the reiteration arguments [19,
Corollary 7.1.1], from (18), (19), and Proposition 1 we obtain

%(tv a; Ala M(,D("ZD) = =%/<ta as; (A[)a Al)ﬁ@fk)a (A07 Al)ifo(l/cp(gk)))

H (b, (fa(25)k3 1o (27F), Lo (1/(29)))

q>t q

ok
:%(t, </f(/1(3) ds) 3100(2_k)aloo(1/90(2k))) X%/(t’f,;;Loo,ExpL‘b) thupw_
k
0

Rewrite the last relation in discrete form:

H (28 a; Ay, M,(A)) = sup 257 fillpany (b =1,2,...). (21)

It is easy to verify that the parameter lq(2(1/q_1)k) satisfies (9) with the constant K = 3 for every ¢ > 2.
Therefore, by Lemma 3,

(A07 Al)ﬁq’,q = (L17 Loo)fﬁ;q’7q(ﬁ)

and the norms of these spaces are equivalent with the same constant for all ¢ > 2. Using this together
with (4) and (21), we obtain the claim of the theorem. [

In particular, the generalized Marcinkiewicz space M¢(ﬁ) is an extrapolation space with respect to
the scale {A}.
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Corollary 2. The following equivalence holds for every Orlicz function ® and an arbitrary Banach
- 1 ~
pair A = (Ap, A1) such that AyCAp and Ay = Ay:

- -n .
HGHMV,(A) = i1§32 "a‘|Af-

1 -
PRrROOF. It is easy to verify that AjCM,(A). Therefore, the arguments are exactly the same as in
the proof of Corollary 1. [

Observe that A; (if A; = A1) and the Marcinkiewicz space Mw(;l) are the least and greatest extrap-
olation spaces of the scale {An‘%’ } which correspond to the family ,,Z{F of extrapolation functors (with
a fixed function ®). Namely, we have

-

gfi’ﬂloo ({A;f/}) =A; and g”@,zm(z—k)({Aﬁx}) = Mso@)- (22)
Indeed, by (4), Lemma 3, and Corollary 1,

ltallie = sup laf] gz = sup 127, a5 A)xqo, 1y logary = 147 (-5 a3 A)x oyl

n=1,2,... =1,2,..
and
[tallig2-#) = sup 27"[lal| g < sup 277 (-, a3 A)xpolle@ny = 147 (-5 a3 A)xjo 1)l Exp Lo
n=1,2,... n=1,2,...

We are done on applying relations (20).
From (22) we infer that the following embeddings hold for every Banach pair A = (Ao, A1) such that

1
A1CAp and every Banach lattice F intermediate between I, and lo(27%):
Ay C L ({47 )) € My(A).

Moreover, Theorem 2, the main result of this section, implies that ggffF (;1”% ) is an interpolation
space with respect to (Aq, M., (ﬁ)), provided that F is an interpolation lattice with respect to lsc.
Theorem 2. Suppose that ® is an Orlicz function and A= (Ao, A1) is a Banach pair such that
1
A1CAg and Ay is complete with respect to Ag. Then for every interpolation Banach lattice F with
respect t0 loo = (oo, loo(27F)), we have
f{F({ﬁnf}) = (A, Mg,(;l'))‘ff (with equivalence of norms).

Proor. It is sufficient to show that the relation

[wallF = [lvall 7 (23)

holds with some constants independent of a € Ay, where

Ug = Z lall s~€" and v, = Z H (2", a; Al,Mw(;l))e".
n=1

n=—oo

—

1
Since A1CMy(A), we have (vq)n = 2™(vq)o = 2””‘1”%&(,&) for n = 0,—1,—2,.... Therefore, by
Lemma 2 of [6], we obtain
[vallp = || Prvall (24)

with a constant independent of a, where Pyw = »22, w;el and w = (w;)°

j=—o0"
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It is well known [9, Remark 3.3.8] that

|wlr < ||[w||F, where w = (Wg)5e _ o0, Wk = %uip1 {min[l,Qk_"Hwnl},
n=0,%1,...

provided that F' is an interpolation space with respect to lns. Consequently, |[uq||r = ||tu | F, Wwhence, by
the inequalities ug, > Pyug > ug, We obtain

[tallF = || Prttall 7. (25)

Since the norm of a function in L4[0, 1] increases in ¢, application of Lemma 3 to the parameter
1,20/9=Dk) (k> 2) using (4) demonstrates that the sequence wu, increases in the generalized sense:
llal| 1 < Clla|| 4. for some C' > 0 and arbitrary 1 < n < m. Therefore,

o allge
P, XZ2 sup ——=e".
= ek 20

Hence, by Theorem 1, ||Pit,||r < ||[Prve|r with universal constants. Thereby relation (23) follows
from (24) and (25). O

Consider the important particular case: A = L := (L1, Ls). By (4), En"/ = Lg(2n) with a constant
independent of n = 1,2,.... Consequently, fg‘/F({Eng }) is a rearrangement invariant space on [0, 1]
consisting of all measurable functions f on [0, 1] such that the sequence uy = > 7, || f Hq;,(zk)ek belongs

to F' and ||f||$£gF({EHJ«}) = |lusllr-

Corollary 3. The following is valid for an arbitrary Orlicz function ® and every interpolation
Banach lattice F' with respect to (I, loo(27F)):

ggp({Lq)(Qn)}) = (Loo, Exp L®)#  (with equivalence of norms).

Interpolation for the pair (Lo, Exp L?) is described by the real #-method [17] (also see [20, Propo-
sition 1]). This means that every interpolation space X with respect to this pair is representable in
the form X = (Lo, Exp L(b)j}g , where F' is a Banach lattice of two-sided real sequences. Moreover, as

observed in §1, we can assume that F is an interpolation lattice with respect t0 loo = (lso, loo(27%)).
Therefore, from Theorem 2 we obtain the following extrapolation description for interpolation spaces
with respect to (Lo, Exp L®).

Corollary 4. Let ® be an arbitrary Orlicz function. For every interpolation space X with respect to
(Loo, Exp L®), there is a Banach lattice F such that X = X{F({Lé(gn)}) (with equivalence of the norms).

§ 4. Extrapolation Functors on a Family of
Scales Generated by the Real ¢#-Method

- 1
Suppose that @ is an Orlicz function and A = (A, A1) is a Banach pair, A1 CAp. Introduce the scale
of spaces constructed for the pair A by the real #-method:

AL = (A0, A aom) vy a1y = L2

Denote the family of all such scales by £.

DEFINITION 2. Let a Banach lattice G be intermediate with respect to the Banach pair l: =
(11,1 (27%)); ie., A(l) € G € 2(Iy). Define .Zg ({47 }) as the set of all b € Ay for which there
is a representation

b= Z b, (w.r.t. the convergence of Ag), b, € A and Z [bnl| z7e™™ € G. (26)
n=1

n=1
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It is easy to verify that gg G({ A7 }) is a Banach space with the norm

oo
> lballgre™
n=1

where the greatest lower bound is taken over all representations (26) and the mapping {ﬁff } —
.,S%/G({A,{/}) is the extrapolation functor on 4.

Show that the corresponding extrapolation spaces of the scale {ﬁﬁa } are interpolation spaces with
respect to (Ao, Aw(ﬁ)), where Aw(ﬁ) is the generalized Lorentz space [19, p. 430],

Ao(A) = (A0, A sy Where  o(u) = ud ™ (log(L+ (e — 1)/u)) (0 < u < 1).

)

Il &7 a7 y) = inf

1
Since A1CAyp, in the definition of this space we can confine ourselves to representations of the form
x =7, 20ur (up € A1) (see the proof of Theorem 4 below).

We start with a theorem on description of the _#-functional for the pair (Ao, A@(A)). In its proof
we need the following well-known assertion on duality of the #- and J#-methods [8, Theorem 3.7.1].

Suppose that A= (Ap, A1) is a Banach pair such that Ayg N A; is everywhere dense in Ay and A;. Then
the dual spaces Aj and A} also constitute a Banach pair and the following holds:

((AO,Al)gfr) = (AO,AI)Z?, St = 1 (1<r<o0). (27)

It is important to observe that (27) holds isometrically for all 0 < § < 1 and 1 < r < oo. Indeed,
.1
the embedding ((AQ,Al){r) C(AS,A‘[){T/ is proved in [8, Theorem 3.7.1, relation (3)]. The reverse
embedding (also with constant 1) can be verified in exactly the same way as (4) in [8].
Theorem 3. Let ®(u) be an Orlicz function on [0, 00). Given a Banach pair A = (Ag, Ay) such that

1
A1CAp and A, is everywhere dense in Ag, we have
j(2_k7 ba AOa A@(A)) = HbHUk’
where Uy, = ank 2""“21,{7, with constants independent of ﬁ, be Ag,and k=1,2,....

PRrOOF. For the duality reasons, it is sufficient to verify the equivalence of the norms of the corre-
sponding dual spaces. In other words [8, p. 74], it is necessary to show that

K2 A, (D)) = lall e (k=1,2,...). (28)
Since, by hypothesis, A; is everywhere dense in A and I;(27%¢(2%)) is an interpolation space with
respect to [ [19, p. 430], by the duality theorem for the real method [19, Theorem 7.5.1],
(Ap(A)" = (A5, ADE,
where F is the dual Banach lattice to I;(27%¢(2*)) with respect to the bilinear form (o, 8)=>"70 o 1.S4.
It is easy to verify that F' = [ (27%/p(27%)); i.e.,
(Ap(A))" = My (A5, A7),
where ¥ (u) = up(1/u). Using the definition of generalized Marcinkiewicz space and the equality
H(t,0; Ag, A1) =t (1/t,b; Ay, Ag) (> 0), (29)

we rewrite the last relation as

(Ap(A))* = M,(A*), where A* := (A}, A}). (30)
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Since A; is everywhere dense in A7 (n=1,2,...) [8, Theorem 3.4.2]; therefore, applying the duality
theorem for infinite sums and intersections of Banach spaces [3] and relation (27), we obtain

(U = Ausk2 (A" = Ausk2 (A, A1) 5m) am
or, using (29) again,

(Uk)* = Anszk_n( TaAS)fi1/q>(2n),q>(2n) = Anzkzk_nﬁ;f-
By (30), we see that (28) becomes the equivalence

H (28 a; A, My(A¥)) = sup 2""|a|| g v
n>

The space A is complete with respect to A} [10, Theorem 1.2.2] and so applying Theorem 1 to ﬁ*, we
conclude that the last relation is valid with universal constants. Consequently, Theorem 3 is proved. [J

. 1
Corollary 5. Suppose that A = (Ag, A1) is a Banach pair, AjCAy, and A is everywhere dense
in Ag. If ® is an Orlicz function and ¢(u) = u®~1(log(1 + (e — 1)/u)) then

A¢(A) = Z 2"A  (with equivalence of norms).
n=1

S 1 -
PRrROOF. Since A,(A)CAp, we have #Z(1,b; Ao, ASO(A)):HbHAW(K). By the definition of _#-functional,

1 -

and the claim follows from Theorem 3. [

In the particular case A = (L1, Lso) the space A¢(A) coincides with the rearrangement invariant
Lorentz space A(¢). From (4) and (27) we find that

A
(L1, Loo)l/q,q’ =Lg
with a constant independent of ¢ > 2. Therefore, Theorem 3 yields

Corollary 6. If ® is an arbitrary Orlicz function then the relations

f(27kuga Ll,A(SD)) = HgHUk’
where Uy, = ijk(2j_kLrj) and r; = ®(27)/(®(2)) — 1) (j = 1,2,...), are valid with a constant
independent of g € A(p) and k =1,2,....

We now prove the main result of this section by using Theorem 3.

Theorem 4. Suppose that G is an interpolation Banach lattice with respect to l_{ = (Iy, l1(2*k)) and

- 1 -
A = (Ay, A1) is a Banach pair such that Ay C Ay and A; is everywhere dense in Ay. Then f(ng({A{ }) =
(Ao, Aw(ﬁ))g (with equivalence of norms).

PROOF. Denote Y = (14(),1&@(121')){;<Z and put 7 (t,b) = #(t,b; Ay, A,(A)) for arbitrary b € A, (A)
and t > 0. By the definition of spaces of the _#-method,

Iolly = inf (7 (2%, b))kl

where the greatest lower bound is taken over all representations

b= Z br (w.r.t. the convergence of Ag), by € A¢(A). (31)

k=—o00
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If b€ £ ({A7 }) then, by definition,

< 0.

o
b:ch, cneﬁ{ and
n=1 G

o0
> leallzre™
n=1

Then ¢, € U, and, by Theorem 3, #(27",¢,) < C1||cal| 5+ for some C1 > 0. Thereby (31) is valid for the

-

sequence {by } such that b, = c_,,n =—1,-2,...,and b, =0,n =0,1,2,...; moreover, b, € A (A) and

(o]
> leallzre™
G

n=1

17 (2% bn))nllc < C

Hence, .Z5'¢({A7 }) C Y and ||bl|y < Cillbll g7y

To prove the reverse embedding, we show first that the norm of Y can be calculated (to within
equivalence) using only representations (31) with by =0 for £ =0,1,2,....

S 1 -
Since A, (A)CAp, we obtain ¢ (2%,b) = QkHbHAw(g) (k=0,1,2,...). Suppose that {by} C A,(A)
satisfies (31). If Cy is the constant of the embedding G C (I1) then

ZQkkuHAw(A)ek
k=0

) = CEIZkuHAW(g)- (32)
k=0

G
oo

k k
22 ||bk:HA¢(A‘)e
k=0

We now consider a new representation:

G

i I (28 by)e”
k=0

> Cyt

151 (271C

b= Y b, by=bp for k=-2-3,..,

k=—o00

Vo= b and by=0 for k=0,1,....

i=—1

Then from (32) and the fact that G is a Banach lattice we obtain
1.7 (2%, b))kl < 1107 (2%, bi))klle

3 Mokl lle e < (1 2617 (28 bl
k=0

where Cj is the constant of the embedding A(l7) C G.
Thus, if b € Y then there is some representation of the form (31) such that by = 0 for £ =0,1,...
and

(o)
IBlly > C D 727" bog)e™ (33)
k=1 G
By Theorem 3, for each k =1,2,..., we can find a representation
oo
b_p = Z bin, Wwhere by, € ﬁ{, (34)
n==k
such that
(0.)
(@275 bg) = Ot Y 2 bl 5 (35)
n==k
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Since G C ¥(I), from (33) and (35) we derive

DD Mbkallzr <D0 2" Fllbrallzr <CsY 7 (275, b4)
k=1 n=k k=1 n=k k=1

S e F bog)e*
k=1

< C5C9 < C5C4Co|blly < 0. (36)

G

[e.e]
In particular, this demonstrates that the sum of the series > 22, > by, is independent of the sum-
n=~k
mation order. Therefore,

[o¢] n
b= Z ¢n  (w.r.t. the convergence of Ay), where ¢, = Z bie.m-
n=1 k=1

Moreover, by (34), we have ¢, € A7 and

n
llenll 47 <> bkl 5+ (37)
k=1
Now, consider the sequence
o0 n
= > llbkallgre ™ (38)
n=1k=1
By (36),
oo o
ap = Z o (w.r.t. the convergence of ¥(I;)), where a* = Z okl zre” ™.
k=1 n=~k
It follows from (35) that o € A(ly), k = 1,2,.... Since G is an interpolation space with respect to

the pair I, applying Lemma 4 of [6], we obtain

oo (0] o o0
lowlle: < o[> Zmax(l,2”_k)\\bk7an{e_kH = Co|| DN 2" Flbp sl 567"
k=1n=k G k=1 n—=Fk G

Therefore, (37), (38), (35), and (33) imply eventually that

o0
> leallzre™
n=1

whence b € Z{G({Aﬁg}) and ||b

In the particular case A = L := (L1, Lso), relations (4) and (27) imply the equality Ly = L.,
where r, = ®(2")/(®(2") — 1), with constants independent of n = 1,2,.... Therefore, the value of the
above-introduced functor at this pair is the rearrangement invariant space .Zgg G({L?f }) consisting of

< [lawlla < CaCsCs ]|y
¢

2 a7y < CaCsCslblly. O

all measurable functions g on [0,1] with a representation g = > 72 g5 (w.r.t. the convergence of L),
gk € Ly, and 3272 lgkllr,e ™% € G. The norm in XKG({E{}) is given by the relation

o0
Zugkuwe-kH ,
k=1 G

where the greatest lower bound is taken over all possible representations. Eventually we obtain

l9ll &z, (17y) = 1ot
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Corollary 7. The equality Z{G({Lrn}) = (Ll,A(go))g¢ (with equivalence of norms) is valid for
an arbitrary Orlicz function ® and every interpolation Banach lattice G with respect to (I1,11(27%)).

Since the space A(y) is simultaneously an Orlicz space [12], the interpolation in the pair (L1, A(p))
is described by the real #-method [21, Corollary 5.10]. By the theorems on connection between the
- and _Z-functors [9], it is also described by the ¢-method. In other words, if Y is an interpolation
space with respect to the pair (L1, A(y)) then Y = (L, A(go))g for some Banach lattice G interpolation

with respect to the pair I = (11,11(27%)). Therefore, Theorem 4 gives an extrapolation description for
such spaces.

Corollary 8. Let ® be an arbitrary Orlicz function. For every space Y that is an interpolation space
with respect to (L1, A(y)), there is a Banach lattice G satisfying Y = ggc({l/rn}) (with equivalence of
norms).

§ 5. Further Generalizations and Stability of Extrapolation Functors

Here we show that the results of two previous sections are valid for a more general family of scales
generated by the real method of interpolation. The key role in the proof is played by a certain stability
of extrapolation intersections of families of Banach spaces. Namely, if the latter are the values of inter-
polation functors at the same Banach pair then, under some conditions, the intersection depends only on
the characteristic functions of these functors.

From a technical point of view, in this section it is more convenient to use functors of the real
interpolation method with functional parameters. For example, in this case the space Agffq = (Ao, Al)g’gq
of the #-method consists of all a € Ag + A7 such that

7 Ld Ve
”a\\gz—{/(t_of(t,a;A))qt} <oo (0<f<1,1<g<o0)

and )
lally = sup(t*# (t,a; A)) <00 (0< 6 <1).
t>0

Note that this norm is equivalent to the norm of the corresponding space with the discrete parameter
1,(27%) (see §1). Moreover, the equivalence constant can be chosen to be the same for all 0 < 6 < 1 and
1 < ¢ < oo [8, Lemmas 3.1.3 and 3.2.3]. Thereby we can identify these spaces from both interpolation
and extrapolation points of view.

In the proof of the following theorem we will use some arguments of the proof of Theorem 21 of [5]:

Theorem 5. Suppose that ® is an Orlicz function on [0,00), 6, = 1 — 1/®(2"), and F,, is an
exact interpolation functor with the characteristic function t» (n = 1,2,...). Then for a Banach pair

- 1 ~
A= (Ao, Al) such that A1CAO and A1 = Al,
Ansz_nFn(A) = An2k2_nﬁejn,l/(l—0n)
with constants independent of A and k = 1,2,....
PRrOOF. It suffices to show (see §1) that

Ak 2 "AY L C Ansp2 M AY (39)
with a constant independent of Aand k= 1,2,.... First, prove that
(Afh) c Af, (40)

with a universal constant, where <Agi)> stands, as above, for the modified spaces of the J#-method

(see (2)).
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Let a € Aggl Then by a strengthened version of the fundamental lemma of interpolation theory [5,
Lemma 1], there is a representation a = [~ u(s) ds/s such that

/mln (1,t/s) 7 (s, u(s); ﬁ) ds < K (ta; A)

with a universal constant ~. Therefore, using (2), we obtain

oo

lallf; < /s—ej(s,u(s);ﬁ)cf 29(1_9)//(3,u /mm 1.4/9) t_edt ds
0

0
~0) [ [ 7t atos Dyminre)s St G
0 0

o0

<, _pdt
<201 -0) [ (i Dt 5 =alal 5

Thereby (40) is proved. Therefore, to prove (39) it is sufficient to verify that
Ak 2 "AY o C Apsk2 A ) (41)
with a constant independent of Aand k= 1,2,....

1
Show that in the case when A;CAg the inequality
1

lall7, < 9{ JGEa Zx))ffdt}l/q (42)

t
0
holds for all € [1/2,1) and 1 < ¢ < oo (we used similar arguments in the proof of Lemma 3).
Indeed, since # (t,a; A) = ||alla, (t > 1) and § € [1/2,1), we obtain

1 ; dt) /e ; i de) /e
{O/tji/ )t} 2{1//4( %(taA))t}
1

. pgdt M1
wmad] [ f =
1/4
Therefore,

7 1/q 7 1/q ! 1/q
{ Jrrwwady )" <taad fro2 b <o <s{ [t waind)
1 1 0

and (42) follows from the definition of HaH{q.
For each k = 1,2,..., we define the functions 7 (t) = inf,> 27t0n and 7 (t) = infg, <y<1 M (u)t* on
the interval (0,1], where M (u) = ®~1(1/(1 — u)).
First of all,
Tk(t) < 7i(t) < 27%(1). (43)
Since M (6,) = 2", the left inequality is obvious. To prove the right, we take u € [0, 1). Then 6, < u <
041 for some n > k and, since the function M (u) is increasing,

1
M (u)t* > M(6,,)t0+1 = 2n¢Pn+1 — 51\4((9n+1)7e‘)n+1.
Consequently, (43) is proved.
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Show now that
(1) <27(t), 0<t<1, k=1,2,.... (44)

Indeed, since 6y > 1/2, we obtain

- 42 . % . Qu—1 . ut+1) , -

Ti(t°) = eklgrzfd M (u)t=" = teklglgd M (u)t = t29k—1111£u<1 M(2>t < 2t73(t),
where in the last inequality we used the fact that 26, — 1 < 0 and

M((u+1)/2) = ® 12/(1 —u)) < 2M (u).
From (43) and (44) we find that
(t?) < 4dtr(t), 0<t<1, k=1,2,3,....

This and the definition of the function 74 (¢) imply that

1 1 1
dt dt dt
0<t§1
0 0 0
sup (7% (1)) < — 2%,
T 1- 9k 0<t<1 1 — 0y
Using the last inequality and (42), we finally obtain
1
n . ,_p dt
sup 2™ HaH c ) <9sup2™(1 —60,,)0,, | H(t,a; A}t~ —
n>k n>k t
0
/ H (s,a; A
< 9sup2™" Hn/v'n ) 0” sup M
n>k ) t o<s<t Ta(S)
H(s,a; A -
<72 sup M =72 sup sup.# (s,a; A)27"sOn
0<s<1  Tn($) 0<s<1n>k
=T72sup2™" sup ,%/(saA) "*72sup2 ”HaHAX ,
n>k 0<s<1

which proves (41) and the theorem. [

- 1
For an arbitrary sequence ¢ = {g,}22;, 1 < gp, < 00, and every Banach pair A = (Ap, A1), A1CAo,
we introduce the discrete scale of spaces

;if((?) = (A0>A1)Ll%:l/q>(2n)7qn, n = 1,2,....

In particular, if ¢, = ®(2") then we obtain the scale ﬁ,ff of §3.
Theorems 1 and 4 yield

- 1
Corollary 9. For an arbitrary Orlicz function ® and a Banach pair A = (Ag, A1) such that AjCAy

and 2{1 = A1, the following relation is valid:

H (28, a; Ay, My(A)) = sup2""|[a]| 1

n>k

7 (@)

with a constant independent of ﬁ, a € M¢(ﬁ), a sequence ¢, and k=1,2,....

Under some conditions on ¢, a similar assertion is valid for the ordinary (nonmodified) #-method.
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Corollary 10. If®(2") < g, < oo (n =1,2,...) then for every Banach pair A = (Ag, A) such that
1 ~
A1CAy and A1 = Ay, we have
k. N k—n .
H (2 ,a»AlaMAO(A)) -~ i;IZQ HQHAg@

with universal constants.

PROOF. Since ¢, > 2 and 6, := 1 — 1/®(2") > 1/2, it is easy to verify that 1/v/2 < cg, 4, < €'/°
(see (2)). Thereby we can replace the modified spaces of the % -method in the previous corollary with
the ordinary spaces. [J

In particular, under the same conditions on the Banach pair ﬁ, we obtain
H (28, a; A, My(A)) < Sup 257" all (o, 41)
n_

K .
1-1/®(2"),00

Theorem 6. Suppose that ® is an Orlicz function and A = (Ao, A1) is a Banach pair such that
1 ~
A1CAp and Ay = Ay, If 9(2") < ¢, < o0 (n = 1,2,...) then, for every interpolation Banach lat-

tice F' with respect to lno = (Iso, loo(27F)), the equality f{F({ﬁ{(Ej)}) = (Ay, My(A)Z is valid (with
equivalence of norms).
Proor. Corollary 10 and inspection of the proof of Theorem 2 demonstrate that it suffices to validate
the inequality
lall gz ) < Cllall gz @y (1 <n<m).
To this end, by hypothesis and Theorem 3.4.1 of [8], it suffices to show that

lallyf o < 18]lallfl, o (1 <n <m),

where, as above, §, = 1 —1/®(2") and ¢° = ®(2"). The last inequality is obtained from the following
estimates in which we use (42) and the inequality ®(2™) > 2- ®(2"):

(0 (1, a; A)) T —

=0 dt 1/dn
3

ol < f

Ho\
—

. n e dt 1/®(2™)
<9 sup (t—ammt,a;A)){/ e )} <18)alf, m- O

In conclusion, we define the dual scale of spaces of the _¢#-method: if §= {s,}72, 1 < s,, < 00, and
- 1
A = (Ao, A1) is a Banach pair such that A;CAy then

AL (3) = (Ao, AD){jpom s M= 1,200
By analogy with Theorems 3 and 4, we can prove the following
Theorem 7. Suppose that ® is an Orlicz function and 1 < s, < ®(2")/(®(2") - 1), n =1,2,....
S 1
Given a Banach pair A = (Ag, A1) such that AyCAg and A is everywhere dense in Ay, we then have
S (275, b5 Ao, Ap(A)) = [[bluy,

where Uy, = ank on—k 4 (S), with constants independent of ﬁ, b€ Ay, a sequence s, and k=1,2,....

Theorem 8. Suppose that ® is an Orlicz function and 1 < s, < ®(2")/(®(2") - 1), n=1,2,....
Moreover, suppose that G is an interpolation Banach lattice with respect to the pair Iy = (I1,11(27%)),

and A = (Ap, A1) is a Banach pair such that A; &Ao and A, is everywhere dense in Ag. Then
LA (3} = (Ao, Ap(A)F

(with equivalence of norms).
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