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Abstract—The sums of independent functions (random variables) in a symmetric space X on
[0, 1] are studied. We use the operator approach closely connected with the methods developed,
primarily, by Braverman. Our main results concern the Orlicz exponential spaces exp(Lp) ,
1 ≤ p ≤ ∞ , and Lorentz spaces Λψ . As a corollary, we obtain results that supplement the
well-known Johnson–Schechtman theorem stating that the condition Lp ⊂ X , p < ∞ , implies
the equivalence of the norms of sums of independent functions and their disjoint “copies.” In
addition, a statement converse, in a certain sense, to this theorem is proved.
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1. INTRODUCTION

This paper is devoted to the study of sums of independent functions in symmetric spaces. It is
well known that these sums often behave like sums of disjoint functions with the same distribution.
In 1970, Rosenthal [1] proved a remarkable inequality, from which it follows that for an arbitrary
sequence {fn}∞n=1 of independent functions from Lp[0, 1] , p ≥ 2 , such that

∫ 1

0
fk(t) dt = 0, the

map fk → f̄k , where
f̄k(t) := fk(t− k + 1)χ[k−1,k)(t), t ∈ R,

can be extended to an isomorphism between the closed linear span of [fk]∞k=1 (taken in Lp[0, 1])
and the closed linear span of [f̄k]∞k=1 (taken in Lp[0,∞) ∩ L2[0,∞)) . In [2], the Rosenthal
inequality was extended to the case of the Lorentz spaces Lp,q , 2 < p < ∞ , 0 < q < ∞ . Later,
significant progress in this direction was made by Johnson and Schechtman [3, Theorem 1], who
introduced the spaces YX and ZX on [0,∞) constructed from a given symmetric space X on
[0, 1] , and showed that, under the condition that X contains Lp[0, 1] for a certain p < ∞ , any
finite sequence {fk}n

k=1 of independent functions with zero (respectively, positive) mean from X
is equivalent (uniformly in n) to the sequence of their disjoint translates from YX (respectively,
ZX). In particular, it follows directly from their result that if {fk}∞k=1 is a sequence of independent
functions in a symmetric space X such that for all n ∈ N we have

n∑
k=1

λ({fk 	= 0}) ≤ 1 (1)

(where λ is the Lebesgue measure), then, under the condition that X contains Lp[0, 1] for a
certain p < ∞ , the map fk → f̄k , k ≥ 1 , from the sequence {fk}∞k=1 to the sequence {f̄k}∞k=1 of
disjoint “copies” of its terms can be extended to an isomorphism between their closed linear spans
[fk]∞k=1 and [f̄k]∞k=1 in X .
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In this paper, we study a more general question: For what symmetric spaces X and Y on
[0, 1] does there exist a constant C = C(X, Y ) > 0 such that for each sequence {fk}n

k=1 ⊂ X of
independent functions satisfying condition (1), we have

∥∥∥∥
n∑

k=1

fk

∥∥∥∥
Y

≤ C

∥∥∥∥
n∑

k=1

f̄k

∥∥∥∥
X

? (2)

Our approach is based on the study of a certain linear operator and is close to the approach
developed by Braverman [4] in his investigation of the Rosenthal inequality and its modifications in
symmetric spaces by using, in turn, some earlier ideas and probabilistic constructions of Kruglov [5].
We will give more details in Sec. 3, after introducing all the necessary definitions in Sec. 2. The
main results of the paper concerning Orlicz exponential spaces exp(Lp) and Lorentz spaces Λψ are
formulated in Secs. 4 and 5. In the case X = Y , one of their corollaries is a statement converse,
in a sense, to a result of Johnson and Schechtman [3, Theorem 1].

In Sec. 6, the last part of the paper, we extend our results to arbitrary sequences of independent
functions (which, generally speaking, do not satisfy condition (1)); this amplifies results of [3].

2. DEFINITIONS AND NOTATION

We denote by S(Ω) (= S(Ω, P)) the linear space of all measurable functions finite almost
everywhere on a measure space (Ω, P) equipped with the topology of measure convergence on sets
of finite measure.

A Banach space (E, ‖ · ‖E) of real-valued Lebesgue measurable functions on the interval [0, α) ,
0 < α ≤ ∞ , is said to be symmetric (or rearrangement invariant) if

(i) for any y ∈ E and |x| ≤ |y| , we have x ∈ E and ‖x‖E ≤ ‖y‖E ;
(ii) for any y ∈ E and x∗ = y∗ , we have x ∈ E and ‖x‖E = ‖y‖E .

Hereafter, λ is the Lebesgue measure, and x∗ is a nondecreasing right continuous rearrangement
of |x| , i.e.,

x∗(t) = inf
{
s ≥ 0: λ({|x| > s}) ≤ t

}
, t > 0.

If E is a symmetric space on the interval [0, α) , then its dual (or associated) space E× consists
of all measurable functions y such that

‖y‖E× := sup
{∫ α

0

|x(t)y(t)| dt : x ∈ E, ‖x‖E ≤ 1
}
< ∞.

If E∗ is the space conjugate to E , then E× ⊂ E∗ and E× = E∗ if and only if E is separable.
The natural embedding of E into its second dual space E×× is an isometric surjection if and only
if E is maximal (or has the Fatou property), i.e., the conditions

{fn}n≥1 ⊆ E, f ∈ S[0, α), fn → f a.e . on [0, α) , sup
n

‖fn‖E < ∞,

imply
f ∈ E and ‖f‖E ≤ lim inf

n→∞ ‖fn‖E .

The norm ‖ · ‖E in a symmetric space E is said to be order semicontinuous if the unit ball E
is closed in E with respect to convergence almost everywhere. This is equivalent to the fact that
the natural embedding of E into its second dual space is an isometry.

For any symmetric space E on [0, α) , the following continuous embeddings hold:

L1[0, α) ∩ L∞[0, α) ⊆ E ⊆ L1[0, α) + L∞[0, α).
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In what follows, we denote by E0 the closure of L1[0, α) ∩ L∞[0, α) in E . If E 	= L∞ , then E0

is separable. Finally, if E is a symmetric space, then the function φE(t) := ‖χA( · )‖E , where
a measure set A satisfies the condition λ(A) = t , and χA is the characteristic function of this
set, is called the fundamental function of E . For more details about symmetric spaces see the
monographs [6–8].

3. KRUGLOV PROPERTY AND THE OPERATOR K
Let f be a measurable function (random variable) on [0, 1] , and let Ff be its distribution

function. We denote by π(f) any random variable on [0, 1] whose characteristic function is given
by the relation

θπ(f)(t) = exp
(∫ ∞

−∞
(eitx − 1) dFf (x)

)
.

The following property was intensely studied and used by Braverman [4].

Definition. A symmetric space X satisfies the Kruglov property (X ∈ K) if from f ∈ X , it
follows that π(f) ∈ X .

Let us define a positive linear operator closely connected with the Kruglov property. Let {En}
be a sequence of pairwise disjoint subsets of [0, 1] , and let

m(En) =
1

e · n!
, n ∈ N.

For f ∈ S([0, 1], λ) , we set

Kf(ω0 , ω1 , ω2 , . . . ) :=
∞∑

n=1

n∑
k=1

f(ωk)χEn(ω0). (3)

Then

K : S([0, 1], λ) → S(Ω, P), where (Ω, P) :=
∞∏

k=0

([0, 1], λk)

(λk is the Lebesgue measure on [0, 1] for each k ≥ 0).
The operator K (more exactly, an operator close to it) can be defined in a slightly different way.

Let f ∈ S([0, 1], λ) , and let {fn,k}n
k=1 be a sequence of measurable functions on [0, 1] such that

(i) the functions fn,1 , fn,2 , . . . , fn,n , χEn are independent for each n ∈ N ,
(ii) Ffn,k

= Ff for all n ∈ N , k = 1, 2, . . . , n .
Set

K′f(x) :=
∞∑

n=1

n∑
k=1

fn,k(x)χEn(x), x ∈ [0, 1]. (3′ )

Clearly, the distribution functions Kf and K′f are the same for any f ∈ S([0, 1], λ) . In what
follows, we deal with symmetric spaces; therefore, we can identify K′f and Kf .

Direct calculation using (3) (or (3′ )) shows that θKf (t) = θπ(f)(t) , t ∈ R . Thus, we obtain
a simple, but important statement that enables us to apply the interpolation technique to our
investigation.

Proposition 1. If X is a symmetric space on [0, 1] , then the operator K acts in X boundedly
if and only if X ∈ K .

The following proposition is of paramount importance for the entire paper.
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Theorem 2. Let X ⊆ Y , where X and Y are symmetric spaces on [0, 1] . Consider the following
conditions:

(i) there exists a C > 0 such that (2) holds for an arbitrary sequence {fk}n
k=1 ⊂ X of inde-

pendent functions satisfying (1);
(ii) there exists a C > 0 such that (2) holds for an arbitrary sequence {fk}n

k=1 ⊂ X of inde-
pendent identically distributed functions satisfying (1);

(iii) the operator K acts boundedly from X to Y ×× ;
(iii ′ ) the operator K acts boundedly from X to Y .

The following implications hold :
(iii′) =⇒ (i) ⇐⇒ (ii).

If the norm in the space Y is order semicontinuous, then

(i) ⇐⇒ (ii) ⇐⇒ (iii).

4. OPERATOR K IN ORLICZ EXPONENTIAL SPACES

Let Φ be an Orlicz function on [0,∞) , i.e., a continuous convex increasing function on [0,∞)
such that Φ(0) = 0 and Φ(∞) = ∞ . The Orlicz space LΦ = LΦ[0, 1] consists of all functions f
measurable on [0, 1] whose norm

‖f‖LΦ = inf
{
ρ > 0:

∫ 1

0

Φ
( |f(t)|

ρ

)
dt ≤ 1

}

is finite. The space LΦ is always maximal, and it is separable if and only if Φ satisfies the
∆2-condition at ∞ (see [7] or [8]).

The Orlicz exponential space exp(Lp) is generated by the function Np(t) := etp − 1 , which is
convex for all t ≥ 0 if p ≥ 1 and for sufficiently large t if p ∈ (0, 1) . Also, we set exp(L∞) := L∞ .

It follows from the results of [5] and [4] that the operator K acts boundedly in exp(Lp) if and
only if p ∈ (0, 1] . To characterize the behavior of this operator in the spaces exp(Lp) , p ∈ (1,∞] ,
let us introduce the set Yp consisting of all symmetric spaces Y such that the operator K acts
boundedly from exp(Lp) to Y . Let us also define the Orlicz functions

Mp(t) := exp{|t| ln1/p(e + |t|)} − 1, t ∈ R, p > 0.

The following statement (in the case p = ∞) demonstrates the important role played by the
space LM1 in the study of systems of uniformly bounded independent functions (cf. [9, Corol-
lary 3.5.2]).

Theorem 3. The unique minimal element of the set Yp , 1 < p ≤ ∞ , ordered by inclusion is the
Orlicz space LMq , where 1/p + 1/q = 1 .

Corollary 4. Suppose that p ∈ (1,∞] and q = p/(p − 1) . There exists a Cp > 0 such that for
any finite sequence of independent functions {fk}n

k=1 ⊂ exp(Lp) satisfying (1), we have∥∥∥∥
n∑

k=1

fk

∥∥∥∥
L0

Mq

≤ Cp

∥∥∥∥
n∑

k=1

f̄k

∥∥∥∥
exp(Lp)

.

Furthermore, if a certain symmetric space Y with an order semicontinuous norm is such that∥∥∥∥
n∑

k=1

fk

∥∥∥∥
Y

≤ C

∥∥∥∥
n∑

k=1

f̄k

∥∥∥∥
exp(Lp)

for all the sequences {fk}n
k=1 ⊂ exp(Lp) described above, then L0

Mq
⊆ Y .
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5. OPERATOR K IN LORENTZ SPACES

Denote by Ψ the set of all increasing concave functions ψ on [0, 1] such that ψ(0) = ψ(+0) = 0.
If ψ ∈ Ψ, then the Lorentz space Λψ = Λψ[0, 1] consists of all functions x(t) measurable on [0, 1]
for which

‖x‖Λψ
:=

∫ 1

0

x∗(t) dψ(t) < ∞.

Theorem 5. If ψ ∈ Ψ , then the operator K is bounded in the Lorentz space Λψ (i.e., Λψ ∈ K )
if and only if there exists a C > 0 such that

∞∑
k=1

ψ

(
uk

k!

)
≤ Cψ(u), u ∈ (0, 1]. (4)

Notice that condition (4) for functions ψ ∈ Ψ also appeared in [10] in the study of random
rearrangements in symmetric spaces.

The following statement is, in a sense, converse to the assertion of the Johnson and Schechtman
theorem [3] (see the Introduction).

Corollary 6. Suppose that a symmetric space E has the following property : for each maximal
symmetric space X ⊃ E there exists a C > 0 such that the inequality

∥∥∥∥
n∑

k=1

fk

∥∥∥∥
X

≤ C

∥∥∥∥
n∑

k=1

f̄k

∥∥∥∥
X

holds for any sequence {fk}n
k=1 ⊂ X of independent functions satisfying (1). Then E contains

Lp[0, 1] for a certain p ∈ [1,∞) .

The last statement of this section shows that it is impossible to give a criterion for the bound-
edness of the operator K in terms of embeddings.

Corollary 7. If ψ ∈ Ψ satisfies supt∈(0,1] t
−αψ(t) = ∞ for each α ∈ (0, 1] , then there exists a

φ ∈ Ψ such that φ ≤ Cψ for a certain C > 0 and the operator K is unbounded in any symmetric
space X with the fundamental function φX = φ .

6. GENERAL CASE

Here we consider the main question (see the Introduction) in the case in which inequality (1),
generally speaking, does not hold. Following [3], for an arbitrary symmetric space X on [0, 1] we
define a functional space ZX on [0,∞):

ZX := {f ∈ L1[0,∞) + L∞[0,∞) : ‖f‖′ZX
:= ‖f∗χ[0,1]‖X + ‖f∗χ[1,∞)‖1 < ∞}.

Since the quasinorm ‖ · ‖′ZX
is equivalent to the norm ‖f‖ZX

:= ‖f∗χ[0,1]‖X + ‖f‖L1(0,∞) ,
f ∈ ZX , the space ZX is a symmetric space on [0,∞) .

The main result here supplements Johnson and Schechtman’s theorem [3, inequality (4)]: it
shows that the (modified) inequality (2) under the condition that K is bounded remains true in
the general situation as well.

Theorem 8. Suppose that X and Y are symmetric spaces on [0, 1] , X ⊆ Y . If
(i) the operator K acts boundedly from X to Y ×× and the norm in Y is order semicontinuous,

or
(ii) the operator K acts boundedly from X to Y ,
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then there exists a C > 0 such that the inequality

∥∥∥∥
n∑

i=1

gi

∥∥∥∥
Y

≤ C

∥∥∥∥
n∑

i=1

ḡi

∥∥∥∥
ZX

holds for each sequence {gi}n
i=1 ⊂ X , n ∈ N , of independent functions.

Corollary 9. Let X be interpolation space with respect to the Banach pair (L1(0, 1), L∞(0, 1)) .
If the operator K is bounded in X , then there exists a constant C > 0 such that for an arbitrary
sequence of independent functions {fk}n

k=1 ⊂ X , n ∈ N , and each sequence

{gk}n
k=1 , gk ≥ 0, g∗k = f∗

k , 1 ≤ k ≤ n,

we have ∥∥∥∥
n∑

i=1

fi

∥∥∥∥
X

≤ C

∥∥∥∥
n∑

i=1

gi

∥∥∥∥
X

.

In the case of the symmetric space X such that X ⊇ Lp[0, 1] , p < ∞ , the last statement was
proved in [3] (see inequality (10)).
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