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Extrapolation properties of the scale of Ly,-spaces

S. V. Astashkin

Abstract. A new class of extrapolation functors on the scale of Ly-spaces (1<p<oo)
is introduced, allowing one to take for its ‘limiting spaces’ two symmetric spaces
‘close’ to Lo and Lj. Crucial here are the extrapolation relations for the Peetre
K- and J-functionals for the Banach couples (Loo,Exp L?) and (L1, L(log L)'/?),
respectively (Exp L? and L(log L)l/ B B> 0, are Zygmund spaces).

The real method of operator interpolation is used.

Bibliography: 22 titles.

Introduction

We recall Yano’s classical extrapolation theorem (see [1] or [2], Chapter 12,
Theorem 4.41), which is in a certain sense a conversion of Marcinkiewicz’s theorem
on interpolation of linear operators (2], Chapter 12, Theorem 4.6). Let T be a
linear operator bounded in the spaces L, = L,[0,1] for all p in some right half-
neighbourhood of 1, and let ||T|z,»z, = O((p —1)"%) (as p — 1+) for some
a > 0. Then T can be defined in the Zygmund space L(log L) (see the definitions
below) as a bounded operator from that space into L;. The dual result for the space
Exp L'/® dual to L(log L) also holds. If T is a linear operator bounded in L, for
all sufficiently large p and ||T||z,—z, = O(p®) (as p — oo0) for some o > 0, then
T: Lo, — Exp L'/,

General approaches of extrapolation theory have been developed since the 1990s.
This is primarily due to Jawerth and Milman [3]-[5], who initiated a systematic
investigation of the natural limiting spaces associated with scales of interpolation
spaces, which can serve as a basis for estimates of the norms of the operators in
these spaces. For a bibliography of numerous applications of extrapolation theory
to analysis one can also consult [3]-[5].

Note that the tools (the extrapolation functors) used by Jawerth and Milman and
bringing about new limiting spaces are the sum and the intersection of families of
Banach spaces (see, for instance, [4], § 2 or [5], Chapter 2). This allows one to obtain
as extrapolation spaces only spaces of the form (Xp, X 1)131 (1/p) and (Xo, X 1)?50(1 /o)
where (Xo, X1) is an arbitrary Banach couple and p is a quasiconcave function. Here
we overcome certain limitations of these methods and introduce a much broader
class of extrapolation functors (at any rate on the scale of Ly-spaces) closely con-
nected with the real interpolation method. As a result we obtain as limiting spaces
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814 S.V. Astashkin

‘almost all’ symmetric (or rearrangement invariant) spaces ‘close’ to Lo, and L.
Crucial here are the extrapolation relations for the X- and J-functionals for the
couples (Lo, Exp L?) and (Ly, L(log L)'/?), respectively, established in this paper.

En route, for the norms of spaces in the above-mentioned class we find fairly
simple equivalent relations involving only the L,-norms of the function. As a con-
sequence one obtains a ‘series’ of extrapolation results similar to Yano’s theorem.

In what follows we consider spaces of functions on [0,1]. For generalizations
and refinements of Yano’s theorem in the case of functions on a space with o-finite
measure we refer the reader to [6], [7].

We shall now discuss in this introduction facts and observations prompting the
idea of the existence of an equivalent expression for the K-functional for the Banach
couple (Lo, Exp L?) depending only on the L,-norms of the corresponding func-
tions.

In 1923, Khinchine [8] proved the following inequalities, which later became
classical:

oo 1/2 o 1/2
Ap(zw) < < Bp(z |ak|2) , W
k=1 k=1

where the r;, (k=1,2,...) are the Rademacher functions on [0, 1], that is,

o
E arTk
k=1

L,[0,1]

ri(t) = signsin(28~1rt) (t €10,1]),

ar € R, and A, and B, are constants depending only on p € [1, c0). These inequal-
ities were the starting point for many researchers, who repeatedly generalized and
improved them. It is important for us that the constant B, on the right-hand side
of (1) approaches infinity as p — co. More precisely, B, =< ,/p as p — oo, that is,
for all p > 1 we have

C7p < B, <Cyp

with some constant C' > 0.

In 1993, Hitczenko [9] proved inequalities similar to (1) but having one consid-
erable advantage: the constants in them are independent of p. In these inequalities
the lo-norm of the sequence of coefficients a = (ax)32,; must be replaced by its
K-functional K; »(t, a) = K(¢, a;l1,l2) for the Banach couple (I1,12). Let us present
the precise statement: there exists a positive constant ¢ such that for all p > 1 and
a= (a2, € b,

K12(V/p,a) < < Ki2(v/p,a). (2)

p

o
E arTk
k=1

Here and throughout || f|l, = ||flz,0,1-
Later, the present author showed [10], [11] that

O 'Ky 2(t,a) < iK(t, Zakrk; Lo, Exp L2> < C1Kq 2(t, a), (3)
k=1
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with constant C;7 > 0 independent of a = (ax)>; € Iz and ¢ > 0. It follows by

relations (2) and (3) that for some C' > 0 and all a = (ax)72, € lp and p > 1 we
have

O—l

[ee] [ee]

> agry > akrk
k=1 k=1 P

If in place of the Rademacher sum one substitutes in the last relation an arbitrary
measurable function f, then the right-hand inequality fails (see Remark 1). How-
ever, if one replaces | f||, by a quantity with a more regular behaviour in p, then
one obtains correct inequalities:

_ £l
c! psupmé%( P, f; Lo, ExpL?) < C psup”—q-
\/_q>p Va VP \/_q>p NG

[ee]
< x(@,Zakrk;Lm,ExpB) <C
p k=1

The proof of slightly more general inequalities (for K(p, f; Loo, Exp L?)) is the
main subject of our §2 (in §1 we present definitions and notation required in
what follows). On this basis, in §3 using the real K-interpolation method we
find equivalent relations for the norms of symmetric spaces ‘close’ to Lo, involving
only the Ly-norms of the functions (more precisely, their asymptotic behaviour as
p — o0). Finally, in §4 we obtain dual results on the J-functional for the cou-
ple (L1, L(log L)*/#) and on spaces ‘close’ to another ‘end-point’ of the symmetric
space scale, the space L.

§ 1. Definitions, notation, and auxiliary information

An extended exposition of the theory of symmetric function spaces and operator
interpolation theory can be found, for instance, in the monographs [12]-[15].

A major role in various analytic questions is played by the Zygmund spaces
L(log L)* and Exp L? (see, for instance, [16]). They consist of all measurable
functions f: [0,1] — R with finite quasinorms

! o 2 * — 2 *
Flsosr = [ 1065 ()70t and e = s 1 (2) 7700,
0 0<t<1

respectively. Here a,3 > 0 and f*(t) is a non-increasing rearrangement of the
function |f(¢)| ([14], Chapter 2, §2). In each of these spaces one can introduce
quasinorms making it symmetric (or rearrangement invariant).

Recall that a Banach space X of measurable functions on [0, 1] is said to be
symmetric if the following conditions hold:

(a) if y = y(t) € X and |z(t)| < [y(t)], then z = z(t) € X and [|z]| < [[y];

(b) if y = y(¢t) € X and x*(t) = y*(¢), then x € X and ||z|| = ||y]|

An important, and the simplest, example of symmetric spaces are the Ly,-spaces
(1 < p < 00) with the usual norm:

1 1/p
], = (/ |z (t)[? dt) for p < o0
0
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and
|z|lco = esssup |z(t)| for p= co.
~ \1
Orlicz spaces are their natural generalization. Let N(¢) be an increasing convex
function on [0, 00), N(0) = 0. Then the Orlicz space Ly consists of all measurable
functions x = z(¢) on [0, 1] such that the norm

[ :inf{u >0: /;W@) dt < 1}

is finite. In particular, if N(t) =¢” (1 < p < o0), then we obtain the L,-spaces.

Other examples of symmetric spaces are Lorentz and Minkowski spaces. If ¢(t)
is an increasing concave function on [0,1], then the Marcinkiewicz space M (p)
consists of all measurable functions z = z(s) on [0, 1] such that

t
lelare = sup (go-l(t) / m*(s)ds) < o,
0<tL1 0

X

and the Lorentz space Ap(¢) (1 < p < o0) consists of all x = z(s) such that

lallaye) = ( / (@) dso(s))l/p <

Note that we can introduce in Exp L? equivalent norms making it an Orlicz space
and a Marcinkiewicz space: it coincides with the space Ly, where Ng(t) = e’ —1

if 3> 1 and Ng(t) = exp(t—i—t;/ﬁ)ﬁ —exptg, tg =1/8—-11f0 < 8 < 1, and it

also coincides with the space M (¢g), where ¢g(t) = tlogé/ﬁ(e%/t) (see [17], 18],
and also [14], Theorem 5.3). In a similar way, L(log L)* coincides both with an
Orlicz space Ly, , where M, (t) is equivalent at infinity to the function tlogj ¢,
and with the Lorentz space A1(y1/4) [18]. Hence, in particular, in view of the
duality between Lorentz and Marcinkiewicz spaces ([14], Theorem 5.2) we have
(L(log L)*)* = Exp L'® and L(log L)® is a subspace of (Exp L'/®)* (the corre-
sponding quasinorms are equivalent).

If (Xo,X1) is a Banach couple (that is, Xy and X; are continuously and lin-
early embedded in some Hausdorff linear topological space), then one defines in the
natural fashion their intersection Xo N X; and sum X + X7, with norms

lz]] = max |[z]|x, and [[z]| = mt{[lzollx, +[|z1llx, : @ = zo+a1, s € Xiy i = 0,1},

respectively.

Let (Xo, X1) and (Yp, Y1) be Banach couples. Then a triple of spaces (Xo, X1, X),
XoNX; C X C Xg+ Xy, is called an interpolation triple with respect to another
triple (Y5,Y1,Y), YoNYs C Y C Yy + Y4, if each linear operator T' defined on
Xo + X7 and bounded as an operator from X into Yy and from X into Y; is also
bounded from X into Y. If X; =Y; (i =0,1) and X =Y, then one says that X is
an interpolation space with respect to the couple (Xg, X1).
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An important method for finding interpolation spaces is the real interpolation
method based on the use of the Peetre K- and J-functionals:

K(t, z; Xo, X1) = inf{||zo||x, + t||z1]|x, : = 2o + 21, zo € Xo, 21 € X1}

and
3(t733§ X0>X1) = ma’X{HmHXm tH‘THXI}'

For fixed positive ¢ the first functional is a norm in the sum Xy + tX; and the
second is a norm in the intersection XoNtX; (if X is a Banach space and a > 0, then
the space aX contains the same elements as X, but with the norm ||z||,x = al|z| x).
If we fix z € Xo+ X1 (respectively, x € XoNXy), then K(¢, z; Xo, X1) (respectively,
d(t,x; Xo, X1)) is an increasing concave function of .

We recall a well-known result on the duality between X- and J-functionals ([12],
§3.7). Let (X, X1) be a Banach couple such that XN X; is dense in X and X;.
If the sum Xy + X; is endowed with the norm X(t, z; Xo,X1) (¢ > 0), then
its dual space is isometric to the intersection X7 N X} endowed with the norm
J(t~1,z*; X¢, X7). Using this fact, the already mentioned duality between Lorentz
and Marcinkiewicz spaces, and the formula for the J-functional for the correspond-
ing couple of Lorentz spaces ([14], Theorem 5.10) one easily obtains the following
result on the X-functional for a couple of Marcinkiewicz spaces:

X(t, z; M(), M(p)) =< sup [maX(w(U)J_l@(U))]_l/ou " (s) ds (4)

O0<u<l

with constants independent of x € M () + M(y) and ¢ > 0 (see also [19]). Here
and throughout, an expression of the type F; =< Fy means that cF; < F» < CFy
for some positive ¢ and C’; usually, the constants ¢ and C' are independent of all or
of some arguments of the functions F; and Fb.

Let E be a Banach lattice of two-sided number sequences a = (a;)32 . If
(Xo, X1) is an arbitrary Banach couple, then the space of the K-method (Xp, Xl)%<
consists of all x € Xy + X7 such that

] = [|(K(27, x; Xo, X1)); | & < 0.
The space of the J-method (XO,Xl)% contains all x € Xy + X; admitting the

representation

o
x = Z u; (the convergence in Xy + Xi), (5)

j=—00
where u; € Xo N X;. The norm in (Xp, X1)% is set to be

inf |[(3(27,u;; Xo, X1));ll 2,

{u;

where we take the infimum over all sequences {u;} such that (5) holds.

o0
j=—o0
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If E is a Banach lattice of two-sided sequences and o = (a)72 _ ., is a non-
negative number sequence, then E(ay) is the space of all sequences a = (ax)72 _
such that (axoy);2_ €F and [|a| g(a,)=(arar)| . Let EoA(lno) =loo Nlso (27F)
(respectively, {0} #ECX(ly) = l; +11(27%)). Then the map (Xo, X1) — (Xo, X1)%
(respectively, (Xo, X1) — (Xo, X1)%) defines an interpolation functor: namely, for
arbitrary Banach couples (Xo, X1) and (Y, Y1) the triple (Xo, X1, (Xo, X1)%) is
an interpolation triple with respect to (Yp, Y1, (Yo, Y1)%) (a similar definition holds
in the case of the J-method). The set of all such functors is called the real K-
(respectively, d-) method of interpolation. It is important to note that in the case of
the K- (or J-) method its parameter E can always be assumed to be an interpolation
space with respect to the couple I, = (Ioos loo (27F)) (respectively, with respect to
Iy = (I, 11 (27%)); [13], Corollaries 3.3.10 and 3.4.6).

In particular, for 0 < 8 < 1, 1 < p < o we obtain the classical interpolation
spaces

(X())Xl)@,p = (XO,Xl)lj;(g—ke) = (X())Xl)lap(Q—kQ))

the properties of which are studied in detail in the monograph [12].

§ 2. The K-functional for the couple (L, Exp L?)
Lemma 1. For arbitrary 8 > 0,

K(t, f; Loo, Exp L%) <t sup (f* (u) log, /" (%))

0<u<min(1,21-t7)

with constants independent of f € Exp L® and t > 0.

Proof. By relation (4) and in view of the equalities Lo, = M (o), @o(u) = u and
Exp LP = M(¢p), ¢p(u) = tlogé/ﬁ(e%/u) (see §1), we obtain

K(t, f; Loo, Exp LP) < || | s (y0)s

(1+0)/8 (6)
where 1y (u) = umax{l,t_llogé/ﬁ (eT> },

with constant depending only on 8 > 0.
Let My (s) be the dilation function of the function ¥, that is,

Y(su)
My (s) = sup .
'¢'( ) 0<u<min(1,1/s) w(’u’)

If xg(u) = logé/ﬁ(e(l"’ﬁ)/ﬁ/u), then direct calculations show that

1\ _ (Bm2  \'"°
MXB <§> = (m +1> < 2. (7)

We now find an estimate of My, (1/2) using the equality

o (3) = i e = LD
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We consider three cases:
(a) xg(u) > t; then

(b) x5(u) <t < x5(u/2); in that case we also have

i = 20002 D) (1),

t 7 xpw) 2

(c) xp(u/2) < t; then Fy(u) =1 < My, (1/2).

Thus, in view of (7) and (8), sup,oMy,(1/2) < 271M,,(1/2) < 1.

819

Hence

proceeding as in the proof of Lemma 1.4 in [14] we obtain that for all 0 < s < 1,

/s V) gy < Oy (s),
0 u

with positive constant C' depending only on 8. Hence, by the definition of the norm

in a Marcinkiewicz space,

* by (u) x u
1 larpe) < 0221 wt (8)Jo w duoilizl{f (U)wt(u)}

< C sup {f*(U) - }

o<u<l Pi(u)

Since the reverse inequality

I fllasen) > 0313};1{]” ") wf(bu)}

is obvious, it follows by (6) that

)
rom(2)

K(t, f; Loo, Exp L%) < sup { “(u )

O0<u<l1

sup {
O0<u<l1

=t sup
0<u<min(1,21~ tﬁ)

X

with constants depending only on .

Theorem 1. For arbitrary 3 > 0,

j{(p, f7 Loo,EXpLB) = psup W
ep 4

with constants independent of f € Exp LP and p > 1
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Proof. We set kg = max(1,2/3). Then for each ¢ > 1,

1/ ! 1/
k= ([ repas) < (et [ peas)
t=kpa 1/
< 2ks (/2 logg/6<g> du) ’ sup (f*(u) logQ_I/B(g)).
0 u O<ug2l—q U (10)

We now find an estimate of the integral

2 q/B( 2
I(B,q):/o log, " du.

After a change of variable we obtain

-kga

I1(8,q) = 261n2 / 28/12-="" qu = 21n21,(8, q), (11)
q (kpq)/P

oo
where I (0,q) = / v9/#27Y dy. Integrating by parts we find an estimate of

kpq
11(57 Q)

1 s
LBa) =1 ((kBQ)Q/BQ_kﬁq + g/k V1/B=1g—v dv)

In2 s5q

1

1 1 1
< a/B9—kpq T < a/Bo=kpa 4y T
™) [(kBQ) 5% (8, Q)] 3 [(kBQ) + 508, 9)

since Bkg > 2. Hence

2
T < a/B9—ksq
1(8,9) < 55— (ks9)
It now follows by (11) that

4In2

< ——= (kgq)?/ P2 kea
5Tng 1 k69) ,

1(83,q)

and therefore by (10) there exists C'(58) > 0 such that for all ¢ > 1,

Ifllg < C(B)g"?  sup (f*(u) log, /* (3))

O<ug2l—q
Then, however, by Lemma 1,

with some (not necessarily the same) positive constant C'(3) independent of f and
q=1.
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Now if ¢ > p, then it follows by the last inequality and the concavity of the
XK-functional that
K(q"/?, f; Loo, Exp L) K(p'/?, f; Loo, Exp LP)

8 sup Wlo < cg)x1/8, 1; Lo, Bxp 19)
or after a change of variable,

fllg8
psupm < C(B)X(p, f; Lo, Exp LP).
ep 4
For the proof of the reverse inequality, in view of Lemma 1 it is sufficient to
demonstrate that for all v, 0 < u < 217P (p = 1) we have

f*(w) < Ca(B) sup 'qf% log;” (%) (12)

q=p
with C1(08) dependent only on /.
It follows from the description of Exp L? as an Orlicz space (see §1) and the

expansion of Ng(t) = e’ —1lina Taylor series that
B

/14

[ llexp Lo =< Sup s

Hence

. £l 178 (2
f(u) < Ca(B) (511;11) PVl log, - for0 <u<1. (13)

Note that we can assume that f = f* and {s € [0,1] : f(s) # 0} C [0,2" 7] in the
proof of (12). Hence if 1 < ¢ < p, then by Holder’s inequality

1£1lq

(A—p)(p—q)

2 flle < 27 [ fllp- (14)
Since for x > 1 we have z'/# < C3(8)2%, it follows by (14) that

1 £llq 277 ip! P || £l £l
< - LIV
s S2max — s s S 20808)

for 1 < ¢ < p. Thus, (13) yields (12).

NN

Remark 1. The right-hand side of (9) cannot be replaced by || f||,s. In fact, consider
the functions h,(t) = 1 for t € [0,u], and h,(t) = 0 for t ¢ [0,u] (0 < u < 217P).
Then ||h, |, = u'/? and by Lemma 1,

_ 2
j(:(pl/ﬁ, hu; Lo, Exp Lﬁ) = pl/ﬁ log, 1o (a) .

Hence

K(p'/P, hy; Loo, Exp LP _18(2
sup (p 77 hus Lo, Bxp L) =p/?  sup log, VB2 )y 1P = .
o<ug2l-P Hhqu o<ug2l-P U

Theorem 1 enables one to find a new description of interpolation spaces relative
to the Banach couple (L., Exp L?).
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§ 3. Description of symmetric spaces ‘close’ to Lo,

In what follows we denote by ¥ (k = 0,+1,+2,...) the standard unit basis
vectors in the space of two-sided number sequences, that is, ¥ = (e¥), eg =1,

J
eh =0 (j#k).

Definition 1. Let F' be an intermediate Banach lattice with respect to the Banach
couple loo = (lso,lo(27F)), which means that there exist continuous embeddings

A(ls) € F C 2(ls).- (15)

Let L%C 7 be the set of measurable functions f on [0, 1] such that the sequence

(o)
ar = [ fllase®
k=0

belongs to F'.

It is clear from the definition that L%f r is a symmetric space with norm
[flles, = llaglle.

In particular, L%C,loo = Lo and L%ﬁlw (2-%) = Exp L? (the last equality follows

from the expansion of Ng(u) = ¢*” — 1 in a Taylor series). Hence
Leo CLjsp CExpLP.

Moreover, it will follow from Theorem 2, our main result in this section, that L%f P
is an interpolation space relative to the couple (Lo, Exp L?) if F is an interpolation
lattice with respect to the couple l_;o.

We start with an auxiliary result. Consider two projections in spaces of two-sided
number sequences:

00 -1
- ) - ) — (a.:)°
Pia= g a;e’ and P_a= g aje’, where a= (a;)72_ .
=0 j=—oo

Lemma 2. Let F be a Banach lattice of two-sided number sequences such that

(15) holds. Then there exists a positive constant C' such that for each sequence

a = (a;)52_, satisfying the condition |a;| < 27|ao| (j = —1,-2,...),

lallr < C[|P1allr-

Proof. Since a = P_a + Pya, it follows that

lallr < |P-allF + ([ Pral|e. (16)
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By the assumptions of the lemma,
-1

Z 97 od
F

j=—c0

-1

Z 97 i

j=—c0

|P-all < |al < Cilao| = Cilaol

A(leo)

moreover,
1Psallr > laol €% F > laolCo €.y = Ca Maol,

where Cy and Cj are the constants of the embeddings in (15). Hence it follows
by (16) that
lallr < (1+C1C5)|[Pyallr,

which proves the lemma.

Theorem 2. Assume that 8 > 0 and let F' be an interpolation Banach lattice
with respect to the couple loo = (loo, loo(27%)). Then L%F = (Loo, Exp LP)% (with
equivalence of norms).

Proof. It is sufficient to demonstrate that, with some constants depending only
on F, for an arbitrary function f on [0, 1] we have the equivalence

llagllr = lbfll 7, (17)

where

50 )
af = Z HfHQlek and by = Z :K(Qk;f; LwaEXpLB)ek'
k=0

k=—o00

First of all, Lo, C Exp L® with constant 1, therefore for k = —1, —2, ... we have
(bp)e =28 (bs)o = QkaHEXp 18. Hence by Lemma 2,

lofllF =< (| PybgllF- (18)

Next, it is well known ([13], Remark 3.3.8) that if F' is an interpolation space
with respect to the couple I, then

lallr = [l@llr, where @=(@)il o, G = sup {min[1, 2*77] |a 3.
§=0,%1,...

Hence
lafllF = llayll F

and by the obvious inequalities ay > P ay > ay,
laglle = [[Pyagllr- (19)

Since the sequence of ay increases, it follows that

o e s
S ST LIy
k=0 =k
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and therefore by Theorem 1,
[ Prasllr = [ Profl r

with universal constants. Hence relation (17) is a consequence of (18) and (19).

Remark 2. Keeping the notation of Theorem 2 we shall now show another way of
proving the embedding X C L%f r by interpolation arguments. In fact, let T' be
an arbitrary linear operator bounded in both L., and Exp L?. Then the sublinear
operator

Qf =Y _|ITflaonek

k=0

is bounded from L., into I, and from Exp L? into lI.,(27%). Since the functors
of the real method interpolate sublinear operators and F = (oo, loo(27%))% ([13],
Lemma 3.3.7), @ is bounded from X = (Lo, Exp L?)¥ into F, that is, in our
notation,

ITfllex, = llagllr < Clfllx-

Thus, the triple of spaces (Lo, Exp L?, X) is an interpolation triple with respect
to (Lo, Exp LP, L%f 7). In particular, if we take for T the identity operator, then
we obtain the embedding X C L%f P

Interpolation in the couple (Lo, Exp L?) is described by the linear K-method [19]
(see also [10], Proposition 1). This means that each interpolation space X with
respect to this couple can be represented in the form X = (L, Exp Lﬁ)%, where F
is a Banach lattice of two-sided number sequences. Here, as mentioned in §1, we
can assume that F is an interpolation space with respect to log = (Ioos loo (275)).
Hence by Theorem 2 we obtain the following result.

Corollary 1. Assume that 3 > 0. Then for each interpolation space X with respect
to the couple (Loo, Exp LP) there exists a Banach lattice F such that X = L%ﬁF (with
equivalence of norms).

Remark 3. We point out that many recent authors investigating function spaces
‘close’ to Lo, used the asymptotic behaviour of the L,-norms of a function as
p — oo. For instance, in [20] the author studies the convergence of Walsh series
in the spaces G, o (p > 1, a > 1), one of the equivalent norms in which has the

following form:
00 D 1/p
(MY
P, — L s X .

In particular, [20] investigates the position of these spaces on the scale of Orlicz
exponential spaces. Namely, it is shown that for p > 1, ¢ > 0, and a > 1 such that
p~t+¢ ! = and each r > ¢,

11

LNT C Gp7a C LNq,

where as before, N,.(t) = ¢! —1 (r > 1) and N,(t) = exp(t + ti/r)r — expty,
tr=1/r—1 (0<r<1).
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Using Theorem 2 and the results of [10] it is easy to show that the G, o are
Lorentz spaces. In fact, fix p> 1 and a > 1 and consider arbitrary 5 € (0,p/(ap—1)).
An immediate verification shows that G, o = L%CZP(Q_%), where 0 = S(ap — 1) /p,

6€(0,1). Since I, (279%) is an interpolation space with respect to the couple l_;o
([12], Theorem 5.6.1), it follows by Theorem 2 that

Gpa = (Loo, Exp LP) (5 -ony.-

However, the last space (see [10], Example 2) coincides (with equivalence of norms)
with the Lorentz space A, (), where ¢(s) = logy “?(2/s).

One can deduce from Theorem 2 a whole ‘series’ of results similar to Yano’s
theorem. Using the last observation we present one of them as an example.

Theorem 3. Let T be a linear operator bounded in L, for each p > 1 and let

o0 T q
/ <| |Lw—>Lw> dz < o0
1 <

for some a > 1 and g > 1. Then T is a bounded operator from L, into the Lorentz
space Ag(ip), where p(s) = logy “4(2/s).

Proof. By Remark 3 and the assumptions of the theorem,

e3¢} T - q 1/q
1,0 = { [~ () e

(T _
< Tt ) dey supl| e = Ol oo
1 x>1

In the last section of this paper we establish dual results on symmetric spaces
‘close’ to Ly. The key role here is played by the J-method of real interpolation.

§ 4. Description of spaces ‘close’ to Ly

We recall the definition of the intersection and the sum of a countable family
of Banach spaces. Let X, (k= 1,2,...) be Banach spaces continuously linearly
embedded in a topological linear space J. Then their intersection is the Banach
space A2, Xy, of all z € (2, Xj such that ||z]| = supy_, 5 [|#[x, < oc. In the
construction of the sum Y72 | X}, we assume additionally that there exists a Banach
space Xy embedded in T such that X, C Xy with constant 1 for all kK =1,2,....
Then we denote by Y ;- ; X the set of z € X representable in the following form:

(o) (o)
r = ka (xr € Xk), where Z lzkll x, < o0. (20)
k=1 k=1

Now, the introduction in the linear space 21;“;1 X} of the norm

(o)
]| = inf ) llzallx,.,
k=1

where the infimum is taken over all representations (20), makes it a Banach space.
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Lemma 3. If the intersection A2 Xy, is dense in Xy for each k =1,2,..., then
its dual space (A7 Xy)* coincides (isometrically) with Y27 | X

Since this is in effect a known result (for instance, Proposition 2.4.6 in the mono-

graph [13] is very close), we leave out its proof.

Lemma 4. A Banach lattice G of two-sided number sequences is an interpolation
lattice with respect to the couple Iy = (I1,11(27%)) if and only if there exists ¢ > 0
such that

aeX(ly), a= Z a®  (convergence in $(Iy)), a* = (a¥) e A(ly)
k=—o00
yields
H( > ma,x(1,2’f—i)|af|> > cllal|g. (21)
i=—00 EllG

Proof. Tt is well known ([13], Corollary 3.4.7) that G is an interpolation space with

respect to fl if and only if

(L, L(27*)L = G. (22)
If (22) holds, then for the proof of (21) it is sufficient to use the definition of the
norm in the space (I1,1 (2"“))% and the asymptotic equality

At b1, 10 (27%)) < Y max(1,£27)|by| (23)

i=—00

with constants independent of b= (b;)2°___ € A(Iy) and ¢ > 0.

i=—00

We now claim that (21) yields (22). First of all, we observe that
(L,L@2M)E oG

for each lattice G intermediate relative to the couple I;. For if a = (aj)2_ €G,

then we have the representation a = Z,;“;_ oo are®, where the e* are the standard
basis vectors. We have are® € A(l}) and J(2F, are¥;11,11(27%)) = |ax|. Hence
Ha”(ll,ll(r’“))ac < |lallg- We point out in conclusion that in view of relation (23)
the reverse embedding in (22) is an immediate consequence of condition (21).

Theorem 4. The following asymptotic equality holds for arbitrary positive 3 > 0
with constants independent of g € L(log L)*/P and k =1,2,.. .:

327*,¢; L1, L(log L)'/") = | g]lu, (24)

where Uy, = > sy 207 L, ry=1+27P1
Proof. By Theorem 1,

K(Qk,f; Loo>EXpLB) = HfHVw
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where Vi = Aj>,2¥"9Lys;. The constants in this equivalence are independent of
kE=1,2,... and f € ExpL®. Hence passing to the dual spaces, in view of the
duality between K- and J-functionals (see §1) we obtain

327% g Li,, (Exp LP)*) < |lg|lvs

with constants independent of k = 1,2,... and g € (Exp L?)*. Since L(log L)/8
and L, are subspaces of (Exp L?)* and L, respectively (see §1), it now follows
by Lemma 3 that

327%, g5 L1, L(log L)'/7) = |lglluy

for all g € L(log L)'/#. Here
Ui =Y 27*L,,,
Jjzk

where k =1,2,... and s; = 1 +1/(2%7 —1).
Forall 3>0and j=1,2,... we have

226 _ 1

ugsjy1 <r; <S;, where ug= 55

It now follows by the definition of U, that Uy, = Uy and ||g/[v, < [|l9]lv; < unggHUk.

Definition 2. Let G be an intermediate Banach lattice with respect to the Banach
couple I; = (I1,11(27F)), which means that there exist continuous embeddings

A(l) € G c2(h). (25)

Let L% o be the set of measurable functions g on [0, 1] having a representation

(o)
g= ng (convergence in L), g €Ly, Th=1+ 9—Bk. (26)
k=1

where

Y lgellne ™ ea. (27)
k=1

It is easy to verify that L%G is a symmetric space with norm

(o)
> lgellre™
k=1

where the infimum is taken over all representations (26). Moreover, 2%7 5, = L1 and
Lg h(2-k) = L(log L)I/B. Hence for each Banach lattice G with property (25) we
obtain

lglles = int

)

G

L(log L)% c £3 ; C Ly.

We claim that, in addition, L% ¢ 1s an interpolation space with respect to the couple
(L1, L(log L)*/#) if so is G with respect to [; = (I, 11(27%)).
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Theorem 5. Assume that 3 > 0 and let G be an interpolation Banach lattice
with respect to the couple I} = (I1,11(27%)). Then L%G = (L1, L(log L)Y/#)2, (with
equivalence of norms).

Proof. Now let Y = (Ly, L(log L)'/#), and let
a(t,h) =3(t, h; Ly, L(log L)'/?)

for arbitrary h € L(log L)'/# and t > 0.
First of all, by the definition of space of the J-method

Iflly = inf [[(32*, fi))klle
where the infimum is taken over all representations
(oo}
Z fr  (convergence in L1), fr € L(log L)Y/5. (28)
k=—o00

Ifg € L% o> then we have the representation (26) with property (27). In this
case we immediately obtain by Theorem 4 that

anknrk H

g€Y and |glly <Ci

Hence La ¢ CYand lglly < CIHQHLS

For the proof of the reverse embeddlng we shall show first that in the calculation
of the norm in Y one can content oneself (up to an equivalence) with representa-
tions (28) in which fr =0 for k=0,1,2,....

Since L(log L)l/ B c Ly with constant 1, it follows that

3(219"9) = QngHL(logL)l/ﬁ

for k=0,1,2,.... Hence if C is the constant of the embedding G C E(fl), then

> e
Z 2 fk ZQkakHL(logL)l/ﬁek ‘
k= k=0 G

ZQkakHL(logL)l/ﬁek =G fellgogrye-  (29)
k=0 =0

11(27F)
In place of the fixed representation (28) we now consider another one:

S foo fi=fr fork=-2-3,..,

k=—o00

[ee]
Zfi, f=0 fork=0,1,....

i=—1

~
|

foa
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Then in view of (29) and since G is a Banach lattice, it follows that

13", fiDxlle < 1@E* fi)klle + D 1kl Lgogzyslle e

k=0
< (1+20:0) | (32", fi)elle

where Cj is the constant of the embedding A(l;) C G.
Now let f € Y. Then, as shown before, there exists a representation (28) such
that fr =0 for k=0,1,... and

o0
Iflly = Cot|>ae™ , fre | . (30)
k=1 G
By Theorem 4, for each k =1,2,... we can find a representation
o0
fok = Zg;w-, where g j € Ly, (31)
=k
and in addition,
o0
3275 Fk) = Co > 27 gk i, (32)

=k

Again, since G C X(I1), it follows by (30) and (32) that

> Z lgkslley <D 2 gl <C5 > 3275, k)

k=1 j=k k=1 j=k k=1

Z 3(2_k7 f—k)e_k
k=1

< Cs5Cy < C5OQO4HfHY < 00. (33)

G

This shows, in particular, that the double series

o0 o0
DD 9k

k=1 j=k

is absolutely convergent in L; and has the same sum as the corresponding repeated
series, that is, f. Hence

00 J
f= Zgj (convergence in Ly), where g¢g; = Zg;w-.
j=1 k=1

Here, in view of (31), g; € L,; and

lgr.illr;- (34)

1

lgsllr; <

J
k=
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Consider now the sequence

00 J
=2 > llgwjllne

(35)
j=1 k=1
In view of (33), we conclude that
(o) (o)
by = Zbk (convergence in X(I;)), where b* = Z llgr,ill-e
It follows by (32) that b* € A(ly) for each k = 1,2,.... Hence by Lemma 4,

since (G is an interpolation space with respect to the couple l_i,

lbgllc < Ce ZZmaX 1,27~ k Ng,sllr
k=1 j=k

~a] S St H
k=1 j=k

Hence it follows by (34), (35), (30), and (32) that

.|rje—jH < balle < CC5Coll Iy

so that f € L%,G and Hf”ag o S CsCs5Cs|| f|lv-

Interpolation in the couple (L1, L(log L)/#) is described by the real X-method
([21], Corollary 5.10; see also [22]). In view of results on the connection between X-
and J-functors [13], it is also described by the J-method. In other words, if Y is an
interpolation space with respect to (Li, L(log L)'/#), then Y = (Ly, L(log L)'/?)Z,
for some interpolation Banach lattice G with respect to the couple I; = (I1,11(27%))
(see §1). Hence Theorem 5 has the following consequence.

Corollary 2. Assume that 3 > 0. Then for each interpolation space Y with respect
to the couple (Lo, Exp LP) there exists a Banach lattice G such that Y = L%G (with
equivalence of norms).

We now present another concrete extrapolation result.

Theorem 6. Let € and A be positive quantities such that for 1 < p < 14+¢€ a
linear operator T is bounded in the space L, and ||T||L, -1, < Alogy(1/(p — 1)).
Then T can be defined in the Lorentz space Ai(p) corresponding to the function
o(t) = tlog, logy(16/t) such that it becomes a bounded operator from Ai(p) into L.

Proof. Assume that 3 > 0. Then A;(p) is an interpolation space with respect to
the couple (L1, L(log L)*/#). Moreover, one can prove the following equality, to be
treated as an isomorphism, with constant depending on 3 > 0:

A1(p) = (L1, L(log L)I/B)zl(wk)) (36)

where the ‘weight’ wy is —k if k <0 and wy =1if k >
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In fact, let us show that the corresponding dual spaces coincide (up to an
isomorphism). By the duality theorem for the real interpolation method [13],

(L1, Log L)) )" = (Loo, Exp LO) (),
where ur, = 1/(k+1) if k > 0 and up = 1 if k£ < 0. Since (A1(p))* = M(p) ([14],
Theorem 5.2), (36) is a consequence of the equality

which is proved in [10], Example 1 for S = 2. The case of arbitrary positive 8 > 0
is perfectly similar.

We now select 3 such that 277 < e. If g € Ai(p), then in view of (36) and
Theorem 5, there exists a representation

(o)
g= ng (convergence in L1), gk € Ly, r, =1+ Q_Bk,
k=1

such that
o0
> gkl < oo
k=1

By the assumptions of the theorem

(o) (o) (o)
D NTgrllee < DTNz, L0 llgilln < ABD llgilln. k.
k=1 k=1 k=1

Hence

(o)
Tg = ZTgk (convergence in L)
k=1

and in view of the equality L, = L% ;, and Definition 2, [|T'g[[x < C/|g||a, () With
some positive constant C' depending only on S.

Remark 4. As is known ([5], Chapter 2), from the values Fy(Xo, X1) at a couple
(Xo, X1) of the functors in a sufficiently broad class {Fp}o<s<1 one can recover the
K- and g-functionals for this couple. Theorems 1 and 4 solve another problem: they
enable one to find (up to an equivalence) similar functionals for couples of limiting
spaces of the L,-scale. As a very special case of relations (9) and (24) one can regard
equalities (2.26) and (2.27) presented, for instance, in [5] and giving a description
of the ‘extreme’ extrapolation spaces of this scale, Exp L? and L(log L)l/ B as the
intersection and the sum of the L,-spaces, respectively.

Remark 5. Our results here can be generalized in a natural way to space scales
obtained by the real method from an arbitrary Banach couple (X, X;) such that
X1 C Xo. In particular, one can consider the ‘extremal’ scales (X, X1)g,1 and
(XQ,X1)97OO (0 <0< 1)
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