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1. INTRODUCTION

Suppose that X is a symmetric space of measurable functions on [0, 1]. If, for some 1 < p <
q < 0o, Boyd indices of the space X satisfy the inequalities

<) <px) <

q p

then X is an interpolation space between the spaces L, and L,. This means that any bounded
linear operator 1" in L, and L, is also bounded in the space X . This theorem was proved by
Boyd [1] in 1967 under the additional assumption that X possesses the Fatou property (see also [2]
and [3, Theorem 5.16]). For the case in which the space X is separable or possesses the Fatou
property, see [4, Theorem 2.b.11]. Combining estimates for the Calderén maximum operator and
Semenov’s Lemma [5, Chap. 2, Lemma 4.7], we can prove Boyd’s theorem for arbitrary symmetric
spaces. This result is also contained implicitly in Theorem 6.12 from [5, Chap. 2].

In the case ¢ = oo, the assumption in Boyd’s theorem can be weakened. Namely, the fact that
X is an interpolation space between L, and L., is a consequence solely of the one-sided estimate

1

(see [6, Theorem 4.6], where this was proved even for Lipschitzian operators).

In connection with this, Semenov posed the question if a similar result is not valid for the other
end of the scale of symmetric spaces, i.e., for interpolation between the spaces L; and L, . Namely,

Suppose that X is a symmetric space on [0, 1] with the Fatou property or an absolutely con-
tinuous norm such that the lower Boyd index satisfies a(X) > 1/p, 1 <p < oo. Is then X an
interpolation space between Ly and L,?

The answer to this question turns out to be positive. We have succeeded in proving an even
stronger result: If a symmetric space X is an interpolation space between Ly and Lo, and a(X) >
1/p, then X is also an interpolation space between Ly and L, .

In the last section of the paper, we present a new interpolation theorem for operators of strong
type (1,1) and of weak type (p,p), 1 <p < 0.

Let us first recall the definitions and notation needed in the paper.
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2. DEFINITIONS AND NOTATION

The Banach space X of measurable functions on [0, 1], is said to be symmetric if the conditions
x*(t) < y*(t) for t € [0,1] and y € X yield z € X and ||z||x < |ly]|x. Here and elsewhere, z*
is a nonincreasing rearrangement of the function |z|. For any symmetric space X on [0, 1], the
continuous embeddings L.[0,1] C X C L]0, 1] hold.

For each s > 0, the dilation operator

our(t) = a(t/s)xon(t/s).  tel0.1]

is defined and is bounded in any symmetric space X (xg is the characteristic function of the
set E C [0, 1]). Moreover, ||os|x—x < max(l,s). The important characteristics of a symmetric
space X are the lower and upper Boyd indices:

o 1 IDHO_SHX—O( I 1 IHHJSHX—>X
axy = lim —————= | Bx = lim —————.
s—0 Ins s—00 Ins

The symmetric space X with norm || - ||x possesses
(a) the Fatou property if for any sequence {z,} C X such that z, > 0, z, / x and
sup,, ||zn]lx < oo, we have z € X and ||z, | x /||| x;
(b) an absolutely continuous norm if for an arbitrary x € X and any sequence {z,} of mea-
surable functions on [0, 1] such that |z| >z, >0 and z, | 0, we obtain ||z,|x — 0.
Note that a symmetric space X is separable if and only if X has an absolutely continuous
norm. It follows from the Calder6n—Mityagin Theorem [5, Chap. 2, Theorem 4.3] that a symmetric
space X possessing the Fatou property or being separable is an interpolation space between the
spaces L1 and L.,. This means that any linear operator 7" bounded in L; and L., is bounded
in X and
[Tl x—x < Cmax(|T(|z,~z,, |Tlc—r)

for some C' > 1.

The most important examples of symmetric spaces— L,, 4, Lorentz, Marcinkiewicz, and Orlicz
spaces—possess the Fatou property. The spaces M, 2 and Fg of closure of L, in the Marcinkiewicz
space M, and the Orlicz space Lg, respectively, are typical separable symmetric spaces. For
the definitions of these spaces and also for other general properties of symmetric spaces, see the
monographs [3-5].

3. INTERPOLATION SPACES BETWEEN L; AND Lp, 1 < P < o0

Theorem 1. Suppose that 1 < p < oco. If a symmetric space X is an interpolation space
between Ly and Lo and a(X) > 1/p, then X is an interpolation space also between Ly and L, .

Scheme of the proof. If T": L; — L is a linear bounded operator such that T'="T|_: L, — Ly
is also bounded, then

K@'*=Y? Ta; Ly, L) <CLK(t Y 2 Ly, L) < CLK(t"YP 2y Ly, Ly 1)

for any x € L1 and all 0 <t <1, where L, ; is the Lorentz space with norm

1
lzll, 2 :/ /P15 (1) dt.
0

Hence, by Holmstedt’s formula [7, Theorems 4.1 and 4.2], we obtain the estimate

t(Tx)*(s) ds < Cy t z*(s)ds + /P 1 sYP=1g*(s) ds (1)
0 0 t
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for any x € Ly and all 0 <t < 1. By Fubini’s theorem, for the linear operator
1
Max(t) = tl/p/ sYP1a(s) ds, 0<t<1, (2)
t

we find that

t t 1
/O(Mx*)*(s)d5:]9€1</o x*(u)du+t1_1/p/t ul/p_lx*(u)du>
~ K(tl_l/p, Z, Ll, Lp71).

Therefore, by (1), we have

/O (T (s) ds < Cs /0 (M) (s) ds 3)

forall 0 <t <1.
Next, we prove that
[Mz*|| < Cyllz|,  zeX, (4)

for an arbitrary symmetric space X such that a(X) > 1/p. Note that the estimate (4) was
obtained earlier by Boyd (see [8 Theorem 1; 2, Lemma 2| and [3, Theorem 5.15]) for the case in
which the symmetric space X possesses the Fatou property. He proved that the operator M is
bounded in the space X if and only if the lower Boyd index satisfies a(X) > 1/p. We obtain (4)
in the general case.

Further, by the Calderén-Mityagin Theorem [5, Chap. 2, Theorem 4.3], a symmetric space X
is an interpolation space between the spaces L; and L., if and only if for a constant B > 0 the
following condition is satisfied: if z € X, y € L1, and

t t
/ y*(s)ds < / x*(s)ds forall 0<t<1,
0 0

then y € X and |ly||x < Bl|z|x . Hence the estimates (3), (4) imply the following: if € X, then
Tz € X and ||Tz|x < Cs||z|x. Thus, X is an interpolation space between L; and L,. O

Remark 1. The condition for X to be an interpolation space between L and L, in Theorem 1
cannot be dropped. Let us present an example showing this.

Consider a modification of the Russu space (see [9, Theorem 1] or [5, Chap. 2, Lemma 5.5]).
Suppose that 1 is an increasing concave function on (0, 1] such that

2t)
+) — li & =1
=0 I
and its upper dilation index is -
 ng()
= 1 =
Oy Pl Int 0,

where b(st)

- st

P(t) = sup

0<s<1, 0<st<l Y(s) '

These conditions are satisfied, for example, by the function (t) = In~"(e?/t).
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In the Marcinkiewicz space My,

1 /t .
z||p, = sup —— x*(s)ds
Jell, = swp oo [ a()
we consider the linear subspace

5 , z*(t)
G = {x € Ly: 08;221 0 < oo}

and by G denote the closure of G in My . 1t is easy to verify that G is a symmetric space on
[0, 1]. Since

(1
Joule—a = loeln, s, =157 ).

it follows that )
a(G):a(M¢):1—5w:1>§ forany 1< p < co.

However, the space G is not an interpolation space between L; and Lo (see [9, Theorem 2] or [5,
Chap. 2, Lemma 5.5]) and, especially between L; and L, .

Remark 2. Arguing in the same way as in the proof of Theorem 1, we can find a more general
result: Suppose that 1 < r < p < oco. If X 1is an interpolation space between L, and L
and o(X) > 1/p, then X is an interpolation space between L, and L,. We must only verify
additionally that, for a constant B > 0 independent of x € L, and 0 < ¢t < 1, the following
inequalities are satisfied:

/ot(T:c)*(S)T ds < B {/Ot z*(s)" ds + th*(t)T] <B /Ot[x*(s) + Ma*(s)]" ds,

and then use the K-monotonicity of the pair (L,, L) [10, Theorem 2].

4. INTERPOLATION OF OPERATORS OF
STRONG TYPE (1,1) AND OF WEAK TYPE (P, P)

A linear operator T' defined on L1[0, 1] is called an operator of weak type (p,p), 1 <p < o0
if T" boundedly acts from L, to L, o, where the Marcinkiewicz space L,  consists of all
measurable (on [0, 1]) functions z(t) for which the quasinorm

|2]lp,00 = sup /72" (1)
is finite. The bounded linear operator T': L, — L, is called an operator of strong type (p,p). We
can easily see that each operator of strong type (p,p) is also one of weak type (p,p), while the
converse is not true, since L, 1 C L, C L) .
In 1969, Boyd [2] proved that in order that any linear operator T' of weak type (p,p) and
(¢,q), 1 <p<q< o0, be bounded in a symmetric space X, the following condition is necessary

and sufficient: ) )
- <aX)</(X) < —.
. (X) < B(X) ,

He obtained this result under the additional assumption that X possesses the Fatou property (see
also [3 Theorem 5.16; 4, Theorems 2.b.11 and 2.b.13]). Nevertheless, Boyd’s theorem remains also
valid for arbitrary symmetric spaces (see the introduction or Theorem 6.12 in [5, Chap. 2]). In
the case ¢ = 00, i.e., when the class of all linear operators T' of strong type (0o, 00) and of weak
type (p,p), 1 < p < oo is considered, the boundedness of any such operator in X is equivalent to
the one-sided estimate 3(X) < 1/p (see [6, Theorem 4.6] and also [11, Remark 5.9(a)]). A similar
result can be proved also for the class of linear operators of weak type (p,p), 1 < p < oo, bounded
in Ll .
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Theorem 2. Suppose that 1 < p < oco. In order that any linear operator T of strong type (1, 1)
and simultaneously of weak type (p, p) be bounded in a symmetric space X , the following conditions
are necessary and sufficient: X is an interpolation space between Ly and Lo and «(X) > 1/p.

Scheme of the proof. Sufficiency. This follows from the proof of Theorem 1, since estimate (1)
is valid as before. We must only verify additionally that, given the condition «(X) > 1/p, we have
L, CX.

Necessity. The operator M is of strong type (1, 1) and of weak type (p, p). Hence by assump-
tion, M is bounded in X . If

1
0<e< ——oi,

M| x—x
then the operator (Ix —eM)™! exists and is bounded in X as well (Ix is the identity operator).
In addition,

oo
(Ix —eM)'a(t) = > "M x(t),
n=0
where the series is convergent in the operator norm and M"™ denotes the nth power of M. Since

In" (s /1)

1
M"z(t) :t_l/p/ sl/p1 x(s) ds,

' (n—1)!

it follows that the operator Mx(t) = M(Ix —eM)~'z(t), which is bounded in X as well, is of

the following form:
1 €
Mz(t) = t_l/p/ sl/p_1<j> x(s)ds.
t

Then »
Maz*(t) > o, 2 (1) —— 7~ Vp—e(1 — 71/pte)y,
2 (0) 2 g () (1 = 1)
Hence

_ 1 71/pte M '
|orz| < ];4'5 m” | x— x|l

this yields
1 1
a(X)>-—+e>—.
p p

It remains to show that a symmetric space X is an interpolation space between L; and L.
If the linear operator T': Ly — Ly and T'="T|;__: Loc — Lo, then, by the Riesz—Torin theorem,
T is of strong type and hence also of weak type (p,p). But in that case, by assumption, the
operator T is also bounded in X, and the proof is complete. [J

Remark 3. Theorem 2 can be generalized as follows (see Remark 2): Suppose that 1 <r <p < oo.
In order that any linear operator T of strong type (r,r) and simultaneously of weak type (p,p)
be bounded in a symmetric space X , it is necessary and sufficient that the following conditions be
satisfied: X is an interpolation space between L, and Lo, and o(X) > 1/p.

Remark 4. Theorems 1 and 2 are also valid for a symmetric space on the semiaxis (0, c0).
In this case, it is only necessary to verify additionally that the condition a(X) > 1/p yields
LiNL, o CX CLy+ Ly,;. In addition, Theorems 1 and 2 are valid for quasilinear operators.
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