IMAGES OF OPERATORS IN REARRANGEMENT
INVARIANT SPACES AND INTERPOLATION

S. V. ASTASHKIN

Samara State University,
Acad. Pavlov Street, 1
448011, Samara, Russia
E-mail: astashkn@ssu.samara.ru

For every closed set G C [0,1] there exists an injective linear operator T' = Tg
bounded on L1 [0, 1] and L [0, 1] such that T is normally solvable in an Orlicz space
Lj[0,1] if and only if G N [ap,Bym] = 0 (apns and By are the Boyd indices of
the space Ljs). Analogous result holds also for isomorphisms of spaces of functions
defined on the semiaxis [0, c0).

1. Introduction

Let (X, X1) be a Banach couple, i.e., Xy and X; are two Banach spaces
linearly and continuously embedded in some Hausdorff topological vector
space. Suppose that a linear operator A defined on the sum Xy + X is
a continuous injection from X; into itself for ¢ = 0,1. Moreover, let A
be normally solvable in the both spaces Xy and X7 (this means that the
images A(Xp) and A(X;) are closed subspaces of the spaces Xy and X,
respectively).

If F is an interpolation functor [1], then a natural formula to hope for
is

F(A(Xy),A(X1)) = A(F(Xo,X1)) (isomorphism). (1)

In fact, J. Lofstrom proved [2,p.57] that formula (1) is true for any functor
F' of the real method of interpolation [1] if

A(XoNX1) = A(Xo) NA(X)). (2)

Nevertheless, equality (1) does not guarantee that A is a normally solvable
operator in the interpolation space F'(Xg, X1). The point is that the space
F(A(Xo),A(X7)) is not always a subspace of the last space.

At first, the situation when Xy and X are Hilbert spaces and X; C X
was considered (see, for example, [3,p.131] or [4,p.136,589]). In this case
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condition (2) is fulfilled, and therefore equality (1) is valid for any functor
of the real method of interpolation. Later, in the paper [5], V. Shevchik
and I. Shneiberg showed that for arbitrary closed subset F' of the interval
(0,1) there exist a Banach couple (Hy, Hy) of Hilbert spaces and a couple
(No, N7) of their subspaces such that the norms of lower complex method in-
terpolation spaces [Ng, N1]g and [Ho, H1lg (see [1] or [6]) are non-equivalent
if and only if 8 € F.

Moreover, we cannot interpolate even the property of two-sided invert-
ibility. If A : Xo + X; — Xy + X7 is an isomorphism on both spaces X
and X7, then, clearly,

F(A(Xy),A(X;)) = F(Xo,X1) (isomorphism).

At the same time the space A(F(Xy, X1)) is not always a subspace of the
space F'(Xo, X1) in view of the failure of isomorphism (1), in general.

In [2,p.59-61], J. Lofstrom considered the operators Ty = AI—S (X € R),
where [ is the identity mapping and Sa = (a,—1)52_ o, (a = (@) _ o).

These operators act injectively and continuously on the sequence spaces E,.
(r € R) with norms:

o 1/2
lalle, = ( > <2’”an>2) .
n=-—o00
In addition, the image T\(E,) = E,. if and only if [A\| #2". Let 1 <p <r <
g < oo and F' be the functor ®g o of the real method of interpolation [1],
where 6 € (0,1) and r = (1 —0)p+60q. Then (1) is not true for the operator
A =Ty and the spaces Xo = E,, X; = E, [1, p.157].

Another interesting example was treated by N.Krugljak, L.Maligranda,
and L.-E. Persson in [7]. For arbitrary p € [1,00) and « € R, denote by
Gp,« the Banach space of all functions « = (t) measurable on (0, co) such

that
[e'e) $(t pdt 1/27
el = { [ (ER) £} <
0

For all & > —1 the operator

acts continuously from G, o into itself and has a bounded inverse one if
and only if a € (—1,0)U(0, 0o0). Therefore equality (1) fails for Xo = G a,,
X1 =Gpa, (-1 <ap <0< a; <o), and an appropriate functor of the
real or complex method of interpolation [1, p.154-155].



An investigation of normally solvability and invertibility of functional
operators in various spaces plays an important role in studying of Fredholm
property and n(d) -normality of singular integral operators, stability of
functional-differential equations, in the theory of dynamic systems, etc.
(see [8] and references therein).

We will consider here these problems in the setting of general rearrange-
ment invariant spaces and, especially, of Orlicz spaces.

For any linear operator T defined on the space L;[0, 1] we introduce the
set of exceptional points

K(T) = {y €[0,1] : T isn’t normally solvable in L, . }.

We will show that for arbitrary closed set G C [0, 1] there exists an injective
linear operator T' = T¢ such that T" acts continuously on every space L, [0, 1]
(1 < p < o0) and x(T) = G. Moreover, we will prove that the image
T(Lyps) of any Orlicz space Ljs on the segment [0, 1] is closed in Ly if and
only if G N [an,Bu] = 0 (aps and By are the Boyd indices of the space
Lys). Analogous results hold also for isomorphisms of spaces of functions
measurable on the semiaxis [0, c0).

We remind now some definitions from the theory of rearrangement in-
variant spaces (for the detailed exposition of their properties see, for exam-
ple, [6] or [9]).

For every function z = x(t) measurable on [0, 1], (t) > 0, its distribu-
tion function n,(7) and non-increasing rearrangement z*(t) are given by

formulas

ng (1) = m{t €[0,1]: z(t) > 7}, for 7 >0,
and

2*(t) = inf{r > 0: nyu(1) <t}, for te]0,1].

Here m is usual Lebesgue measure. Two non-negative measurable functions
x and y are called equimeasurable if n,(7) = n,(7) (7 > 0). In particular,
any z(t) > 0 and its rearrangement x*(t) are equimeasurable functions. By
x*(t) we will denote, also, the non-increasing rearrangement of |x(t)| for
arbitrary measurable function z(t).

A Banach space E of functions measurable on [0,1] is called a rear-
rangement invariant space (RIS) if

1) the relations |y(t)| < |z(t)| and z(¢t) € E imply that y(t) € E and
lyll < llll;

2) if |y(t)| and |z(t)| are equimeasurable functions and z(t) € E then
y(t) € E and [|y[| = [|l=].



For every 7 > 0, the dilation operator o, given by

orx(t) = z(t/T) X[0,min(1,7)] (t)

s well defined in every RIS F and ||o,||g— g < max(1, 7). Here and next, we
write xp(t) for the characteristic function of a measurable set F. At last,
define the lower and upper Boyd indices of an RIS F

| |
ap = lim 7n||UTHE_)E and fg = lim 711HUTHE*E.
T—0+ InT T—+00 In7

We have 0 < ap < Bg <1 for every RIS F.

An important example of RIS’s is an Orlicz space. If M is a non-negative
convex function on [0, 00) and M (0) = 0, then the Orlicz space Ly (cf. [10],
[11]) consists of all measurable functions z(t) on [0, 1] for which the norm

|zlla = inf{)\>0: /01M<|x§\t)|)dt < 1}

is finite. The Boyd indices of an Orlicz space Lj; are calculated as follows
[9,p.139]

« —su{ >0: su M<oo}
M = P : uwgl M(u)vl/"Y

and

. o M (uv)

In particular, for M (t) = t” we obtain L, -spaces with usual norms, and
ar, = B, =1/pforall 1 <p < oo.

Similarly, it can be defined RIS’s and Orlicz spaces of functions mea-
surable on the semiaxis [0, 00) and their Boyd indices (see [6], [9]).

2. Auxiliary Results

Lemma 2.1. Let E be an RIS on [0,1]. If |\| < 2752 then the operator
Lyy(t) = Y Myr27) (3)
k=0
acts continuously on E.

Proof. By the definition of the Boyd indices, for arbitrary € > 0 there
exists C1 = C1(e) > 0 such that

loslp—e < Ci7PE*e, forall 7> 1. (4)



Take € > 0 such that
|A[28Ete < 1. (5)
By (4) and (5), we have

Ch

k(ok\Be+e —
1wl < Oy WHEY = lulle = T rmelle

k=0

Hence the series from (3) converges absolutely a.e., and

ILAllz—p < Ci(1—[A27F9) 7L =

Let us define the operators
Tha(t) = (2t)xp1/2(t) — Az(t) (A ER) (6)

for all functions = 2(t) measurable on the segment [0, 1]. It is easily shown
that every T acts continuously on any RIS F on [0, 1]. Moreover, it is not
hard to check that T) is an injection from any RIS E into itself.

Let Ay = [279m 27%M] where ayy and By are the Boyd indices of an
Orlicz space Ly. By p(z, F') we will denote the distance from a point z € R
toaset FFCR,ie., p(z, F) = infeep |z —al.

Lemma 2.2. Let Ly be an Orlicz space on [0,1], X € R, and p(|\|, Ap) =
8. Then for every | = 1,2,.. there exists a sequence {wg}72, C Ly such
that suppwy, = {t € [0,1] : wx(t) # 0} C [0,271],

5 < wellwr <2 (B=1,2,.), (7)
and

IThwllar < 20 + max(1, |A)ag, where ag — 0. (8)

Proof. At first, suppose that 6 = |A — pl, for p < 1 (u € Apr). Then
p =219 where q is a finite number from the segment [3;,', a};].

The Boyd indices apy and Gy of an Orlicz space Ljs can be character-
ized in the following way [12,4.a.9] (cf. [9,p.141]): for every p € [By,, oy} ],
¢ > 0, and positive integer n, Ljs contains a (1+4¢) -copy of [,(n) generated
by n disjointly supported equimeasurable functions in Lj;. Therefore for
every m = 1,2, .. there exist functions x (k = 1,2,.,m) such that

supp ry C [(k - 1)/m7k/m] ) anL’kI(T) = nl:mI(T) (T > 0)7 (9)
and for any ar € R

WAL 1/q
5 <Z|ak|q> <

k=1

m 1/q
<2 <Z|ak|‘1> . (10)
M

k=1

m
E ApX
k=1




Let m = 2", where n > [. If {xk}iil is a collection satisfying conditions
(9) and (10), then put
98

Yo=21 , Ys= Z x; (s=1,2,.,n—1).
i=25—141

By (9), y, are disjointly supported functions, supp ys C [0,27!], and
Ny, (T) = 28_1n|y0|(7') (tr >0), forevery s=1,2,.,n—1. (11)
Then

20(t) = yo(t), 2s(t) = 20(2' 7"t =27") (s =1,2,.,n—1)
are disjointly supported functions, and supp z, C [0,27!]. In addition, rela-
tion (11) implies that n. (1) = ny, (7) (1 >0),forany s =0,1,2,.,n—I.

Since Ly, is an RIS, then
n—l n—I
bs s = H sYs
b, = [ty
s=0 s=0

Hence, if Zo(t) = 20(t) and z,(t) = 20079/ (t), for s = 1,2,.,n — [, then
from (10) we get

, for all by € R. (12)
M

1

= < ||zl <2 and ( — 1+ < (n—1+1)Y9. (13)

[\

M
In particular, for every n > [ the function

n—I
on(t) = (n—1+1)"Y13 5,(t)
s=0

satisfies inequality (7), and supp v, C [0,27Y].
Next, by the definition of Zs, we have

Zep1(2t) = 2797, (1), for te€[0,1/2] and s=1,2,.,n—1—1.
In view of (6), it follows that

n—l
Thoa(t) = (n =1+ 1793 Z(2t)xp0,/2(t) — AZzg =
s=0
n—l—1
= (n—1+1)"Y2(2t) + 21(2t) = AM(Z0(t) + Zn—s(1) + (1 = A) Zs(1)].

Hence relations (13) imply
[Thvnllar < 26 + 8max(1, [A)(n — 1+ 1)71/9,



and the functions wy = vy (k= 1,2,..) satisfy (7) and (8).

Suppose now § = |A—1| (in this case ap; = 0). Again, for any m = 1,2, ..
we can find functions z; (k = 1,2,.,m) satisfying relations (9) such that
for arbitrary a; € R

< 2 max |ag| (14)

<
max |ak| = k=1,2,.,m

k=1,2,.,m

N |

m
E ATk
k=1

Let m = 2™, where n > [ + 6 and n — [ is an odd positive integer. In
addition, let the functions z,(¢) (s = 0,1, 2,.,n—1) be such as above. Define
the functions wu,(t) = E::_ll_l Zs(t), where

2s —1

B = ——oa(t), H0<s <,

M

and
2(n—1—s)

on—=1
p— zs(t), 1fT<S§n—l.

Zs(t) =
Since
zs+1(2t) = 25(t), for t€1]0,1/2] and s=1,2,.,n—1—-1,

then we obtain

n—{—1 n—I[—1
Taun(t) = Y Z(20)x[0,1/2(t) — A Z(t) =
n—I[—2 n—I[—1
= Z1(2t) = Zno-a(t) + o1 (2t) = Z(0] + (1=X) Y Z(1) =
9 (n—1-3)/2 n—Il—2
= mE) (- Y A®-1-N Y ab-
s=1 s=(n—14+1)/2
n—l—1

— ()] + (1= N) Z,().

S

[y

Therefore, by the definition of functions Z, (12), and (14), we have

12 max(1,|A])

n—1 ’

ITaunllar < 26 +

for all natural n such that n — [ is an odd positive integer which is more
than 6. If wy = wogti+s (K =1,2,..), then the last inequality implies
12 max(1,|A])

T < 25
| Tawk|lar < + %15 )



and wy, satisfy relations (7) and (8).
Let us consider now the case A < 0. Then § = |A + u|, where p € Ayy.
Arguing as above, we define, instead of z;(t), the functions

2(t) = ys(t) and 2.(t) = (—1)*z0(2" 5t —27") (s =1,2,.,n—1).

At first, suppose = 2-1/9 < 1. Define the functions
n—l

Zy(t) = 207992 () and v, (t) = (n—1+1)79Y " F(t) for n> 1.
s=0

The equalities
Zo(2t) = =27V (t), for t€[0,1/2] and s=1,2,.,n—1—1,
yield
Tyl (t) = (n—1+1)"Y9[z)(2t) + 2 (2t)—

n—I{—1

—AE () + 2, (1) = (k) Dz

s=

—

Since the relations similar to (13) are fulfilled for z/(¢) also, then we have,
hence, that the functions wy = v, (k = 1,2,..) satisfy conditions (7) and
(8).

In the case =1 for every n > [ + 6 such that n — [ is an odd positive

integer we put u/,(t) = S2"Z17" 2 (t), where

2(t) = nQ‘_Slz;(t), if 0<s< anz
and
Z(t) = Mzg(t), if n-l <s<n-lL
n—1 2
Since
zi1(2t) = —24(t), for te[0,1/2] and s=1,2,.,n—1—1,

then, arguing as above, we get that the functions wy, = ugy, ;5 (k =1,2,..)
satisfy conditions (7) and (8). O

Corollary 2.1. If |A| € A, then the operator Ty is not normally solvable
in an Orlicz space Lyy.



Proof. In this case § = 0. Therefore, by Lemma 2.2, there exists a sequence

of functions {wy} C Lps such that
1

3 < wgllar €2 (k=1,2,..) and ||Thwg|ar — 0 as k— oo, (15)

Suppose that Ty(Lys) is a closed subspace of Lys. As we have already re-
marked, T is an injective operator in every RIS. Hence, | Taz|ar > ¢||z| s,
for some ¢ > 0. Since the last inequality contradicts (15), then the result
follows. O

3. Main Results
It is clear that the projector Pyxz(t) = x(t)x[1/2,1)(t) has norm 1 on any
RIS.

Theorem 3.1. 1) Ty is a normally solvable operator in an RIS E on [0,1]
whenever |\ & [27P2,27%E]. Moreover, if |\| > 27“E, then T\(F) = E; if
0 < |\ <2772 then T\(F) = Ker (P1Ly); and Ty(E) =Ker P, = {y € E :

supp y C [0,1/2]};
2) Tx is a normally solvable operator in an Orlicz space Ly; on [0,1] if
and only if |\| € Anr, where Ay = [27PM 27 M),

Proof. At first, suppose |A| > 27*£. Consider the following equation for
x(t) :
Thx(t) = y(t),
or
z(2t)xp0,1/2(t) — Az(t) = y(t), (16)

where y = y(t) € E. Hence, z(t) = —A"1y(t) (1/2 <t < 1). Besides, from
(16) it follows

A 2(2%) X022 (B) — #(2t)x0,1/21(8) = A" y(26)x70,1/2)-
Summing the last equality and (16), we obtain
A (22)xp0,2-21 (1) — Ax(t) = y(t) + A y(2)x0,1/2)-
Hence,
a(t) = —A"My() + ATy(2n) (22<i<2h).
Arguing as above, we get

2(t) = AT Y ONTFY(@M ) e 21 () =

n=1k=1
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= AT AT @ ) X (B) (0<E< 1), (17)
n=1
Let € > 0 be arbitrary. By the definition of the Boyd indices, there
exists a constant Cy = C3(e) > 0 such that
lorlle—re < Cor*®™% for 0 <7< 1. (18)

Take € > 0 such that |A\[2*#~¢ > 1. Then relations (17) and (18) imply

lzle < 7DD T lon-nylls <
n=1
1 > am—e\1l-n 0220”576
< G (M20E ) T lylle = B gl

n=1
and so ¢ € E. It is easily shown that (17) implies y = Thz. Therefore,
ImT\ =F.
Suppose now 0 < |A\| < 2785, For 0 < t < 1, from (16) it follows

z(t) — Ax(27M%) = y(27') and Ix(27') — Nx(27%) = \y(27%).

Summing these equalities, we get x(t) — \2x(272t) = y(271t) + Ay(272¢).
Arguing as above, we have

xz(t) — A"x(27"t) = Zx\k_ly(Q_kt), for arbitrary n € N.
k=1

If € > 0 satisfies inequality (5), then from (4) it follows A"z(27"t) — 0 as
n — oo (convergence in F). Therefore the last equality implies
z(t) = > Nly(27Ft) (convergence in E). (19)
k=1
Thus, if a solution of equation (16) exists, then it is defined by (19).
The direct substitution shows that (19) is a solution of (16) if and only if
PyLyy(t) = 0. In other words, in the case 0 < |[A\| < 279® equation (16)
has a solution x € F if and only if y € Ker (P;Ly). Therefore, Th(E) =
Ker (P L)), and, by Lemma 2.1, this subspace is closed in E.
Since the case A = 0 is trivial, the first assertion of Theorem 3.1 is
proved. The second one follows now from Corollary 2.1. DO

Similarly, on the set of all functions = = x(¢) measurable on the semiaxis
[0,00) define the operators

Tha(t) = z(2t) — Az(t) (A€ R).
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It is not hard to check that T} is an injection from the space L, = L,[0,00)
into itself for any A € R and p € [1, 00).

Arguing as in the proof of Theorem 3.1, one can prove the following
assertion.

Theorem 3.2. 1) T is an isomorphism of an RIS E on [0,00) whenever
Al &[22, 2],

2) Ty is a normally solvable operator (or an isomorphism) on an Orlicz
space Ly on [0,00) if and only if |\| & A, where Apy = [27Pm 27,

Remark 3.1. Theorem 3.1 shows that we cannot interpolate the property
of normally solvability of operators even in the case of embedded RIS’s. In
fact, if 1 < py < p < p1 < oo and A = 27/, then the image T\(Lp,) is
closed in the space Ly, (i =0, 1), but the image T)(L,) is not closed in L,,.
The point is that not all interpolation spaces for the couple (Ly,, Tx(Lp,))
(by Theorem 1, Tx(Lp,) = L;,) are subspaces of corresponding interpola-
tion spaces for the couple (Ly,, Ly, ).

In the case of RIS’s on the semiaxis [0,00) we cannot interpolate the
property of two-sided invertibility. Indeed, by Theorem 3.2, if 1 < pg <
p<p1 <ooand A= 2"17 then T is an isomorphism in the spaces Ly,
and Ly, , but not in L,. We cannot interpolate the inverse operator T)\_ L
because T is not an injection as operator defined on the sum Ly, (0,00) +
L,,(0,00). This implies that the inverse operator (on this sum) does not
exist. Equivalently, equality (2) fails for A = Ty, Xo = L,,(0,00), and
X1 =Ly, (0,00) (cf. [2,p.57]).

Theorem 3.3. Let G C [0,1] be a closed set. Then there exists an injective
linear operator T'= Tg such that T acts continuously on every Orlicz space
and has the following property:

T is normally solvable in an Orlicz space Ly if and only if

G N o, Bu] = 0. (20)

Proof. Let the set F consist of all A\ = 27, where t € G, and {\;}3°, be a
sequence from F' such that its closure {\;} = F. Clearly, (20) is equivalent
to the condition

FNnAy = 0. (20/)

For any k = 1,2,.. and i = 0, 1,2, .., denote di, = (27%, (2° +1)27%~%]. Then
d) are pairwise disjoint intervals, and (0,1] = U2, d?. Next, let hj, be an
affine map from dj onto dY, i.e., hy(t) = 2t —27% for t € dj, h,;l 2 d) — d}
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be the inverse map of hg, and hQ(t) =t (t € d}) (k = 1,2,..). In addition,
for every ¢ = 1,2, .. we introduce the maps

hi(t) = ha(ha (-~ (ha()) ) and by (8) = byt (hy (- (hy () )
—_————— —_—
It is obvious that h}; : d}€ — dg and h,j : dg — d};. Denote, also, by a}'€
the extension of h to the whole segment [0,1] by zero (k = 1,2,..;i =
0,£1,+£2,---). At last, we define the projectors Prx(t) = z(t)xa(t) (k =
1,2,..) and the operator

Ta(t) = Y Tea(t), where Thx(t) = Pra(ap(t) — ApPea(t).
k=1
Since Tyx(t) are pairwise disjoint functions for every = € Ly, then

Tzl = Y I Tealh < 2 1Pzl = 2|l
k=1 k=1

and

ITzlo = sup [Thzlo < 2 sup [[Pezlloc = 2[|#[lco,

=1,2,.. =1,2,..

i.e., T" acts continuously on the spaces L; and L.,. By the interpolation
theorem [6,p.142], T : Lp; — Ljs is a bounded operator on every Orlicz
space Ljs. Also, it is easily to check that this operator is injective in every
RIS.

At first, we prove that the image T'(Ly;) is closed in an Orlicz space
Ljs whenever condition (20) (or (20")) is fulfilled. Since F is a closed set,
there exists € > 0 such that any positive integer belongs to the one of the
sets K1 = {k € N: )\ >27om+2 ) or Ky = {k € N: )\, <27Pv~2} For
arbitrary = € L]0, 1] we put

x = mx + max, where mx(t) = Z Pex(t) (i=1,2).

keK;
Let us fix a k =1,2,--- and consider the following equation for Pjx :
Prx(ar(t)) — \ePra(t) = Puy(t) (y € E). (21)

Assume that k € K. In the same way as in the proof of Theorem 3.1,
we obtain

Per(t) = = > A" Py~ (1) x g1 ():
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By the definition of K7,

ma)] < D |Pa(t)] < (27 TE) g1,
keEKy n=1

where

gn(t) = D |Prylap™ () xge1 (8)-

keKy

Since g1 (t) and 091 -»|m1y(t)| are equimeasurable functions for every n € N,
then from (18) it follows

o0

—ap+2e\ " (gl—n\O¥M —E 202
|lmz|la < Co ;(2 ) (2t Iyl < ﬁHyHM
(22)
Next, let k& € Ky. Arguing as in the proof of Theorem 3.1 in the case
0 < |A| < 2774 we conclude that a solution of equation (21) must be of
the form

oo

Ppx(t) = > A ' Pey(ag (1)), (23)
n=1
By the definition of Ko,
ma(t)] < D |P(t)] < (27 T g2 (1),
kEKo n=1

where
ga(t) = > |Peyla;™ (1))
keKo

Again, g2 (t) and oan|moy(t)| are equimeasurable functions (n € N), and
from (4) it follows

Imazllar < Cr Y (2792) " (282 ) Y may |l s <
n=1
< 40,
< 40 Y 2ol < gl (24)
n=1

Moreover, it is not hard to check that function (23) is a solution of equation
(21) as k € K> if and only if a function y from Ly, satisfies the condition

> N'Pey(a™(t) = 0 for t € df\ dj.

n=0
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Hence the image T(Lys) consists of all y € Ly for which the last equality
is fulfilled for every k € K5. Combining (22) and (24), we get

2(2C) + Cs)
2¢ —1

for an unique solution z of the equation Tx = y. Thus the image T'(Lys) is

lzllar < [lmzllar + lmez(ar < 1yl ar,

closed in the space Ljy.
Assume now that relation (20) is not fulfilled. In this case there exists
a A € Ay such that
A = lim Ay, (25)
11— 00
for some sequence { A, } C {\;}. By Lemma 2.2, for every ¢ = 1,2, .. there is
a sequence {w’}%, C Ly such that for all s = 1,2, --- supp w’ C [0,27%],

1 .
5 < lwillar < 2, (26)

and
1T, willa < 205 + o, (27)

where 0; = p(\,, Ayr) and o — 0 as s — oo.
For every i = 1,2,.. we can choose s; such that o < 1/i. By (25),
lim; o §; = 0. Therefore (27) implies

lim [Ty, wl|lm = 0. (28)

Let v;(t) = w! (t —27). Taking into account (26), we get
1

5 < Il <2 (1=12.). (29)

In addition, supp v; C d%i = [27F, 217k and thus
Tvi(t) = Ty,vi(t) = Ui(a,lci(t)) — A, i (2).

By the definition of aj(t), we see that Tv;(t) and Ty, wi (t) are equimea-
surable functions. Therefore, by (28),

lim ||Tv||ar = 0.

Combining the last relation and (29), we conclude that the image T'(Lys)
is not closed in Ljy;. This completes the proof. DO

For any linear operator T that is defined on the space L0, 1] we intro-
duce the set of exceptional points

K(T) = {y€[0,1]: T isn’t normally solvable in Ly, }.
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By Theorem 3.3, we get the folowing assertion.

Corollary 3.1. For arbitrary closed set G C [0,1] there exists an injective
linear operator T = Tg such that T is bounded on every space L,[0,1]
(1<p<o) and k(T) = G.

Analogous theorems hold also for spaces on the semiaxis [0, 00).

Theorem 3.4. Let G C [0,1] be a closed set. Then there exists a linear
operator U = Ug defined on the sum L1[0,00) + Loo[0,00) such that U acts
continuously on every Orlicz space and has the following property:

if Ly is an Orlicz space on [0,00), then the operator U is an isomor-
phism of Ly if and only if

Gn [OéM,ﬂM] = 0.

For arbitrary linear operator U that is defined on the sum L;[0,00) +
L [0, 00) we introduce the set of exceptional points

R(U) = {y€10,1]: U is not an isomorphism of L;,[0,00)}.
From Theorem 3.4 we obtain

Corollary 3.2. For any closed set G C [0,1] there exists a linear oper-
ator U = Ug defined on the sum L1][0,00) + Loo[0,00) such that U acts
injectively and continuously on every space Ly[0,00) (1 < p < o0) and
RU) = G.

Proof. The arguments used here are mostly similar to the ones used in
the proof of Theorem 3.3. Therefore we can restrict our consideration to
the construction of the operator U. The set of non-negative integers can be
representable as an union U$°; A;, where A; are infinite disjoint sets. Then
the sets

R; = Ugea,(k,k+1] (i=1,2,..)

are disjoint, also, and U2, R; = (0,00). Let fi(t) = 2t — k, for t € (k,k +
1/2], and fi(t) = 0, otherwise, and b;(t) = > i cp, fe(t) (i = 1,2,---).
Finally, if Q;x(t) = z(t)xr,(t) and a sequence {\y} C F = {A: A =
27t t € G} is such that its closure {\;} = F, then we put

Ux(t) = ZUim(t), where U;z(t) = Q;z(bi(t)) — NQ;z(t).
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O

Remark 3.2. We use here an important property of an Orlicz space Ly,
to contain of a (1 + ¢) -copy of l,(n) generated by n disjointly supported
equimeasurable functions, for every p € [ﬁ;/jl, a&l], e > 0, and integer n.
Note that in the case of arbitrary RIS’s the last is true only for some (but
not all,in general) p € [8;,, a3} (see [13], [9,p.141]).
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