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FOURIER-RADEMACHER COEFFICIENTS OF

FUNCTIONS IN REARRANGEMENT-INVARIANT SPACES
S. V. Astashkin UDC 517.982.27

1. Preliminaries and Definitions

Let {wy}72, be a uniformly bounded orthonormal system of functions on the interval [0, 1]. Given
a function r € L1[0 1], denote its Fourier coefficients with respect to {wy}32, by cx = cx(z).

If F is the operator carrying a function x to the sequence of its Fourier coefficients, Fz =
(cx(2))?2,, then F acts boundedly from L; into I3 and, by Mercer’s theorem [1, p. 181], from L
into cg. Therefore, for every x € L; we have

JH(t, Fx;co,lp) < At (t,z; Ly, Ly)  (t>0), (1)

where
H (t,x; Xo, X1) = inf{{|zo]| x, + tllz1llx, : ¢ = 20 + 21, 2: € X}

is the Peetre ¢ -functional defined for z € Xy + X ((Xo.X1) is an arbitrary Banach pair), £ > 0,
and A1 = max{l,sup{|wi(t)| : k=1,2,..., t € [0,1]}}.
By means of (1) the following eqtmmtc for the Fourier coefficients of a function x € L; was

obtained in [2]:

1/n

{fmun]FH<A{¢2/1mm+(jwwwﬁyﬂ} @)

k=1 1/n

where n = 1,2,..., and z*(¢) and (c;(z))72., are decreasing rearrangements of the function |z(u)| and
the sequence (Jci(x)])32;-

Relation (2) can be treated as the Bessel inequality for summable functions; moreover, it is exact
in a sense for the trigonometric system [2]. At the same time, (2) can be essentially strengthened for
lacunary systems, for example, the Rademacher system

re(t) =sgnsin2¥"nt (k=1,2,...).

Recall that a Banach space X of measurable functions x = z(t) on [0, 1] is rearrangement-invariant
if the relations y*(t) < z*(t) and z € X imply that y € X and ||yllx < |lzllx. The theory of
rearrangement-invariant spaces (RIS) is presented in detail, for instance, in the monograph [3)].

Alongside the L, spaces (1 < p < 00), important examples of RIS are Orlicz, Lorentz, and
Marcinkiewicz spaces.

If S(t) > 0 is a continuous convex function on [0, oc) such that S(0) = 0 then the Orlicz space Lg
consists of all x = x(t) such that

|w@=m1»m/'cmqw<1<m.
0
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If (t) > 0 is an increasing concave function on [0, 1] then the Marcinkiewicz space M () consists
ofall z = :z( ) such that

1 /
Tl arcoy =sup ——= [ 2%(s)ds: 0 <t <1} < o0,
Nzl arp) = sup 50 J (s) <

and the Lorentz space Ap(p) (1 < p < oc) consists of all z = z(t) for which
/p
el =3 [ @Pdol) b <oo.
0

In particular, we denote A;(y) by A(g).

Suppose that N(u) = e’ — 1, Ly is the Orlicz space counstructed for this function, and G is the
closure of Ly in Ly. V. A. Rodin and E. M. Seménov [4] demonstrated that the system {r;}?2; in
a RIS X is equivalent to the standard basis in [y if and only if X D G. Equivalence of the system
{r£}7, in X to the standard basis in l; implies existence of a constant C' > 0 such that

o0
Zakrk

k=1

CHl(ar)ll2 < < Cli(am)ll2, | (3)

X

where [[(ar)ll2 = (i az)l/ 2. 8. Montgomery-Smith [5] later strengthened this result by finding
the distribution of the Rademacher sums. To this end, he used the .# -functional for the Banach
pair (l1,l2).

Moreover, if the norm of the RIS X is order semicontinuous (i.e., the relations z, = z,(t) > 0
and z,,(t) T z(t) almost everywhere on [0, 1] as n — oc imply that ||z, || x — ||z|lx) then the subspace
generated by the Rademacher system is complemented in X if and only if G C X C G’ (see [6] or [7,
2.b.4]). Here and in the sequel, X’ is the dual of a RIS X and consists of all y = y(t) such that

1

llyllxr = sup / Yty dt: zllx <14 < oo.
0

Furthermore, note that if G € X C G’ then the orthogonal projection
o
Pz(t) = cp(z)rilt)
k=1

is bounded in X; here ci(z) = fo (t)ri(t) dt are the Fourier-Rademacher coefficients of a function z.
The above results imply that the operator Fr = (cp(2))7%, acts boundedly from G’ into l».
Indeed, owing to (3) and boundedness of P in G, we have

IFzll2 = ||(cx(2)i2ull, < CllPzller < ClPlgr—c il

By the definition of ¢ -functional. in the case of the Rademacher system instead of (1) we thus
obtain the following inequality:

H(t, Fx;co,l2) < A2 X (8, :L';LI,G') (t >0). 4)
Let us replace the ¢ -functionals in this relation with equivalent expressions.
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The Orlicz space Ly is well known [8] to coincide with the Marcinkiewicz space M (yr) with
P1(u) = ulogl/ 2 e/u. Therefore, G' = A(y1) [3, p. 158]. Since L; is also the Lorentz space constructed
for the function ¥(u) = u, we have

1
H(t,r:L,G) < /x*(s) d(min(s, tslog!/? e/s))
0

[3, p. 164] (this means validity of inequalities like (3) with some constant independent of z € L; and
t > 0). After simple transformations we conclude that

v(t) 1
K (t,z;L1,G) < /m*(s)ds+t/m*(s)log1/2e/sd.s, _ (5)
0 v(t)

where v(t) = exp(1 — 1/t3).
Putting t=1/y/n (n=1,2,...), from (4), (5), and the relation

n 1/2
1 1 %12
H (ﬁy (CL],;);CO,lQ) = ﬁ <,§[ak] ) ’

resulting from Holmstedt's formula [9], we arrive at the inequality

L (e 1/2 e 1
T {Z[(‘Z(.L)]z} < Ay / (s)ds + / (s)log"? e/s ds
k=1 0 1-n
or
n 1/2 el—n ) 1
ci(z) 2 <Al Vn | z*(s)ds+ z*(s)log%e/sds p , 6
k

k= 0 el—n

where the constant A > 0 is independent of z € Ly and n =1,2,.
Using

8

t
() =1 / 2*(s) ds,
0

we can derive an inequality similar to (6) but with a sole expression on the right-hand side.
First of all, for every ) < ¢ <1 we have

/.I‘ /tx (u)/—du+/x (u)/——du
0
t

t

/.1 (u) du+ / (u)log du. (7)

t

'*Io—i

Note that for 0 < u < ¢~2 we have logl/ 2¢/u < log1/u. Therefore,
-2 -2

1 e e
/x*(u) log1/udu > / z*(u)logl/udu > / z*(w)log'/? e/u du;
t t t
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moreover, if 0 < t < ™3 then

o2

1
/:Ir*(u) log1/udu > / 7*(u) log 1/u du > 2(36; 1)1_*(6_2) >
t

o3

1
i—-l) /.’I:*(u)logl/2 e/udu.
e—2

e(e

»

Thus, for 0 < ¢t < e we have

1 1
1
*f, . p : > * ™ 1/2 ; e
/m (w)logl/udu > D) /:1: (u)log™/“ e/uduy;
t t

whence, by (7), for alln > 4

1 el—n 1
1 ’
*(u)du > (n— *(u) d (Nl /2 o /o) .
[ewinzm-y [ @2 [ 2@ efuda
el-n 0 el=n
1 el-—n 1 »
>—— | Vi *(u) d (0 Naol/2 o /1 i
Zoe+2) vn / z*(u)du + / z*(u)log/“ e/udu
0 el-n

Finally, from (6) we obtain

n 1/2 L '
{Z[Ci(m)]z} < A3 / z**(u) du, ®)
k=1 : 1-n

where the constant A3 > 0 is independent of x € Ly and n > 4.
However, it is possible to obtain (and this is the main goal of the article) much more exact
information on the Fourier-Rademacher coefficients of the functions in a RIS than (6) and (8).
Given measurable functions z = z(t) and y = y(¢) on {0, 1], put

1
(z,y) = / z(t)y(t)dt (if the integral exists).
0

Similarly, given sequences a = ()7, and b = ()72, put

oo
(a,b) = Zakbk (if the series converges).
k=1
If
[2.¢]
Ta(t) = Y akri(t) ©)

k=1

then the following relation holds for every function x = z(f) and every sequence a = (ag)f%, with
finitely many nonzero terms:

o 1 x>
(Fzr,a) = ch(x)ak = /m(t)Zakm(t) dt = (z,Ta). (10)
k=1 0

k=1
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By duality, we easily obtain a description for the set of the Fourier-Rademacher coeflicients of
a RIS X if X C G'. First of all, due to the Khinchin's inequality [10] for the L, space, we have

1
7—'2'||Ta||L2 < |\ Tallz, < [|Tallz,.

Consequently, it follows from ||Ta||z, = ||al|2 that T is an injective bounded operator from Iy into L;.
But then the adjoint T* is a bounded operator from Lo, onto lp [11, p. 20]. By (10), T* = F and
hence F(Loo) = ls. Since the embedding X O Ly holds for every RIS X on [0,1] [3, p. 123], we
certainly have F(X) D ls. At the same time, as shown above, F(G’) C ;. We thus arrive at

Proposition 1. If a rearrangement-invariant space X is contained in G’ then the corresponding
space of the Fourier-Rademacher coefficients is F(X) = Ia.

We now turn to studying the more interesting case of X D G'.

Since the Rademacher system possesses the Sidon property, F is a surjective bounded operator

from L onto ¢p [1, p. 295}; i.e.,
F(Ly) = cp. (11)

At the same time, by the above proposition
F(G) =1,. (12)

Let us show that the surjectivity relations (11) and (12) can be “interpolated” for spaces inter-
mediate between G’ and Li, the spaces of the Fourier—-Rademacher coefficients still quite definite
rearrangement-invariant spaces of sequences.

Suppose that (Xp, X1) and (Yp, Y1) are Banach pairs. A triple (Xo, X1, X) of spaces such that
XoN X1 C X C Xp+ Xi is an interpolation triple with respect to a triple (Yp, Y1,Y), YonY1 C
Y C Yy + Y4, if every linear operator A, acting boundedly from X into Yy and from X into Y7, is
a bounded operator from X into Y. Moreover, if -

Al x—y < max{||Aflx,—y; : i=0.1}

then (Xp, X1, X) is said to be an ezact interpolation triple with respect to the triple (Yp,Y1,Y). If
Xi=Y; (i=0,1) and X =Y then we say that X is an (ezact) interpolation space with respect to
the pair (Xo, X1).

In what follows, an important role is played by the real interpolation method. We recall its
definition.

Suppose that E is an ideal Banach space (IBS) of two-sided numeric sequences a = (a;j)72_ -

If (Xo,X'1) is an arbitrary Banach pair then the space (Xo,Xl)‘{ of the J#-method cousists of all
T € Xp + X1 such that _
llzll = II(-# (2%, z; Xo, X1));ll £ < 00.

The space (Xp, X1) 1{ of the #-method contains all z € Xo + X that admit the representation

(5.9}
T = E uj (in the sense of convergence in Xp + X7), (13)

'.=-"“OQ
where u; € Xo N .X). The norm in (Xp, X 1){ is defined by

{;Ilf} (.7 (27, uj: Xo, X1))5 1,
uj

where the greatest lower bound is calculated over all sequences {u;}72_,, for which (13) holds.
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If E is an IBS of two-sided sequences and v = (mc)z,°=_,,o is a sequence of nonnegative numbers then
the space E(ay) consists of all @ = (ag)7_, such that (aroy)2 _ € E, and |[a|| g(a,) = l[(arar)liE-
Suppose that E D All) = loo(max(1.27%)) ({0} # E ¢ £(i}) = li(min(1,27%))). Then the
mapping (Xo, Xi) — (Xo, X 1){ ((Xp, X1) = (X, X 1){; ) determines an exact interpolation functor.
This means that, for arbitrary Banach pairs (Xp, X1) and (Yp, Y7), the triple (Xp, X1, (Xo,Xl)'{)
is an exact interpolation triple with respect to the triple (Yb, Y1. (Yo. Yl)"{ ) (a similar result is valid
for the _#-method). The collection of all such functors is called the real J¢ -interpolation method

(_# -interpolation method).
In particular, for 0 < # < 1 and 1 < p < oo we obtain the classical interpolation spaces

(X0, X1)op = (X0, X 1)&2-1«;) = (Xo, Xl)lpj;Q—kO)'

2. The Main Results

As mentioned, the space G’ coincides with the Lorentz space A(ulog™/e/u). Therefore, it is
g-concave for every q > 1 [12] and elastic in the sense of [13]. But then, by Corollary 5.10 of [13],
interpolation in the Banach pair (G', L;) is described by the J#-method. This means that for every
interpolation space X with respect to this pair we have

X=(G L)Y (14)

1/2

for some IBS F of two-sided sequences which can be assumed to be an exact interpolation space with
respect to the pair lns = (Io, oo (27F)) [14]-
Theorem 1. Suppose that X is a separable interpolation RIS with respect to the pair (G', L)

such that (14) holds. Then the corresponding space F(X) of the Fourier-Rademacher coefficients
coincides with the separable space

P

R=(ly, C()){. (15)
PROOF. By duality [11, p. 20}, it suffices to verify that the adjoint operator F* is injective from R*
into X*.
First of all, we can take the BIS E in (14) so as to fulfill the conditions of the duality theorem for
the real interpolation method [14, p. 128]:

A(ly) is everywhere dense in E (16)
and
E¢ly and E ¢ lo(275). (17)
To prove (16), denote by Ep the closure of A(ly) in E and show that
X=(G,L)E. (18)

Since X is separable, the space L is everywhere dense in X [3, p. 138]. Therefore, by the definition
of the spaces of the .# -method, for every z € X, there is a sequence {rn}32; C Lo such that

lzn = zllx = |(# (2%, 20 — 2 G, L))kl — 0

as n — 0o. For each t > 0 the ¢ -functional ¢ (¢, z; Xp.X1) is a norm on the space Xy + X;.
Consequently, the preceding relation implies that as n — oo

Il(x(2k7wn:G’7Ll))k - (%(21“’17: G’! Ll))l\."E - 0' (19)

By the definition of the ¢ -functional, we have %" (2%, 2n; G’ L1) < 2|2l L, for k < 0 and . (2%, zp;
G',Ly) < ||zallg for k > 0. Thereby for each n = 1,2, ... the sequence (. (2%, 2n; G’, L1))2 _,, lies

k=—0c0
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in A(fm) and (19) implies that (J{/(2k,x; G\ L)) € Eniie, € (G'?Ll){o. Relation (18) is
proven: hence, we may assume that (16) is satisfied.
We now turn to (17). Since ||yllz, < 2llyllgr, for y € L1 and 0 < ¢t < 1 we have

1 .,
§t||y|lL1 < (ty; G, L) <tyllL,-

In view of the embedding £ D A(l-;o) = loo(max(1,27%)), we may therefore assume that £ D cp
(otherwise we take E + g instead of E, observing that A(ly) is also everywhere dense in E + cp). We
derive in particular that E ¢ 1 (27).

If E C ly then from completeness of G’ with respect to L; we obtain

GcX=(CG,L)F c@ L) =¢

[15, p. 384); i.e.. X = G'. Similarly, (I2,co)# = l2 and the claim of the theorem is contained in (12).
Thus, we can suppose that E ¢ lo, and conditions (17) are satisfied too.
2
Sinée (G')* = Ly, with N(u) = e* =1 [16, p. 97}; applying the duality theorem for the real
method [14, p. 128], we obtain

X*=(Lv,Loo)gs and R*=(2,l1)7,, (20)
where‘E"' is the BIS of two-sided sequences that is dual to E with respect to the bilinear functional
xX
@by = > ab27 a=(a)P s b= (Ok)onoi
k=—x

ie.,

lallg+ = sup{{a, b} : llbllz < 1}.
It follows from (16) and (17) that Iy is everywhere dense in R [14, p. 106]; hence, R is separable.
Therefore, X* and R* coincide with X’ and R’ [17, p. 254], and F* = T in view of (10). Since E is
an exact interpolation space with respect to the pair l_;o, it follows that E* is an exact interpolation
space with respect to the pair i = (I1,11(27%)). Moreover, (17) implies that E* ¢ I; and E* ¢
11(27%). Applying [14, p. 68], we can therefore replace the _#-spaces in (20) with the .#-spaces

X' = (LN,LOO)';{ and R = (12111)2{’
where E = (fm){+. Owing to the equality J (¢, z: Xo, X1) = t.# (1/t,2: X1, Xo), we hence obtain

X' = (Lw,z;;\,)z-f1 and R = (11,12)-;5‘: .
where ||(@)flz = (2*a—k)kll 5-
Since Ly, C G and G is a subspace of Ly, for x € G we have

H(t.x: Log, G) = . (t,0: Log, Ly). (21)

Therefore, the space Y = (Lf,gCr')é"1 is isometrically embedded in X’. By Theorem 1 of [18] (see

also [19]), T is an injective operator from R’ into Y and hence into X’. As was observed in the
beginning of the proof, this implies that the operator F' itself is surjective from X into R; i.e.,
F(X) = R. The theorem is proven.

Since, by Sparr’s theorem [20], interpolation in the pair (I3, ¢o) is also described by the .2"-method,
we can similarly prove the following assertion:
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Theorem 2. Suppose that R is a separable Banach space of sequences which is an interpolation
space with respect to the pair (I, co) and satisfies (15). Then the equality F(X) = R holds for every
separable RIS X satisfving (14).

The last assertion sharply contrasts with the case of X C G’ considered in Proposition 1.
.Theorem 3. Suppose that Xy and X are separable interpolation RIS’s on [0, 1] with respect to

the pair (G', L1). If the corresponding spaces F(Xo) and F(X;) of the Fourier-Rademacher coefficients
coincide then Xy = X and their norms are equivalent.

PROOF. As was observed before Theorem 1, interpolation in the pair (G’, L;) is described by
the J¢-method. Therefore, there exist BIS's Ey and E; of two-sided sequences which are exact

interpolation spaces with respect to the pair Ioo and such that
Xi= (G, L)% (=0,1).
Then, by the hypothesis and Theorem 1,
F(Xo) = F(X1) = (2, co) %, = (la.co) ..
Denote this space by R.

As in the proof of Theorem 1, we may assume that E; (i = 0, 1) satisfy (16) and (17). Consequently,
T (see (9)) is an injective bounded operator from R’ into X{ and X7. In other words, for every sequence

a = (ag)7%, € R' we have
o0 [ ¢]
Zak‘r;\. Z(tkT‘k
If Y; is the closure of L in X (i =0,1) then

o0 0
Z(lkrk Zakrk
k=1 k=1

Since X3 and X| are J¢-interpolation spaces with respect to the pair (Ly.L) (see the proof of
Theorem 1), in view of (21) Yy and Y] are interpolation spaces with respect to the pair (G, Ls).
Consequently, they satisfy the conditions of Theorem 3 of {18]; hence, Yp = Y;. From the definition
of the dual space we obtain Y; = X7 (i =0,1) and thus X = X7. In view of separability of Xp and
X1, we hence conclude that Xy = X and their norms are equivalent. The theorem is proven.

~r
—~

X |lal| pr

X, X

~
—_—

Yo

Y

3. Concluding Remarks and Examples
REMARK 1. Suppose that Zp = {z € L) : Fz =0} and Z; = {r € G’ : Fz = 0}. Then the
quotient space G'/Z) is naturally embedded in the quotient space L1/Zy, T = = + Z; — z + Zy,
and this embedding is_ continuous with respect to the quotient norm. Define the linear operator F
on L1/Zy as follows: Fi = F(r+ 2y) = Fx = (er(2))72;- In view of (11) and (12), this operator is
an isomorphism between the spaces L1/Zy and cp, as well as between G'/Z; and l;. Consequently,

K (t.5:G' |21, L1/ Zo) < H (t, Fi: s, c0), (22)

with some constant independent of € L1/Zp and ¢t > 0.
Suppose that a BIS E of two-sided sequences satisfies (16) and (17). Then, by Theorem 1, the

operator F is an isomorphism between the spaces (G', L1)# /Zg and (ly, cp)# , where Zg = {z €
(G ,Ll)f;/ : Fz = 0}. Therefore, by (22)

(G2, L1/ Z0)E = (G, L) |2z
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(the norms are equivalent).

REMARK 2. By Khinchin's inequality [1, pp. 153-154], the equality F(Lp) = Iy is valid for
1 < p < oo. Nevertheless, the assertions of Theorems 1 and 2 become false if we replace G’ in
their statements with L, for some p in this interval. Indeed, (Lp,L1)gq = Lq if 8 € (0,1) is such
that ¢ = p/(p9 — 6 + 1) [21, p. 157]. At the same time, the equality (l2,co)gq = lrq holds for the
same 6 and ¢, where r = 2q(p — 1)/p(q — 1) [21, p. 146]. Since ¢ < p, we have r > 2 and therefore

F (Lq) ly 7é qu
The above results enable us to find rearrangement-invariant spaces of functions with given spaces

of the Fourier-Rademacher coefficients. We exhibit two examples.

EXAMPLE 1. Suppose that R = lp, 2 < p < oo. Since I = (l2,¢p)g,p, Where 0 = (p — 2) /p [21,
p. 146}, the space X, with F(Xp) = I, is determined by the formula

Xp = (GI, Ll)e,p.
The spaces G’ and L; coincide with the respective Lorentz spaces A(ulog? e/u) and A(u). Therefore,
G’ = (leLOO)l{;2-k(1__k)-—l/2)v Ll = (Ll: Loo)jl};Q—k)?

moreover, since we consider RIS of functions defined on [0,1], as the parameters of the #-method
we take BIS's of sequences a = (a;);2 %0 [22]. Applying the reiteration theorem for the #-method, we
now infer that X, coincides with the Lorentz space Ap(yp), where ¢p(u) = ulog Ype/u,

EXAMPLE 2. Suppose that R = A(1/k) is the Lorentz space of all sequences a = (a;)72, for

which the norm ~
ay,
lallaq/e) = ZTI‘
ok

is finite. This space is separable. Choosing a suitable BIS E of sequences, we can demonstrate that
(I2,co)# = M1/k). However, we proceed alternatively, using Example 2 of [18] (see [19] for details).

Observe that
M1/k)* = A(1/k) =li(log) and l(log) = M1/k), (23)

where the Marcinkiewicz space [;(log) consists of all sequences a = (ay)?%; for which the norm

*
a;

M?:-

”a”ll(log) = fm S}lp 1032 1(21‘

2. i=1

is finite [23, p. 190]. Since /(log) is an interpolation space with respect to the pair (l3,1ls) (see
Example 2 of [18] ), A(1/k) is an interpolation space with respect to the pair (I2, co) by (23). Thus, by
Theorem 2. F' is a sur Jectne operator from some separable RIS X to A(1/k). Moreover, its adjoint T
is an injection from A(1/k) = ll(log) to X’. From the results of [18] we then obtain X' = M(y),
where @(u) = ulog,log,(16/u). In view of separability of X, we have X = A(y) [3, p. 138]. Thus,

F(A()) = N/k).
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