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F O U R I E R - R A D E M A C H E R  C O E F F I C I E N T S  OF 
F U N C T I O N S  IN R E A R R A N G E M E N T - I N V A R I A N T  SPACES 

S. V.  A s t a s h k i n  UDC 517.982.27 

i .  Pre l iminar ie s  a n d  Def in i t ions  
oO Let {'Wk}k=~ be a uniformly bounded orthonormal system of functions on the interval [0, 1]. Given 

, O O  a ftmction x E LI[0, 1], denote its Fourier coefficients with respect to {Wk}k=l by Ck = ck(x). 
If F is the operator carrying a fimction x to the sequence of its Fourier coefficients, F x  ---- 

(Ck(X))~.=l, then F acts boundedly from L2 into 12 and, by Mercer's theorem [1, p. 181], from L1 
into co. Therefore, for every x E L1 we have 

~, (t, Fx; co, 12) < A1,)t~(t, x; Lt ,  L2) (t > 0), (1) 

where 
~z(t, x;)c0,  x~ )  = inf{llz0Lv,) + tl[Xl L~I : ~ = x0 + ~1, z~ E z~}  

is the Peetre ~ ,  -functiom~l defined for x E X0 § X1 ((X0. X1) is an arbitrary Banach pair), t > 0, 
aald A1 = max{1,sup{[wk(t)]:  k = 1,2 . . . .  , t e [0, 1]}}. 

By mem~ of (1) the following estimate for tlm Fourier coefficients of a function x E L l  was 
obtained in [2]: 

n 2,~1/2 / 1/n ( ~  ,~1/2] 

 fx'(t) ix'(,)l'.? 
k= 1 " 0 I /n  

(2) 

where n = 1, 2 , . . . ,  and x*(t) and (Ck(X))k= 1 are decreasing rearrangements of the fimction Ix(u)[ and 
the  sequence  (k'~(~)[)~=i- 

Relation (2) can be treated as the Bessel inequality for smnmable fimctions; moreover, it is exact 
ill a sense for the trigonometric system [2]. At the same time, (2) can be essentially strengthened for 
lacunary systems, for example, tim Rademacher system 

rk(t ) = sgnsin 2k-17rt (k --- 1, 2 , . . . ) .  

Recall that a Banach space X of measurable fimctions x = x(t) on [0, 1] is rearrangement-invariant 
if the relations y*(t) <_ x*(t) and x E X imply tha t  y E X and [lY[Ix <- [Ixl[x �9 The theory of 
rearrangement-inwtriant spaces (RIS) is presented in detail, for instance, in the monograph [3]. 

Alongside the Lp spaces (1 _< p _< cr important  examples of RIS are Orlicz, Lorentz, and 
Marcinkiewicz spaces. 

If S(t)  >_ 0 is a continuous convex fimction on [0, r such that S(0) = 0 tlmn the Orlicz space Ls  
colmists of all x = x(t)  such that 

[IX[[Ls = inf u > 0 :  S dt < l < oc. 

0 
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If ~(t) > 0 is an increasing concave function on [0, 1] then the Marcinkiewicz space M(~) consists 
of all x = x(t) such that 

1 , IIxlIM( ,) = sup x (s) ds : 0 < t < 1 < oc, 
o 

and the Lorentz space Ap(~) (1 < p < r coIrsists of all x = x(t) for which 

IIxltA,,( ) = z*(t)]" d (t < cr 
0 

In particular, we denote AI(~) by A(~). 
Suppose that N(u) = e t? - 1, LN is the Orlicz space constructed for this flnmtion, and G is the 

closure of Loo in LN. V. A. Rodin and E. M. Sem~nov [4] demoirstrated that the system {rk}k~176 in 
a ttlS X is equivalent to the standard basis in 12 if and only if X D G. Equiv'alence of the system 

Ol3 {rk}k= 1 in X to the standard basis in 12 implies existence of a constant C > 0 such that 

C-111(ak)ll2 <__ akrk CIl(ak)ll2, 
I k = l  X 

(3) 

,,,here II(a~,)ll2 = (E~=, a2)1/2- S. Montgomery-Smith [51 later strengthened this result by finding 
the distribution of the Ra~temacher stuns. To this end, he used the J~-fmmtional for the Banach 
pair (/1,/2). 

Moreover, if the norm of the RIS X is order semicontinuous (i.e., the relations xn = xn(t) > 0 
and xn(t) T x(t) almost everywhere on [0, 1] as n --, oo imply that I]xnHx --, ]]xllx) then the subspace 
generated I~v the Rademacher system is complemented in X if and only if G C X C G ~ (see [6] or [7, 
2.b.4]). Here and in the sequel, X ~ is the dual of a RIS X and consists of all y = y(t) such that 

I lY l l x '=sup{ f fo  Y ( t ) x ( t ) d t : l l x H x ~  1} <r162  

Furthermore, note that if G C X c G' then the orthogonal projection 

OO 

Px(t)  = ECk(X)rk ( t )  
k = l  

is bounded in X; here Ck(X) = f~ x(t)rk(t) dt are tile Fourier-Rademaclmr coefficients of a fmlction x. 
The above results imply that the operator F x  - (Ck(X))~.=i acts boundedly from G ~ into 12. 

Indeed, owing to (3) and boundedness of P in G r, we have 

tlFxll2 = I](c~.(x))~=,ll2 _< CHPxIIG, < CIIPIlG,_.c,,HxIIG,. 

By tile definition of ~-functional .  in the ease of the Ra(lemacher system ilLstead of (1) we tiros 
obtain the following inequality: 

~/( t ,  Fx; co, 12) < A2.)E(t, x; L, ,  G r) (t > 0). (4) 

Let us replace the .Z(-functionals in this relation with equivalent expressions. 
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The Orlicz space LN is well kuown [8] to coincide with the Marcinkiewicz space M('g'l) with 
'r (u) = ulog 1/2 e/u. Therefore, G' = A('r [3, p. 158]. Siuce L1 is also the Loreutz space constructed 
for the function Co(u) = u, we have 

1 

L1, G') ~ / x*(s) d(,niu(s, tslog 1/2 ,)E(t, e/8)) x; 
. 1  

0 

[3, p. 164] (this meazls validity of inequalities like (3) with some constant independent of x E L1 and 
t > 0). After simple transformations we conclude that 

v(t) 1 

x / x'(s) ds+t  / x*(s)log 1/2 e/sds, (5) Jg(t,x; L1, G I) 
, J  

o ~,(t) 

where u(t) = exp(1 - 1/t2). 
Putt ing t = 1/V~, (n = 1 ,2 , . . . ) ,  from (4), (5), aud the relation 

x ~ (,~);c0,1~ • ~ 
k---1 

resulting from Hohnstedt 's  formula [9], we arrive at "the inequality 

{J J } I~-'~ I 1 x,(s)logl/2e/.sd ~ 1 [4(~.)]~ ~ ' / '  ~'-" _< A2 x*(s) ds + - ~  
~ / ~  k k = l  0 e l - n 

or  

[c~.(~)] 2 A2 v~ f x*(s)ds + x*(s)logl/2 
k k= I 0 e l - n  

where the constant A2 > 0 is independent of x E L1 and n = 1, 2, . . . .  
Using 

t 

x**(t) = 7 x*(s)ds, 
0 

we caa derive an inequality similar to (6) but  with a sole expression on the right-haud side. 
First of all, for every 0 < t < 1 we have 

(6) 

1 t 1 1 1 

t 0 t t u 
t 1 

=l~ f x*(.)..+ fx*(.)l~ 1-eu.. 
0 t 

Note that for 0 < u _< e -2 we have log 1/2 e/u <_ log 1/u. Therefore, 

1 e - 2  e - 2  

/ x * ( u ) l o g l / u d u ~ / x * ( u ) l o g l / u d u ~ _  / x * ( u ) l o g l / 2 e / u d u ;  

t t t 

(T) 
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inoreover, if 0 < t g e -3 then 

1 e - 2  

Jx*(u)logl/udu>__ f x*('u)logl/udu>_- 
l e-3 

Thus, for 0 < t <__ e -3 we have 

1 

f x*(u) log 1/u du 
t 

whence, by (7), for all n > 4 

2(e  - 1)x*(e-2) >__ 
1 

1 f x,(u)loga/2 
e(e + I )  

e-2 

1 

1 f x* (u)log U2 e/u du; 
>- e(e + 2) 

t 

e/u du. 

1 e 1 - n  1 

/ / l /  x*('u)lOgl/2e/'u'd'l" x**(u)du>_(n-1) x*(u)du+e(e+2T 
el--n 0 el--n 

-> e(e+2------~ x/~ x*(u)du+ x*(u)logl/2e/udu . 
0 e 1-n 

Finally, fi'om (6) we obtain 

< 

k k = l  el_ n 
{8) 

where the constant A3 > 0 is independent of x E L1 and n > 4. 
However, it is possible to obtain (azld this is the main goal of the article) nmch more exact 

information on the Fourier-Rademacher coefficients of the functions in a RIS than (6) and (8). 
Given measurable hmctions x = x(t) and y = y(t) on [0, 1], put  

dt (if the inte~'al e.xists). 

1 

= / 
o 

oo oQ Similarly, given sequences a = (ak)k�88 and b = (bk)k=l, put 

(if the series converges). 
oQ 

( a , b )  = 

k = l  

If 

Ta(t) = Zakrk(t) {9) 
k = l  

oQ then tile following relation holds for every flmction x = x(t) and every sequence a = (ak)k= 1 with 
finitely many nonzero terms: 

1 

( Fx, a) = ZCk(X)ak = / x(t) Zakrk{ t) dt = (x, Ta). (10) 
k = l  0 k = l  
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By duality, we easily obtain a description for the set of the Fourier-Rademacher coefficients of 
a RIS X if X C G'. First of all, due to the Khhichin's inequality [10] for the L1 space, we have 

1 
v IITaIIL., <_ IITaIIL, <__ IITalIL. . 

Consequently, it follows from IITaHL2 = {{all2 that T is an injective boumted operator from 12 into L1. 
But then the adjoint T* is a bomided operator from L ~  onto 12 [11, p. 20]. By (10), T* = F and 
hence F(Loo) = 12. Since the embedding X D L ~  holds for every RIS X on [0, 1] [3, p. 123], we 
certainly have F(X)  D 12. At the same time, as shown above, F(G ~) C 12. We thus arrive at 

P r o p o s i t i o n  1. If  a rearrangement-inv~iant space X is contained in G ~ titan the correspol~ding" 
space of the Fourier-Rademacher coetticients is F (X)  = 12. 

We now turn to studying the more interesting case of X D G ~. 
Since the Rademacher system possesses the Sidon property, F is a surjective bounded operator 

from L1 outo co [1, p. 295]; i.e., 
F(L ) =co. (ii) 

At the same time, by the above proposition 

F(G') = 12. (12) 

Let us show that the sudectivity relations (11) and (12) can be "interpolated" for spaces inter- 
mediate between G ~ and L1, tim spaces of the Fourier-Rademacher coefficients still quite definite 
rearrangement-invariant spaces of sequences. 

Suppose that (X0, X1) and (Yo, Y1) are Banach pairs. A triple (Xo, Xi ,  X )  of spaces such that 
Xo f] X1 C X C Xo + Xi is au interpolation t'riple with respect to a triple (Yo,~'I,Y), ]Io N Y1 C 
Y C Yo + 1/1, if every linear operator A, acting boundedly fi'oni X0 into Yo and fi'oni X1 into Yt, is 
a bounded operator from X into Y. hloreover, if - 

I I A I I x - r  -< ma='c{llAl[x --,Y  : i = 0 . 1 }  

then (Xo, X1, X) is said to be an exact 
X i = l ~  ( i = 0 , 1 )  a n d X = Y t h e n w e  
the pair (Xo, X1). 

hi what follows, an important role 
definition. 

Suppose that E is an ideal Banach 

If (Xo, Xi)  is an arbitrary Banach pair 
x E Xo + X1 such that 

Ilxll = II 

inteTpolation triple with respect to the triple (Yo, Y1, Y). If 
say that X is an (exact) interpolation space with respect to 

is played by the real interpolation method. We recall its 

space (IBS) of two-sided numeric sequences a = (aj)j=_~. 
then the space (X0, Xt)~ of the Jff. -method consists of all 

(.z(2J,x; Zo, x )blb < 0r 

The space (X0, X I ) [  of the J - m e t h o d  coutains all x E X0 + X1 that admit the representation 

x - -  ~_ "aj 
j~-c4j 

(in the sense of convergence in X0 + Xl) ,  

where uj E Xo A Xl. The norm in (Xo, X l ) ~  is defined by 

inf I1(/(2J, X0, Xl))tllE, 
{.j} 

where the gTeatest lower bound is calculated over 'all sequences {aj}~=_~ for which (13) holds. 
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If E is an IBS of two-sided sequences and a = (OCk)k=_o Q is a sequeuce of nommgative numbers then 
the space E(~k) consists of all a = (ak)k=_~ such that (akr~k)'~.=_ ~ e E, and IlallE(a~) = ll(akOk)llE. 
Suppose that E D A(['~) = /~(max(1.2-k)) ({0} # E C Z(~) = /l(min(1,2-k))).  Then the 

mapping (X0, XI) ~-~ (Xo, X I ) ~  ((X0, X1) ~-* (X0, X1)E j ) determines an exax~t interpolation functor. 
" (Xo, ) This means that, for arbitrary Banach pairs (Xo, XI) and (l'0, Yt), the triple (X0, Xt, " ;r 

is an exact interpolation triple with respect to the triple (Y0, }1. ()(). " "~ }'I)E ) (a similar result is ,J'ali(1 
for the fir-method). The collection of all such functom is called the real wY/-inteTTvlation method 
(~r method). 

In particular, for 0 < 8 < 1 and 1 < p _< oo we obtain the classical interpolation spaces 

Xl)h,(2_k0 ) d r  (Xo, X )o,p = (Xo, = (Xo, X,) 2_k0 ). 
2. The  M a i n  Resu l t s  

As mentioned, the space G ~ coincides with the Lorentz space A(ulog 1/2 e/u). Therefore, it is 
q-concave for every q > I [12] and elastic in the sense of [13]. But then, by Corollary 5.10 of [13], 
interpolation in the Banach pair (G ~, L1) is described by the ~/-method. This mealm that for every 
hlterpolation space X with respect to this pair we have 

X t .~ = (G, L1)E (14) 

for some IBS E of two-sided sequences which can be assumed to be an exact interpolation space with 
respect to the pair/*~ = (l~, loo(2-k)) [14]. 

T h e o r e m  1. Suppose that X is a separable interpolation RIS with respect to the pair (G', Lt) 
such that (14) holds. Then the corresponding .space F(X)  of the Fom'ier-Rademacher coetticients 
coincides with the separable space 

R =  (15) 

PROOF. By duality [11, p. 20], it suffices to verify that  the a~ljoint operator F* is injective fi'om R* 
into X*. 

First of all, we can take the BIS E in (14) so as to fulfill the conditio~m of the duality theorem for 
the real interpolation method [14, p. 128]: 

A(/'~) is everywhere dense in E (16) 

and 
E ~ I r 1 6 2  and E ~ / ~ ( 2 - k ) .  (17) 

To prove (16), denote by Eo the closure of A(I'r162 in E azld show that 

X ' ~ (18) = (G, L1) 0. 

Since X is separable, the space L ~  is everywhere dense in X [3, p. 138]. Therefore, by the definition 
�9 OO of the spaces of the .X/-method, for eyeD" x E X, there is a sequence {zn}n=l C L ~  such that 

Ilxn - x][x = [l(,)F(2k,xn -- x;G',Ll))kllE ~ 0 

as n -* r For each t > 0 tlle .X(-fimctional JL.(t,x;Xo. X1) is a m)t'm on the space X0 + X1. 
Col~equently, the preceding relation implies that as n --~ c~ 

ll( '(2 k, x,,: e ' ,  LI))a - (9 (2 k, x; V', L ))kllE "-* O. (19) 

By tim definition of the .d/~. -fmwtional, we have dC(2 k, Xn; G l, L1) _~ 2kHxnllL1 for k <_ 0 mid .)~/(2 k, xn; 
G', LI) <_ IIxnllG' for k > 0. Thereby for each n = 1, 2 , . . .  the sequence (~/(2 k, xn; G ~, Ll))k=_~ lies 
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in A(/*~) and (19) implies that (5~((2k,x: ' G, L1))k=-cc 6 E0; i.e., x 6 (G', ~ L1)Eo. Relation (18) is 
proven: hence, we may assume that (16) is satisfied. 

We now turn to (17). Since IlYIIL~ <- 211ylIG', for y 6 L1 and 0 < t < 1 we have 

ltilyllL, <_ J/g'(t, y; G', L1) <_ tlMIL,. 

In view of the embedding E D A(/'~) = /oo(mmx(1, 2-k)), we may therefore assume that E D co 
(otherwise we take E + co instead of E, observing that A(l'~) is also everywhere dense in E + co). We 
derive in particular that E ~ / ~ ( 2 - k ) .  

If E C l~ then from completeness of G' with respect to L1 we obtain 

' ~" =G' G' C X = (G',LI)~ r C (G ,L1)t:r 

[15, p. 384]: i.e.. X = G'. Similarly, (/2, c0)~ ~" = 12 and the claim of the theorem is contained in (12). 
Thus, we can suppose that E ~ Ior and conditions (17) are satisfied too. 

SinSe (G')* = LN, with N(u) = e u2 - 1 [16, p. 97]; applying the duality theorem for the real 
method [14, p. 128], we obtain 

X" = (LN, Loo)~+ and R* = (/2,/1)E/+, (20) 

where E + is the BIS of two-sided sequeuces that is dual to E with respect to the bilinear functiona/ 

oQ b 0r = .k k2 - k ,  = b = ( 

k=-~  

i~176 
II II + = sup{(a, > : II IIE -< I}. 

It follows from (16) and (17) that 12 is everywhere dense in R [14, p. 106]; hence, R is separable. 
Therefore, X* aad R* coincide with X'  an(t R ~ [17, p. 254], and F* = T hi view of (10). Since E is 
an exact interpolation space with respect to the pair/'oo, it follows that E + is an exact interpolation 
space with respect to the pair ~ -- (ll,11(2-k)). Moreover, (17) implies that E + ~Z ll and E + 
ll (2-k). Applying [14, p. 68], we can therefore replace the ./.'-spaces in (20) with the .)F-spaces 

X ' =  (LN, L~) '~  and /~ = (/2,ll)~', 

where E = (/'~)(+. Owing to tim equality ~ ( ( t ,  x: Xo, X1) = t.)t~(1/t, x: X1, X 0 ) ,  we hence obtain 

.u and R'= 

where ll(ak)ll~, = ll(2ka_k)kll~. 
Since L~ C G and G is a subspace of LN, for x 6 G we have 

,~(t, z: L~ ,  G) = .)F(t, x: L~,  L,~). (21) 

Therefore, tile space Y = (L~, G)~" is isometrically embc(lded in X'. By Theorem 1 of [18] (see 
! 

also [19]), T is an injective operator fi'oin R' into Y and hence into X'. As was observed in the 
begimffng of the proof, tiffs implies that tlm operator F itself is surjective from X into R; i.e., 
F ( X )  = R. Tile theorem is proven. 

Since, by" Sparr's theorem [20], interpolation in the pair (12, co) is also described by the .Y~-method, 
we can similarly prove the following assertion: 
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Theorem 2. Suppose flint R is a set)aralfle Banach space of sequences which is an interpolation 
space, with respect to the pair (/2, co) and satisties (15). Then tim equality F( X)  = R holds for every 
separable RIS X satis(v'ing (14). 

The last assertion sharply contrasts with the case of X C G' considered in Proposition 1. 

.Theorem 3. Suppose that Xo mid X1 are sepaxable interpolation RIS's on [0, 1] with respect to 
the pair (G', L I ) . I f  the correspouding spaces F ( Xo ) and F ( X1) of the Fourier-Rademacher coefficients 
coincide then X0 = Xl and their norn~ are equivalent. 

PROOF. As was observed before Theorem 1, interpolation in the pair (G', L1) is described b y  
the 3~/-method. Therefore, there exist BIS's E0 and E1 of two-sided sequences which are exact 
interpolation spaces with respect to the pair l*cr and such that 

(i=0,1). 

Then, by the hypothesis and Theorem 1, 

F ( X o )  = F(X ) = = (12,co) . 

Denote this space by R. 
As in the proof of Theorem 1, we may assume that Ei (i = 0, 1) satisfy (16) and (17). Consequently, 

T (see (9)) is an injective bounded operator fi'om tif into X~ and X~. In other words, for every sequence 
a = (ak)k= 1 6 R l we have 

akrk ~. akrk • Ilall~,. 
Ik=l X/) IIk=l [iX~ 

If ~ is the closure of L ~  in X~ (i = 0, 1) then 

Since X~ and X~ are ~Z-interpolation spaces with respect to the pair (LN, L~)  (see the proof of 
Theorem 1), in view of (21) Y0 and Y1 are interpolation spaces with respect to tim pair (G, L~) .  
Consequently, they satisfy tlm conditions of Theorem 3 of [18]; heime, Y0 = }'1. From the definition 
of the dual space we obtain Y / =  X~' (i = 0, 1) and thus X~' = X~'. In view of sepm'ability of )to and 
X1, we hence colmlude that  X0 = X1 and their norms are equivalent. The theorem is proven. 

3. Concluding Remarks and Examples 

REMARK 1. Suppose that Zo - {x 6 L1 : F x  = O} mid Z1 -- {x 6 G' : Fx  = 0}. Then the 
quotient space G'/Z1 is naturally embedded in the quotient space L1/Zo, ~ = x + Z1 ~-~ x + Zo, 
and this embedding is continuous with respect to the quotient norm. Define the linear operator 

O0 on L1/Zo as follows: F'~. = F(x  + Zo) = Fx  - (ck(x))k= 1. Iu view of (11) and (12), this operator is 
an isomorphism between the spaces L1/Zo and co, as well as between G'/Z1 and 12. Consequently, 

.)g~ (t, 5:: G'IZ,, L1/Zo) • ~ ( t ,  F~; 12, co), (22) 

with some constant iudependent of/~ e L1/Zo and t > 0. 
Suppose that a BIS E of two-sided sequences satisfies (16) and (17). Theu, t\v Theorem 1, the 

I . iF r operator F is an isomorphism betweeu tile spaces (G, L1)E /ZE and (/2, C0)E' ~ ,  where ZE = {x  6 
( c ' ,  : F x  = 0} .  The,'efore, by" (22) 

(G'/Z1,L,/Zo)~" = (G',L1)~ r 
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(the nornrs are equivalent). 
REMARK 2. By Khinchin's inequality [1, pp. 153-154], tim equality F(Lp)  - 12 is valid for 

1 < p < oc. Nevertheless, the assertions of Theorems 1 and 2 become false if we replace G p in 
their statements with Lp for some p in tlLis interval. Indeed, (Lp, L1)o,q = Lq if 0 E (0, 1) is such 
that  q = p/(pO - 0 + 1) [21, p. 157]. At the same time, tlm equality (/2, co)o,q = Ir, q holds for the 
same 0 and q, where r ---- 2q(p - 1)/p(q - 1) [21, p. 146]. Since q < p, we have r > 2 and therefore 
F(Lq)  = 12 ~ Ir, q. 

The above results enable us to find rearrangement-invariant spaces of functions with given spaces 
of the Fourier-Rademacher coefficients. We exlfibit two examples. 

EXAMPLE 1. Suppose that  R = Ip, 2 < p < cr Since Ip = (/2, c0)0,p, where 0 = (p - 2)/t) [21, 
p. 146], the space Xp with F ( X p )  = Ip is determined by the formula 

Xp = (a ' ,  L1)0,p. 

The spaces G' and L1 coincide with the respective Lorentz spaces A(ulog 1/2 e / u )  and A(u).  Therefore, 

L f = (L1,L~)42_k) ;  G' = (L1, C~)ll(2_k(l_k)-l/2 ), L1 

moreover, since we consider RIS of fmmtious defined on [0, 1], as the parameters of the J - m e t h o d  
we take BIS's of sequences a = (aj)j--~ [22]. Applying the reiteration theorem for the ff~-method, we 

now infer that Xp coincides with the Lorentz space Ap(~p),  where ~p(u) = u log Wp c/u .  

EXAMPLE 2. Suppose that  R = A(1/k) is the Lorentz space of all sequences a = (ak)k=l for 
which tlm norm 

OQ , 

Ilall, (i/k) = 
k=I 

is finite. This space is separable. Choosing a suitable BIS E of sequences, we can clemonstrate tha t  
(/2, c0)~  = A(1/k). However, we proceed alternatively, using Example 2 of [18] (see [19] for details). 

Observe that 
A(1/k)* -- A(1/k)' -- Ix(log) and ll(log) t =- A(1/k ) ,  (23) 

o o  where the Marcinkiewicz space II (log) consists of all sequences a = ( a k ) k =  1 for which the norm 

k 
Ilall ,( o ) = sup log:2-1(2  ) a; 

k = l , ' ,  . . . .  , = 1  

is finite [23, p. 190]. Since /1(log) is an interpolation space with respect to the pair (ll,/2) (see 
Example 2 of [18]), A(1/k) is mi interpolation space with respect to the pair (/2, co) by (23). Thus, by 
Theorem 2. F is a surjective operator from some separable RIS X to A(1/k). Moreover, its adjoint T 
is an injection from A(1/k) '  = / l ( l og )  to X' .  From the results of [18] we then obtain X '  = M ( ~ ) ,  
where ~(u) = ulog21og2(16/u). In view of separability of X ,  we have X = A(~) [3, p. 138]. Thus,  
F ( A ( ~ ) )  = A(1/k). 
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