
Mathematical Notes, Vol. 66, No. 3, 1999 

B R I E F  C O M M U N I C A T I O N S  

O n  t h e  S e l e c t i o n  o f  S u b s y s t e m s  E q u i v a l e n t  i n  D i s t r i b u t i o n  

t o  t h e  R a d e m a c h e r  S y s t e m  

S. V. A s t a s h k i n  

KEY WORDS: random variable, lacunary series, Peetre /C-functional, Sidon system. 

I n t r o d u c t i o n  

We say that  systems {fn}~=l and {gn}~=, of random variables defined on probability spaces (~, E, ?) 

and (~' ,  E',  IP'), respectively, are equivalent in distribution (denoted {fn} s {gn}) if there exists a C > 0 
such that for arbitrary m E N ,  a,~ 6 ~  ( n = l , 2 , . . . , m ) , a n d  z > 0  we have 

II  m [ } {[~--1 angn(w') } {~--1 } c-l?  anA( ) >Cz >z >C- z �9 
"'n----I -- -- 

If only the second inequality holds, then we say that  the system {gn}n~176 is majorized in distribution 
by the system {fn},~ 1 For the case of finite systems {fn}N=l and N �9 {gn},~=l these notions are defined in 
a similar way. 

In [1] it is shown that in any uniformly bounded sequence {f,~}n~_l of random variables (r.v.'s) one 
can select a subsequence {fnk }~=1 that is majorized in distribution by the Rademacher system {rn}~=,, 
rn(x) = signsin(2n-17rx) (x 6 [0, 1]). 

In this note we present some assertions concerning the possibility of choosing a subsequence equivalent 
to the system {r,~}n~__x under the same conditions. Moreover, we find necessary and sufficient conditions 
for a system of r.v.'s to contain a subsystem equivalent in distribution to the Rademacher system. In the 
case of finite systems, we are interested in the density of their subsystems with a similar property�9 

The problems concerning the selection of "nearly independent" subsystems (i.e., possessing some prop- 
erty that  is characteristic for systems of independent functions) was studied in detail in the well-known 
paper of V. F. Gaposhkin [2]�9 Let us recall the most important results concerning integrability and absolute 
convergence of the sum of a series constructed from a given system of functions. 

By the classical inequality proved by A. Ya. Khinchin [3], the sum of the series )-~,~176 I anr,~(x), where 
(x 6 [0, 1]), belongs to all spaces Lp (p > 2) if the sequence of coefficients a = (an),~__l belongs to 12. 
In the case of lacunary trigonometric series, a similar result was obtained by A. Zygmund [4]�9 In this 
connection, somewhat later the notion of Sp-system appeared in the works of S. Banach and S. Sidon. A 
sequence of r.v.'s {fn}~=l, fn 6 Lp (p > 2), is called a Sp-system if we have 

E anfn < an , 
"n=l "P _ 2 

where the constant Kp > 0 is independent of m 6 N and an e Ir (n = l,...,m). If {f~} is a Sp- 
system for any p > 2, then it is called a S~-system. A classical result on selecting Sp-subsystems 
belongs to S. Banach ([5] or [6, 7.2]). It implies, in particular, that any uniformly bounded orthonorma] 
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system of functions contains an See-subsystem. A more precise result in this direction was proved by 
S. B. Stechkin [2, Theorem 1.3.1], i.e., a sequence of functions {f,~}n~ 1 on [0, 1] contains an Sp-subsystem 
(p > 2) if and only if there exists a subsequence {f-k } satisfying the following conditions: 

1) IIf~[Ep<-D ( k = 1 , 2 , . . . ) ;  
2) f~k --> 0 weakly in L2. 
Another important property of the lacunary series is absolute convergence. For trigonometric series, the 

classical Sidon theorem on absolute convergence of a lacunary (in the sense of Hadamard) Fourier series of 
a bounded function is well known. A. Zygmund proved a local version of this theorem [7]. More recently, 
similar results were established for the Rademacher system and some other specific lacunary systems of 
functions [8]. As a natural generalization, the following notion appeared: a sequence of r.v.'s {f,~},,~--1 is 
called a Sidon system if 

la l _< cll  anI.l[ , 
n = l  n = l  

where the constant C > 0 is independent of m 6 N and a ,  6 I~ (n = 1 , 2 , . . . ,  m).  
In [2, Theorem 1.4.1] V. F. Gaposhkin obtained broad sufficient conditions for the possibility of selecting 

Sidon subsystems. Suppose that a system {f-},~--1 of measurable functions on [0, I] possesses the following 
properties: 

1) 1l•112 = 1 (n = 1 , 2 , . . .  ); 
2) If~(x)]_<V ( n = l , 2 , . . . ;  xE[0 ,1 ] ) ;  
3) there exists a subsequence {f,~} C {f,~} such that f ,~ --~ 0 weakly in L2; then {f-},,~--1 contains 

a Sidon subsystem. 

The above definitions and the properties of the Rademacher system imply that if {fn} ~ {rn}, then 
the following assertions hold: 

1) {fn} is an So~-system, where the constant of p-lacunarity has the same growth rate with respect 
to p as in the case of the Rademacher system, i.e., Kp ~ v~;  

2) {fn} is a Sidon system. 

In this connection, the assertions stated in w ensure "good" properties of the selected subsystem in 
both senses, refining and strengthening the results mentioned above. 

Along with the question of selecting infinite subsequences, other problems, i.e., concerning finite systems 
of r.v.'s, are of considerable interest. Suppose that {f,~}N= 1 is a family of r.v.'s. We seek the maximal 
number s = s(N) with the following property: there exists a family {f,~,}i~x C {f,~}g= 1 satisfying 
some gap condition with the constant independent of N .  Here we only mention a result on the density 

{fn}n=l is an of finite Sidon subsystems proved by B. S. Kashin (see [9] or [10, Theorem 8.9]), i.e., if x 
orthonormal family of functions defined on [0, 1], ]f,(x)] _ D (n = 1 , . . . ,  N ;  x E [0, 1]), then there is 
a subsystem {f-,}~=l (1 < nl < --- < n~ _< N) such that s > max{[1/61og2 N], 1} and for any ai E I~ 
(i = 1 , . . . , s )  we have 

D-1 E aifm < ]all < 4D aifm 
" i = 1  c r  i = 1  = 

In w we state a similar assertion on selecting a subsystem {fn,}i~x also of "logarithmic" density, but 
satisfying a stronger condition, i.e., equivalent to the system {ri}iSl with the constant depending only 
o n  D .  

In what follows, by writing F1 • F2 we mean that C-1F1 < F2 < CF1 for some C > 0, where the 
constant C is, as a rule, independent of all or part of the arguments of F1 and F~. If 1 < p < c~, 
f = f(~v) is a r.v. on the probability space (fl, E, P),  and a = (a , ) ,=x is a number sequence, then the 
notations Ef t ) ,  Ilfllp, [lallp (respectively Lp, lp) are understood in the standard way, IEI is the Lebesgue 
measure of the set E C [0, 11. 

w S y s t e m s  o f  r . v J s  t h a t  a re  equ iva len t  in d i s t r i b u t i o n  t o  t h e  R a d e m a c h e r  s y s t e m  

Here we state a criterion for an arbitrary system of r.v.'s to be equivalent in distribution to the 
Rademacher system, and also present its consequences. 
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In what follows, an important part is played by the Peetre M-functional from the interpolation theory 
of operators [11]. If (X0, X1) is a Banach pair, x E X0 + X1, t > 0, then by definition we have 

/C(t, x; X0, X , )  = inf{llx01IXo + tIIx:tlx,  : x = xo + xx,  xo e X o ,  x: e X , } .  

We shall only need the functional /gl,2(t, a) = /g ( t ,  a;  ll,  12) constructed by the Banach pair (11,12). 
In [12] it is proved that 11 ~-~~176 I a~rn[lt ~ K:l,2(v/t, a) with the constant independent of t E [1, oo), and 

a = (an)n=1~176 E 12 (implicitly this relation is already contained in [13]). The following assertion shows that a 
relation similar to the one above determines systems of r.v.'s equivalent in distribution to the Rademacher 
system. 

T h e o r e m  1. Let {fn},~__~ be a system of r.v. 's defined on a probability space (f~, ~,  P). The following 
conditions are equivalent: 

1) {fn} s {rn}; 
2) the equivalence 

~ anTn 
- -  /: I I n =  1 l i t  

holds with the constant ind@endent of t ~ [1, ~ ) ,  m ~ N, and a,, ~ ~ (n = 1 , . . . ,  m); 
3) the equivalence 

I I , r l ,= 1 I1$ 

holds with the constant independent of t E [1, c~) and a = (an)n~176 E 12. 

Let us apply this theorem to two more specific cases. 
o o  Recall that a system of r.v.'s {fn},,=: is called multiplicative if for any pairwise distinct n l ,  n2, . . . ,  nk 

(k E N) we have E(f,~lfn ~ ---fnk) = 0. If we additionally have E ( f m f n  2 . . . f n k f  2) = 0 for the same 
n: ,  n 2 , . . . ,  nk and n y~ n~ (s = 1 , . . . ,  k), then the system {f,~} is called strongly multiplicative. 

An important example of a strongly multiplicative system is the sequence {fn}~=: of independent r.v.'s 
such that f ~ E L 2  and E ( f ~ ) = 0  ( n = l , 2 , . . . ) .  

From the results of [14] and Theorem 1 we obtain the following assertion: 

T h e o r e m  2. Suppose that {f,~}~=l is a strongly multiplicative system of r.v. 's such that [f,~(ca)[ < D 

(n = 1 , 2 , . . .  ; w E ~2) and d = infn=:,2 .... E( f  2) > 0. Then {fn} • {rn}, where the constant of this 
equivalence depends only on D and d. 

C o r o l l a r y  1. Each sequence of independent r.v. 's {fn}~=l such that fn E L2, E(f,~) = 0, If,~(w)l < 19 
(n = 1 , 2 , . . .  ; w E f~), and d = inf,~=:,2 .... E(f~ 2) > 0 is equivalent in distribution to the Rademacher 
system. 

Now let us consider another situation. Suppose that G is a compact Abelian group, F is its group of 
characters, and # is the Haar measure on G. In accordance with the definition above (see the introduc- 
tion), the set F C F is called a Sidon set if for some C = C(F)  we have ~-'~Ter I](7)t < cIIfll~r for any 

f E C(G) such that ] (7)  = f c  f~/d~ = 0 (7 ~ F) .  
G. Pisier proved that for an arbitrary Sidon set F = {%,} C F we have 

m 

II  oo oKI  II Zaor~ 
n = l  n = l  

t _ l  

(the equivalence constant depends only on the Sidon constant C(F))  [15]. Hence by Theorem 1 we 
immediately obtain the following assertion, which was proved in [16] in a different way (but also with the 
help of the theorem of G. Pisier): 
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T h e o r e m  3. Any infinite Sidon system F = {7n}~=1 of characters defined on a compact Abelian 
group is equivalent in distribution to the Rademacher system. Here the equivalence constant depends only 
on the Sidon constant C(F) .  

Coro l l a ry  2. The sequences f,~(x) = sin(27rknx) and gn(x) = c o s ( 2 . k ~ z ) ,  where x E [0, 1] and 
kn+x/kn _>/~ > 1, are equivalent in distribution to the Rademacher system. 

R e m a r k  1. Note that  it was the analogy in behavior between the Rademacher series and lacunary 
trigonometric series (see the introduction) that served as the starting point in discovering their deeper 
relationship and led to studying systems equivalent in distribution to the "model" Rademacher system. 

w Se lec t ing  s u b s y s t e m s  equivalent  in d i s t r i b u t i o n  to  t h e  R a d e m a e h e r  s y s t e m  

The main role in the proof of the possibility of selecting subsystems equivalent in distribution to the 
Rademacher system is played by the following assertion: 

T h e o r e m  4. Let a system of r.v. 's {f,~}n~=l defined on a probability space (I2, E, ]P) contain a subse- 
quence {fnk }k~_-I satisfying the following conditions: 

i) If~(w)l<D ( k = l , 2 , . . . ; w E D ) ;  
2) d = infk=l,2 .... IIf~1t2 > 0; 
3) f ,~ --+ 0 weakly in L2. 
Then there is a subsystem {~i}i~=l C {f~},~--1 such that 

• ICl ,2(vq,  a) (a = e 12, t >_ 1) 
_ t 

with the constant depending only on D and d. 

R e m a r k  2. An essential part of the proof consists in finding upper bounds for Lq-norms (q > 1) of 
the modified Riesz products (in selecting a Sidon system, it suffices to estimate the Ll-norm [2, Theo- 
rem 1.4.1]). The latter have a block structure, which follows by application of an approximation formula 
for the /C-functional /Cl,2(t, a) due to S. Montgomery-Smith [13]. 

The following two assertions are direct consequences of Theorems 1 and 4. 

T h e o r e m  5. A system {f~}n~r of r. v. ' s defined on a probability space (12, E, P) contains a subsys- 
tem { ~ } ~  equivalent in distribution to the Rademacher system on [0, 1] if and only if there exists .a 
subsequence { fn~ } C {fn} satisfying conditions 1)-3) of Theorem 4. Besides, the equivalence constant 
depends only on D and d. 

T h e o r e m  6. I f  {f~}=~--1 is an orthonormal sequence of r.v. 's defined on a probability space (f~, E, ]~), 
If,~(w)[ <_ D (n = 1 , 2 , . . .  ; w E 12), then it is possible to select a subsequence {~}~=1 in it which is 
equivalent in distribution to the Rademacher system. The constant of this equivalence depends only on D.  

w D e n s i t y  of  subsys t em s  equ iva len t  to  t h e  R a d e m a c h e r  s y s t e m  

Consider the problem of selecting subsystems in finite uniformly bounded orthonormal families {fn}n=lN 
of functions defined on the segment [0, 1]. The result stated below means that any such family contains a 
subsystem {fn~ }i~1 of "logarithmic" density (i.e., s > C log 2 N) equivalent in distribution to the system 
of the first s Rademacher functions, with the constant independent of s. 

T h e o r e m  7. Let N {fn}n=l be an orthonormal family of functions defined on [0, 1], lf~(x)l < D (n = 
1,2 . . . .  , N ) .  Then there exists a family 

{fn,}i~l,  1 <: nl < n2 < - - .  < ns <_ N ,  s > max{ [1/61og2 N] , 1}, 

such that for some C > O  depending only on D , f o r a l l a ~  E]~ ( i = l , 2 , . . . , s )  and z > O  we have 

c - l  {~ > C z }  <_ I{li~=laifn~(x)l > z } l  <_C _ airi(x) > C - l z }  . 
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R e m a r k  3. The  example  of the t r igonometric  sys tem shows tha t  Theorem 7 (just as the  theorem of 
B. S. Kashin ment ioned in the  introduction) is unimprovable  with respect to  order. Indeed, as was proved 
by S. B. Stechkin [18], if the  sequence {v~cos27rn~x}~=l (x E [0, 1]) is a Sidon system, then we have 
~'~k:nk<g 1 < C l n N  ( N = 2 , 3 , . . . ) .  

The  au thor  wishes to  thank  B. S. Kashin for set t ing the  problem whose solution is presented in w 
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O n  I n t e r p o l a t i o n  i n  t h e  C l a s s e s  E P  

D.  Ya.  D a n c h e n k o  

KEY WORDS: interpolation problem, Jordan domain, Ahlfors class, Smirnov class, c~-separated sequence. 

w We say tha t  a simply connected Jordan  domain G on the complex plane C belongs to  the class A 
(Ahlfors class) if its boundary  ~/= OG is locally rectifiable and sup{mesl( 'y  ~ d ) / d i a m ( d ) }  < oo, where 
the supremum is t aken  over all open disks d C C (see, for example,  [1, 2]). Let A -- {zj}~= 1 be a 
sequence of points in G .  This  sequence is called interpolating (in the sense of Carleson) if for any family 
of complex numbers  {aj}~= 1 e 1 ~176 with [[aj[[lcr --- sup{laj l  : j e N} <= 1 the interpolat ion problem 
f ( z j )  = aj  (Vj E IN) has solutions f in the  Smirnov class E~176 (see [3-5]). By w = ~ j (z )  denote 
one-sheeted conformal mappings of G onto the disk {w : Iw[ < 1} with the conditions ~ j ( z j )  = 0 and 

o~ ~j(v)  > 0 at  a fixed point  v E G.  Further ,  suppose tha t  the product  Bx(z )  := YIj=I ~ j ( z )  converges 

in G.  For j e N set B x j ( z )  := B ~ ( z ) A o j ( z  ) .  It  is known tha t  the  proper ty  I B x j ( z j ) [  > 5 (Vj e N) for 
a fixed ~ -- 5(A) > 0 is characterist ic for a sequence A to be interpolat ing (Carleson's theorem,  see [3, 4]). 
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