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Extraction of Subsystems “Majorized” by the Rademacher System
S. V. Astashkin UDC 517.982.27

ABSTRACT. In this paper it is proved that from any uniformly bounded orthomormal system {fn}32, of
random variables defined on the probability space (2, £, P), one can extract a subsystem {fn;}2, majorized
in distribution by the Rademacher system on [0, 1]. This means that

gaara(t)l > %}

where C > 0 is independent of m €N, a; €R (i =1,...,m) and z > 0.

’

oloen:[Fesmta]>+} <clfee.

[E31

KEeY WORDSs: systems of random variables, probability space, Banach space, majorization by the Rademacher
system, orthonormal system of random variables, Holmstedt’s formula, equivalence principle for distribution
functions.

Introduction

Suppose that r;(t) = signsin2'~'at (¢ = 1,2,...) is the system of Rademacher functions on [0, 1].
In what follows, we shall say that a system {f;}$2, of random variables defined on the probability space
(R, 2, P) is majorized in distribution by the Rademacher system if there exists a constant C' > 0 such
that for arbitrary m € N, a; €R (i =1,...,m), and z > 0 we have

gagf,-(w) {t €f0,1]: g:la,-r,»(t)l > %}I

(from now on, le| is the Lebesgue measure of the set e C [0, 1]).

Suppose that {f.}32, is a uniformly bounded orthonormal system of random variables on the proba-
bility space (2, X, P). It is well known (see, for example, [1, p. 287 of the Russian translation]) that from
such a system we can extract a subsystem {fn;}{2; that is an §,-system simultaneously for all p < oo.

This means that " 12
[l <(3)
= P

m
E aifn.'
i=1 i=1

where K, > 0 is independent of m € N and ¢; € R (i =1,...,m).

The main result of this paper is a strengthening, in a certain sense, of the stated assertion. It will
be proved that from any uniformly bounded orthonormal system of random variables one can extract a
subsystem that is majorized in distribution by the Rademacher system.

To prove this result, we need some assertions that are of interest in themselves. First, let us recall a
few definitions.

If X is a random variable defined on the probability space (Q,Z,P}), then nix|(z) = P{w € Q :
| X (w)| > z} and X*(t) (¢ € [0, 1]) is a nonincreasing left-continuous rearrangement of the function |X]|.
As is well known {2, p. 83], |X| and X* are equimeasurable, i.e., for all z > 0 we have n|x|(2) = nx-(2).
The Banach space E of random variables X = X(w) on (2, X, P) is called symmetric if

1) from of the fact that |X| < [Y| almost everywhere and Y € E, it follows that X € E and
1 X1 < 1Y
2) from of the fact that nx|(z) = ny|(z) (z>0)and Y € E, it follows that X € E and XN =Y.

P{weﬂ:

>z}_<_C’
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In addition to L,-spaces (1 < p < o0), some important examples of symmetric spaces are:

the Orlicz space Ls
lzlls = inf{u >0: Ls('—g—f‘ﬁ)—v dP(w) < 1},

the Marcinkiewicz space M(p):

1 t
z = sup{ —— X'sds:O(tSl},
lellanc) = supd =2 [ x°(2)

the Lorentz space A,(yp): 1
tehos ={ [ st}

Here S(t) > 0 is a convex continuous function on [0, 00) and ¢(t) > 0 is a concave increasing function
on (0,1].

An important role in the theory of interpolation of operators is played by the Peetre K-functional (see,
for example, [3]):

K:(t7 TS EO’El) = inf{”zoqu + t”'-'«‘l”E; tT=To+ Ty, Ti € Ei}’
where Eg and FE; are symmetric spaces, z € Eg + E;, t > 0. It is readily shown that for a fixed
z € Eg + E; the K-functional is a concave increasing function of ¢ {3, p. 55 of the Russian translation].
In what follows, the expression Fy x F, indicates that for some C > 0 we have the inequality

C~'F,; < F; < CF,; moreover, as a rule, the constant C is independent of all or part of the arguments
of F and F;. If 1 < p < o0 and X is a random variable on (QX, P), then

1/p
IXJl, = { / IX(w)I”dP(w)} :
but if a = {a;){2,, then

ol = { i |aa|f’}1’p

§1. The K-functional on the Rademacher sums

In [4] (see also [5]) it was shown that for functions of the form

z(t) = Zam(t) a=(a:)Z; € &, (1)

the following relation is valid:
K(t,z; Lo, G) <X K(t,a; £1,4,),

where G is the closure of Lo, in the Orlicz space Ly, N(t) = e’ — 1. We obtain a similar relation for
the K-functional X(t,z; Ly, L).

Theorem 1. The following relation is valid:

K(u, Zai"'i; Ly, L) x “’C(lnl/z %Hl; 51,52) ’ (2)

where the constants are independent of a = (a;){2, and 0 <u < 1.
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Proof. For a = (a;)2, € £, we set p,(t) = K(t,a; £1,4;). In [6] it was shown that for functions of

the form (1) the following inequalities hold:

nyzy(@alt)) < 2e707/
n|z|(A'1<pa(t)) 2 /1__16—““2 y

where A > 1 is independent of a and t > 0.

(3)
(4)

It follows from inequality (3) by the definition of the rearrangement 1:‘(36"‘2/ 2) < @q(t) or after the

substitution s = 3e=*"/2 that
z*(s) S\/§¢a(lnl/2 g), 0<s<1.

Hence

/ z(s)ds<\/_/ ln1/23)ds, 0<u<l.
On the other hand, inequality (4) yields
z°(s) > A (A2 2 (A71s7Y)),  O0<s< AL
Since the function @,(u) is concave, we have
z(%{) > A“‘/z(p,,(lnl/2 %), 0<t<l.

Therefore, forall 0 <u <1

u u/(3A) u
/ z*(s)ds > / z*(s)ds > 3_1.4_5/2/ Pa (1:11/2 E;-) dt.
0 0 0 ¢

/Ou z*(s)ds < /Ou cpa(lnl/l’ g) ds,

where the constant is independent of a = ()2, and 0 <2 <1,

Let us now prove that .
/0 (lnI/2 )ds X UP, (1n1/2 3)

First, suppose that u = 375 k € N. Since p,(t) is concave, we can write

/3_ (1r11/23 ds—Z/ In'/? )dsVnga 1ln 3)3~ ‘VZgoa
0 —i- 1

At the same time, we have

Thus we have

oo k3iti-g ) ] ,
SIS S pVS Y VRS8R
i=k =0 {=k3J i=0

Since the last sum is greater than ¢,(v*)37% and less than

s0‘1(\/;)3—;; Z3j/2+k—k3i < %(\/2)3—;; 231—]‘/2 < 6\/58%(\/;)3-1&,
7=90 j=0

3—1

(6)

(7)
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it follows that for « = 37%, k € N, relation (7) implies (6).
If u € (0, 1] is arbitrary, choose k € N so that 37F < u < 37%*!_ Then, since the functions in question
are concave, we have

/0" a (1n1/2 g) ds < /:—k Pa (lnl/z g) ds < 37 Fp,(In'/2 3541) < up, (lnl/2 %>,

and relation (6) is proved.
It follows from (5) and (6) that

* 3
/(; z (s)dsAutpa(ln u)'
In view of of the well-known relation (see, for example, (3, p. 142 of the Russian translation))

K(u,z; L1, L) =/ z*(s)ds,
0

¥

the last relation is equivalent to (2), and the theorem is proved. O

A sufficiently good approximation to the function ¢.(t) = K(t,a; ¢, £;) is given by the well-known
Holmstedt formula 7]

G oo 1/2
x(t,a;el,ez)xzazw( )3 (a:)’) , ®)

i=1 i=[t3]+1

where (a}) is a nonincreasing rearrangement of the sequence (|a;|), and [z] is the integral part of the
number z.
Thus we obtain the following result.

Corollary 1. The following relation is valid:

uw s o * [In 3/u} 3 I 1/2
/ (Zaar;(t)) dt < u{ E a} +n!/? _( Z (a:)z) }

where the constants are independent of a = (a;)2, €€; and 0 < v <1,

Remark 1. Since for arbitrary Eg, E; and u > 0 we have
1
IC(u,:c, EOa El) = ‘uJC(;,:c, E;,Eo) ’
it follows from relation (2) that
K(u,2; Loo, L1) X @a(ln'/? 3u), u>1,

or equivalently
K(u,z; Lo, L1) < @a(In?/3(1 + u?)), u> 1.

But if 0 < u < 1, then it follows from the definition of the K-functional, as well as from the inequalities
lzlli € lIz]less llallz < llally, and |z]l; < [lalls < v2||z}l; (Khinchine’s inequality for the L;-norm with a
constant; see [8]) that

K (4,23 Lo, Ls) < ullzlly < ulalls < pa(u) < pa(ln2(1 +u2)).
As a result, we obtain the relation
IC(u,:c;LOC,Ll)x)C(lnl/z(l +u?),a; €, 4,), (9)
which is now valid for all « > 0.
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Remark 2. In exactly the same way, for functions of the form (1) we can prove that

K:(uz;Lp,Loo)xIC(lnl/zi,a;Zl,lz), 0<u<l, (2")
u
K(u,z; Loo, Lp) < }C(lnllz(l +4%),a; b, L), u >0, 9")

where 1 < p < oo (naturally, the constants of these equivalences depend on p).
This implies the following result.

Corollary 2. The following equivalence ts valid:

IC(u, Za,-r,-; Ly, Loo> = IC(u, Zairi; LhLoo) )

where the constants are independent of a = (a;)2, and 0 <u < 1.

§2. On comparing distribution functions

In what follows, we shall need a version (proved in [9]) of the equivalence principle for distribution
functions.
Its proof is exactly the same as that of the principle itself (see [9]).

Proposition 1. Suppose that X > 0 and Y > 0 are two random variables defined, in general, on
different probability spaces, and {X;}2, and {Y;}32, are independent “copies” of X and Y, respectwely,
(i.e., nx;(z) =nx(z) and ny,(z) = ny(z)). We assume that

| max ¥ill, < Cuf|, max Xif],, (10)
I, max X, < Co| max Xif],, (11)

where C; > 0 and C; > 0 are independent of n € N.
Then there ezists a C > 0 depending only on Cy and C; such that for all 2 >0

ny(z) < Cnx(%>.

Let us show that conditions (10) and (11) can be stated using the notion of a K-functional.

Proposition 2. We assume that {X;}$2, is a sequence of independent “copies” of a random variable
X >0 on the probability space (2,%,P) 1 <p<oo.
Then for any n € N
1 5.
| max X, = nK (2, X" Lyl0, 1), Leof0, 1])

where the constant is independent of X and n.

Proof. Since the X; (i =1,2,...,n) are independent, for X = max;=1,..,n Xi We have
i = [+ [ max(Xr(ea), .., XP(n)}dPlos) - dPon)
=n/---/ XP(wy)dP(wy) - -dP(wz) dP(w1)
X{wi)<X(w1)}
= n/s;X”(wl)(P{w : X(w) € X(w1)})* 1 dP(w) = n/QX”(wl)(l - nX(X(wl)))n_1 dP(uw).
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Since the functions X(w;) (w; € ) and X*(¢) (¢ € [0, 1]) are equimeasurable, and since nx(X*(t)) =t
for almost all t € [0, 1] [2, p. 83], we obtain

1

IX1ip =n / (X*)P()(1 = nx(X*())" dt=n / (X*)P()(1 — )"t dt.

0
The last equality implies .
X = X" lla, (on)> (12)

where Ap(pn) is the symmetric Lorentz space constructed for the function pn(t) =1— (1 —¢)™.
Let us show that for any n € N and ¢ € [0, 1] we have

e pn(t) < palt) < bult), (13)

where ¥, (t) = min{1, nt}.

Since ¢(t) = ¥1(t) = 1, we can assume that n > 2. If ¢ > 1/n, then ¢,(t) < 1 = ¥.(t), and
enlt) > pa(l/n) = 1 = (1 = 1/n)* > 1 — e ! > Pu(t)/e (clearly, (1 — 1/n)* 1 1/e). In the case
0 <t < 1/n, consider the function

Falt) = $u(t) — palt) = nt = 1+ (1 &)™
Since fn(0) =0 and f,(t) =n—n(1—¢t)*"! >0, we have f,(t) > 0, which is equivalent to the right-hand
side of inequality (13) in the case 0 <t < 1/n. At the same time, for the function

g,.(t) = '—ne_('tl

the following relations are valid:

0 =0, 0= 2=ntimyt ma(d-a-g) ga(t- (1= 0

[/ n

) =T -1+ (-0

(clearly, (1 —1/nr)"~! | 1/e). Therefore, gn(t) < 0, which is equivalent to the left-hand side (13) for
0 <t < 1/n; the proof of this relation is thus complete.
It follows from (13) that for an arbitrary measurable function z(t) on [0, 1]

1
Sleliaway < llzllacen) < HzllApn)-

Hence, in view of (12) and the formula for the K-functional [3, p. 142 of the Russian translation], we have

Il < Xy =n{ [ XOF &} <k, L L),

where the constant is independent of X and n. O
The following theorem is a consequence of Propositions 1 and 2.

Theorem 2. Suppose that X > 0 and Y > 0 are two random variables defined, in general, on different
probability spaces. We assume that

t t
fY‘(s)dsgCl/ X*(s)ds, 0<t<I, (14)
0 0

t t 2
/ (X'(s))zdsﬁcz(/ X*(s)ds) , 0<t<L. (15)
0 0
Then there exists a C > 0 depending only on C, and C, such that for all z > 0

ny(z) < Cnx(%).
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Corollary 3. Suppose that E is a symmetric space on [0,1], = = z(t) and y = y(t) are measurable
(on [0,1]) functions for which conditions (14) and (15) are valid. Then if z € E, then y € E and
llvlle < Cllz||g, where C > 0 depends only on C; and C,.

Proof. Using Corollary 2, we find that for all z > 0

ni(2) < Cnial ()

or equivalently y*(t) < C'ocrz*(t) (t € (0, 1]), where o, z(t) = z(t/7) is the dilatation operator. Since o
is bounded in any symmetric space and |lo-||g—~g < max{l, 7} [2, p. 133], it follows that ||y|lg < Cllz|E,
where C = C'max{1,C’'}. O

Remark 3. It is easily verified that condition (15) in Corollary 3 is essential. Moreover, if E is a
symmetric space and not the interpolation space between the spaces L; and L., then we can always
find a function z € E and a linear operator T' boundedly acting into L; and Lo such that y =
Tz ¢ E (2, pp. 130, 166].

We now apply Theorem 2 for the case in which

= ia;r;(t)',

i=1

= Zaifi(w)’, meN, a; €R,

where the r;(t) are Rademacher functions on [0, 1], and the f;(w) are random variables on some proba-
bility space (2, X, P).
Theorem 3. Suppose that {f;}32, is an orthonormal system of random variables on the probability
space (R, %,P), |filw)| SM,we,i=1,2,....
The following conditions are equivalent:
1) for an arbitrary sequence a = (a;)2, € {2, the function f = Y70 a:f; belongs to Ln, where
N(t)=e —1;
2) there ezists a constant C > 0 independent of m € N, a = (a;)™,, and t € [0,1] such that

[(Tar) @i (2 ai6,8); (16)
=1

3) the system {f;}32, is majorized in distribution by the Rademacher system.

Proof. First, let us prove the implication 1) = 2). As is well known [10], the Orlicz space Ln

coincides with the Marcinkiewicz space M(p), where ¢(t) = tlogll 2 (2/t). Therefore, by the definition of
the norm in M(y), we have

/ (Ea;f.) )ds < Citlogy/ %nauz, (17)

where C; is independent of a = (a;)2, € £» and t € [0, 1].
Suppose that a} = |a;,| (kK =1,2,...) is a nonincreasing rearrangement of the sequence (]a;|)32,. In
view of inequality (17) and of the assumptions of the theorem, for an arbitrary j € N we obtain

9-i i * 24 o< *
s ai, fir s i fin s)ds
[) (Zatf,) d</0 (; f)()ds+/0 (5;11‘)()
; . 1/2
S2’jMZ|aik|+012_jlog;/2(2j+1)( Z ‘ai"P)
k=1 k=j3+1
1/2
<27 max{M,2C:}( 3 a} +\f

< 2"-702ma.x{M,201}K \/3_ya; fl,ZZ),
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where the last inequality follows from Holmstedt’s formula (8).

Thus relation (16) is satisfied for ¢ = 277 (j € N). Since the functions in question are concave, this
relation is also valid for all ¢ € [0, 1].

The implication 2) == 3) follows from Theorem 1, Corollary 2, and Theorem 2.

Finally, we assume that condition 3) is satisfied. It is well known (see, for example, [11, p. 342 of the
Russian translation]) that the function g = 32, a;r; belongs to Ly if a = (a;){2, € ;. By assumption,
the following inequality is valid for the function f = .20, a;ifi:

nigi() < Crig ()

Therefore, since the space Ly is symmetric, we find that f € Ly as in the proof of Corollary 3, and the
theorem is thereby proved. O

We need the following notation (for details, see {12, Chap. 1]). Suppose that (2, £, P) is a probability
space, R is a o-subalgebra of the o-algebra . If f: @ — R is a random variable, then E[f|?R] is the con-
ditional expectation of f with respect to R. If R is the o-subalgebra generated by the random variables
91,92, ---,9n, then the conditional expectation with respect to them will be denoted by E[f|g:1,-..,gn].
In particular,

Elf] = /n f() dP(w).

Let us recall that the sequence {fn}32, of random variables on the probability space (2, £, P) is called
multiplicative if for any k€ Nand n; <ny; <--- < n;

E[fﬂxfﬂz "'fﬂh] =0.

By Theorem 3 and Corollary 3 from [13], we obtain the following result.

Corollary 4. If {f;}2, is a uniformly bounded multiplicative orthonormal system on (2, T, P), then
it can be majorized in distribution by the Rademacher system.

Remark 4. In [13] it was shown that under the conditions of Corollary 4 the vector (f1, f2, ..., f) has
the same distribution as the conditional expectation E[(g1, g2,...,9x)|R] of the vector (g1,92,.--,9n),
which has the same distribution as the vector (r1,72,...,r,). This does not imply the assertion of
Corollary 4, since the operator of the conditional expectation can even be unbounded in a symmetric
space if it is not an interpolation space between L; and L., (see, for example, {14, pp. 128-129]).

§3. Isolation of the exponentially integrable subsystems

In the proof of the following assertion an idea from [15, Lemma A] is used.

Lemma. Suppose that {fn}32, is a sequence of random variables defined on the probability space
(2,%,P), lfalw) M, we 2, neN, and fn — 0 weakly in Ly(Q). Then there ezist {fn,;}2; C

{fa}32, and a sequence of random variables {gr}7>, such that

1) lgr(w)| <2M, weQ, keN;
2) Elgklg1s---9k—1] =0 almost everywhere on Q;
3) lIfnu —gille <27%, k€ N.

Proof. Let us prove this assertion by induction. Since the f, tend to zero weakly in L,(Q), we can
find an n; such that

1
Elfnill < 5 (18)

There exists a finite-valued function h; for which |h;(w)] < M and

: (19)

(=2 N

E“fnx - hl” <
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We set g1 = hy — E[hy]. Then E[g;] = 0 and |g;(w)| < 2M . Moreover, it follows from inequalities {18)
and (19) that

1fns = gl < Ellfa, — hal) + Ellhs = g1l] = Elfay — hal] + [El4]
< 26 fo, — hull + [ELfon]l < 5.

We assume that k& > 1 and that the obtained values fn,,...,fn,_, 1 < n1 < +-+ < ng_; and
g1,-.-,gk—1 are such that forall s=1,...,k—-1

a) |gs(w)| < 2M;
b) g, is a constant on the sets e?) CR,i=1,...,1,, eg')ﬂeg') =& (i # j) and ;e = 0;

moreover, es’) lie entirely in the sets of constancy eg'_l)

c) E[gslg1,--.495s—1] = 0 almost everywhere on Q;
d) "fn. - ga”a <27,
Then we obtain the next pair of values f,, and gi satisfying the same conditions. Since f, — 0
weakly in L,(2), there exists an ny > ng.; such that forall : =1,...,%;-; we have

,1=1,...,%1,_1, of the function g,—;;

ey Fnte1ape)] < Zmpett=), (20)

Suppose that h; is a finite-valued function, |hx(w)| < M, whose sets of constancy are all contained
entirely in the sets egk_l) (t=1,...,ik~1), and moreover for all i =1,...,i;-; we can write
-k

k |
Lo Vst sl apie) < () i) 1)

Set gx = hx — E[hklg1,-..,9k—1]. Then E[gi|g1,...,gk-1] = 0 almost everywhere on  and we have

lgk(w)] < 2M . Since for w € egk—l) and an arbitrary random variable f on {1 we can write

Elflgts .- gia)(w) = P(e* )7 / wyy F() 4P (),
in view of (21), it follows that

[Elfar = helgr, o gema]l € _max  P(i")™ / oy o () = hi(w) | dP(u)

=1, 0k1

1/k —k
< s P [ i) - mirar@) < 20

=108k

Therefore, using (20), we obtain
9—k+1
3

[E{hlgr, -« -y gr—1]l < |E[fny — Rklg1y .-+ gr-1]| + [Elfnilgr, - - gr—1]]

Combining this with inequalities (21), we find that
2~k .
Ifr = gelle < Wl i = Ralle + lThe = gille < —= + [[E[Rilgr, - ge-a]lle <277,

and the proof of the lemma is complete. O

The following assertion was stated without proof by V. F. Gaposhkin [16, Theorem 1.3.2]. The proof
was communicated to me bty the author and is given here with his permission.
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Theorem 4. Suppose that {f,}72, is an orthonormal sequence of random variables on the probability
space (Q,5,P), |fa(w)| <M, we Q n € N. There ezists a subsequence {fn,}2, C {fn}32, such that
for any sequence a = (a;)2, € €, the function f = 32, aifn, belongs to Ln, where LN is the Orlicz

space constructed for the function N(t) =e* — 1.

Proof. Since f, — 0 weakly in L;(Q2), by the lemma there exist {fn,}32, C {fn}32, and {gc}2,
such that |gi(w)| < 2M, E[gklg1,.--,9k-1] = 0 almost everywhere and

”gk - fm.”k < 2_k1 ke N. (22)

Note that the sequence {gx} is multiplicative. In fact, since for arbitrary k; < -+ < ky, (see [12, p. 13
of the Russian translation])

Elgkm8ky **  Ghmos|Ghys v ey Ghmey] = Gky = Gk ElGEn |9ky s - - 3 Gy ] = 0,

it follows that
Elgr, -« Gk _1Gkn] = /ﬂ Elgr, gk, = Gk_1 gk, = Gk on_, | dP(w) = 0.

In view of {13, Corollary 3], for multiplicative systems we have

< Cypll(ae)llz,

P

where C = C(M) > 0 is independent of (bi) € £, and p € (1,00). Therefore, using (22), for f =
221 a; fn; and arbitrary k € N we obtain

k oo oo k 1/2 k 1/2
1flle < || aifa; 37 ailfm —g)|| +|| Y aigf < (Za?) (Zf,’.,.)
i=1 k i=k+1 k i=k+1 k i=1 i=1 k
el 1/2 0 1/2 oo
+( Y a?) ( Y (fa —gi)z) 1D i
i=k+1 i=k+1 k i=k+1 k
k 1/2 o 1/2 o 0 1/2
SM\/E(Za?) +( > a?) S Nfn -g;||i+cw:( 3 af)
i=1 i=k+1 i=k+1 i=k+1

<(C + M +1)VE|a]:.
The expansion
mE u_ u>0
k ?
k=0

yields

2 < . Q
/ﬂ(eulf(w)l \2 o / |f(w)P*dP(w) <Y (C + M +1)? ,(2k)‘||aII§‘-
k=1 ’

Since this series is convergent for 0 < u < (2¢)7(C + M +1)7%(|lal|2) "2, it follows that f belongs to the
Orlicz space Ly, N(t) = e’ — 1, and the theorem is proved. O

Theorems 3 and 4 imply the main result of the paper.
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Theorem 5. Suppose that {fo}32, is an orthonormal sequence of random variables on the probability
space (Q,Z,P), |fa(w)] <M, we, neN,

Then from {fn}32, we can eztract a subsequence {fn,}2, C {fn}3%, that is majorized in distribution
by the Rademacher system. This means that for some C = C(M) > 0 independent of m € N, a = (ai)2,,
and z > 0 the following relation is valid:

P{w €N: éa,-fn,.(w)l >z} gcl{t €[0,1]:

gam(t)l > %}'

In conclusion, the author wishes to express his gratitude to V. F. Gaposhkin for advice on questions
related to the last part of this paper.

References

1. S. Kaczmarg and H. Steinhaus, Theorie der Orthogonalreihen, Warsaw-Lvov (1935).
2. C. G. Krein, Yu. I. Petunin, and E. M. Semenov, Interpolation of Linear Operators [in Russian], Nauka, Moscow (1978).
3. J. Bergh and J. L3fstrdm, Interpolation Spaces. An Introduction, Springer-Verlag, Berlin-Heidelberg-New York (1976).
4. S. V. Astashkin, “On the interpolation of subspaces of symmetric spaces generated by the Rademacher system,” Isv.
RAEN. Ser. MMMIU, 1, No. 1, 18-35 (1997).
5. S. V. Astashkin, “Series in the Rademacher system that are “close to” Lo, ,” Funktsional. Anal. i Priloghen. {Functional
Anal. Appl.) (to appear).
6. S. Montgomery-Smith, “The distribution of Rademacher sums,” Proc. Amer. Math. Soc., 109, No. 2, 517-522 (1990).
7. T. Holmstedt, “Interpolation of quasi-normed spaces,” Math. Scand., 26, 177-199.(1970).
8. S. J. Szarek, “On the best constants in the Khinchine inequality,” Studia Math., 58, 197-208 (1976).
9. N. H. Asmar and S. Montgomery-Smith, “On the distribution of Sidon series,” Ark. Mat., 31, No. 1, 13-26 (1993).
10. Ya. B. Rutitskii, “On some classes of measurable functions,” Uspekhi Mat. Nauk [Russian Math. Surveys], 20, No. 4,
205-208 (1965).
11. A. Zygmund, Trigonometric Series, Vol. 1, Cambridge Univ. Press, Cambridge (1959).
12. R. Elliott, Stochastic Calculus and Applications, Springer-Verlag, Heidelberg (1983).
13. J. Jakubowski and S. Kwapien, “On multiplicative systems of functions,” Bull. Acad. Polon. Sci. Ser. Sci. Math., 27,
No. 9, 689694 (1979).
14. J. Lindenstrauss and L. Txafriri, Classical Banach Spaces, Vol. 2, Springer, Berlin (1979).
15. V.F. Gaposhkin, “Convergence and limiting theorems for subsequences of random values,” Teor. Veroyatnost. i Primenen.
[Theory Probab. Appl], 17, No. 3, 401-423 (1972).
16. V. F. Gaposhkin, “Gap series and independent functions,” Uspekhi Mat. Nauk [Russian Math. Surveys], 21, No. 6, 3-82
(1966).

SAMARA STATE UNIVERSITY
E-mail address: astashkn@ssu.samara.ru

417



