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B R I E F  C O M M U N I C A T I O N S  

O n  S e r i e s  w i t h  R e s p e c t  t o  t h e  R a d e m a c h e r  S y s t e m  

i n  R e a r r a n g e m e n t  I n v a r i a n t  S p a c e s  " C l o s e "  t o  Lco 

S. V .  Astashkin UDC 517.982.27 

Let 

rk(t) = signsin 2k-lrt 
be the system of Rademacher functions on [0, I]. 

a co For a = ( k)k=I E 12 we define the linear operator 

co 

Ta(t) = ~ akrk(t) 

( k =  1 , 2 , . . . )  

(t e [0, 11). (1) 
k=l  

If Ilallp = (E =I laklP) 1/p as usual, then it follows from the Khinchin inequality that 

IITallLp[O, lJ • [lal12 (2) 
for 1 _< p < oo (this means the existence of two-sided estimates with constants depending on p only). 
Moreover, we can readily verify the relation 

IITallL| = Ilalll. (3) 
More detailed information on the behavior of series with respect to the Raclemacher system can be obtained 
by treating these series in the framework of general rearrangement invariant spaces. 

Recall that a Banach space X of measurable functions x = x ( t )  on [0, 1] is said to be rearrangement 
invariant (r.i.s.) if the relations x*(t) < y*(t) (t E [0, 1]) and y E X imply the relation~ x E X and 
[[x[[ < [[YH (where z*(t) is the nonincreasing rearrangement of a function [z(t)[ [1, p. 83]). For any r.i.s. 
X on [0, 1] we have Loo C X C L1 [1, p. 124]. 

An Orlicz space is an important example of an r.i.s. Let N(t)  be an increasing convex function on 
[0, co) such that  N(0) = 0 and lim,,_~0 N(u) /u  = lim=_~co u/N(u)  = O. The Orlicz space LN consists of 
all measurable functions x = x(t) on [0, 1] such that 

HxiIN = inf {u  > O : jo l i N k  u/([x(t)l~d t < l } < co . 

In particular, if N(t)  = t p (1 < p < co), then LN = Lp. In the problems discussed below, a special role 
is played by the Orlicz space LM, where M(t)  = exp (t 2) - 1, or, more precisely, the closure of Lco in 
the space LM, which is denoted by G. 

As was proved in [2], the norm of an r.i.s. X is equivalent to the norm of/2 on the linear span of the 
Rademacher functions (i.e., a relation similar to (2) holds for X) if and only if X D G. 

In this note we present results on the behavior of series with respect to the Rademacher system in an 
r.i.s. X that is intermediate between Lco and G. The main role here is played by notions and methods 
of the interpolation theory of linear operators. 

For a Banach pair (X0, X1), x E X0 + X1, and t > 0, we introduce the Peetre ~-functional as follows: 

JK(t ,x;  Xo, X1) = inf{HxoHx o + tHxliIx , : x = xo + Xl, xi E x i } .  
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Let 310 be a subspace of X0 and let 311 be a subspace of X1. A pair (Y0,311) is called a Jc~-subpair of 
the pair (X0, X1) if 

y; Yo, Y1) • y; Xo,  x l )  

with constants that do not depend on y E Yo + ]I1 and t > 0. 
In particular, if Yi = P ( X i )  (i = 0, 1), where P is a bounded linear projection in Xo and X1, then 

(Yo, Y1) is a J~-subpair of (Xo, X1) [3, p. 136 of the Russian translation]. At the same time, there are 
many examples of subpairs that are not Jg:-subpairs (see [3, p. 589 of the Russian translation; 4] and 
Remark 1 of the present note). 

Consider the case in which Xo = L ~ ,  X1 --- G, Yo = T( l l ) ,  and ]I1 = T(12), where T is the operator 
given by (1). It follows from relation (3) and from the above statement of [2] that 

9g'(t, Ta ; T( l l ) ,  T(12)) • 3g'(t, a ; ll,12) . (4) 

In spite of the fact that T(ll) is not complemented in Loo [5], the following statement holds. 

T h e o r e m  1. The pair (T(ll) ,  T(12)) is a ~ -subpair  of  pair (Loo, G) .  In other words, by (4) 

.Yd'(t, T a  ; Loo, G) x ~ ( t ,  a ; l l ,  12) 

(3O with constants that do not depend on a = (ak)k=l E 12 and t > O. 

In the proof of Theorem 1, the result of [6] on the distribution of Rademacher snms is used. 

R e m a r k  1. The assertion of Theorem 1 fails if the space G is replaced by L n for any p < co. 

Every r.i.s. X naturally generates the coordinate sequence space of the coefficients of series with respect 
to the Rademacher system. Theorem 1 allows one to find this coordinate space for the case in which X 
is an interpolation space between Loo and G (that is, Loo C X C G and each linear operator bounded 
in Loo and G is bounded in X).  

Let E be a Banach ideal space of two-sided sequences such that (rain(l ,  2k))~~ E E .  If (X0, X1) 
is a Banach pair, then the space (X0, X 1 ) ~  corresponding to the real ~--method of interpolation consists 
of all x E Xo + X1 such that  

I1 11 = x ;  Xo, xl))kll  < oo. 

In the special case E = lp(2-k~ 0 < 8 < 1, 1 < p _< c~, we obtain the classical spaces (Xo, X1)0,p (for 
the detailed exposition of their properties, see [7]). 

If an r.i.s. X is an interpolation space between Loo and G, then it is described by the real ~ -me thod  [8]. 
This means that  

x = (Loo, (5) 

for some parameter E .  Therefore, Theorem 1 implies the following assertion. 

T h e o r e m  2. Let  r.i.s. X be an interpolation space between Loo and G and let relation (5) hold. In 
this case, :for the sequence space F = (l l , /2)~ ~e" we have 

II a rk • II(a )llF- 
_ X 

This result shows that  the correspondence established in Theorem 2 is one-to-one. 

T h e o r e m  3. Let r.i.s. 's Xo and X1 be two interpolation spaces between Loo and G.  I:f 

akrk ~ ~ akrk , 
_ Xo k = l  X 1  

then Xo = X1 ,  and the norms in Xo and X1 are equivalent. 
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The above results allow one to find the sequence spaces of the coefficients of series with respect to the 
Rademacher system for concrete r.i.s.'s. 

In the examples below, ~ _> 0 is an increasing concave function. 

Example  1. The Lorentz r.i.s. Ap(~) (1 < p < c~) consists of all measurable functions x = x(s) such 
that 

II=II ,, = d o(s) < o o .  

In particular, if ~(s) = log21-p 2 / s  and 1 < p < 2, then 

a k r  k x a k  p �9 

_ " ~ P , P  

Example  2. The Marcinkiewicz r.i.s. M(~) consists of all measurable functions x = x(s)  such that 

HXHMCcP) sup { ~--~t) ~0 t } = x * ( s ) d s : O < t < _ l  < o o .  

In particular, if ~(t) = t log 2 log 2 16/ t ,  then 

Hk~_l II { 1 ~ a* ) 
akrk x JJ(ak)JJh(ln) = sup log2(2k ) i : k = 1, 2 , . . .  , 

_ M ( ~ )  i = 1  

where (a~) is the nonincreasing rearrangement of a sequence (Jakl)k~176 1 . 

R e m a r k  2. Theorems 2 and 3 strengthen results of [2], where similar statements were obtained for 
sequence spaces F satisfying more restrictive conditions. For instance, we can readily show that the norm 
of the dilation operator 

f i n n  --" ( a l ,  . . .  , a l ,  a 2 ,  . . .  , a 2 ,  . . . )  
% �9 �9 �9 

Y 

n n 

in the space ll(ln) (see Example 2) is equal to n. Therefore, condition (11) of [2] fails for this space, and 
the theorems obtained in [2] cannot be applied to this operator. 

R e m a r k  3. Theorems 1-3 can readily be extended to lacunary trigonometric series by means of results 
in [9]. 
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