ON CONES OF STEP FUNCTIONS IN

REARRANGEMENT INVARIANT SPACES
S. V. Astashkin UDC 517.982.27

1. We recall that a rearrangement invariant space (r.i. space) is a Banach space X of measurable
functions on [0, 1] for which

(1) from y € X and |z(¢)| < |y(¢)] it follows that z € X and ||z]|x < ||yllx;

(2) if y € X and |z(¢)| is equimeasurable with |y(t)|, then z € X and ||z|x = ||y]|x.
The theory of r.i. spaces is presented in [1].

Let X be an r.i. space on [0,1]. Then it is uniquely determined by the cone of functions y € X

of the form
oG

y(t) - Z CkX(z-—lc12—~k+1](t),
k=1
where ¢ > 0, ¢y < cgy1 (k= 1,2,...), and x. denotes the characteristic function of a set e C [0,1].
Indeed, given z € X, put

y(t) = Zx*(2_k+1)X(2—k,2~’c+1](t)y
k=1

where z*(t) is the nondecreasing rearrangement of |z(t)| [1]. Then y < z* < o9y, where oyz(u) =
z(u/s)x[o,1)(u/s) is the dilation operator. Since |logf|x—x < max(l,s) {1], the preceding inequality
implies that {jy|lx <{lzllx < 2]lyllx.

Let ® be a class of r.i. spaces, and let Xy € ®. We say that a system {eg}2,; of subsets of [0, 1]
determines Xy in the class ® if the equivalence of the norms of Xy and of an arbitrary r.1. space
X € ® on the cone of functions of the form

[o.0]
y(t):zckXek(t) (Ck_>_0,ck £6k+1, k:1:27)
k=1

Pt
st
N

implies that X = X (isomorphism).

In the case when @ is the class of all maximal r.i. spaces [1], the problem was considered in [2].
The answer obtained there testifies to some degeneracy of the problem as stated: if, for instance, the
fundamental function of Xj is polynomial, then a system {e;} of pairwise disjoint subsets determines

Xo if and only if supg_y 2 ar/ar41 < oo for the measures p(er) = aj (as a matter of fact, we arrive
at the case investigated above: a; = 27% ). The reason behind that lies in “too” strong influence of
the fundamental function of the r.i. space in question. Seemingly, the problem becomes more relevant
if we consider the classes consisting of r.i. spaces with the same fundamental function.

Now, we recall some definitions. Besides L, (1 < p < o0), among important examples of r.i.
spaces are the Lorentz space A(p) and the Marcinkiewicz space M(p):

f : *(s)ds
lells = [ =)o) el = sup ﬁ’—;(%)d—
J ;

where ¢(t) is an increasing concave function on [0, 1], ¢(0) = 0. The equality

olt) 0<s$18nlilf(1,1/t) v(s) ( )

Samara. Translated from Sibirskii Matematicheskii Zhurnal, Vol. 34, No. 4, pp. 7-16, July-August, 1993.
Original article submitted April 2, 1992.

0037-4466/93/3404-0597 $12.50 (¢) 1993 Plenum Publishing Corporation 597



determines the dilation function for ¢(¢). The behavior of M(t) characterizes the lower and upper
dilation exponents

. InM(2) . InM(2)

Y= AN Ty 0 YT AR TR, )

In particular, if we take as p(t) the fundamental function px(t) = Ix(0,5llx of an r.i. space X (for

Ly, it equals t1/7; for A(p), o(t); and for M(p), 3(t) = t/¢(t)), then we obtain the numbers yx = Yox
and éx = by, . If we substitute the norm ||oy||x— x, of the dilation operator, for My(t) in (2), then
we arrive at the definition of the Boyd indices ay and 8x of the space X.

2. In what follows we consider systems {eg}32, of subsets of [0,1] whose measures p(e;) = a
satisfy the relations

o o]

0 < apy1 < ag, Zaks 1 (3)
k=1
1 o0
sup — a < 00. 4

As is well known, condition (4) means that the sequence {a;} can be partitioned into a finite num-
ber of subsequences so that the members of each subsequence decrease not slower than a geometric
progression [3, p. 22].

We recall that a space X is referred to as an interpolation space between Banach spaces Xy and
X if every linear operator bounded over X and X is bounded over X.

Theorem 1. Let v(t) be an increasing concave function on [0,1], 0 < vy < gy < 1, and let an

~

r.i. space X on [0,1] be an interpolation space between A(¢) and M(%), X = xs/lIxsllx (b C [0,1]).
If Ay = {ex}$2, and Ay = {fi}52, are two systems of subsets of [0,1] for which conditions (3) and
(4) hold, then

oo o0
Z CkXer|| = Z CEX £
k=1 X k=1 X

for arbitrary numbers ¢ > 0 (k= 1,2,...); ie., there exists an A > 0 independent of {c;} and such
that

e @] o0 o0
A Z ChXep| S Z Xl <A Z CkXey
k=1 X k=1 X k=1 X

PROOF. Given a system of pairwise disjoint sets A = {gx}32;, 9 C [0,1], put Ta to denote the

averaging operator
(o ¢]

Tus(t)= Y. = [ o) ds xalt)

=1 gi

i~

Since ||Ta ||l Log—Loo = ||ITa}l2;—L; = 1 and since A(¢) and M(y) are exact interpolation spaces between
L1 and Lo [1, §5], we have

ITala@)-a) S 1 ITallygyneg) S T

Therefore, Ta is bounded in X.
From the conditions of the theorem it follows that the value szil CkXe, ” y depends only on the

numbers ¢ > 0 and p(eg) [4]. Therefore, without loss of generality, we can assume that the sets eg
(and, similarly, f) are pairwise disjoint.
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On the image of TAI(M(J)), we define the operator S:

S (Y di%e,) = Y iy,

As was shown in [4], if 0 < vy < 6y < 1 then
=[Sl S [Ea
HZ EXew [ 5 ) > dixy, AS) ‘Z;l o D dkXe,
for all dy (k =1,2,...). Therefore, the operator STh, is continuous over X and

2w = 57 (Lewma)] < 4 [ X erre

where A; > 0 is independent of ¢, k£ = 1,2,.... By interchanging Ay and Aj, we similarly obtain

IS, < 4T

-~ d 5
M) Sgp; kl (5)

M) “Zdﬂf’”

X’

X

for some Ay > 0. : B
Denote by I(1) the class of all r.i. spaces that are interpolation spaces between A(t) and M(d)).

Theorem 2. Let a system {ex}32,, e C [0,1], satisfy conditions (3) and (4), Xy € (%), and
0 <7y <6y < 1. Then the system {e}} determines Xy with respect to I(1); i.e., the equivalence

I e, =[5 e

for X € I(+) implies that X = Xp.

(OSC}CSC}H._I, k=1,2,)
Xo

The proof follows from Theorem 1 with fi = (27%,27%+!] (k= 1,2,.. .) and from the remarks
made at the beginning of the article.

Corollary. Let anr.i. space X on [0,1] be an interpolation space between A(t'/?) and M(t1-1/py,
1 <p < oo. If there exists a system {ex}32 ;, ex C [0,1], satisfying (3) and (4) and such that

oo 1/}’
~ ( C’;Z#(Bk))
X k=1

for all ¢y, 0 < < gy (K =1,2,...), then X = L,.

The proof follows from the fact that L, is an interpolation space between A(¢1/?) and M(t=1/p) 5,
p. 148].

A similar result is valid for the general Orlicz spaces [6] as well.

o o]

Z CkXey

k=1

3. We will show that assertions like Theorems 1 and 2 of the previous section fail if we “slightly”
widen the class of r.i. spaces.

Given an increasing concave function ¢ on [0, 1], we denote by J (1) the class of all r.i. spaces X
whose fundamental function is equivalent to 1(t) and the Boyd indices coincide with the corresponding
dilation exponents: ax = vy, Bx = &y. It is easy to show that I(+) C J(4); moreover, the embedding
is strict (this, in particular, follows from Theorem 3).

We recall the concept of the real interpolation method.

Let (Xo, X1) be a Banach pair and let E be an ideal structure of number sequences a = (a;)52 _,

interpolatory between lo, and [ (27%) (if F'is an ideal structure, v = (vg), with vy > 0, then
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(@)l vy = ll(a5v;)||F). The K-method space (Xo, X1)% (which is an interpolation space between
31 F (vg) 7% E
Xo and Xi) consists of z € Xy + X; with finite norm

Izl = 11(C(2", z; Xo, X))l 5,

where
Kt 2 Xo, X1) = _inf  {|lzollxo + tll2allx, }-
i €X;

Henceforth it will be convenient, for the time being, to deal with rearrangement invariant spaces
of functions defined on the half-axes (0, 00). From the equality

K(t,z; L1, L) = /x*(s) ds (t>0)
0

it follows that, f.- <8< 1,1 <p<oo,and lp, = lp(2"(9‘1)),

A) = (L1, Loo)iS,» (6)
M) = (L1, L) _, )

where the Lorentz and Marcinkiewicz spaces on (0, c0) are defined by analogy with those on [0, 1] [1].
First, we prove an auxiliary claim of independent interest.

Proposition. Let X be an r.i. space on (0,00), X = (LI,Lw)g, and let loo ¢ F. Then

logllx =~ 2¥|Pille (h=0,£142,...),

where Pr(aj) = (a;4k)j2_o is the shift operator on E.

Proor. We will show that ) _
logeallx = 27| P_g (S (2 )| & (8)

for z € X, where f(t) = K(t,z; L1, Lo ). Indeed, we have

oJ

logrzllx = [1(K(2,2(27*s); L1, Loo))jll £ = /m*(rks)ds = 28| P (F (2 )5

0 il

In particular, equality (8) yields
loge || < 25| P

Furthermore, since E is interpolatory between lo, and loo(Z‘k), there exists a C1 > 0 such that, for

each a = (a;) € E, the sequence @ = (@),

@r = K(2F, 0100, [oo(277)) = sup [min(1,2577){a,]],
7=0,%1,...

belongs to E too and ||a||g < Cille|le [T, §7].
Observe also that |ag| < @ and that

lim @ =0 (9)

k——oc0
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by the monotonicity of {@;} and the condition I, ¢ E. For a € E, we introduce the function
fa(t) = Z?’:_w EkX[zk,2k+1)(t). Since

falts) < falta), fat(jz) < ofalt)

t1

for t; < tg, the function f, is equivalent to its least concave majorant f, [1, p. 63]. In view of (9),
the function f, is absolutely continuous on [0, c0); therefore,

"C(zk?—fa'; Ly, Loo) = Ta(zk) ~ fa(zk) = Q.

Consequently, f,' € X, and (8) and the monotonicity of P imply

2| P_gallp < 2kﬂP~kaE < 2 P_e(Fu(PNE
= |log (o )lx < ol 1(F @D < C1Ca||oge]| |lal &,

where C is the constant in the preceding equivalence. The proposition is proven.
For simplicity, in what follows we confine ourselves to the case 9)(t) = 12,

Theorem 3. There exists an r.i. space Y on [0,1], Y € J(t'/?), such that Y # A(Y?) and

o0

Z Ck?ek

k=1

~ || (ex )l (10)
Y

for all ¢y > 0 and for some system {ex}3>, of pairwise disjoint subsets of [0, 1] satisfying conditions (3)
and (4).

PROOF. There exists a shift-invariant ideal structure on @ (i.e., SUPk=0,41,.. | PkllG—G < 00) such
that, for arbitrary two infinite sets U C Z and V C Z, the restrictions GIU and GIV coincide with
ll}U and Co!v [8, Proposition 1]. Without loss of generality, we can assume that U C Z_, V < Z.,
and Z- = {0,~1,-2,...}. Denote E = G(27%/2) and X = (L1, Lo). Then X is an r.i. space on
(0,00). Since I} C G C lo, we have A(tY/?) C X C M(t1/2) by (6) and (7); thereby, px(t) =~ tY/2. It
is straightforward that || P¢||g = 2%/2 (see also [9]). Therefore, by the Proposition, ookl x o x ~ 2F/2;
whence [|ot]|x—»x =~ t1/2 and Yx = ax = §x = Bx = 1/2 by quasiconcavity [1, p. 70].
Let U = {~nk},;“;l, where 1 < n; < ng < .... Then the system {ek}le, ep = (2741 27]

obviously satisfies conditions (3) and (4). If ¢x > 0, then, in virtue of the embedding AV c X
and relations (5), we have

lvllx < Myllagersy < Anlitee)l

fory =377, kX, Conversely, if —n; < k < —n;_3,7=2,3,..., then
2k 9F -
"C(Qkay; Ll,Loo) = /y*(s) ds > /y(s) ds 2 ZCizni/z(Q—ni _ 2~—ni+1)
0 0 z=]

+ej12m-2(9F 9Ty > 1/ ok tmi-/2,,

Denote b = (by), where by = 2”k/21C(2k,y;L1,Loo) for —n; <k < -—-n;_;,7=2,3,...,and b = 0 for
the rest of k € Z. Then, by the preceding inequality,

- - _ 1 o
lvllx 2 bl = 16276 > 1027 61, = 16271y, 2 52 Jes]-
j=1
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Thus,

[o.o]

Z CkXe,

k=1

~ [l(e)lln-

X

Denote by Y the space of all measurable functions z = z(t) on [0, 1] whose extensions by zero onto
[0, 00) belong to X, the space Y being endowed with the norm equal to the norm of the extension in
X. Then Y is an r.i. space on [0,1], v = ay = fy = 8y = 1/2, and (10) holds. The spaces I;(27*/2)
and E = G(27*/2) are interpolation spaces between Iy, and loo(27%/2) [9]. Therefore, if we suppose
that Y = A(¢'/?) on [0,1], then, arguing as in the second part of the proof of the Proposition, we
can show that I;(27%/2) ‘Z- =F IZ—’ ie, G |Z_ = l1|;_ (see also [10, Proposition 2]). The last fact
contradicts the choice of the space G. The theorem is proven.

4. Denote by F(1) the class of those r.i. spaces on [0, 1] which have fundamental function ().
We will show that the claim of Theorem 2 fails for F'(1) even if we replace the equivalence of norms
on the cone of functions of the form (1) by their isometric coincidence.

We recall that, for the dilation exponents of the fundamental function and the Boyd indices of
an r.i. space, we always have 0 < axy < vx < éx < fx < 1. For the most important classes of r.i.
spaces (Lorentz spaces, Marcinkiewicz spaces, and Orlicz spaces), we moreover have ax = yx and
Bx = 6x. Nevertheless, in [11] was presented a first example of an r.i. space on [0,1] for which the
last fails. (Since then such r.i. spaces have been called the spaces of nonfundamental type.)

Here we construct an r.i. space X of nonfundamental type on [0, 1] for which px(t) = t'/2 (hence,
vx = 6x =1/2), ax =0, and fx = 1, and, at the same time, the norm in X agrees with the norm
in Ly on some cone of step functions of the form (1). Henceforth, we denote

1 1 1/2

@)= [s@uodt, Jola = | [l
0

0

ForneN,n>2, 1<i:<n,and 0 < b<1, weput
a0 =0, a;i=2"0""n"1 hy=b"x(0 4, hi = hay, % = RiX(ar_y,00);

Wy = n~1/2 sup h;=n —1/2 Zu,, gn(8) = onwn(s) = wa(s/n), rp(s) = oy—1wn(s) = wa(sn).

1=1,...,n i=1

First of all, we estimate supgcp<1(gn, hs) and supgep<i(Ta, he) (n = 2,3, ... ). For 1 < j < n, making
simple calculatlons we obtain

n(j—n)
_1/ . _ 2
/Zu'dt (ai = aiza) = (20 — 1)nl/2’
1<
Therefore,

1

j 1 n 1
(W, bj) = n~ /2 Z/u,‘hjdt+ Z /u.-h,-dt = n~1/2 /u,-h,-dt
0

1<J 1<y

+Z/u,h dt) <n V214 "1/2/2” dt | <n V142" -1)7N
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Now, if a; < b < aj+1 (1 <7 < n), then

a4

b
(wn, hp) < /w,,h,- dt +n~1/? / wipthydt <n Y224+ (27 = 1)7Y).

0 a;
The last inequality is obviously valid for 0 < b < a1 and a, < b < 1 as well. Thus,
(wn, hp) <n7 224 (27 - 1)71] (11)
forall 0 <8< 1. If c=b/n and d = bn, then

1/n 1
(gn, hp) =n / wn(t)hy(tn) dt = n'/? [wn(t)hc(t) dt,
] o
i/n 1
(rn, hp) = 1 / wa(t)hy(t/n) dt = n~1/2 /wn(t)hd(t) dt.
n
0 0
Consequently, in view of (11),
sup (gn,hp) <2+ (2" -1)71 <3, (12)
0<b<1
1 n 11 3
sup (ra, hp) < =24+ (2" -1)7"] < —. (13)
0<b<1 i n

We will define a cone V' and thus a space X. Take a sequence of natural numbers by putting
ny = 2 and

g1 = 220 =Up 0 (m = 1,2,...). (14)
If (am i is the collection of points constructed from the number ny, as above, then, by (14}, their
union over m = 1,2,..., enumerated in a natural way, forms a sequence that vanishes monotonously

and the system of all the intervals (a,,a] form a partition of [0,1/2]. Denote by V the cone of
functions of the form

o0 Tum
v(t) = coxqiyz,(t) + Z E i xi,m(t),
m=1 =2
where
Xi,m(t) = X(a;’il,a:”](t) (m L2,. =2,... nm),
0<c<cp Scp1<...<p< ), <... <5 <. SCf,,,c <...<g<

IfQ =V U({h,0 < b <1}, then, by definition, the space X consists of all measurable functions
z = z(t) on [0, 1] for which

1
lzl||lx = sup /m (t)g(t) dt < .
Hﬂh<10

The properties of a rearrangement of a function [1, pp. 88-106] imply that X is an r.i. space on [0, 1].
Moreover, ||g|lx = ||q||2 for ¢ € Q. Therefore,

wx(t) = Ixnllx = t72||he]|2 = /2,

603



and, for wp, = wy,,, we have ||wm||x = ||wmll2 =1 — 272" Hence, Ly C X C M(tl/z) and

3/4 <lwm|lx = |lwmlla <1 (15)

forallm=1,2,.

Prove that ax = 0 and Sx = 1. To this end, it suffices in view of (15) to check that |gm|x = 1
and ||rmllx = 5! (9m = Gnm» Tm = Trpm)- In virtue of relations (12) and (13) and the definition of
X, the last fact is equivalent to uniform boundedness of (gm,v) and np(rm,v) forallv € V, |jv|]2 < 1,
and m € N.

Thus, let v € V and m € N. Represent v as v = v; + vy + v3, with

m—1 nj ) Nm
m
= 2 :CzZXi,j +coXfi/ea) V2= Zci Xim;, V3 =1U—1U1 2.

Since nmay, _; < a’ln"1 by (14); therefore, for n = ny,, we have
1
Gmo) = [ gmordt <n7V [ uemne) e < oo el < [Tl 2
m-1

However, ||unt||2 < 1; consequently,

(gm,'Ul) <l (16)
If 7 =1/nm+1, then
T T
(gm7v3) = /gm'US dt = /wmvg dt,
0 0

since the function wy, is constant on (0, 7). Consequently,

(gm,v3) < [lwmllzllvsf2 < 1. (17)
Finally, we estimate (gm,v2). Represent gm as gm = w,, + w,,, where

n n
— —1/2 -1/2 o —1/2 ~1/2
Wy =1 / Zai X(nai—1,bi-1)y Wm =T a;  X(bi-1,na:)
=1 i=1
m
bi-1 =nai—1+a; —ai-1, n=np, a=2a;.

'~

Since the functions w!, and wy, are equimeasurable, from (15) we infer |wizllz = ||lwmllz < 1. More-
over, it is easy to check that ai_l/z(a,' —ai-1) £27™ai41 — ai)1/2 for 1 <3 <n — 1. Therefore,

(9m,v2) = (Why, v2) + (Wi, v2) < IIW'mllzllvzllz

n—1

2 e = 1) — aica) WZ Ba(oin = ai)”

=1

n—1 1/2 n— 1/2 )
n —
<144 Z (cf31)” (@i — ai)} (E 1) <1+ vall2 < 2
2 \/— =1 1=1
1e.,
(gm,v2) < 2. (18)
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As a result, from (16)-(18) we obtain

(9my) S 4 (19)

for all m € Nand v € V, ||[v]l2 < 1. Arguing in the same way, we can show that {wmy, on,,v) <3 for
m € Nand v € V, ||[v||2 < 1. Therefore,

10.

11.

. V. M. Malamid, “On cones determining rearrangement invariant spaces,

1 3 .
(’"mav) nm(wm,anm )_ fom ( 0)

As has already been said, relations (19) and (20) imply ax =0 and 8x = 1.
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