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1. We recall tha t  a rearrangement invariant space (r.i. space) is a Banach space X of measurable 
functions on [0, 1] for which 

(1) from y e X and Ix(t)[ < [y(t)f it follows that  x e X and l[xtlx < I[yl[x; 
(2) if y e x and ]x(t)] is equimeasurable with [y(t)l , then x e X and !]x!]x = IlyNx. 

The theory of r.i. spaces is presented in [1]. 
Let X be an r.i. space on [0, 1]. Then it is uniquely determined by the cone of functions y E X 

of the form 
(DO 

y(t) = Z c~x(2-~,2-~+ll(t), 
k----1 

where ck >_ O, Ck <__ Ck+l (k = 1, 2 , . . .  ), and Xe denotes the characterist ic function of a set c C [O, I]. 
Indeed, given x C X,  put  

(2,0 

y(t) = ~ x*(2-~+')x(2_~ 2_~+11(t), 
k--1 

where x*(t) is the nondecreasing rearrangement of ]x(t)t [1]. Then y <_ x* <_ a2y, where crsz(u) = 
z(u/s)X[o,1](u/s) is the dilat ion operator.  Since Ila~Hx_,x <_ max(1,s)  [1], the  preceding inequality 

implies tha t  iiYlIX <-ilxllx <- 211Yllx. 
ro 1] Let (I) be a class of r.i. spaces, and let X0 E 4). We say that  a system {ek}k=l of subsets of [ , 

determines X0 in the c/ass r if the equivalence of the norms of X0 and of an arbi t rary  r.i. space 
X E (I) on the cone of functions of the form 

y(t) = ~ c ~ , ( t )  (~k _> 0,~k _< ~k+~, k : 1 ,2 , . . . )  (1) 
k=l 

implies tha t  X = X0 (isomorphism). 
In the case when �9 is the class of all maximal  r.i. spaces [1], the problem was considered in [2]. 

The answer obta ined there testifies to some degeneracy of the problem as stated: if, for instance, the 
fundamenta l  funct ion of X0 is polynomial ,  then a system {ek} of pairwise disjoint subsets determines 
X0 if and only if supk=l,2,.." ak/ak+ I < cx~ for the measures #(ek) -- ak (as a ma t te r  of fact, we arrive 

at the case investigated above: ak = 2 -k ). The reason behind that  lies in "too" strong influence of 
the fundamenta l  function of the r.i. space in question. Seemingly, the problem becomes more relevant 
if we consider the classes consisting of r.i. spaces with the same fundamenta l  function. 

Now, we recall some definitions. Besides Lp (1 <__ p _< co), among impor tan t  examples of r.i. 
spaces are the Lorentz space A(T) and the Marcinkiewicz space M(T): 

1 
x*(s) ds 

II~tb~(~l = / ~*(~)d~(s), II~tIM(~)= sup 
o<,<1 ~o(t) ' 

0 

where T(t) is an increasing concave function on [0, 1], ~ ( 0 ) =  0. The equali ty 

z4~(t) = sup ~,(st) (t > 0) 
O<s<min(1,1/t) ~(S) 
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determines the di lat ion function for ~(t) .  The behavior of .M~,(t) characterizes the lower and upper 
dilation exponents  

In ~4~(t)  In A4~(t) 
7,p = l im 5,p = lim (2) 

t-,0+ ln t  ' t-~oo l n t  

In part icular ,  if we take as ~(t)  the fundamenta l  function ~x( t )  = ]lx(o,t)lIx of an r.i. space X (for 

L, ,  it equals tl/P; for A(q~), qa(t); and for M(~),  ~'(t) = t /~(t)) ,  then we obtain the numbers 7x  = %,x 
and 5x = 5~,x" If we subst i tute  the norm [lotllx-.x, of the dilation operator,  for .M~,(t) in (2), then 
we arrive at the definition of the Boyd indices a x  and /3x  of the space X.  

e ( x )  2. In what  follows we consider systems { k}k=l of subsets of [0, 1] whose measures #(ek) = ak 
satisfy the relations 

C(3 

0 < ak+l <_ ak, E ak ~ 1, (3) 
k=l 

OO 
1 

sup - -  E a n  < co. (4) 
k=l,2,.., ak n=k 

As is well known, condit ion (4) means that  the sequence {ak} can be par t i t ioned into a finite num- 
ber of subsequences so tha t  the members of each subsequence decrease not slower than  a geometric 
progression [3, p. 22]. 

We recall tha t  a space X is referred to as an interpolation space between Banach spaces Xo and 
X1 if every linear operator  bounded over X0 and X1 is bounded over X.  

T h e o r e m  1. Let e f t )  be an increasing concave function on [0, 1], 0 < 70 -< ~rr < 1, and let an 
N 

r.i. space X on [0,1] be an interpolation space between A(r and M(r Xb = Xb/llXbllX (b C [0, 1]). 
If  A 1 = {ek}k~ and A 2 = {fk}k~176 are two systems of subsets of [0, 1] for which conditions (3) and 
(4) hold, then 

c~ X k=~l X ck~k ~ Ck~fk 
k=l  

for arbitrary numbers ck >_ 0 (k = 1 , 2 , . . .  ); i.e., there exists an A > 0 independent of { Ck } and such 
that 

I 
k=l  X I X k=l  X k=l 

PROOF. Given a system of pairwise disjoint sets A = {gk}k~=l, gk C [0, 1], put  Tzx to denote the 
averaging operator  

OO 
1 

/ x(s)ds Xg,(t). 52 Tax(t)  
. ( g , )  J i=1 gi 

S i n c e  HTAHLoo_oLoo ~-- ]ITA[ILI-...~LI ~- 1 and since A(r and M(r  are exact in terpolat ion spaces between 
L1 and L ~  [1, w 5], we have 

IIY llA( ) A( ) 1, IIT~llM(~)~M(~) ~ 1. 

Therefore, Tzx is bounded in X.  
From the conditions of the theorem it follows that  the va lue  E T = l  ckxek X depends only on the 

numbers  ck _> 0 and #(ek) [4]. Therefore, without loss of generality, we can assume tha t  the sets ek 
(and, similarly, fk) are pairwise disjoint. 
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On the image of TAI(M(~)), we define the operator S: 

As was shown in [4], if 0 < 7r -< 5r < 1 then 

4 a(r k 

for all dk (k = 1 ,2 , . . .  ). Therefore, the operator S T &  is continuous over X and 

where A1 > 0 is independent of ck, k = 1,2, . . . .  By interchanging A1 and A2, we similarly obtain 

for some A2 > 0. 
Denote by I ( r  the class of all r.i. spaces that are interpolation spaces between A(r and M(,~). 

T h e o r e m  2. Let a system {ek}~'=l, ek C [0, 1], satisfy conditions (3) and (4), X0 E I ( r  and 
0 < 7r <- 5~ < 1. Then the system {ek} determines Xo with respect to I ( r  i.e., the equivalence 

(0 < ck <_ ck+l, k = 1 ,2 , . . .  ) 

for X r I ( r  implies that X = Xo. 

The proof follows from Theorem 1 with fk = (2 -k, 2 -k+!] (k = 1, 2 , . . .  ) and from the remarks 
made at the beginning of the article. 

C o r o l l a r y .  Let an r.i. space X on [0, 1] be an interpolation space between A(tl/p) and M(t~-UP), 
1 < p < oo. If  there exists a system {ek}~~ ek C [0, 1], satisfying (3) and (4) and such that 

# ek 

for all %, 0 < ck < %+1 (k = 1, 2 , . . . ) ,  then X = Lp. 

The proof follows from the fact that Lp is an interpolation space between A(t l/p) and M(t1-~/p) [5, 
p. 148]. 

A similar result is valid for the general Orlicz spaces [6] as well. 

3. We will show that assertions like Theorems 1 and 2 of the previous section fail if we "slightly" 
widen the class of r.i. spaces. 

Given an increasing concave function r on [0, 1], we denote by J(~b) the class of all r.i. spaces X 
whose fundamental  function is equivalent to r  and the Boyd indices coincide with the corresponding 
dilation exponents: a x  = 7r = 5 o. It is easy to show that I(O) C J(O); moreover, the embedding 
is strict (this, in particular, follows from Theorem 3). 

We recall the concept of the real interpolation method. 
Let (X0, X1) be a Banach pair and let E be an ideal structure of number sequences a = (aj)~=_~ 

interpolatory between l~ and /~(2 -k) (if F is an ideal structure, v = (vk), with vk _> 0, then 
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II(aj)llF(v~) = ll(a~vj)llF) The/(:-method space (Xo ,X1)~  (which is an interpolation space between 
X0 and X1) consists of x C X0 + X1 with finite norm 

Ilxll = ]l(E(2k,z;Xo,Xl))llE, 
where 

Y . ( t , x ; X o , X l )  = inf {llxollxo +t!lxillxl}. 
T,=XO+Xl~ 

zi  6 X i  

Henceforth it will be convenient, for the time being, to deal with rearrangement invariant spaces 
of functions defined on the hMf-axes (0, c~). From the equality 

t 

]C(t,x;L,,Loo) = f 
0 

( t > 0 )  

it follows that,  f i  < 0 < 1, 1 < p < cx~, and 10,p = lp(2k(e-1)), 

A(t 0) (L1 lc = , L e e ) t o , a ,  

M(t l-e) (L1, lc = L~r 

(6) 

(7) 

where the Lorentz and Marcinkiewicz spaces on (0, cx~) are defined by analogy with those on [0, 1] [1]. 
First, we prove an auxiliary claim of independent interest. 

P r o p o s i t i o n .  Let X be an r.i. space on (0, cr X = (L1,L~)~,  and tet l~ r E. Then 

11~2~llx ~ 2kllP-kllE (k = 0,4-1 + 2 , . . . ) ,  

where P k ( a j ) =  (aj+k)j~176 is the shKt operator on E. 

PROOF. We will show that 
11~2~xllx = 2kllP-k(f(2J))llE 

for x E X, where f ( t ) =  E( t , x ;L1 ,L~) .  Indeed, we have 

(s) 

11~2~xllx = II(1C(2J,x(2 -ks); L1, L~))jlIE = x*(2-ks)ds = 2kllP_k(f(2J))llE. 

In particular, equality (8) yields 

l[~2ktl ~ 2kllP-kl]. 

Furthermore, since E is interpolatory between loo and /o~(2-k), there exists a C1 > 0 such that, for 
each a = (aj) e E, the sequence ~ =  (ak), 

~k = K:(2k, a; loo, loo(2-J)) = sup [min(1,2k-J)[ajl], 
j=O,+l,... 

belongs to E too and II~IIE ~< CIlIalIE [7, w 7]. 
Observe also that  ]akt ~_ -d k and that 

lim ~k = 0 
k----+-- ~ 

(9) 
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by the monotonicity of {~k} and the condition loo ~ E. For a ~ E, we introduce the function 
fa(t) = ~F_,k~176 ~X[2*,2*+~)(t). Since 

<_ fo(t2), f (t2) < 
t 2  - -  t l  

for tl < t2, the function f~ is equivalent to its least concave majorant fa  [1, p. 63]. In view of (9), 
the function f a  is absolutely continuous on [0, cr therefore, 

]C(2k, L ' ;  L1, L~)  = fa(2 k) ~ fa(2 k) = ak. 

Consequently, fa' C X ,  and (8) and the monotonicity of Pk imply 

2k[lP_kaI!E < 2k[IP_k~I[E < 2kIlP_k(-fa(2J))[lE 
= [[%~(7a')nX ~< I]~2k[[ H(7~(2J))IIE < C1C2ncr21c][ [lanE, 

where C2 is the constant in the preceding equivalence. The proposition is proven. 
For simplicity, in what follows we confine ourselves to the case 9(t)  = t 1/2. 

T h e o r e m  3. There exists an r.i. space Y on [0, 1], Y E J(tl/2), sach that Y # h(t  1/2) and 

]]~k=~ ck~ky~ ,[(ck)Ht~ (10) 

for all % > 0 and for some system {ek}~'=x o[ pairwise disjoint subsets of [0, 1] satis[ying conditions (3) 
and (4). 

PROOF. There exists a shift-invariant ideal structure on G (i.e., suPk=0,• 1 .... ]lPkIIa-~a < ~)  such 
that, for arbitrary two infinite sets U C Z and V C Z, the restrictions G[u and G v coincide with 
l~lu and colv [8, Proposition 1]. Without loss of generality, we can assume that U C Z_, V C Z_, 

and Z_ = { 0 , - 1 , - 2 , . . .  }. Denote E = G(2 -k/2) and X = (L1, L~)~.  Then X is an r.i. space on 
(0, cx~). Since ll C G C loo, we have A(tU2) C X C M(tU2) by (6) and (7); thereby, 9x( t )  ~ tU2 It 
is straightforward that HPkIIE ~ 2 k/2 (see also [9]). Therefore, by the Proposition, tlcr2knx__.x ~ 2k/2~ 
whence [[at][x~x .-~ t 1/2 and 7x = a x  = 5x = fix = 1/2 by quasiconcavity [1, p. 70]. 

Let U = {-nk}~=l ,  where 1 < nl  < n2 < . . . .  Then the system. {ek}~=l, % = (2 -'~k+~, 2-n~I 
obviously satisfies conditions (3) and (4). If ck > 0, then, in virtue of the embedding A(tU2) C X 
and relations (5), we have 

Ilyllx < _< Alll(ck)llz~ 
OO 

for y = Y]k=l ckx~k" Conversely, if - n j  < k <<_ - n j - l ,  j = 2, 3 , . . . ,  then 

2 k 2 k 

]C(2k,y;L1, L ~ ) =  y*(s) ds>_ y ( s )d s>  Eci2n~/2(2-n~-2-n~+l)  

O 0 i=j  

+cj-12nJ-1/2(2k -- 2 -nj) >> 1/2.2k+ni-i /~Cj_l.  

Denote b = (bk), where bk = 2-k/2K.(2k, y;L1,Loo) for - n j  < k < -n j -1 ,  j = 2 ,3 , .o . ,  and bk = 0 for 
the rest of k C Z. Then, by the preceding inequality, 

[lyNx ~ [laNE = [[(bk2-k/2)lla >_ [l(bk2-k/2)llClu : [l(bk2-k/2)[ftll U k ~ ejl, 
j= l  

601 



Thus, 

ck o, II(ck)lltl. 
k=l  X 

Denote by Y the space of all measurable functions x = x(t) on [0, 1] whose extensions by zero onto 
[0, cx~) belong to X, the space Y being endowed with the norm equal to the norm of the extension in 
X. Then Y is an r.i. space on [0, 1], 7Y = ay  = fly = 5y = 1/2, and (10) holds. The s p a c e s  11(2 -k/2) 
and E = G(2 -k/2) are interpolation spaces between lo~ and/cr -k/2) [9]. Therefore, if we suppose 
that Y = A(t 1/2) on [0, 1], then, arguing as in the second part of the proof of the Proposition, we 
can show that  /1(2 -k/2) z_ = E z_,  i.e., G z_ = ll[z_ (see also [10, Proposition 2]). The last fact 
contradicts the choice of the space G. The theorem is proven. 

4. Denote by F ( r  the class of those r.i. spaces on [0,1] which have fundamental function r 
We will show that  the claim of Theorem 2 fails for F ( r  even if we replace the equivalence of norms 
on the cone of functions of the form (1) by their isometric coincidence: 

We recall that ,  for the dilation exponents of the fundamental function and the Boyd indices of 
an r.i. space, we always have 0 < a x  _< 7x -< 5x _</3x < 1. For the most important classes of r.i. 
spaces (Lorentz spaces, Marcinkiewicz spaces, and Orlicz spaces), we moreover have a x  = 7x and 
~x = 5x. Nevertheless, in [11] was presented a first example of an r.i. space on [0, 1] for which the 
last fails. (Since then such r.i. spaces have been called the spaces of nonfundamental type.) 

Here we construct an r.i. space X of nonfundamental type on [0, 1] for which ~x( t )  = t 1/2 (hence, 
7x = 5x = 1/2), a x  = 0, and ~x = 1, and, at the same time, the norm in X agrees with the norm 
in L2 on some cone of step functions of the form (1). Henceforth, we denote 

(x,y) = / x(t)y(t)dt,  

F o r n C N ,  n_>2,  1 < i < n ,  a n d 0 < b _ < l ,  weput  

Wn = n -1/2 

ao = O, ai = 22n(i-n)n -1, hb = b-ll2x(o,b),hi =hai, 
n 

sup hi = n -112 E ui, gn(s) = anwn(s) = w.(~ln),  
i=1,... ,n i=1 

ui = hix(ai_l,ai), 

r . ( s )  = = w . ( s n ) .  

First of all, we estimate sup0<b<l(gn , hb) and sup0<b<l(rn , hb) (n = 2, 3 , . . .  ). For 1 < j < n, making 
simple calculations, we obtain 

1 j - 1  2 n ( j _ n )  

f .~. ui dt = Z ay~ l/2(ai - ai-1) = 
0 '<J i=1 (2n --  1 ) n l / 2 "  

Therefore, 

(Wn, hi) = n -1/2 uihj dt + E uihj dt 
i=l o i=j+l o 1 ) ( ) 

+ E f uihj dt < n -1/2 l + a;  1/2 Z. . u i  d t  < 
i<j 0 0 t<3 

= n- l /2  ~Jo ujhj  dt 

n-1/211 + (2 n - 1 ) - 1 ] .  
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Now, if ai <_ b < ai+l (1 < i < n), then 

ai b 

(wn,hb) <_ /wnhidt-l-n-1/2 / Ui+lhb 
0 ai 

dt <_ n-1/212 -t- (2 n --  1)-1]. 

The last inequality is obviously valid for 0 < b < a l  and a n  < b < 1 as well. Thus, 

(w.,  hb) _< ,,-1/212 + (2" - 1)-11 

for a l l O < b < l .  I f c = b / n a n d d = b n ,  then 

(11) 

1/n 1 

(gn, hb) = n / wn(t)hb(tn)dt = n 1/2 j f  wn(t)hc(t)dt, 
0 0 

1In 1 

1 f wn(t)hb(t/n)dt = n - 1 ] 2  fw.(t)hd(t)dt. ( r . , h b )  = n 

0 0 

Consequently, in view of (11), 

sup (gn,hb) _< 2 q- (2 n - 1) -1 < 3, 
0<b<l  

sup (rn, hb) <_ -t-[2 + (2 n - 1) -1] < 3 

O<b<_l rt n 

(12) 

(13) 

We will define a cone V and thus a space X. Take a sequence of natural numbers by putting 
nl = 2 and 

rtrnq-1 = 2 2 n m ( n m - 1 ) n m  ( m  = 1 , 2 , . . .  ). (14)  

If ~(a T M i  Ji=0 is the collection of points constructed from the number nm as above, then, by (14), their 
union over rn = 1 , 2 , . . . ,  enumerated in a natural way, forms a sequence that vanishes monotonously 
and the system of all the intervals (a~n_l, aT] form a partition of [0, 1/2]. Denote by V the cone of 
functions of the form 

OO n m  

v(t) = coX[ll2,1}(t) + E E cr~Xi'm(t)' 
m = l  i=2 

where 

Xi,m(t) = X( , [ "_ , ,~F ] ( t )  ( m  = 1 , 2 , . . .  ; i =  2,...rim), 
k < <c2k < 1 < 1 < ~_<C1_<< 2 < . . .  < C92 < . . .  <~Cnk , , . _  _ _ . . .  �9 0 < CO < Cnl _ Cn l_  1 _ . . .  Cn2 . . . .  

If Q = V u {hb, 0 < b < 1}, then, by definition, the space X consists of all measurable functions 
x = x(t) on [0, 1] for which 

1 

sup / x * ( t ) q ( t ) d t  < c~. Ilxllx 
qEQ, J 

11@2_<1 0 

The properties of a rearrangement of a function [1, pp. 88-106] imply that X is an r.i. space on [0, 1]. 
Moreover, I]qllx = ]lqll2 for q C Q. Therefore, 
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and, for W m =  Wnm, w e  have Ilwmllx = Itw~lt2 = 1 - 2 - 2 n ~ .  Hence, L2 C X C M(tU2) and 

3 /4  ~ Ilwmllx = Ilwmll2 ~ 1 (15) 

for all m = 1, 2, . . . .  
Prove tha t  a x  = 0 and f ix = 1. To this end, it suffices in view of (15) to check tha t  HgmHz ,.~ 1 

and Hr~l[x ~ n ~  1 (gin = gnm, rm = rnm). In virtue of relations (12) and (13) and the definition of 
X,  the last fact is equivalent to uniform boundedness of (gin, V) and nm(rm ,  v) for all v e V, I]1)112 < 1, 
and m E N. 

Thus, let v E V and m E N. Represent  v as v = Vl + v2 + v3, with 

m--1 nj nm 

1)1 = E E ~Xi , j  "~ 5 0 X [ 1 / 2 , 1 ] ,  "02 : E c T x i , m ,  
j= l  i=2 i=2 

V3 : V--Vl  --V2. 

Since nmamm_l  <_ a ~  -1 by (14); therefore, for n = nm,  we have 

1 1 

(gin,l)1) = / gmVl dt <_ r~ -1/2 / u m ( t / n ) V l ( t )  

67-1 67-1 
dt < n-1/2llo.(um)tl211vlll2 ~ Ilumll211vall2 

However, Ilumll2 ~ 1; consequently, 

If r = 1 / n m + l ,  then  

(gin, Vl) _~ 1. 

T T 

(gm, V3) = / gmv3 dt = / Wmv3 dt, 
0 0 

since the funct ion wm is constant  on (0, T). Consequently, 

(16) 

(gin, v3) ~ II~mll~llv3112 ~ 1. (17) 

I II where Finally,  we e s t ima te  (gin, v2). Represent  gm as gra = wm + win, 

! 
W m 

n n 

-'~ n -1 /2  E -1/2 ' ,t n-1/2  -1/2 
ai X(nai-l,bi-1), Wm E = a i X(bi_l,nai), 

i=1 i=1 
bi-1 = nai -1  q- ai - ai-1,  n = nm,  ai = a m �9 

Since the functions w m' and wm are equimeasurable,  from (15) we infer IIw'l12 - Ilwmll2 _ < 1. More- 

over, it is easy to check tha t  a7,1/2(ai - ai-1) <_ 2 -n (a i+l  - ai) 1/2 for 1 < i < n - 1. Therefore, 

/ I I  V \ I V (gin, 1)2) = (,-, / ,  1)2) + (~,~, 2) < Ilwmll211 2112 
n--1 

n-1 n - 1 m a ai) 1/2 
+ n - 1 / 2  E cim+lay'l/2(n - 1 ) ( a , -  a,-1) _< 1 + 2n--- ~ E c i +  1( ,+1 - 

i=1 i=1 1/2 ) 1/2 

n - 1 (ci+1) 2 (ai+i - -  ai) 1 < 1 + ~ [ [ v 2 H 2  ~ 2; 
1 + 2---- ~ ki=l \ i=1  

i.e., 
(gin,v2) <_ 2. (18) 
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As a result, from (16)-(18) we obtain 
(gin, v) _ 4 (19) 

for all m e N and v e V, Ilvl12 _< 1. Arguing in the same way, we can show that (win, cr,m v) < 3 for 
m e N and v e V, Ilvl12 < 1. Therefore, 

v) = 1 ( w i n ,  3 
 nmv) < . (20) 

n~,n 

As has already been said, relations (19) and (20) imply ax  = 0 and f ix = 1. 
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