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Abstract We prove that the local version of Khintchine inequality holds in an rearrangement
invariant function space X on [0,1] if and only if the lower dilation index of the fundamental
function of X is positive. A further characterization is given, based on the uniform behavior
in X of the dilations of the logarithmic function. For this, a study of the space of functions
acting as multiplication operators in X for the tails of Rademacher series is carried out.
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1 Introduction

The classical Khintchine inequality states, for 0 < p < oo, that there exist constants

Ap, B, > 0 such that
1/p

o \172 oo ) / o \1/2
A,,(Zaiz) < /‘Zam‘(l)‘ dr SBp(zaiz) ;
0

i=1 i=1 i=1

for every (a;) € £, where (r; ){° are the Rademacher functions. Rodin and Semenov gave the
full extent of the inequality by characterizing those rearrangement invariant (r.i.) spaces X for
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S. V. Astashkin, G. P. Curbera

which Khintchine inequality holds [15]. The inequality has had a wide range of applications
all throughout analysis. Having applications in mind, it is of interest considering a local
version of Khintchine inequality, that is, the case when the underlying set is E C [0, 1]
other than [0, 1]. For example, in the case when E is a dyadic interval, e.g., E = Aﬁ, for
Afﬁ =[(k—1)27" k27"],withn € Nand 1 < k < 2", the situation is still somewhat similar
to that of the full interval [0, 1], due to the fact that the tail Rademacher sequence (r;){2, 41
behaves on Afl as does the full sequence on [0, 1]. The question is what happens in the case
when E is an arbitrary measurable set with positive measure.

A local version of Khintchine inequality was first given by Zygmund for L2 ([0, 1]),
showing that there exist constants A%, Bé > ( so that for any measurable set £ C [0, 1] with
m(E) > 0 there exists N := N (FE) such that

o \!2 . o0 0\ x \12
A/Z(Zalz) < E/IZLIWO)’ dt EBé<ZaiZ) ,
i=N v i=N i=N

for every (a;) € £2,120], see also [21, Lemma 5.8.3]. The result was extended by Sagher and
Zhou to L7 ([0, 1]), for all finite values of p > 0, [17], and recently to spaces of exponential
integrability, [8, 19].

We say that a r.i. space X satisfies the local version of Khintchine inequality if there exist
constants «, 8 > 0 such that for any measurable set £ C [0, 1] with m(E) > O there exists
N := N(E) such that

’

X

apxn(®D| 3 ar = > anxs |, = BoxmE| > an
i=N i=N i=N

for every (a;) € £2 such that Z?izv a;r; € X, where ¢x (t) := | x(0,1ll x is the fundamental
function of X.
The main result of the paper is that the local version of Khintchine inequality holds in X
if and only if either X = L, or
Yox = 0,

where the y,,, is the lower dilation index of the fundamental function ¢x, Theorem 5.2 and
Remark 5.4. This condition is fulfilled by a large number of spaces, including all spaces
which are not “close” to L*°, see Example 5.5. In particular, all separable Orlicz spaces and
all spaces having positive lower Boyd index «x satisfy it. Furthermore, we will see that, for
X # Lo, the local version of Khintchine inequality holds in X if and only if the following
inequality holds

1/2

o 1/2 o 0
apx (m(E)) (Z a?) = | X arixe| < BoxnE) (Z a?) :
i=N i=N i=N

for every (a;) € £2. Note that for X = L?([0, 1]), we have ox(t) = t'/7 50, in particular,
we recover Zygmund’s (and Sagher and Zhou’s) result.

A further characterization of the local Khintchine inequality is possible, not in terms of an
index but in terms of the uniform behavior of the dilations of the logarithmic function. Namely,
the local version of Khintchine inequality holds in X if and only if log'/>(2/r) belongs to
the separable part of X and there exists a constant 8 > 0 such that, for all u € (0, 1],

2u
H 10g1/2 (?) X[0,u]

¥ =< IBHX[O,u] Ilx,
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Local Khintchine inequality

Theorem 5.2. In order to establish this characterization, we need to study in detail the behavior
of partial sums and tails of Rademacher series in X. For this, we consider the space of
all measurable functions f: [0, 1] — R, which define by multiplication a bounded linear
operator on X when acting over the tails of Rademacher series. This is the tail Rademacher
multiplicator space, denoted by A7 (X) which, for step dyadic functions of order n, amounts

to considering expressions of the form
o0
: H E airi <l1;.
x I X
i=n+1

%
i=n+1
The space Ar(X) is related to the problem of r.i. spaces containing the Rademacher multi-
plicator space A(X) (see below for the definition). In fact, A7 (X) can be seen as the version
of A(X) which is obtained by suitable replacement of Rademacher series with their tails.
The paper is organized as follows. In Sect. 2, we present firstly general preliminaries on
functions spaces, and secondly facts on Rademacher functions, their behavior in r.i. function
spaces, and the spaces A(X) of Rademacher multiplicators which they generate. Section 3
is devoted to establishing the existence of the Rademacher multiplicator space Ar(X). In
particular, it is shown that, when logl/ 2 (2/t) € Xo, the space Ar(X) is anr.i. space, which is
larger than A (X) and coincides with it when the latter is r.i., Theorem 3.6. The fundamental
function of A7 (X), which will be used in the second characterization of the local Khintchine
inequality, is given in Remark 3.7. In Sect. 4, the space A7 (X) is compared with other related
function spaces, Theorem 4.1. In particular, the equality A7 (X) = X holds if and only if the
lower Boyd index oy of X is positive, Theorem 4.3. Section 5 is devoted to proving the main
result of the paper, Theorem 5.2, characterizing the validity in X of the above-mentioned
local version of Khintchine inequality.

o0

apri
+

2 Preliminaries
2.1 Function spaces

Throughout the paper an rearrangement invariant (r.i.) space X is a Banach space of classes
of measurable functions on [0,1] such that if g* < f*and f € X then g € X and || g|lx <
Il fllx. Here f* is the decreasing rearrangement of f, that is, the right continuous inverse
of its distribution function: m(t) := m{r € [0, 1] : | f(t)| > t}, where m is the Lebesgue
measure on [0,1]. Functions f and g are said to be equimeasurable if m (t) = mg(1), for
all T > 0. The associated (or Kothe dual) space of X is the space X’ of all functions g
such that fol |f(£)g(r)|dt < oo, for every f € X. It is an r.i. space. The space X' is a
subspace of the topological dual X* and X’ = X* if and only if X is separable. The space
X is said to have the Fatou property when X = X", where X" = (X’)’. This is equivalent
to the following: from f,, € X, n € N, sup, || fullx < o0, and f, — f a.e., it follows that
feXand | fl|lx <liminf, || /| x. A weaker concept is that of order subcontinuous norm,
i.e., X has order subcontinuous norm if from f, € X, n € N, sup,, || fullx < oo, f € X, and
fa — f ae., itfollowsthat || f||x < liminf, || f,| x. It is known that the norm of X is order
subcontinuous if and only if X is isometrically embedded into X” [11, Theorem 6.1.6].

We denote by X the closure of L% in X.If X # L, then X coincides with the absolutely
continuous part of X, thatis, the set of all functions f € X such thatlim,,a)—o | f xallx =0,
where x4 denotes the characteristic function of the set A C [0, 1]. The fundamental function
of X is the function ¢x (1) := || x0.11ll x-

@ Springer



S. V. Astashkin, G. P. Curbera

For each t > 0, the dilation operator o; f (s) = f(s/t)x[0,11(s/t), s € [0, 1], is bounded
on any r.i. space X. The lower Boyd index of X is

log|lotllx—x
ay = lim ————.
1—0F logt

Important examples of r.i. spaces are Lorentz, Orlicz, and Marcinkiewicz spaces. For
a quasi-concave function ¢: [0, 1] — [0, +00) (i.e., ¢ increases, ¢(t)/t decreases and
¢(0) = 0), the Marcinkiewicz space M (¢) consists of all measurable functions f on [0,1]
for which the norm

0<r<1

t
1l = sup @ / FH(s)ds < oo.
0

Let M be an Orlicz function, that is, an increasing convex function on [0, co) with M (0) = 0.
The Orlicz space L s consists of all measurable functions f on [0,1] for which the norm

1
1 £l = inf A>0:/M('f(‘)')dz51 <o
0

A

Recall that if ¥ is a positive function defined on [0,1], then its lower dilation index (see
[12, p. 54]) is

log My (1) ¥ (s1)
- f = .
1o+ logt or My (@) oililil V(s)

Yy =

Throughout the paper, A < B means that there exist constants C > 0 and ¢ > 0 such that
c-A < B < C-A. For convenience of computations, all logarithms will be considered with
base 2.

For any undefined notion regarding r.i. spaces, we refer the reader to the monographs
[6,12,13].

2.2 Rademacher functions and Rademacher multiplicator spaces

The Rademacher functions are r,(¢) := sign sin(2"xzt), t € [0, 1], n € N. Let R denote
the set of all functions of the form Zsozl anrn, where the series converges a.e., that is, with
(an) € £2 [21, Theorem V.8.2]. For an r.i. space X on [0,1], let R(X) be the closed linear
subspace of X givenby R N X.For X = L?, 1 < p < o0, the Khintchine inequality shows
that R(X) is isomorphic to £2. If X = L, then R(X) ~ ¢! [15]. The Orlicz space Ly,
associated with the function N(¢) := exp(t2) — 1, is of major importance in this study. The
previously mentioned result of Rodin and Semenov shows that R(X) = ¢2 if and only if
(Ln)o C X, [15]. Hence, for r.i. spaces X satisfying this condition, we have

00
H Zanrn
n=1

The fundamental function of Ly is (equivalent to) ¢ (¢) = log’l/ 22 /t).Since N (t) increases
very rapidly (see [14] and [16]), Ly is also the set of all functions satisfying

I fllLy =< sup f*(©)log™"/2(2/1) < oo,

0<r<l

= (@) ll2-
X
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Local Khintchine inequality

which implies that for every 0 < 7 < 1 we have

50 < ClfliLy log'?@2/1).

Hence, for an r.i. space X, the inclusion Ly C X holds if and only if log!/?(2/1) € X.
If (a,) € 02, then 230:1 a,r, € Ly and, therefore, we have that, for a universal constant
y =1,

(Zanm) (1) <y @)l -log?@2/n, 0<rt<1. @.1)

The Rademacher multiplicator space of X was firstly considered in [9]. It is the space
A(X) of all measurable functions f: [0, 1] — R such that f Z _ann € X, for every
> apry € R(X). It is a Banach function space on [0,1] when endowed with the norm

o0 oo
£ llaco = sup[HfZanrn : , = 1],
n=1 n=1 n=1

Zanr,, e X H Zanr,,

and it can be seen as the space of operators from R(X) into the whole space X given by
multiplication by a measurable function. The space A(X) is not r.i. whenever y,, > 0, [2].
This result motivates the study of the symmetric kernel Sym (X) of the space A(X), that is,
the largest r.i. space embedded into A (X): we have that, if Ly C X, then Sym (X) is the r.i.
space with norm || f| =< || f*(¢) log]/2(2/t)||xn, [2] and [4]. The opposite situation is when
A(X) isr.i., see examples in [9], [10] and [2]. The simplest case, when A (X) = L°°, holds
if and only if log!/?(2/1) ¢ Xo, [1] and [3]. Necessary conditions and sufficient conditions
for A(X) being an r.i. space dlfferent from L°° were studied in [4].

3 The tail Rademacher multiplicator space A7 (X)

Let X be an r.i. space on [0,1]. We define the fail Rademacher multiplicator space of X.
Denote by D,,, for n € N, the set of all step functions of the form

f=2 cxay. c€R, 3.1

where A} = [(k—1)27", k27" ] are the dyadic intervals of order n,forn € N,and 1 < k < 2".
Set D := U, D,,. Then, D is a linear subspace of X.
We define on D the following functional: if f € D, then

] 3

The definition is independent of the representation of f in the form (3.1). Indeed,
if f € Dy, then f € Dyy1. On each set A}, where f is constant, the functions
Zfin L1 airi and Zloin 1o @i—1r; have the same distribution. Since X is r.i., this implies
that || f - Z;’inH airillx = If - Z?inu a;—1ri||x. This fact also establishes that || - ||7\T(X)
is a norm on D.

Moreover, from the definition, it follows that

IFIS, 0 < Iflaco. f €D. (3.3)

We denote by A7 (R, X)° (A7 (X)° in short) the completion of D with respect to the norm
(3.2).

£ = sup [ > an | < 1’ (32)

i=n+

@ Springer



S. V. Astashkin, G. P. Curbera

Firstly, suppose that logl/ 2 (2/t) & Xo. Then, by Astashkin and Curbera[3] (see formula
(2) in the proof of Theorem 1), there exists a constant ¢y > 0, depending only on X, such
that for every m > 0, there exists ng > 1 such that, if » > ng and A is an arbitrary dyadic

interval of order m, we have
m-+n
r-
M > o. (3.4)

|20l

This implies that || xa ”3\7 x) = €0 for every dyadic interval A. Then, it is easy to check
that each Cauchy sequence { fx} of functions of the form (3.1) in the A7 (X)°-norm is a
Cauchy sequence with respect to the uniform convergence on [0, 1]. In fact, if we suppose
that lim,,—, oo Sup,,~., | fn — finllL, = 6 for some § > 0, then there exist ny € N, ny 1 oo,
my > ng, and dyadic intervals Ay such that | f,, — fi,| = 8xa, for all & € N. Hence,
e = Sy, xy = o8 (k = 1,2,...), which contradicts the Cauchy condition with
respect to A7 (X)°-norm. Therefore, the space A7 (X)° coincides with the set of all uniform
limits of sequences from D. It is not hard to check that A7 (X)° consists of all functions f
satisfying (after, possibly, a change on a set of measure zero) the following property: for an
arbitrary ¢ > 0, there is n € N such that the oscillation of f on every dyadic interval of order
n does not exceed ¢, that is,

sup |f(t) — f)l <&, k=12..,2"

t],tzEAZ
It is clear that in this case, A7 (X)° is not a Banach lattice and that
C(0,1DUD C Ar(X)° € Loo([0, 1]).

Consider now the more interesting case when logl/2 (2/t) € Xp. Then, R(X) =~ 22 (see
Preliminaries) and so, for f € D,,, we have

1£1%, o xsup[”f- > an| > ats 1]. (3.5)

i=n+1 i=n+1

Moreover, in this case, there is another useful equivalent expression for the A7 (X)°-norm.

Lemma 3.1 Let X be an ri. space on [0, 1] such that log]/2(2/t) € Xo. Then for all n €
Nand f € Dy of the form (3.1)

2"
2
o - vy __ = ).,
1 < | szlck log (2% - 1) XA

with constants independent of n and f.

X

Proof Let f be in the form (3.1). Taking into account that log!/?(2/1) € Xo and inequality
(2.1), forevery k = 1,2, ..., 2" and any sequence {a,-}l?'in+1 such that Zj’inH al.2 <1, we
have

( > aini -XAZ) () = (Zai+nri) 2" x0.2-m ()
i=1

i=n+1
< ylog 27"t y10.0-n1(0).
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Local Khintchine inequality

Since X is r.i. and the intervals A}, for k = 1,2, ..., 2", are disjoint, the above inequality
and (3.5) imply that

2”
2
o 1/2 ) yan
100 < 7 Hk§_1cklog (Z”t—k—l—l) xop -

For the reverse inequality, we follow an argument from the proof of Astashkin and
Curbera[4, Proposition 3.3]. Firstly, by (3.5), there exists b1 > 0 such that

2" n+m

° 1
“f”AT(X) > b] sup Hzckfo‘l . Z Tri
el k=1 i=nt1 VM

X
2" moy -
= by sup chkm(o : (; ﬁri) Q" —k+ 1)HX.
Since, by the central limit theorem (see [15] or [13, Theorem 2.b.4]),

&\ 2 2
lim { —= > r ) () > log'? (7) 0<t< ,
”’—’Oo(x/m ; 1) g e\2mt e\ 21

it follows that

27’
2
o . 1/2 )y
171500 2 b2 k§_lcklog (znt_kﬂ) 1),

By assumption, 10g1/2(2/t) € Xo. Therefore, since (X")g = X isometrically, we can
change the norm of X” by the norm of X, i.e., we have

2"
2
o z 1/2 I I
||f||A].(x) > b2H - ci log <2nt . 1) XAk(Z)HX-
O

Let X be an r.i. space on [0, 1] such that 10g1/2(2/t) € Xo.Foralln € Nand f € D, of
the form (3.1), we set

2’1
2
= 1 g = . n
I fllazx) H kE_l alog ™\ S 1)

The definition is independent of the representation of f in the form (3.1). Indeed, if
f € Dy, then f € Dy41 and

. (3.6)
X

on+l

f= kaXAZHa mog =mo—1 =cx (1 <k <2").
k=1

Thus, the distribution of ci logl/ 2 (ﬁ) “ XAl is the same as that of

2 2
1/2 1/2 .
m2-11og (2'1+1z —Qk—1)+ 1) gt +maxlog (2n+1t — 2k + 1) Xagit
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Since X is r.i., this implies that
on+l

2 2
1/2 172
HZCklOg (2n k—l—l) Xagly = H kalog (2n+1 k+1) Xamt|

This fact establishes also that || - ||z, (x) is a norm on D.
By Lemma 3.1, the A7 (X)°- and A7 (X)-norms are equivalent on D. Therefore, A7 (X)°
is the completion of D with respect to the A7 (X)-norm as well.

Lemma 3.2 Let X be an r.i. space on [0, 1] such that log1/2(2/t) € Xo. Let E C [0, 1] be
a measurable set with positive measure. Then xg € A (X)° and

2m(E)
IxElArx) = H log'/? (f) X[0.m(E)] Hx (3.7)
Proof Since E is measurable, there exists an increasing sequence of integers {n;};2; such
that for some unions of dyadic sets of order ny,

= AL {12, 2,
J€Jk

we have m(EAEy) < 1/k, for k € N. The sequence {x,} is in D. For k > [, we have

ZXA"IC ZXA"/ = Z :tXA"ka

jedk Jed ! J€Jki
where Ji ; is a subset of {1, 2, ..., 2"}. Moreover,
2
> m(A) =m(ExAE) < m(ExAE) +m(EAE) < T
JE€Jk1
Then, using formula (3.6), we have
Ixee — xElArco = H > Xal ‘AT(X)
J€Jk1
2
e (st )
2Nk t 1 ANl
J€Jk.1 S+

4
= 10 1/2 It . H
= H g It X[0.2/1] ¥
Since log!/2(2/1) € Xy, then

4
hm ” logl/2 (l ) X[0, 2/1]”

This implies that {x, } is a Cauchy sequence for the A7 (X)-norm. Since {xg, } tends to x
in measure, it follows that xg € A7 (X) and || xg — xE, la;x) — 0.
Moreover, using again (3.6), we have

2
oy = z log!/2{ —— = ).y
Ixecliarco H “ 8\ — 1) Mtk
k

2 card(J
= [ 10g2 (M) g s |-

Mkt 0, =~
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Local Khintchine inequality

Since card(Jy) - 27" — m(E), the sequence logl/z(%)x[0 card(/) | CONVETges point-
> Tk

wise to logl/z(%))([o,m(g)]. Noting that

logl/z (2 card(Jy)

1/2
iy ) X[U, ca;cll(,:'k)] < log (2/[) € XO, k e N,

and using the separability of X, we obtain that

2 card(J 2m(E
lim H logl/2 (ﬁ) X0, i) ‘X = H logl/2 (?) X[0,m(E)] HX

k— 00 2kt -
Since lim || xg, la7x) = I xEll a7 (x), equality (3.7) holds.

Lemma 3.3 Let X be an ri. space on [0, 1] such that 10g1/2(2/t) € Xo. Then Ly
A7 (X)°. Moreover, the A1 (X)-norm is rearrangement invariant on Lo, i.e., [IgllA;(x)
Il fllar(x) for every equimeasurable functions f, g € Leso.

N o

Proof At first, suppose that f is a step function, that is,

m
f=2aixe
i=1

where E;, j =1, ..., m, are disjoint measurable sets. Since A7 (X)° is a linear space, from
Lemma 3.2, it follows that f € A7 (X)°. We will prove that

- 2m(E;)
- oel/2 [ ZME)
I larco = H ]Z_;a, log (t —ﬂjl) X(;-1.651 (3.8)
where §; == Zgzl m(Ey), with By = 0
Foreach j =1,...,m,let {E?},fil be a sequence of sets such that XE_'; € D and XEj? —
XE; in A7(X) as in Lemma 3.2. For a fixed k € N, the sets EX, E'Z‘, ol E,’jl need not be
disjoint. Let
._ k k
D= |J EXnEL.
I<ji<ja<m
Since the sets E;, j = 1, ..., m, are disjoint and m(EjAE’;) — 0 (k — o0) for every
j=1,...,m, wehave m(Dy) — 0. '
We write

m m m
Zafng = Z“fXEf-\Dk + ZO‘J‘XEﬁka-
= j=1 j=1

Note that the sets £ ’J‘.\Dk are disjoint and the functions Ay := Z;':l ajx EN\D, € D. There-
fore, by Lemma 3.1,

2m(Ek\Dk)
il arcx) = Za,log ( e LUR
: X

where ,3§ =37 m(EF\Dy) and g§ = 0. Since m(Dy) — 0 and log!/2(2/1) € Xy, from
this formula, it follows that

" 2m(E;)
lim A :H ailogh/2 (22D Y
k—>oo|| rllazx) ,Z::‘ jlog P X(Bj-1.8;]
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for B; = Z{ m(Ey), with Bg = 0. Formula (3.8) is then established noting that, from (3.7),
we have

IA

m
) Z | Ik Nareo

m
2m(Dy)
1/2 H
Z H ( : X[0,m(Dy)] ¥

which goes to zero as k — 0o because of m(Dy) — 0 and 10g1/2(2/t) e Xp.
Now, let f € L* and {f} be a sequence of step functions converging uniformly to f.
We can assume that this sequence,

” Z aj XE NDy

j=1

~.

mi
k
Jie = ZanFI’f»
j=1

satisfies the following condition: for every j € {1, ..., my41}, there exists i € {1, ..., my}
with F;?Jr] C Fik. Then, by (3.8), we have, for k > k/,

Mk 2m(F)
1 = fillaro < € - llfi = fillo| Zlog”z(t_ﬂ)x(ﬁk A
Jj=1 j=1

= C-Ilfi = filloo | log"?2/0)] -
Hence, { f} is a Cauchy sequence with respect to the A7 (X)-norm. So, f € A7(X)° and
I fllazco = lim || fillazx)-
k— 00

Let g be a function equimeasurable with f. Obviously, there is a sequence of step functions
{gx} such that g is equimeasurable with fi, forevery k € N, which converges to g uniformly.
Noting that, by (3.8), llgkllarx) = ll fellarx), k € N, we obtain [[glla;x) = [ fllarx)-O

Remark 3.4 Let X be an r.i. space on [0, 1] such that logl/2 (2/t) € Xo. Using the formula
£ lisym cx) = [1L£*(6) log" 2/ 1)l x7,

proved in [4, Corollary 3.2] and arguing in the same way as in the proofs of Lemmas 3.2 and
3.3, it can be proved that the set D is dense in L with respect to the Sym (X)-norm as well.

For every r.i. space X on [0, 1] such that logl/2(2/t) € Xo, we can define
Ar(X) = {f €X: nlglgo I f - xero<mllarc < OO},

with the norm
Ifllarcx) i= nlggo | f- X1 ron<myllazco- (3.9)

It is clear that A7 (X)° is a closed subspace of the space A7 (X), precisely the closure of Lo
in A7(X), thatis, A7(X)° = Ar(X)o.

Proposition 3.5 Let X be an r.i. space on [0, 1] with order subcontinuous norm such that

logl/2 (2/t) € Xo. The space A1 (X) is rearrangement invariant and the continuous embed-
dings A7 (X)° € Xgand A(X) C Ar(X) C X hold.
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Local Khintchine inequality

Proof Standard arguments show that A7 (X) is a Banach function lattice. Moreover, by
Lemma 3.3, the A7 (X)-norm is r.i. on Ly-functions. Then, from the definition, it follows
that the space A7 (X) is r.i.

By (3.3), for f € D, we have || flla;(x) < Cll fllacx). Taking into account Remark 3.4,
forevery f € Lo, we can find a sequence { fx} C D such that || fi — fllsym (x) — 0. Since
Sym (X) C A(X), we have both || fx — fllacx)y — Oand || fx — flla;x) — 0. Hence,
lfllarx) < Cllfllacx) for all f € L. Since A(X) is a Banach lattice, then using the
definition of the A7 (X)-norm, the last inequality can be extended to the whole space A (X).
Therefore, A(X) € Ar(X).

From (3.6), it follows that || fllx < || flla;(x) for f € D, which implies A7 (X)° € Xj.
Since X has an order subcontinuous norm, then the continuous embedding A7 (X) € X
follows from the definition of the space A7 (X) and (3.9). ]

Now, we prove the main result of this section.

Theorem 3.6 Let X be an ri. space on [0, 1] such that 10g1/2(2/t) € Xo. Suppose the
Rademacher multiplicator space A(X) satisfies the following property: if f € A(X) and g
is a function equimeasurable with f, then g € A(X) as well. Then A(X) = A1 (X).

Proof The main step of the proof is showing that there is a constant C > 0 such that for
every n € Nand f € D,, the following inequality holds

Al = Cllfllarx)- (3.10)

The key idea to do this is to replace f with a more suitable function f’ € Dy, equimeasurable
with f and to prove that

I oy < Clfllapx)-

Then, by hypothesis, the last inequality gives (3.10).

Let n € N be arbitrary. Define 6;; to be the value of the function r;, for j =1, ..., 2n,
on the interval Aiz”, withi = 1,...,2%" Given a rearrangement of signs ¢ = (e j)7:1 €
{1, —1}", we define the set

n

Qf = {i efl,...,2°": (Qij)§l1 satisfies 0; jyn = &0, j = ln} (3.11)
We have Qfll N Qflz = (J, whenever ¢! * g2, el 62 € {1, —1}", and

U «={2..2"}

ec{l,—1)n

Associated with each rearrangement of signs ¢ € {1, —1}", we have the set

Ui = J AP

ieQ

Since €25, has cardinality 2", for every ¢, it follows that m(U;) = 27". We also have
US' N U = @, whenever ¢! # 2, and

U uvi=r0.11.

ee{l,—1n
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Given a function f € D, of the form (3.1) with ¢; > 0 (k = 1,2,...,2") define the
function f’ € D, as follows:

2”
f1=2 ey (3.12)
k=1

where {g¥} is an enumeration of the set {1, —1}".

By hypothesis, A(X) coincides with the symmetric kernel Sym (X) of X (see [2, Defini-
tion 2.2 and Proposition 2.4]). Therefore, since the functions f and f’ are equimeasurable,
there exists a constant A > 0 independent of f such that

I fllac) < Al Nac)- (3.13)

The definition of the space A(X), the condition logl/ 2 (2/t) € Xo and a result from [15]
mentioned in the Introduction yield immediately that for some C’ > 0

2n 2n
1 = s (|77 a3 <1
j=1 j=1

oo oo
’ / . 2
+C sup[Hf > ajerX. > ajfl]. (3.14)
j=2n+1 j=2n+1
It is easy to see that the function f’ - Z;’ih L1 a,r;j is equimeasurable with the function

[ 25241 @jsarj. Hence, by (2.1), from 3252, a7 < 1, it follows, as in the proof of
Lemma 3.1, that

o0 on
2
" e e~
Hf Z aﬂ’jHXSZ)/”ZCkIOg 2”t—k+1XA’< X_ZV”f”AT(X)a
Jj=2n+1 k=1
whence
o 00
S“P[Hf" > a0 D ds 1] < 201 fllarco- (3.15)
Jj=2n+1 j=2n+1

We now prove a similar inequality for the first supremum from the right-hand side of
inequality (3.14).
Due to the fact that 6;; is the value of the function r; on the interval Aiz”, we have

2n 2"
g:=rf D ajrj=>c Y. bi X a2+ (3.16)
j=1 k=1 jeqs
where, fori =1,...,2",
2n
bi = Zaje,-j.
j=1
Since ||(a;)|l2 < 1, then, fori =1,...,2",

bil < ll(@;)2v/2n < ~/2n. (3.17)
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Local Khintchine inequality

Due to the property defining the sets QF, (3.11), we have that, for i € Qf,k,

2n n n n
- P kg — a9
bi =Y ajfij=> ajbij+ > ajnc0ij =D (a;+ajine)oi.
j=1 j=1 j=1 j=1

Since [|(a;)|l2 < 1, then, forall k = 1, ..., 2", we have
. 12
> (aj+ajinet)? <2. (3.18)
j=1
Consider, fork =1,...,2" and j = 1, ..., n, the sets

BX(j) = [i e bl = - )+ 1}.

In view of (2.1) and (3.18), we obtain

n
card B¥(j) = card [i e{l,...,2%}: ‘ > (ag + agined)0is
s=1

EW]

= 2%(‘: €10, 11: | > (@ +asrnery 0] = m])
s=1

< Z”m(‘t €0, 1]: log"22/1) > 7“’2”])
y
_n—j+l
—22m0 w7 (3.19)

We extend the definition of these sets by defining B],f (0) := P and B,’f n+1 := Q;’ik. In
view of (3.19),fork =1,...,2" and j = 1,...,n+ 1, we have, for § = 1/(4)/2) € (0, 1),

(LU, )y )

i€BE(H\BE(—1) ieBk(j)
_2 k. -
= 2"""cardB,, (j)
<2277 8m—jHD (3.20)
Consider, for j =1, ..., n 4+ 1, the functions (compare with (3.16))

on
8j :=ch Z b[XA[Zn

k=1 ieBK(j)\Bk(j—1)

and
2)1 i
hj:= chXEZ, where E,ﬁ = U Algn-
k=1 i€BK(O\BE(—1)

Moreover, denote

aj =272 20 (1420 4 420Dy — = RJ8 )y (i =1,...,n),
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oo = 0 and o, 11 = 27", and the functions

on

2
._Z 1/2 .
vj = ci log / mxlkﬁl_‘_akl,kz}l_’_aﬂ (G=12,...,n).
k=1

Ttiseasytoseethat 0 = ap < 0] < -+ < oty = 27"
We first estimate the function gq. From (3.17), it follows

g1 < V2nhy. (3.21)

Moreover, if

2’1
2
: 1/2
up = k_El c log D X5l kel o)

then, by (3.20) and definition of o, for 0 < ¢ < 1,

V(1 +8) h§(1) < (035 _1y1u)* (1), (3.22)

where 0,55 _1)-1 is the dilation operator.

1
Since 0 < 1 < o < 27"06+D implies that - > 2"¢, we have, for some constant
Cs > 0 depending on é and for all 0 < ¢ < «ay, that

2 2
log'”? = =< Cslog!?@rm5 ) = Cslog!? -

which implies #; < Csv;. Combining this with (3.21) and (3.22), we have, for C:S =
V2(1 +8)"12Cs,
gT(I) < Cé(O'z(szl)—lvl)*(t). (323)

Now, consider the case when j = 2, ..., n. By definition of the sets B,’f (j), we have

bi<n—j+2, ifigBG—1),

and therefore

gjf\/mhj' (3-24)

Moreover, for some constant mg > 0,

2 2.20n ,
log]/z ﬁ = log]/z ﬁ > ma(n —J +2)1/2

Hence, since the function logl/ 2 % is decreasing on the interval (0, 27"], a; —aj_1 =

271.278(=j+D (2% _ 1), then using (3.24) and (3.20), we obtain that, for j =2, ..., n and
0<r<l,
gr(t) < my (a0 1y-10))* (1), (3.25)

In view of (3.16), we have g = Z'J:} gj» where the functions g; are disjoint. Since the
function v; are also disjoint, from (3.23) and (3.25), it follows that

*

Dgi| © = K oy 1y-10)* () (3.26)
j=1
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where
v Zc log! 2
= k g M k41 T 1

and K’ > 0 depends only on § > 0.
Finally, ifi € Q'?k\Bk(n) we have that b; < 1, whichimplies g,4+1 < hj4. Furthermore,
it is clear that h*_H(t) <v*@) 0 <t <1). Therefore

g1 =v*(@1) O<zr<1)

Combining this with (3.26) and with the fact that |lo; || x—.x < max(l, 7) in every r.i. space
[12, Corollary 2.4.1], we obtain that, for some K > 0 depending only on § > 0 and all (a;)
with [[(a;)]l2 < 1, the following holds

2n
H f/ ’ aj rj
Z X
j=1

=lgllx < Klvlx = Kl fllarco,

whence

sup[”f Zajr]

This, together with (3.15), (3.14) and (3.13), implies that, for all f € D, we obtain
inequality (3.10) with C := C'AQ2y + K).

By Lemma 3.3, inequality (3.10) extends to all f € L. Moreover, since A(X) isr.i., then
A(X) = Sym (X) and therefore it has the Fatou property [4, Proposition 3.1]. Combining
this observation with (3.9), we infer A7(X) € A(X). Since always A(X) € Ar(X) (see
Proposition 3.5), the proof is complete. O

-Za < 1] < Kl flarco-
=1

Remark 3.7 In the case when log!/?(2/1) € X, by Lemma 3.2, we obtain the following
expression for the fundamental function of A7 (X):

12 ((2u
oarx) @) = | log S0 ®], . 0<usl.

4 Properties of the space Ar(X)

Let X be an r.i. space on [0, 1] such that log'/?(2/1) € X,. Proposition 3.5, together with the
definition and properties of the Rademacher multiplicator space A (X) and of its symmetric
kernel Sym (X), implies that the following chain of inclusions holds

Sym (X) C A(X) C Ar(X) C X. 4.1)

In this section, we study conditions and consequences of having equality in any of the
previous inclusions.

Theorem 4.1 Let X be an r.i. space on [0, 1] such that log'/?(2/t) € Xo. The following
conditions are equivalent:

(i) A(X) has the property: if f € A(X) and g is a function equimeasurable with f, then
8 € AMX);
(it) A(X) = Sym (X);
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(iii) A(X) = Ar(X).

Moreover, if X has the Fatou property either from these condition is equivalent to the
following

(iv) For an arbitrary function f € Dy, n € N, we have

o0 o0
1 laco = SuP[HfZairi”X i

n+1 n+1

<1 ] 4.2)
X

with constants independent of n € Nand f € D,,.

Proof The equivalence of (i), (ii), and (iii) follows from Proposition 3.5, Theorem 3.6 and the
fact that, by definition, Sym (X) is the maximal among all r.i. spaces Y such that Y C A(X),
[2].

The implication (iii) = (iv) is obvious because of the equivalence of the A7 (X)- and
A7 (X)°-norms on the set D. For the reverse implication, let f € L°°. By Lemma 3.3,
f € Ar(X)° and we can choose a sequence { f;} C D, which converges to f in the A7 (X)-
norm. From (iv), it follows that { f } is a Cauchy sequence with respect to the A (X)-norm as
well. Hence,

I fllacy = lim || fillacy < C lim | fillayr ) = Cllfllarx)-
k— o0 k—o00

If X has the Fatou property, so does A(X), [2, Proposition 2.6]. Hence, from (3.9), we have
that A7(X) C A(X). Since the opposite embedding follows from Proposition 3.5, equality
(iii) is proved. O

Remark 4.2 In the case when logl/2(2/t) ¢ Xo, by [3, Theorem 1] (see also [2, Theo-
rem 3.2]), we have Sym (X) = A(X) = L°°. Moreover, taking into account [3, Remark 5],
it also follows that (4.2) holds.

Theorem 4.3 Let X be an ri. space on [0, 1] with order subcontinuous norm such that
logl/2 (2/t) € Xo and let ax be its lower Boyd index. Then

A7(X) = X if and only if ax > 0.

Proof Letn € Nand f € D, be defined by (3.1). Foreach k =1, ..., 2", we have

2 —n
g2 (527 ) o) = oo (082 @1) ¢ = (= D27 g0,

where o,-» is the dilation operator. Since, for0 < < 1,

o o

S Vixa @) <1og /) < D Vi Ty @),
21 *pi—1 207

i=1

2l ‘ S oi—1
i=1

and, forn,i € N,

O K g1 T O K

it follows that
2)!

ixfiﬁ(t) <> clog!”?

i=1 k=1

) A D NIHIfi@), (43)

(2”t—k+1 <
i=1
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where
2}1

A .— . . - — —ny . n
fi) = ;ck 021 Xy i (= k= D27 xag (),
Note that the functions f; are disjoint and, for every i € N, the function f; is equimeasurable

with the function
2)1

oy f =D ckoy-ixar- (4.4)

k=1

Suppose now that wy > 0. Then, there exists ¢ > 0 such that, for all a € (0, 1], we have
loafllx < M -a®| f|x, for some constant M > 0 and all f € X. Consequently, from the
right-hand side of (4.3), it follows

2]1
2
= 1 1/2 o 1 4 : n
1 llarcx) H;Zlck og'* (5= ) xey

o0
<D Vit T opiflix

i=1

o0
<MY Vit1- 27 f|Ix.

i=1

X

By Lemma 3.3 and Proposition 3.5, the last inequality extends to the whole space L.
Moreover, since X is a Banach lattice, from the definition of the norm of A7 (X) (see (3.9)),
it follows X C Ar(X). Then, Proposition 3.5 implies that A7 (X) = X.

Let, conversely, A7(X) = X. From the left-hand side of (4.3) and from (4.4), we obtain
that, for every m € N,

2"
2
_ o2 (2 Y.,
Ifllazcx) H kE_l alog ™\ S 1)

vy
i=1
> J/m - |log-n fx-

Consequently, by hypothesis we deduce that, for some constant C > 0 and every m € N,
loa-n fllx <m™2 - fllazon < C-m™2 | flix,

for every f € D. Since the norm of X is order subcontinuous, the norm of the dilation
operators can be obtained over D. Hence, it follows that

X

X

-2 meN.

loy-mllx—>x <C-m
This implies that lim,, o [|02-n || x—x = 0, so ax > 0. ]

Consider the inclusions in (4.1). For r.i. spaces X which are “close” to L™ (see [3,
Theorem 1 and Remark 5]), we have

Sym (X) = A(X) = Ar(X) & X,
while in other cases (for example, X = L? with finite p, see [2, Theorem 2.1] and Theorem

4.3), we have that
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AX) S A7(X) = X.
Example 4.4 We exhibit an example of an r.i. space X for which the following holds
Sym (X) & AX) & Ar(X) & X.
Consider the function
Yy =2 o <p <1,

It satisfies, for sufficiently small 7 > 0, the conditions ¥'(¢) > 0and ¥"(t) < 0. Hence,
there exists a nonnegative increasing concave function ¢(¢) on [0, 1] such that ¢ (1) = ¥ (¢)
for sufficiently small r > 0. Let X := M(¢) be the Marcinkiewicz space with fundamental
function ¢. It satisfies 10g1/2(2/t) € Xy because of lim,_, g+ ¥ (¢) logl/2(2/t) =0.

It was proven in [4, Example 5.1] that

I X10,2-m1Isym (x) < 1 xj0.2-m1llacx) = ~/n - 2V neN,

but
Sym (X) ; A(X).

In particular, this implies that the space A(X) is not r.i. and, therefore, by Proposition 3.5,
AX) G Ar(X).

To see that A7(X) & X, by Theorem 4.3, it is enough to check that ay = 0. An easy
calculation shows that y, = yy = 0. Since ax = y, [12, §2.4], required result follows.
Another way to prove this is to estimate the norm of x[o -} in A7 (X). By the definition of
the A7 (X)-norm and [12, Theorem 2.5.3], we obtain

xtoz-w1larco = [ oa-ntog”” (5 ) |
0.2l ar 0 = | X027 37 )
= sup 2!-loe"A@/n ggl/2 (i)
O<r<2—" 2"t
xnl/4~27ﬁ, n e N.

Since
Ixa-nllx =92 <27V neN,

from this, it follows that A7(X) & X.

5 The local version of Khintchine inequality

In this section, we show that a local version of the Khintchine inequality holds for a large
class of r.i. spaces X and it is related to the tail Rademacher multiplicator space A7 (X).

Recall from the Introduction that an r.i. space X with fundamental function gy satisfies
the local version of Khintchine inequality if there exist constants «, § > 0 such that for any
measurable set £ C [0, 1] with m(E) > 0, there exists N := N (E) such that

apx(m(E))| i air; 5.1)
i=N

X

o0 o0
= %am»xE | = poxnE| Zjvam
1= 1=

for every (a;) € 02 such that ZloiN a;r; € X.In the case when 10g1/2(2/t) € X, we have
R(X) ~ £ and, therefore, inequality (5.1) is equivalent to
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0 12 0 00 1/2
asax(m(E))(Za?) 5HZ%’”:’XE”XSﬂfpx(m(E))(zaiz) L6
N i=N i=N

=

for every (a;) € 22,
Since X C L foreveryr.i.space X on [0, 1],[12, Theorem 2.41], by Khintchine inequality

o0 o0 1/2
”Z}airi . Zc(gag) , (5.3)
1= 1=

for every (a;) € £>. Therefore, in the general case, the right-hand side inequality from (5.1)
is an immediate consequence of the right-hand side inequality from (5.2).
It is noteworthy that the left-hand side of (5.2) holds for any r.i. space X.

Proposition 5.1 Let X be an r.i. space with fundamental function ¢x. Then, there exists a
constant a > 0 such that for any measurable set E C [0, 1] with m(E) > 0 there exists
N := N(E) such that

H > airixe Hx >a- wx(m(E))(Z aiz)
i=N i=N

for every (a;) € €2 such that ZloiN a;r; € X.

Proof By a result of Burkholder (see [7], also [18]), there exist universal constants n >
0 and 6 > O such that for every set £ C [0, 1] with m(E) > 0, there exists N := N (E) with
the following property:

~ o 1/2
m teE:‘Zawﬂt)’zS(Za?) >n-m(E),
i=N i=N

for any (a;) € 2. Therefore, if

o o0 172
F = leE:‘Zairi(t)‘z(S(Zaiz) ,
i=N i=N

then, since gy is a quasi-concave function and n < 1,

| S amxe], = | Zanne],
i=N i=N
oS 1/2
za(ZaE) ox (m(F))
00 1/2
za(Za?) ¢x (- m(E))

12
zan( a%) ox (m(E)).
i=N

[m}
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Theorem 5.2 Let X be an ri. space on [0, 1] with X # L. Let yyy be the lower dilation
index of the fundamental function ¢x of X. The following conditions are equivalent:

(i) The local version of Khintchine inequality (5.1) holds;
(ii) Inequality (5.2) holds;
(iii) Yoy > 0;
(iv) The function 10g1/2(2/t) € Xo and ppp(x) < @x.

Proof (i) < (ii). To prove this equivalence, it suffices to check that either of conditions (i)
or (ii) implies that log!/?(2/t) € X,. At first, assume that (i) holds. Let / € N be arbitrary.
By (5.1), there is N > [ such that for every n € N we have

N+n N+n
H > riXpan X Sﬂ(PX(Z_I)H > .
i i=N+1

1= 1=

Suppose by way of contradiction that log!/2(2/1) ¢ Xo. Applying (3.4) with m = N, we
can find n¢ such that for all n > ng

N+n N+n
H E i X[0,2-N] X > o E ri ¥
i=N+1 i=N+1

From the above inequalities and the fact that N > I, we have that px (2~') > ¢/8, for
all [ € N. Since the function ¢x is quasi-concave, it follows that ¢x(u) > co/p, for all
0 < u < 1. Therefore, X = L,, which contradicts the assumptions. Moreover, since the
right-hand side inequality of (5.2) implies the right-hand side inequality of (5.1), completely
similar arguments show that the condition logl/ 2(2 /1) € Xy is a consequence of (ii) as well.
Thus, equivalence (i) < (ii) is proved.

(i1) < (iv). In either case, we can assume that logl/ 222 /t) € Xo.From the definition of the
space A7 (X) and from the fact that the || - || o, (x)—norm is rearrangement invariant on Lo,
(see Lemma 3.3), it follows that the right-hand side of (5.2) holds if and only if there exists a
Cy > O such that g, (x) () < Cr9x(u), for 0 < u < 1. On the other hand, by Proposition
3.5, we have ¢px(u) < Cipa;(x)(u), forall 0 < u < 1 and some constant C; > 0. This
establishes the equivalence since, by Proposition 5.1, the left-hand side of (5.2) always holds.

(iv) = (iii). The fundamental function of A7 (X), by Remark 3.7, is

2u
Varoo) W) = H log'/? (?) © X10,u1() Hx O<u=<l

From (iv) it follows, for some constant § > 0, that

2u
| 1og'2 (7) 0 ®| = B ex .
In particular,
2 _
| 10g"2 (Tz) Soan®| = Brex@, nen,
whence
Ve-ox@7"F) < Box27), n k€N
Then,
ox(27ks) B

M (Z_k) = sup ——— <2—, kel
. 0<s<1  9x(5) Vk
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Thus, My, (1) — 0as t — 0. This implies that y,,, > 0.
For proving the implication (iii) = (ii), we will need an auxiliary result. O

Lemma 5.3 Let X be an r.i. space on [0, 1] with the fundamental function ¢x. Suppose that
Yox > 0. Then there exists a constant § > 0 such that, for all u € (0, 1],

2u
H ]0g1/2 (7) X[0,u]

Proof The condition y,, > 0 implies that there exist ¢ > 0 and 8’ > 0 such that

= Box ().

t
Mgy (1) = sup ex(s1) <pt, 0<t<l.
0<s<1 ¥x(5)

In order to prove the result, it suffices to consider the case u = 27", for n € N. Then

2 o0
H 10g1/2 (E) X[O,an] ¥ < H Z Y4 k —n—+ 2 X[z—k—l’z—k]
k=n

X

<D Vk=n+20x27"

k=n

< D V=2 My 7 ox 27

k=n
i .

=D Vi+t2My @) px@ ™.
j=0

Consequently,

2
Jroe'™ (57) moan

o0
Bi=B D Vi+2:277° < oo
j=0

= B ox(2™"),

for

m}

(iii) = (ii). Since, by Proposition 5.1, the left-hand side of (5.2) holds in any r.i. space,
we only need to prove the right-hand side of this inequality. Arguing in the same way as in
the proof of Theorem 1 of [17], it suffices to consider sets of the form

o0
— nj
E= U1 A (5.4)
j:

where AZ]’ are disjoint dyadic intervals of [0, 1].
From the condition y,, > 0, it follows that there exist ¢ > 0, C > 0 and kp € N such
that
px2") <27, k= ko

Hence, for a set E as in (5.4), there exists m € N such that

> VE+2ex@7) < ox(m(E)). (5.5)

k=my
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Let us write £ = E{ U E», where

Jo 00
nj nj
E]t::LJ Ak} E, = LJ Ak;
Jj=1 J=jo+1

and jo is chosen so that m(E3) < 270,
By [4, Corollary 3.2], for every function R = Z;’i 1airi € X, we have

IR - xE,llx

< Ci1 lIxe, llax
IRl x A0

= C1 lIxE; lIsym )
= [ tog" 22/ x0.mean
< | 10g" 22/ 1) x10.2-m01 | «-

Taking into account (5.5), we obtain that

o0
|| ]Ogl/z(z/[)X[O’meo] ”X < H Z vk +2 X[Q*kfl’szj

k=mg

[e.¢]
< D> Vik+29x27
k=mq

< px(m(E)),

X

which implies that
IR - xE, Ix < C2 ox(m(E)) - [IR]x.

Since y,, > 0 implies that (Ly)o C X (see the proof of Theorem 2.1 on p.177 of [2]), we
have ||R]x < (D52 az)l/z.

i=19;
Therefore, we have

00 ) 1/2
| >ari e, <6 (Za?) gx(m(E)). (5.6)
i=1 =1

i

We prove a similar estimate for the set £y = ;":1 A:,’ Set N := max{n; : j =
1,..., jo} + 1. Then, for some set Iy_; C {1,2,..., 2N_1}, we have
Er= |J a7
kely—1

It is clear that, for every function Ry = > ooy airi € X, the following equality holds

%) *
—1
IRy - xellx =] 3 xAiv_l-(%air,-) ¥l —k+ 1)
=

kely_

Combining this with inequality (2.1), we obtain

1/2
2 o0
: log!/2 2
IRy XE|||X§)’H > XpN-1 - log (ZN_lt_k+1)"X(i_§Nai) ~

kely_
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Local Khintchine inequality

For g := cardly_1, the functions
2
Llogt 2 ——— =
2 xaprlog P S
keln_1

and 5
q
Xo.q2-v+1y - log'? (T—I;)

are equimeasurable. Hence,

5 o 12

q

IRy - xElx =¥ HX[o,quNH] -log'/? (T,II) Hx (z azz) .
i=N

Thus, by Lemma 5.3, we have that

oo 172 o0 172
IRy - xE llx < vBox(@2 N (2 a%) < yBox(m(E)) (Z a?) :
i=N

i=N

Combining the last inequality with (5.6), we obtain

00 1/2
IRy - xEllx < IIRN - XE\IIx + IRN - XE,Ilx < (C3+)/ﬁ)-(/)x(m(E))( a?) ,
i—N

1

and the proof is completed.

Remark 5.4 For X = L, it is easy to see that the local Khintchine inequality (5.1) holds
(while the right-hand side of (5.2) fails).

Example 5.5 Applying Theorem 5.2 allows to obtain the local Khintchine inequality for the
most important classes of r.i. spaces.

a) Let X be a Lorentz—Zygmund space L4 (logL)“ (see [5] and [6, §4.6]) with either
l<p<oo,1<g<oocanda € R,or p=¢ = 1and o > 0. Then, there exist constants
A, B > 0, depending on p, ¢, «, so that for any measurable set £ C [0, 1] with m(E) > 0

there exists N := N (E) such that
00 1/2
< Bllxelp.qg.a (Zazz) ’

0 1/2
AlXEN pga (Z a?) <
i=N

i=N

00
E airi XE
i=N

p.q.a

for every (a;) € £2. In particular, for & = 0, we have the Lorentz L7-7 spaces and the weak—
L? spaces LP-°°, for which | xgll p.q.0 = m(E)!/P 1In the case p = g < oo, we recover
Zygmund and Sagher and Zhou results: there exist constants A:D, B;, > 0 so that for any
measurable set £ C [0, 1] with m(E) > 0, there exists N := N (E) such that

00 12 | 00 p 00 1/2
2 2
A/p( E ai) < WE)/‘ E am(t)‘ dr < B;( E ai) ,
N 7 i=N i=N

i=
@ Springer
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b) Let X = Ly be a separable Orlicz space. Then, there exist constants «, § > 0 so that
for any measurable set E C [0, 1] with m(E) > 0, there exists N := N(E) such that

00 1/2 1 0 00 1/2
2 -1 2
o (E a,-) <M (T(E)) E airiXE 5/3(2 ai) ,
i=N i=N Ly i=N

for every (a;) € £2. This follows since the fundamental function of Ly is 0L, (1) =
1/M~'(1/1), and the lower dilation index of ¢y, is strictly positive precisely when L y
is separable.

c) Let X = M(p) be a Marcinkiewicz space. Its fundamental function is equal to the
function ¢. If the lower dilation index of ¢ is strictly positive, then there exist constants
a, B > 0 so that for any measurable set £ C [0, 1] with m(E) > 0, there exists N := N(E)
such that

oup(m(E))(z af) <D airixe
i=N

i=N

00 172
< Bo(m(E) (Z a?) :

M(p) i=N

for every (a;) € 2.
d) For ¢: [0, 1] — [0, +00) an increasing concave function and p € [1, +00), let X be
the Lorentz space A (¢), that is, the space of all measurable functions f on [0,1] such that

1/p

1
1 f ) = / (PP dpts) | < oo,
0

The fundamental function of A” (@) is ¢ar(e) (1) = @ (1) 1/p 1f the lower dilation index of @is
strictly positive, then there exist constants ¢, 8 > 0 so that for any measurable set £ C [0, 1]
with m(E) > 0, there exists N := N (E) such that

. 1/2 00 00 172
aw(m(E))”"(Za?) <X arixe fﬂw(m(E))””(Zaiz) ,
i=N i=N i=N

AP(g)

for every (a;) € 2.
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