
ON INTERPOLATION OF BILINEAROPERATORS WITH 

A REAL METHOD 

S. V,, Astashkin UDC 517.989.27 

This article considers functors of the real method for interpolation of bilinear 
operators. A description is obtained for them in the case of exponential charac- 
teristic functions. 

i. Introduction. We will recall certain definitions from the theory of interpolation 
of linear operators (for further detail, see [I] or [2]). 

A triple of Banach spaces (X0, XI, X) is said to be an interpolation triple with res- 
pect to a triple (Y0, YI, Y) if continuity of a linear operator T from X i into Yi implies 
continuity of T from X into Y. By an interpolation functor (i.f.) we mean a functor F [i] 
that maps th~ category of Ban~ch pairs into the category of Banach spaces so that for arbi- 

X (Y0, Yz), the triple (X0, Xz, F(X)) is an interpolation trary pairs = (X0, X I) and Y = 
triple with respect to the triple (Y0, Yz, F(~)). We use sR to denote the one-dimensional 
space R with norm IlzI],R=slzl , and we use tR to denote the space R with norm llx[Itn=tlx I (s, t>0) . 
Then, for an interpolation functor F, 

F (sR, tR) = r  (s, t) R, 

where ~(s, t) - the characteristic function of the i.f. F - is nonnegative, homogeneous, 

and increases with each argument. As s result, ~(s,t)=t~(+), where we also say that the 

function c~(u) = ~(u, i) is a characteristic function corresponding to the i.f.; ~(u) (u > 0) 

is nonnegative and quasiconcave, i.e., ~(u) increases while ~(u)/u decreases. 

We now introduce a fundamental definition, We say that an i.f. F interpolates bilinear 
operators if, for any Banach pair X=(X0, X~), Y=(Y0, Y~), Z:(Z0, Z~), and any bilinear 
operator B: X i x Yi + Zi (i = 0, i) we have B: F(X) x F(~) ~ F(~). 

An important example of interpolation functors is the functors of the real method. For 
a Banach pair (X0, Xz) and t > 0 we define the Peetre ~- and ~-functionals as follows [3]: 

�9 Y ~ ( t , x ; X o ,  X~) .... i n f  { l l x o l l x o - f - t l l x ~ l l x , } ( x ~ X o +  X1), 
rl ~:xo~xt  

x i ~ X  t 

Y(t, ~; X. X,)=max{llXH~o, tllxll~,}(x~XonX,). 

Let E be the ideal Banach space (b.i.s.) [4] of two-sided numerical sequences a = (aj)_~. 

We use(X~X,)E ~ to denote the space of all x e X 0 + X I for which IIzil=ll(3~(2 ~, x; X0, X,) II 

we use <X0~ X~)z # to denote the space of all x E X 0 + X 1 admitting the representation 

.• (1) 
j = _  -. 

where uj e X 0 n Xz. The norm in (X0, Xil~ ~ is defined as infIl(~(2 i~; X~ Xi))jli~ over all repre- 

sentations (i). For the b.i.s, of sequences G and a function f > 0, we use G(f) to denote 
the weighted space whose norm is given by iI(a~)ll=ll(a~](2~))l!~ If ~=(max(l, i/t) c E c ~I 

(rain(l, i/t)), then the mapping (Xo.X,)~-(Xo. X,)E ~ (reap. (X0, X,)~{X~, X~)Z) defines an 
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i.f.; the set of them is called the real~-method (resp. ~-method) of interpolation. If, in 
particular, the triple (~z, s E) is an interpolation triple relative to (s s 
E), we say that E is a parameter of the real method and then, for any pair,(• X,)~=(X~, X,)~ 
[5, p. 432]. 

An important and well-known special case of the construction we have given is the space 

.Tf = X0~v~t_ % (O <. 0 < i, t < p ~ ~). 

In [6], Lions and Peetre (see also [i, p. i00]) proved the following theorem: If T is a bi- 
linear operator, T: Xi • Yi + Zi (i = 0, i), then T: (Xo, X,)o.p,X(Yo, Y~)o.~.-~(Zo, Z~)o.~=, where 
0 < O < 1 and 

! t 1 
--<..~,.---1. (2) 
P~ Po Pl 

Consider the example of (X0, X~}=(Y~. Y,)=(Z~, Z~)={l, , l , ( t))  with the following convolution opera- 

tor for sequences x = (x i) and y = Y(Yi): 

The hypothesis of the Lions-Peetre theorem is satisfied, and since (/~,/~(t}~,.~ =/~(t ~) , we 

have S: (Xo, X~)~,p.X(Y~. Y~)e,p.~(Zo, Z~)~,p~=~lvo~l~cl~ I~. I t 1 -- + ~ - - 1 .  As a result, this 
p2 < T o  p, 

t h e o r e m  i s  e x a c t ,  and among t h e  f u n c t o r s  (., ')0. p (0<0<1 ,  l ~ p ~ )  , b i l i n e a r  o p e r a t o r s  a r e  

i n t e r p o l a t e d  o n l y  by t h e  f u n c t o r s  ( . ,  " ) 8 , 1  (0 < 0 < 1 ) .  (We s h o u l d  n o t e  t h a t  u n d e r  c e r t a i n  

c o n d i t i o n s  on t h e  Banach p a i r s ,  r e l a t i o n s  (2)  can  be weakened [ 7 ] . )  

In  t h i s  p a p e r  we s t u d y  i . f .  i n t e r p o l a t i n g  b i l i n e a r  o p e r a t o r s ,  w i t h i n  t h e  f r amework  o f  
t h e  g e n e r a l  r e a l  method .  We show t h a t  in  c a s e  o f  an e x p o n e n t i a l  i . f .  r  = t 8,  t h e  i . f .  
( ' ,  " ) 1 - 0 , 1  i s  t h e  o n l y  one w i t h  t h i s  p r o p e r t y .  However ,  w i t h i n  " b u n d l e s "  o f  f u n c t o r s  w i t h  
c e r t a i n  o t h e r  c h a r a c t e r i s t i c  f u n c t i o n s ,  t h e  s u p p l y  i s  c o n s i d e r a b l y  r i c h e r .  

We w i l l  f i r s t  p r o v e  a r e s u l t  t h a t  d e m o n s t r a t e s  t h e  f u n d a m e n t a l  n a t u r e  o f  ou r  examp le  o f  
t h e  c o n v o l u t i o n  o p e r a t o r .  

THEOREM 1. For  a r b i t r a r y  r e a l - m e t h o d  p a r a m e t e r s  E0, E l ,  and E 2, t h e  f o l l o w i n g  two c o n d i -  
t i o n s  a r e  e q u i v a l e n t :  

i) the convolution E 0 * E I c E2; 

2) for arbitrary Banach pairs (X 0, XI), (Y0, YI), and (Z0, Zl) and any bilinear operator 
T: Xi • Yi + Zi (i = 0, i), we have 

T: (X0, X , ) ~ X ( Y 0 ,  r ~ ) ~ , ~  (Z0, ZJ~, ~.  

Proof. Initially, suppose that 2) holds. We choose (Xo, X,)=(Y0,  Y,)=(Z0, Z , ) =  (l~, l ,(t/t)) 

and for T we choose the convolution S. Since S: Xi • Yi + Zi, we obtain I) from the rela- 
tions ( l~, l~(l / t ))~=(/~, l~(l / t ))~=E~ [5 ,  p .  424] .  

The idea for the proof of the converse is actually drawn from [6]. Thus, let T be a 
bilinear operator, T: Xi • Yi + Zi" We represent x~(X0, X,)~ x and y~(Y0, Y~)z~ ~ in the 
form 

(we can do this because E l is a parameter). Then, because T is bilinear, for all t > 0, 
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where  M ~  = l! T I I X , x Y ~ Z  i. 

k e Z,  we o b t a i n  

< ~=_~. (li 7' (xo, u~)!i~, + t ii r ( x .  ,,~)!i~,) < 

< ~ = _ .  (Mo !1 ~o 11~~ +- 2 ~.~M, ,, x, li~,) ~ (2 ~, ~ ;  Y~, r,) ,  

I f  we c h o o s e  an a p p r o p r i a t e  r e p r e s e n t a t i o n  x = x0 + xz f o r  e a c h  

z" (t, T (x, ~); Z~, Z~) ~< 

M0 Z : = - ~  X (t2 -~, x; X o, X 0 } (2 ~, u~; Y~, YI)~ < (i~, m a x  

We now a p p l y  t h i s  i n e q u a l i t y  w i t h  t = 2 s ( s  e Z ) ,  t o g e t h e r  w i t h  c o n d i t i o n  1 ) ,  t o  e s t i -  
mate  [!T(~, y)[iin the space (Zo, Z~)Eo~: 

liT(x, Y)t!=[[ (,)7(2", T(x, y);  Zo, Z,)),[iE,~ < 

~ m a x  (M~, i , )  [[a**b~[]~..<~C max (Mo, M~) ila~[IJib,it.. 

where  a , = ( ~ ( 2 ~ , x ;  Xo, X ~ ) ) , b u = ( ] ( 2  ~, ~%; Y~, Y~)), and t h e  r e p r e s e n t a t i o n  y = Eu k i s  c h o s e n  in  a 

s i m i l a r  manner .  

The t h e o r e m  we have  p r o v e d  r e d u c e s  t h e  p r o b l e m  o f  d e s c r i b i n g  f u n c t o r s  i n t e r p o l a t i n g  b i -  
l i n e a r  o p e r a t o r s  t o  t h e  s t u d y  o f  c o n v o l u t i o n s  in  s p a c e s  o f  s e q u e n c e s .  

For  t h e  c a s e  o f  s y m m e t r i c  f u n c t i o n a l  s p a c e s  [ 2 ] ,  p r o b l e m s  o f  t h i s  t y p e  h a v e  been  c o n s i -  
d e r e d  by a number o f  a u t h o r s ,  and we n o t e ,  f o r  e x a m p l e ,  t h e  p u b l i c a t i o n s  [ 8 - 1 1 ] .  T h e i r  r e -  
s u l t s ,  t o g e t h e r  w i t h  Theorem 1, i m p l y  c o n t i n u i t y  o f  b i l i n e a r  o p e r a t o r s  in  c e r t a i n  s p a c e s  o f  
t h e  r e a l  method w i t h  p a r a m e t e r s  t h a t  a r e  s y m m e t r i c  s p a c e s  o f  s e q u e n c e s  w i t h  e x p o n e n t i a l  
w e i g h t s .  However ,  t h i s  does  n o t  ( and ,  as  Theorem 3 below shows,  c a n n o t )  y i e l d  new e x a m p l e s  
o f  f u n c t o r s  i n t e r p o l a t i n g  b i l i n e a r  o p e r a t o r s .  

2. E x p o n e n t i a l  Case .  H e n c e f o r t h  we u s e  e k (k e Z) t o  d e n o t e  a s t a n d a r d  u n i t  v e c t o r ,  
i . e . ,  s e q u e n c e  ( . . , O , i , 0 , . . ) .  

LEMMA 1. Suppose  t h a t  G i s  t h e  b . i . s ,  o f  t w o - s i d e d  n u m e r i c a l  s e q u e n c e s ,  1]eh[]a=l (k~Z) .  

Then t h e r e  e x i s t  a C > 0 and an i n c r e a s i n g  s e q u e n c e  o f  n a t u r a l  numbers  {Nk}k=l = f o r  which  

Proof. 

2Nk v N k  
V e1 a ~  C 0 ~ 

Suppose our assertion is false, i.e., 

II ~4bGO 
e, 

Then, for M > 2, there exists an N = N(M) such that for n > N, 

Using this inequality with n = 2SN (s = 0, i, ..., p - i), we obtain 

�9 r~-l N N 
e i 

I~ ~ . . .~ j=_2pN , -1 N ' 
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for any p = i, 2 ..... 

On the other hand, by hypothesis, 

Thus, for p = i, 2 ..... 

~ '3,2 pN Z 2pN ej ~< lle~ll = 2v+,N + I. 
~ ' ~  ].---- 2~)N j=--21 N 

inn 
31 ~' ~< M p L ES=_N__ ej ~ 2~>+2N + 1, 

which contradicts the inequality M > 2. 

THEOREM 2. Suppose that G is a b.i.s, of sequences, e,~i~;=[ (k~Z) , and consider the 

convolution operator S: G • G + G. 

Then G = s 

Proof. Since G is a b.i.s, and ile~liG=1, we have s c G. We therefore proceed to 
proving the reverse inclusion. 

Let y = (Yi) e E, y ~ 0 and is finite, i.e., for all i, Ill ~ N, Yi = 0. By Lemma i, 

there exist a C I > 0 and an increasing sequence of natural numbers {Nk}k=l~ such that for 

all k = i, 2 ..... 

N~ 

12 

We c h o o s e  k0 so  t h a t  Nk0 > N, and  we w r i t e  x =  ej 
-- ~._.~i=_2Nk" 

N 
and for lJl < Nk 0, we have z~= ~ yi=llYHl,. As a result, 

-- ~ i = - - N  

llyllh2.~i=_N~ej .* Since G is ideal, it follows from our hypothesis that 

11 y If,, i Zj--N~, ej 0 < II S (x, y)II < C~ II z llo l} y lIo, 

where C2=[}S[loxo~o. I n  view of (3), therefore, {lyll,,~C,C2ilyl{o 

Now, if y = Y(Yi) e G is arbitrary, then for the "slice" y~=(ycN), Yi~= [0, {i{~N 

in virtue of the above {{yN{{,,~C,C2[[y~[{o~C,C~{{y[{~, and C I and C 2 are independent of N and y. We 

can therefore pass to the limit as N + ~ in the inequality, and the theorem is proved. 

THEOREM 3. Suppose the c.f. of the functor (',')~ ~ constructed with parameter E is 
t @ (0 < @ < 1). The following conditions are equivalent: 

i) E = s 

2) the i.f.{.,-)~ interpolates bilinear operators. 

Proof. The implication 1)-->2) follows from Theorem i. We will prove the converse. 

Since the c.f. of (., .)m~ is t e, we have l,(te-')cEcl~(t e-') [12, pp. 47-48]. As a result, 

for G = E(t I-8) we have llehll~=i (k~Z). If 2) is satisfied, it follows from Theorem 1 that 

S: E x E ~ E, so, in view of the multiplicativeness of exponential functions, S: G x G + G. 

Thus, the hypothesis of Theorem 2 is satisfied for G, so G = s and E = s 

Then S(x, y) = (2j)_~ ~, zj _> 0, 

S (x, y) ~ Z' = ~'3. Nk" zyey = 

*For a = (ai), b = (bi), a ~ b means that a i ~ b i for all i. 
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3. General Case. Now, assume that the c.f. of the functor (.,-)z~ constructed with 
parameter E is r By Theorem i, this i.f. interpolates bilinear operators only in the 
case of a convolution operator S: E x E + E. In other words, there exists a C > 0 such 
that for all x=(x~)~G, y=(y~)~G , 

~ _ .  r z~y~_~ a<Cllzllllyll, (4) ~-~ 

where G=E(@), @(t)=t/r and Cs = ~ (2s)" 

Before we state conditions sufficient for satisfaction of (4), we need some definitions. 
If G and H are b.i.s, of sequences, we use G[H] to denote the space with mixed norm, i.e., 
the set of all matrices (ai, k) such that 

li (a,. ~)llo~,,=llll (a,, ~)I1~(,,11o,~, < ~ .  
We use G' to denote the b.i.s, dual to the b.i.s. G, i.e., the space of all (Yi) for which 

II (Yi)JIG' :~" sup ~ '  x~y~ ~ O Q ,  
ll(xi)llG~< 1 z _ _ . ~ i _ _ ~ .  

And, finally, on the product G x H we define the operator R: R(x, y) = (xiYk-i)i,k, where 
x = ( x , ) ~ G , y = ( y ~ ) ~ H  

THEOREM 4. Each of the following conditions is sufficient for satisfaction of relation 
(4): 

i) R is continuous from G x G to G(k) [s and 

A~(q~)= sup ~n~= q~ < ~ ;  (5) 

2) R is continuous from G x G to G(k)[G(i)] and 

( 6 ) 

L=z I[. ~'~(t~-i / [It'(i) 

Proof. If 

then, for any k e Z, 

I~)It 
i=_Z ~=_g z---~i=--o, q)ifg~k-i 

from which it follows that [I(.z~)It~A~(eP)[IR(x, y)l!~<~A~(ep)![Rljllxil~iiY!!~,. 
The second condition is obtained in exactly the same way from the inequality 

!z~. [ <  [[(s:~y~_~)llc,(o sup'[(' q~ 't'c,,(~) " 
~ z  LI, (Pjq)~-i ] 

Remark i. There exist nonnegative quasiconcave functions on (0, ~) that satisfy condi- 
tion (5)(and, afortiori, (6)). An example is provided by the family of functions 

,c a I ta lnc(Mlt-l)' O < ~ . t ~ l ,  
I , , .b( t)=l  t ~ln a(M2t), t > l ,  

where 0 < a < b < i, c > i, d > i, and the numbers M~ > e c/a and M 2 > e d/(1-b) are selected 
on the basis of continuity considerations. 

We I now consider the case G = s (i J p < =). 
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THEOREM 5. Let t~<p-<.o% 

Then the i.f. (., .)~(~/$) 

Proof. 

I i 
- - + - - - = = t  , anu  
p p 

i n t e r p o l a t e s  b i l i n e a r  o p e r a t o r s .  

If Ilxi!,=lixibz,, then 

i. z,, (~. y)[I,,=i] II (x,y,_,)I1,,,)11,,,, =@ (x,y,_,)!l,,,,,ll,,,, =:,,xll,,!tyii,, 

(7) 

and, in virtue of the above, the theorem is proved. 

Remark 2. For p = I and p = =, condition (7) is sharp. Indeed, if G = s then setting 

x = y = (I)_~ ~ in (4), we obtain A~(#) < ~: Note that (8) appears in the study of the bi- 
linear operator 

B(x. y)=x(s)y( t)  

in Marcinkiewicz functional spaces [13]. 

For p = i, (7) becomes the condition 

(8) 

sup q 1_...__2__~ ,< ,~, (9)  

which is obtained if we use the unit vectors e k instead of x and y in (4). In view of the 
quasiconcavity of ~, condition (9) is equivalent to generalized polymultiplicativity of this 
function, i.e., the existence of a C > 0 such that for all s, t > 0, r < Cr162 

Now, consider the case 1 < p < ~. 

TH__EO_RE_M 6. Assume that the i.f. (...)~,(~,-), l<p<~ interpolates bilinear operators, and 
q (us) 

f o r  a n y  u > O, t h e  f u n c t i o n  ~(s)  = ~{s) i s  m o n o t o n i c  on ( 0 ,  = ) .  

Then relation (7) is satisfied. 

Proof. Let z=(z,,), z~: = ~  ~ . . . .  q;lP!~-i 

that for c=(x,)~l;,, y=(y,)~l~ , 

- - r d / ~ _ ~ .  By hypothesis, 

i,': ~Cllv '~/] 

Assume that x ! 0 and is finite, x i = 0 if li] ! N. 

If -N + k < m < N + k, then ~., =.: -- x,, 
- - i . . . . . .  ~ q ~tl ,,,-~i 

there exists a C > 0 such 

( l o )  

For a fixed k eZ, we set ! t - -  e j , ~ : ,  
' j ~ :  . :~ .~' 

As a result, 

=!~:b.I >~LlvL. 
where u = q;~-----L-J ~::_~.. 

Let 11 denote the set of all i e Z such that the function 

( l l )  

Then 

t~(s)----- r ( a n d ,  t h e r e f o r e ,  
(s) 

a s  w e l l )  i n c r e a s e s ,  and  l e t  12 d e n o t e  t h e  s e t  o f  a l l  i f o r  w h i c h  i t  d e c r e a s e s .  (2~s) 
(2-is) 

0 

and so 
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In view of (i0) and (ii) it follows that for any finite x = (xi), [[z[[,-----i, 

I x~ l r  I x~l q~,, ) < 2,:~c, 
max(Z,~h q%qok-i ' Z i e I ,  q~iq~,-i 

P a s s i n g  t o  t h e  s h a r p  u p p e r  bound w i t h  r e s p e c t  t o  ( x i ) ,  we o b t a i n  

max - - -  " r "'"'" [ y', ( r <2''c, 

from which it follows, because I z U 12 = Z, that 

The theorem is proved. 

As another example, consider a generalization of s - the scale of Lorentz spaces 

s (i < p < ~, 1 <_ q <_ ~): A bounded sequence x----(xk)_~Ip.q if 

II x II,,, ~ = [El ]'" (xi.)q iq/~-I , 

sup (x i*P/v) ,  q = ~ ,  

q < o o ,  

GO is finite, where (x i )i=l is a permutation of (Xk) in nonincreasing order [14, p. 146]. 

In particular, s = s 

PROPOSITION. The bilinear operator R(x, y) = (xi, Yk-i) is continuous from s 

to Img(k)[Ic,-,~r if 1 < p < ~ and i < q < p. 

Prooff. Initially, assume q = i. We fix x = (x k) e s z and set TxY = R(x, y). The 

operator T x is linear, and we will estimate its values on the characteristic functions 
t ,  i ~ e ,  

X'(i)= O ,  i f J ~ e  " We should note that when card(e) = r, we have 

lIr~z41. <s,z, 

where SrX = (Xl* . . . . .  Zl* . . . . .  X~* . . . . .  Z~* . . . .  ). 

As a r e s u l t ,  

II II r.,.xe II| U,,. ,k~ < II Srx II,,., = 
~,.,r Wv_,~.<pr,h, Z :=  x ,(k,l,,__(k__i),%) < 

= 2 L , ' ~ ' *  .._.~,=(,_,),§ 
2pr':; ~ -~  x,~*k'/,'-' = 2p  II x II,,., II x II,,. , .  

I 

x s  

The discrete form of Lemma 5.2 of Ch. 2 of [2] allows us to conclude that IIT~II from s i to 

s163 does not exceed 4p{IxIIp.,. This means that R: Ip.,Xlr.,-~l,.i(k)[l| and 0RiI<@. 
when i < q < p, we use the complex method of interpolation [i, ch. 4]. According to 

what we have proved, 

R: t , •  (k)  [ l ,  ( 0 ] ,  (12) 

R: t,. ,x& , - -& ,(k) ft.(Of. .. 
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I - - 0  0 1 
We choose 0:--+--=--. As we know [i, p. 126 in Russian edition], for each 0 < e 

i p q 
< i, the complex method interpolates bilinear operators. In addition, [Ip.i,l~]e=l~.q (see 

[14], p. 146 in Russian edition] and [i, p. 134 in Russian edition]), and for any b.i.s. E i 

and F i (i = 0, i), we have [~0[F0]. E,[fl]]o=[Eo. E1]o[[Fo, f,]o] [15]. As a result, interpolat- 

ing (12), we obtain 

R: lp, qX/p, q~lp, q(k) [ [/~(i), I .  (i)1 el. 

Since e = p'/q', we have [Iv, l~]o=l(~-,~' [I, p. 139 in Russian edition] and our proposition 

is proved. 

Our proposition and Theorem 4 imply 

THEOREM 7. Let i < p < =, 1 J q J p, and assume that condition (5) is satisfied for 
the function ~. 

Then the i.f. (., ")tp.q(i/~) interpolates bilinear operators. 

Remark 3. We assume that the norm of a b.i.s, of sequences E is order semicontinuous, 

i.e., O~x,~x (x,,, xEE) implies that llx,[l -tlztl  The continuity of R from E x E to E(k)[s 
is equivalent to continuity of the operator V(x, y) = (xkY i) that is the discrete analog of 

the operator B (see (8)) from E • E to E(Z x Z). This makes it possible to show that 

H:Ip.~Xlp.~v~Ip.~(k)[l~(~)] The author does not know whether the operator R is continuous 

from s x s to s163 
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