ON INTERPOLATION OF BILINEAR OPERATORS WITH
A REAL METHOD

S. V. Astashkin UDC 517.989.27

This article considers functors of the real method for interpolation of bilinear
operators. A description is obtained for them in the case of exponential charac-
teristic functions.

1. Introduction. We will recall certain definitions from the theory of interpolation
of linear operators (for further detail, see [1] or [2]).

A triple of Banach spaces (X,, X;, X) is said to be an interpolation triple with res-
pect to a triple (Y,, Y;, Y) if continuity of a linear operator T from Xj into Y;j implies
continuity of T from X into Y. By an interpolation functor (i.f.) we mean a functor F [1]
that maps the category of Banach pairs into the category of Banach spaces so that for arbi-
trary pairs X = (X,, X,) and Y = (Y, Y;), the triple (X,, Xi, F(X)) is an interpolation
triple with respect to the triple (Y,, Yl, F(Y)). We use sR to denote the one-dimensional
space R with norm ||zf,a=s|z| , and we use tR to denote the space R with norm |lz|.a=t|2] (s, t>0) .
Then, for an interpolation functor F,

F(sR, tR)=vy(s, t)R,
where y(s, t) — the characteristic function of the i.f. F — is nonnegative, homogeneous,
and increases with each argument. As a result,\p@,nzzt@(%i), where we also say that the
function ¢(u) = ¢(u, 1) is a characteristic function corresponding to the i.f.; ¢(u) (u > 0)
is nonnegative and quasiconcave, i.e., ¢(u) increases while ¢(u)/u decreases.

We now introduce a fundamental definition. We say that an i.f. F interpolates bilinear
operators if, for any Banach pair X=— (Xe, X1), Y= (Yo, Y)), Z (Z,, Z)), and any bilinear
operator B: X; x Yy » Z; (i = 0, 1) we have B: F(X) x F(Y) » F(Z).

An important example of interpolation functors is the functors of the real method. For
a Banach pair (Xy, X;) and t > 0 we define the Peetre ¥ - and #-functionals as follows [3]:

H (X X)) = inf {llzllx, + tizllx)} (= Xy + X)),
n=Xg{-Xy
EX,

7 z; Xoo X)) =max{flallx, tlz]x} (z=X,NX,).

Let E be the ideal Banach space (b.i.s.) [4] of two-sided numerical sequences a = (aj)_:.
We use (X« X,)z” to denote the space of all x € X, + X; for which fal=|(H (2, z; Xu X.))ide;

we use {Xu Xi)2¥ to denote the space of all x € X, + X; admitting the representation

= Z“’ o (D

where uj € X, N X;. The norm in (Xo, X)) 1is defined as infl(F (2" u;; Xo. X))z over all repre-

sentations (1). For the b.i.s. of sequences G and a function f > 0, we use G(f) to denote
the weighted space whose norm is given by {(a)l=l(af(2"))s . If Zo(max(l, 1/t) c E c &,

(min(1, 1/t)), then the mapping (X, X,)—(X. X,)s* (resp. (X, X,)~ (X, Xi)z7) defines an
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i.f.; the set of them is called the real ¥-method (resp.tf-method) of interpolation. If, in
particular, the triple (%,, 2,(1/t), E) is an interpolation triple relative to (fw, 2{1/t),
E), we say that E is a parameter of the real method and then, for any pair, (Xoo X)) = (Xo, X1) &7
[5, p. 432].

An important and well-known special case of the construction we have given is the space
B S > & Ty “
(X5 XpJo. p = (X, Al),p(pe, = (X, Xx)fpu—a) B I P < %0)

In [6], Lions and Peetre (see also [1, p. 100]) proved the following theorem: If T is a bi-
linear operator, T: Xj x Y; » Z3y (i = 0, 1), then T: (X¢ X))o, 5% (Yoo Yoo 5o~ (Zsy Z1) 6, o Where
0 <8 <1 and

4o 1. (2)

Consider the example of'(Xm Xiy=(Y. Y)=(Z,, Z))=(l,, L,(t)} with the following convolution opera-

tor for sequences x = (%) and y = y(yj):
S (:Ev y} XY == (Z I‘iyk—i‘iv .
[0 e

The hypothesis of the Lions—Peetre theorem is satisfied, and since (I, L (#)Ve., =L:(1") , we

have 8: (X, X))o, poX(Yeo Yi)e, 52y, Z)o, 0 Lo Lo <l 4:;-1..< L —;-1—-—1“ As a result, this

P: P B
theorem is exact, and among the functors (., )4, , (0<8<i, i<p<~), bilinear operators are

interpolated only by the functors (., :)g,; (0 < 8 < 1). (We should note that under certain
conditions on the Banach pairs, relations (2) can be weakened [7].)

In this paper we study i.f. interpolating bilinear operators, within the framework of
the general real method. We show that in case of an exponential i.f. ¢(t) = t®, the i.f.
(., -)1_9,1 is the only one with this property. However, within "bundles" of functors with
certain other characteristic functions, the supply is considerably richer.

We will first prove a result that demonstrates the fundamental nature of our example of
the convolution operator.

THEOREM 1. For arbitrary real-method parameters E;,, E;, and E,, the following two condi-
tions are equivalent:

1) the convolution E, * E, ¢ Ej;

2) for arbitrary Banach pairs (Xq, X:), (Yy, Y;), and (Z,, Z;) and any bilinear operator
T: Xy x Yy >2Z4 (4 =0, 1), we have

T: (Xo, X0)2" X (Yo, Y) &7~ (Zoy Z,) =7
Proof. Initially, suppose that 2) holds. We choose (X, X,)=(Y,, Y.)={(Z, Z.)=(L, L(1/t))

and for T we choose the convolution S. Since S: Xj x Y; » Zj, we obtain 1) from the rela-
tions (I, L{(1/t))z, = (L, L1V, =E. [5, p. 424].

The idea for the proof of the converse is actually drawn from [6]. Thus, let T be a
bilinear operator, T: Xj x Yi > Z4. We represent z=(X, X\)s* and y={Y, Y,)s” in the
form

x=xo+$l(1iEXi)'y=Zk (e ¥ N Yy

== — 00

(we can do this because E, is a parameter). Then, because T is bilinear, for all t > 0,

e

KT @i 2e2)< Y HT (@) Ze 2) <

k=—o0
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<3 T o)l + T () 2) <

AN

D Mzl + 2 n i) § (24w Yo ),

where M; =T |lx xyz,, If we choose an appropriate representation x = X, + x; for each

k € Z, we obtain

K, T (x4 Lo Z4) <<
Smax (Mo My) 31 K22 Xo X)§ (2w Vo V).

We now apply this inequality with t = 2% (s € Z), together with condition 1), to esti-
mate |iT {z, ¥)ilin the space (Z,;, Z)z"

T (2, )=l (K (2%, T (2, 9); Zo, Z1)) =
=max (Ma, M,)E[ag*byiimﬁc mﬁX(Mo. ;‘W;)uaxud‘e”buﬂl‘u

where a.=(X (2, z; X,, X)), by=(F (2, uy Y, Y,)), and the representation y = Iuy is chosen in a
similar manner.

The theorem we have proved reduces the problem of describing functors interpolating bi-
linear operators to the study of convolutions in spaces of sequences.

For the case of symmetric functional spaces [2], problems of this type have been consi-
dered by a number of authors, and we note, for example, the publications [8-11}]. Their re-
sults, together with Theorem 1, imply continuity of bilinear operators in certain spaces of
the real method with parameters that are symmetric spaces of sequences with exponential
weights. However, this does not (and, as Theorem 3 below shows, cannot) yield new examples
of functors interpolating bilinear operators.

2. Exponential Case. Henceforth we use ey (k € Z) to denote a standard unit vector,
i.e., sequence (..,0,1,0,..).
e

LEMMA 1. Suppose that G is theb.i.s. of two-sided numerical sequences, [ec=1 (k=Z).

Then there exist a C > 0 and an increasing sequence of natural numbers {Np}y=1" for which

DYAINCTELID VAR

Proof. Suppose our assertion is false, i.e.,

1E el

Yl

Then, for M > 2, there exists an N = N(M) such that for n > N,

Xl

.» p— 1), we obtain

D S SR Y

=M

DI

Using this inequality with n = 28N (s = 0, 1,

5 2PN
€ i
—2PN
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for any p = 1, 2,
On the other hand, by hypothesis,

D

je=—2PN

<229N fles )| = 2N Lo,

j=—2PN

Thus, for p =1, 2, ...,
| S <o,
. ==

which contradicts the inequality M > 2.

THEOREM 2. Suppose that G is a b.i.s. of sequences, e.c=1(k=Z) , and consider the
convolution operator S: G x G » G.

Then G = Q.

Proof. Since G is a b.i.s. and |lels=1, we have %; ¢ G. We therefore proceed to
proving the reverse inclusion.

Let y = (yi) € E, y > 0 and is finite, i.e., for all i, |i] > N, y; = 0. By Lemma 1,
there exist a C; > 0 and an increasing sequence of natural numbers {Nk},_,~ such that for

allk=1, 2, ...,

2Ny, Ny
“ 2j=—-2Nk ¢ ”G< G “ 2j=_Nk ¢ ”G : (3)
oN
We choose k, so that Ny > N, and we write z=z k'N e; . Then S(x, y) = (2y)-”, 25 2 0,
j=—2 Ko
j N == ’ Nk.
and for |j| < Ng , we have Z,—=2i=_N yi=lyll,. As a result, S(z,y) > Z = 2j=~Nk 2ye; —
llyllzxZNk' e; .* Since G is ideal, it follows from our hypothesis that
—
A QR
vl 3" 1o <IS @ VI Callzlls iyl
where C,=||Slex¢—s. In view of (3), therefore, |yl.<C.Cilyle
Yis I¢'<N

Now, if y = y(y4) € G is arbitrary, then for the "slice" y"=(y~), yN = ] ]
0. lil=N

in virtue of the above [y*| . <C.C.lly"lle<C.C.llyle, and C; and C, are independent of N and y. We

can therefore pass to the limit as N > » in the inequality, and the theorem is proved.

THEOREM 3. Suppose the c.f. of the functor (-, -)«* constructed with parameter E is
t® (00< 6 < 1). The following conditions are equivalent:

1) E = 2,(t871);

2) the i.f.(., -);# interpolates bilinear operators.

Proof. The implication 1)=>2) follows from Theorem 1. We will prove the converse.

Since the c.f. of (-, -)z* is t9, we have 1L,(t*-)<=Ecl. (¢-*) [12, pp. 47-48]. As a result,
for G = E(t*"9) we have |ede=1 (k=Z). If 2) is satisfied, it follows from Theorem 1 that
S: E x E > E, so, in view of the multiplicativeness of exponential functions, S: G x G > G.

Thus, the hypothesis of Theorem 2 is satisfied for G, so G = %; and E = 2,(t871%).

*For a = (ay), b = (by), a > b means that aj > b; for all i.

644



3. General Case. Now, assume that the c.f. of the functor (-, -)z* constructed with
parameter E is ¢(t). By Theorem 1, this i.f. interpolates bilinear operators only in the
case of a convolution operator S: E x E > E. In other words, there exists a C > 0 such
that for all r=(x)eG, y=(y.)=G ,

o “ <C (4)
“ Zl—,—eo Qi Qr-i Zilk-1 " z " “ y ”v

where G=E(§), §(t)=t/g(t) and ¢g = ¢(25).

Before we state conditions sufficient for satisfaction of (4), we need some definitions.
If G and H are b.i.s. of sequences, we use G[H] to denote the space with mixed norm, i.e.,
the set of all matrices (aj k) such that

i (a, h)“G(H1=”” (ai, %) ”H(l’)”G(h)<°°-
We use G' to denote the b.i.s. dual to the b.i.s. G, i.e., the space of all (y;) for which

Ml = sup 37 2y <o

e g1

And, finally, on the product G x H we define the operator R: R(x, y) = (Xiyk-i)i,k: where
r=(z) =6, y=(y;)€H

THEOREM 4. Each of the following conditions is sufficient for satisfaction of relation

(4):
1) R is continuous from G x G to G(k) [%«(i)] and

A () = sup Zw —H oo (5)

k=Z =00 PiPk-i
2) R is continuous from G x G to G(k)[G(i)] and

(6)
Ac(y) = s {
¢ () :lé “( rfqh,,)a(i)

Proof. If

[ <]
I § P
Sy E Ny XY yei - s
[ 0 QiPr-i

then, for any k €Z,

. . s hl WYr

izklg?;flxlyk"";;g Zz':ma: Pir-i

from which it follows that [|(z)]ls<4. (@R (x, y) i< A . (@) |Blillzlclyle.
The second condition is obtained in exactly the same way from the inequality

EAES [y (Tg{"’
Vi bu-i /

6" (i)

Remark 1. There exist nonnegative quasiconcave functions on (0, «) that satisfy condi-
tion (5) (and, a fortiori, (6)). An example is provided by the family of functions

| & Inc(M™), 0t
W (t) =
a.b | 7 Ind (M,t), t>1,

where 0 ¢ a < b <1, ¢ > 1, d > 1, and the numbers M; > ec/a and M, > ed/(1-b) are selected
on the basis of continuity considerations.

We now consider the case G = ¢ (1 < p < =).
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THEOREM 5. Leti<spscoec, ?1+?1,-=1 , and

(7

oo \ G
4, (¢) = sup gy [Z ((Piq)k—i)_"q < oo,
K=z i=—o0o 1
Then the i1.f. (., -);Xm@) interpolates bilinear operators.
P

Proof. If lal,=lz,. then

P
LR (x, .1/)”9=1”| (Iiyk—i) “p(.‘)”pm)zml(Iiyk—i)“p(k)“p(i)=:laxl|PkliyiiP~
and, in virtue of the above, the theorem is proved.

Remark 2. For p = 1 and p = », condition (7) is sharp. Indeed, if G = %, then setting

x =y = (1) in (4), we obtain A,(9) < «». Note that (8) appears in the study of the bi-
linear operator

B(x, yy=x(s}ytt) (8)

in Marcinkiewicz functional spaces [13].

For p = 1, (7) becomes the condition

su $i -
=y A ]V ]

o, (9)

which is obtained if we use the unit vectors ey instead of x and y in (4). 1In view of the
quasiconcavity of ¢, condition (9) is equivalent to generalized polymultiplicativity of this
function, i.e., the existence of a C > 0 such that for all s, t >0, ¢(st) < Cé(s)g(t).

Now, consider the case 1 < p < =,
THEOREM 6. Assume that the i.f. (.. -)'}T(‘,J). 1<p<w interpolates bilinear operators, and
g (us)

@ (s)
Then relation (7) is satisfied.

for any u > 0, the function (s} = is monotonic on (0, =«).

Proof. Let :={(z). :E ” ::" I.Y... . By hypothesis, there exists a C > 0 such
i x YWl

that for e=(r)=l,. y=(y)=l, »
ial <Clallfulls. (10)

2N
Assume that x > 0 and is finite, x4 = 0 if |i| > N. For a figed k €Z, we set yzz € aice
je N

If N+ k<m<N+ k, then :, :»:Xﬁ -—Mur, As a result,
- - i o Qi sad
. , (11)
. fel =l
where y = 2 LNy My o
[N T AT R S .
3
Let I, denote the set of all i € Z such that the function (Q:%‘%.‘)i (and, therefore,
k
P (2F-is) = ﬂ%.‘.jL as well) increases, and let I, denote the set of all i for which it decreases.
9 (2™s)
Then
ZiQx N TPk o )
—, €iiks —e €isk
v}max(ZiEh Qi QPr—i Z;:o a Ziez, @iPx-i E‘;'=—N J+)
and so

TPy T; P
> itk Xk VNN 4 WP,
vl > max (Ziez, PiPk-i Zielz PiPr—i ) W1
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In view of (10) and (11) it follows that for any finite x = (x1)s llzfls=1,

max(z _lﬁl_(pl,z 'xilq’k)<2x/nc.

icl, PiPx-i iel, QiPk-i

Passing to the sharp upper bound with respect to (x;), we obtain

Pk "/]llp ’ ( o\ ol
3 y —_— “'
max {[2,151 ( PiPr—i ) [Ziel. CPi(Pk-i) ] }<

from which it follows, because I, U I, =Z, that

[Z o T wme
jemeeco \ PiPr-i

The theorem is proved.
As another example, consider a generalization of Zp — the scale of Lorentz spaces

%p,q (1 < p <=, 1< q<=): A bounded sequence T=(Z}) —u"Cly, ; if

o 1/9 »
[Z (z:*)1 i"/”‘l] v gL oo,
=1

sup (¢;*it/?), ¢ = oo,
ieN

||-'5"p.n=[

is finite, where (x;%)j=1" is a permutation of (xy) in nonincreasing order [14, p. 146].
In particular, ’Lp,p = Lp.

PROPOSITION. The bilinear operator R(x, y) = (xi, Yk-i) is continuous from p,q * %p,q
to lpa(k)[lp-50 ()] if 1 < p ¢ ©wand 1 < q < p.

Proof. 1Initially, assume q = 1. We fix x = (x) € %p,1 and set Tyy = R(x, y). The

operator Ty is linear, and we will estimate its values on the characteristic functions

1, ieseé
e (i) = { 0, igte We should note that when card(e) = r, we have
‘ “Ts e”w<S,z,
where S.z= (% ...,25% ..o .. o Z* . .0).
\—-—;:——J ‘—;‘_J

As a result,
T e ooy Wi 100 SHS 72, 1=
o 1kr . ® ) '
= * i1/ -t & pri/e x,* (BVr — (b —1)Vr)
Ek=1 :E;' Zi=(k—l)r+l : SP Zk:x " ( o

L2pritv 3 a2t =2p el il
=1
The discrete form of Lemma 5.2 of Ch, 2 of [2] allows us to conclude that Tl frem %p,1 to

Q,ékz[zm(i)] does not exceed 4plzfs,.. This means that R:lp Xl =l (k) [l.(i)] and ||R|<4p.

When 1 < q < p, we use the complex method of interpolation [1, ch. 4]. According to
what we have proved,

R X~ (k) [ ()], (12)
R: by Xy, (1 (k) [L (0)]. -
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=8 &
1 !

< 1, the complex method interpolates bilinear operators. In addition, {[l, . lo}e=l, , (see

We choose 8:

As we know [1, p. 126 in Russian edition], for each 0 < 8

[14], p. 146 in Russian edition] and [1, p. 134 in Russian edition]), and for any b.1i.s. E;

and F; (i = 0, 1), we have [E[F.). E\[F\]]e=[E, E)o[[Fo F,]:] [15]. As a result, interpolat-
ing (12), we obtain
R bp, o Xlp, o bp, o () [[1n (), I ()] 6].
Since 6 = p'/q', we have [l,, l.)e=lp-1ye [1l, p. 139 in Russian edition] and our proposition
is proved.

Our proposition and Theorem 4 imply

THEOREM 7. Let i < p ¢ =, 1 < q < p, and assume that condition (5) is satisfied for
the function ¢.

Then the i.f. (-, 4i‘¢ﬂ6’ interpolates bilinear operators.

Remark 3. We assume that the norm of a b.i.s. of sequences E is order semicontinuous,
i.e., 0<z.tz (z., =E) implies that [|z.[z=|lz]le. The continuity of R from E x E to E(k)[R(i)]
is equiﬁalent to continuity of the operator V(x, y) = (xyyi) that is the discrete analog of
the operator B (see (8)) from E x E to E(Z x Z). This makes it possible to show that

Rily Xy, o?lp (B)[I<(0)] . The author does not know whether the operator R is continuous

from 25,1 X %p,1 to Zp’l(k)[lp’l(i)].
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