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We say that a closed subspace H of the space Lp = Lp[0, 1],
1 � p < ∞, is a Λ(p)-space if, in H, convergence in Lp-norm
is equivalent to convergence in measure. Mainly, we focus on
the problem when the unit ball BH := {f ∈ H: ‖f‖p � 1} of
a Λ(p)-space H has equi-absolutely continuous norms in Lp.
Moreover, assuming that a rearrangement invariant space X is
embedded into Lp, 1 � p < ∞, and that the inclusion operator
I :X → Lp fails to be strictly singular, we are interested in
what we can say about the properties of subspaces on which
the norms of X and Lp are equivalent. We reveal their essential
dependence on the value of p, which resembles the difference
in the classical theorems of Bourgain and Bachelis–Ebenstein
on Λ(p)-sets.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

The classical Khintchine inequality (see e.g. [32, Chapter V, Theorem 8.4]) asserts
that, for every 0 < p < ∞, there exist constants Ap, Bp > 0 such that for any sequence
of real numbers {ck}∞k=1 we have
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Ap

∥∥(ck)∥∥2 �
∥∥∥∥∥

∞∑
k=1

ckrk

∥∥∥∥∥
Lp[0,1]

� Bp

∥∥(ck)∥∥2, (1)

where ‖(ck)‖2 := (
∑∞

k=1 c
2
k)1/2 and rk’s are the Rademacher functions, that is, rk(t) =

sign(sin 2kπt), k ∈ N, t ∈ [0, 1]. Thus, for every 0 < p < ∞ the sequence {rk} is equiva-
lent in Lp to the standard basis of l2. The following notion reflects general phenomena
exemplified above by the Rademacher system. We say that a closed subspace H of the
space Lp = Lp[0, 1], 1 � p < ∞, is a Λ(p)-space if, in H, convergence in Lp-norm is
equivalent to convergence in measure. Equivalently, for each (for some) 0 < q < p there
exists a constant Cq > 0 such that

‖f‖p � Cq‖f‖q for all f ∈ H (2)

(see e.g. [1, Proposition 6.4.5]).
Inequality (1) shows that the closed linear span [rk] (say, in L1) is a Λ(p)-space for

every 1 � p < ∞. At the same time, the closed linear span [ξk] of a sequence {ξk}∞k=1
of independent identically distributed s-stable random variables (1 < s < 2) in L1 is a
Λ(p)-space if and only if p ∈ (0, s) (see e.g. [1, §6.4]). Note that sometimes a different
terminology is used; for instance, in the book [1] (see Definition 6.4.4) a subspace H

satisfying (2) is said to be strongly embedded in Lp.
It is worth emphasizing that originally the concept of a Λ(p)-space was introduced by

Rudin [28], in the special setting of Fourier analysis on the circle group [0, 2π). Namely,
let 0 < p < ∞. A set E ⊂ Z is called a Λ(p)-set if for some 0 < q < p there exists a
constant Cq > 0 such that inequality (2) holds for every polynomial f with spectrum
(i.e., support of Fourier transform) in E. Equivalently, the subspace H = LE generated
by a set of exponentials {e2πinx, n ∈ E} is a Λ(p)-space. In [28], for all integers n > 1
Rudin constructed Λ(2n)-sets that are not Λ(q)-sets for every q > 2n. In 1989, Bourgain
proved a deep result extending Rudin’s theorem to all p > 2 [7]. Earlier, in 1974, Bachelis
and Ebenstein [3] showed that in the case when p ∈ (1, 2) every Λ(p)-set is a Λ(q)-set
for some q > p. Note that the gap between Bourgain theorem and Bachelis–Ebenstein
theorem, i.e., the question whether any Λ(2)-set is a Λ(q)-set for some q > 2 remains
still open (the so-called Λ(2)-set problem).

In this paper, Λ(p)-spaces are considered in a more general setting of rearrange-
ment invariant (r.i.) spaces. Mainly, we focus on the problem when the unit ball
BH := {f ∈ H: ‖f‖p � 1} of a Λ(p)-space H has equi-absolutely continuous norms in Lp.
Moreover, assuming that an r.i. space X is embedded into Lp, 1 � p < ∞, and that the
inclusion operator I : X → Lp fails to be strictly singular, we are interested in what we
can say about the properties of subspaces on which the norms of X and Lp are equiv-
alent. This approach allows us to reveal an essential dependence of results on the value
of p, which resembles the difference in the above-mentioned theorems of Bourgain and
Bachelis–Ebenstein.
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Clearly, the notion of a Λ(p)-space naturally extends to an arbitrary r.i. space. In [30],
Tokarev introduced and studied the class K(X) of all infinite dimensional subspaces B of
an r.i. space X on the interval [0, 1] such that convergence in the norm ‖·‖X is equivalent
in B to convergence in measure. Moreover, in [31], he announced (without proofs) a series
of results related to the family T (B) (where B is a fixed reflexive subspace of L1) of all
r.i. spaces X such that B ⊂ X and convergence in the norm ‖ · ‖X is equivalent in B

to convergence in L1-norm. Here, we do not pursue such a goal and confine ourselves to
the case of Λ(p)-spaces.

The paper is organized as follows. After Section 2, where some necessary definitions
and auxiliary results are collected, in Section 3, we prove that every subspace H of Lp,
1 � p < ∞, is a Λ(p)-space whenever there is an r.i. space X ⊂ Lp such that H ⊂ X ⊂ Lp

and the inclusion operator I : X → Lp is disjointly strictly singular (Theorem 1). In
the opposite direction, applying the above Bourgain’s result on Λ(p)-spaces spanned
by sequences of uniformly bounded orthogonal functions [7], we show that for every
p > 2 there is a Λ(p)-space, which is not embedded into any Orlicz space LN such that
LN

�=
⊂ Lp and therefore whose unit ball fails to have equi-absolutely continuous norms in

Lp (Example 1). Moreover, we are able to construct a Λ(2)-space spanned by a sequence
of mean zero independent functions, which is not embedded into any r.i. space X such
that X

�=
⊂ L2 (Example 2).

Section 4 contains main results of the paper. First, in Theorem 2, we prove that, for
1 � p < 2, the unit ball of arbitrary Λ(p)-space has equi-absolutely continuous norms
in Lp. It is not the case if p � 2. However, if H is a closed subspace of L2 such that
there exists an r.i. space X with the properties that H ⊂ X ⊂ L2 and that the in-
clusion operator I : X → L2 is disjointly strictly singular, then the unit ball BH has
equi-absolutely continuous norms in L2 (Theorem 3). On the contrary, using construc-
tions of the paper [11], for arbitrary p > 2 we are able to find an Orlicz space LF

embedded into Lp such that the inclusion operator I : LF → Lp is disjointly strictly
singular and the norms of Lp and LF are equivalent on some closed subspace H of
Lp whose unit ball BH fails to have equi-absolutely continuous norms in Lp (Theo-
rem 4).

Finally, in Section 5 we consider uniformizable Λ(2)-spaces introduced by Blei in the
book [6] (see also [5]) and extend to them some results proved earlier in [8] in the special
case of Λ(2)-sets. In particular, we show that a closed subspace H of L2 is a uniformizable
Λ(2)-space if and only if the unit ball BH has equi-absolutely continuous norms in L2

(Theorem 5) and prove that the orthogonal sum of two Λ(2)-spaces is still a Λ(2)-space
provided that at least one of them is uniformizable (Theorem 7).

The author is grateful to Prof. E.M. Semenov for useful discussions and valuable
advices. He would also like to thank an anonymous referee for his (her) very helpful
remarks and suggestions.
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2. Preliminaries

In what follows given two positive functions (quasinorms) f and g are said to be equiv-
alent (we write f � g) if there exists a positive constant C such that C−1f � g � Cf .
Throughout we use the letters C and c to denote positive constants whose values may
change at different occurrences.

2.1. Rearrangement invariant spaces

Detailed exposition of theory of rearrangement invariant spaces see in [20,22,4].
A Banach space X of real-valued Lebesgue-measurable functions on the interval [0, 1]

is called rearrangement invariant (r.i.) if from the conditions y ∈ X and x∗(t) � y∗(t)
almost everywhere (a.e.) on [0, 1] it follows that x ∈ X and ‖x‖X � ‖y‖X . Here and
throughout, m is the Lebesgue measure and x∗(t) is the left-continuous non-increasing
rearrangement of |x(s)|, which is defined by

x∗(t) := inf
{
τ � 0: m

{
s ∈ [0, 1]:

∣∣x(s)
∣∣ > τ

}
< t

}
(t > 0).

In particular, if x and y are equimeasurable functions, that is,

m
{
s ∈ [0, 1]:

∣∣x(s)
∣∣ > τ

}
= m

{
s ∈ [0, 1]:

∣∣y(s)∣∣ > τ
}

for all τ > 0,

and y ∈ X then x ∈ X and ‖x‖X = ‖y‖X .
For each r.i. space X on [0, 1] the continuous embeddings L∞ ⊂ X ⊂ L1 hold. By X◦

we will denote the separable part of X, i.e., the closure of L∞ in X; X◦ is an r.i. space
which is separable provided that X �= L∞. Throughout χA is the characteristic function
of a set A. The fundamental function of an r.i. space X is the function ϕX(t) := ‖χ[0,t]‖X ,
0 � t � 1. The lower and upper dilation indices of ϕX are defined by

γϕX
= lim

t→0+

log MϕX
(t)

log t and δϕX
= lim

t→∞
log MϕX

(t)
log t ,

respectively, where MϕX
(t) = sup0<s�1,0<st�1 ϕX(st)/ϕX(s). Since ϕX is quasi-concave

(i.e., ϕX increases and ϕX(t)/t decreases), we have 0 � γϕX
� δϕX

� 1.
Most important examples of r.i. spaces are the Lp-spaces (1 � p � ∞) and their

natural generalization, the Orlicz spaces [19]. Let N(u) be an Orlicz function on
[0,∞), that is, a continuous convex increasing function on [0,∞) such that N(0) = 0.
Then the Orlicz space LN consists of all measurable functions x(t) on [0, 1] such that∫ 1
0 N(|x(t)|/λ) dt � 1, for some λ > 0. The Luxemburg norm ‖x‖LN

:= inf λ, where the
infimum is taken over all λ satisfying the last inequality. An Orlicz space LN is separable
if and only if the function N satisfies the Δ2-condition at infinity (i.e., there exist u0 > 0
and B > 0 such that N(2u) � BN(u) for all u > u0). The fundamental function of LN

is ϕLN
(s) = 1/N−1(1/s), where N−1 is the inverse function to N .
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2.2. Subsets of r.i. spaces with equi-absolutely continuous norms

Let X be an r.i. space on [0, 1]. We shall say that a set K ⊂ X has equi-absolutely
continuous norms in X if

lim
δ→0

sup
m(E)<δ

sup
f∈K

‖fχE‖X = 0.

Two statements below can be proved by standard arguments (see e.g. [1, Lemmas 5.2.6
and 5.2.7]).

Lemma 1. For arbitrary r.i. space X on [0, 1] such that X �= L∞ and for any set K ⊂ X

the following conditions are equivalent:

(i) K has equi-absolutely continuous norms in X;
(ii)

lim
M→∞

sup
f∈K

‖fχ{|f |>M}‖X = 0.

Lemma 2. Let 1 � p < ∞, and let H be a closed subspace of Lp = Lp[0, 1]. If the set
BH := {f ∈ H: ‖f‖p � 1} has equi-absolutely continuous norms in Lp, then H is a
Λ(p)-space.

2.3. Inclusions of r.i. spaces

A linear operator between two Banach spaces E and F is called strictly singular, or
Kato, if it fails to be an isomorphism on any infinite dimensional subspace of E (cf.
[21, 2.c.2]). The class of all strictly singular operators, which was introduced by Tosio
Kato in [18], is a well-known closed operator ideal with important applications. A weaker
notion for Banach lattices, introduced in [11], is the following one: a bounded operator
T from a Banach lattice E to a Banach space F is said to be disjointly strictly singular
(DSS, in short) if there is no disjoint sequence of non-null vectors {xn}∞n=1 in E such
that the restriction of T on the subspace [xn] spanned by the vectors xn (n = 1, 2, . . .) is
an isomorphism. This is a useful tool in studying the structure of r.i. spaces (cf. [11,9])
Clearly, every strictly singular operator is disjointly strictly singular but the converse is
not true in general; it is sufficient to consider the canonic inclusion Lq[0, 1] → Lp[0, 1],
1 � p < q < ∞, and the sequence of Rademacher functions (see Introduction). In general,
the class of all disjointly strictly singular operators is not an operator ideal since it fails
to be stable with respect to the composition on the right.

Let X and Y be a pair of r.i. spaces on [0, 1] and X ⊂ Y . The inclusion X ⊂ Y is
called strong if

lim
δ→0

sup
‖f‖X�1,m(supp f)�δ

‖f‖Y = 0
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(supp f is the support of a measurable function f). If an inclusion X ⊂ Y is strong, then
limt→0 ϕY (t)/ϕX(t) = 0, where ϕX and ϕY are the fundamental functions of the spaces
X and Y , respectively. The inverse statement does not hold. More precisely, in [2] it is
constructed a pair of r.i. spaces X and Y with X ⊂ Y such that limt→0 ϕY (t)/ϕX(t) = 0
and the inclusion X ⊂ Y is not DSS. On the other hand, obviously, any strong inclusion
is DSS. Moreover, there are Orlicz spaces LG and LN such that the inclusion LG ⊂ LN

is DSS but not strong [11, Proposition 3.2]. We will need the following simple sufficient
condition under which the latter inclusion is strong (see also [10]).

Lemma 3. Suppose G and N are two Orlicz functions such that N satisfies the
Δ2-condition at infinity and limu→∞ G(u)/N(u) = ∞. Then LG ⊂ LN and this in-
clusion is strong.

Proof. Firstly, the inclusion LG ⊂ LN follows from the assumption and the fact that the
norm of any Orlicz space on [0, 1] is determined (up to equivalence) by the behavior of
the corresponding Orlicz function for large values of argument.

Now, since N satisfies the Δ2-condition at infinity, for arbitrary ε > 0 there ex-
ist u0 > 0 and B = Bε > 0 such that N(u/ε) � BN(u) for all u > u0. Moreover,
let M0 = M0(ε) > u0 and δ > 0 be such that N(u) � (2B)−1G(u) for all u � M0
and 2δN(M0/ε) < 1. Then for arbitrary f ∈ LG, with

∫ 1
0 G(|f(x)|) dx � 1 and

m(supp f) � δ, we have

1∫
0

N

(
|f(x)|

ε

)
dx =

∫
{|f(x)|>M0}

N

(
|f(x)|

ε

)
dx +

∫
{|f(x)|�M0}

N

(
|f(x)|

ε

)
dx

� B

∫
{|f(x)|>M0}

N
(∣∣f(x)

∣∣) dx + N

(
M0
ε

)
m(supp f)

� 1
2

1∫
0

G
(∣∣f(x)

∣∣) dx + N

(
M0
ε

)
δ � 1.

Thus, ‖f‖LN
� ε, and the proof is complete. �

The following lemma is a version of the well-known De La Vallee Poussin theorem on
uniformly integrable sets in L1 (see, for instance, [23, pp. 19–20] and in a more general
setting [12, Proposition 6.6, p. 136]) and can be proved in a similar way.

Recall that an Orlicz function N is said to be p-convex if the map t 	→ N(t1/p) is
convex.
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Lemma 4. Let 1 � p < ∞ and let K ⊂ Lp = Lp[0, 1] be an arbitrary set.

(i) Suppose that there exists a non-decreasing function N(u) on [0,∞), N(0) = 0, such
that

lim
u→∞

N(u)
up

= ∞ (3)

and

sup
f∈K

1∫
0

N
(∣∣f(x)

∣∣) dx < ∞. (4)

Then K has equi-absolutely continuous norms in Lp.
(ii) If the set K has equi-absolutely continuous norms in Lp, then there exists a non-

decreasing function N(u) on [0,∞), N(0) = 0, which is equivalent to some p-convex
function and satisfies the Δ2-condition and relations (3) and (4).

By Lemma 3, condition (3) guarantees that the inclusion LN ⊂ Lp is strong. Therefore,
from Lemma 4 it follows

Proposition 1. Let 1 � p < ∞, and let H be a closed subspace of Lp. The following
conditions are equivalent:

(i) the unit ball of H has equi-absolutely continuous norms in Lp;
(ii) there is a p-convex Orlicz function N(u) satisfying the Δ2-condition such that the

inclusion LN ⊂ Lp is strong and H ⊂ LN ;
(iii) there is an Orlicz function N(u) such that the inclusion LN ⊂ Lp is strong and

H ⊂ LN .

Remark 1. It is worth to note that in the case of general Λ(p)-spaces we cannot prove
a result similar to Bachelis–Ebenstein theorem mentioned in the Introduction (see [3]).
Indeed, let 1 � p < ∞ and let f0 be a mean zero function independent of the sequence
of Rademacher functions {rk}∞k=1 such that f0 ∈ Lp \

⋃
q>p Lq. Then, the Λ(p)-space

H spanned by the set {f0} ∪ {rk}∞k=1 is not contained in Lp′ and therefore it is not a
Λ(p′)-space for any p′ > p. Moreover, it is not hard to check that the unit ball of H has
equi-absolutely continuous norms in Lp and hence, by Proposition 1, there is an Orlicz
function N(u) such that the inclusion LN ⊂ Lp is strong and H ⊂ LN .

3. Λ(p)-spaces and inclusions of r.i. spaces

Let 1 � p < ∞, and let an r.i. space X on [0, 1] be embedded into Lp = Lp[0, 1].
Suppose that the (canonic) inclusion operator I : X → Lp is strong but not strictly
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singular, and therefore there exists a subspace H of Lp such that the norms of X and Lp

are equivalent on H. Then, it is easy to check that the unit ball BH = {f ∈ H: ‖f‖p � 1}
has equi-absolutely continuous norms in Lp. As we will see further, it is not the case, in
general, when the inclusion operator is only DSS. However, the following result holds.

Theorem 1. Let 1 � p < ∞, and let H be a closed subspace of Lp. Suppose that there is
an r.i. space X such that H ⊂ X ⊂ Lp and the inclusion operator I : X → Lp is DSS.
Then H is a Λ(p)-space.

Before proving this theorem let us recall the following notation, which has its origin
in the classical Kadec–Pełczyński work [15] (see also [24]). For a given r.i. space X on
[0, 1] and any δ > 0 we set

SX,δ(f) :=
{
t ∈ [0, 1]:

∣∣f(t)
∣∣ > δ‖f‖X

}
, where f ∈ X,

and

MX,δ :=
{
f ∈ X: m

(
SX,δ(f)

)
� δ

}
.

It is not hard to check that for arbitrary set K ⊂ X the following conditions are equiv-
alent:

(a) there is a constant C > 0 such that for every f ∈ K we have ‖f‖X � C‖f‖1/2,
where ‖f‖1/2 = (

∫ 1
0 |f(t)|1/2 dt)2;

(b) there exists δ > 0 such that K ⊂ MX,δ.

The following result is actually well known (see e.g. [22, Proposition 1.c.8 and its
proof] or [1, Lemma 5.2.1]) and therefore its proof is omitted.

Lemma 5. Let X be a separable r.i. space and let K be a subset of the unit ball of X. If
K �⊂ MX,δ for every δ > 0, then there exist fn ∈ K, n = 1, 2, . . . , and pairwise disjoint
sets An ⊂ [0, 1], n = 1, 2, . . . , such that limn→∞ ‖fn − fnχAn

‖X = 0.

Proof of Theorem 1. Since H is closed in Lp, the inclusion X ⊂ Lp is continuous, and
H ⊂ X, the norms of X and Lp are equivalent on H. Hence, without loss of generality,
it can be assumed that, for some constant c0 ∈ (0, 1), we have

‖f‖p � ‖f‖X (f ∈ X) and c0‖f‖X � ‖f‖p (f ∈ H). (5)

In particular, from inequalities (5) it follows that H ⊂ X◦, where X◦ is the separable
part of X (see Section 2). Therefore, it is sufficient to prove the assertion in the case of
separable X.
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Assuming the contrary, by the definition of a Λ(p)-space, we deduce that the above
condition (a) does not hold for X = Lp and K = BH , where BH := {f ∈ H: ‖f‖p � 1}.
Therefore, from the remark preceding Lemma 5 it follows that BH �⊂ MLp,δ for arbitrary
δ > 0. Hence, taking into account (5), it is easy to see that the set {f ∈ H: ‖f‖X = 1}
is not contained in MX,δ for every δ > 0. Applying Lemma 5 to this set, we can find a
sequence of functions {fk}∞k=1 ⊂ H, ‖fk‖X = 1, and pairwise disjoint subsets Ak ⊂ [0, 1],
k = 1, 2, . . . , satisfying the inequalities

‖fk − fkχAk
‖X � c02−k−4, k = 1, 2, . . .

Combining this with (5), for all k = 1, 2, . . . we infer

‖fkχAk
‖p � ‖fk‖p − ‖fk − fkχAk

‖p � c0 − ‖fk − fkχAk
‖X � c0

(
1 − 2−k−4),

and similarly

‖fkχAk
‖X � 1 − c02−k−4.

Therefore, setting gk := fkχAk

‖fkχAk
‖X

(k = 1, 2, . . .), we have

‖fk − gk‖X � ‖fk − fkχAk
‖X + ‖fkχAk

− gk‖X � c02−k−4 + 1 − ‖fkχAk
‖X � c02−k−3

and

‖gk‖p = ‖fkχAk
‖p

‖fkχAk
‖X

� c0
(
1 − 2−k−4) � c0

2 , k = 1, 2, . . .

Hence, by the first inequality in (5), we obtain

∞∑
k=1

‖fk − gk‖p
‖gk‖p

�
∞∑
k=1

‖fk − gk‖X
‖gk‖p

� 1
4

and
∞∑
k=1

‖fk − gk‖X � 1
4 .

Since {gk} is a basic sequence both in X and Lp, from the last inequalities and the
well-known stability property (see e.g. [1, Theorem 1.3.9]) it follows that {fk} is also a
basic sequence equivalent to the sequence {gk} in both spaces X and Lp. Therefore, by
the latter inequality in (5), we have∥∥∥∥∥

∞∑
k=1

akgk

∥∥∥∥∥
X

� C

∥∥∥∥∥
∞∑
k=1

akfk

∥∥∥∥∥
X

� C

∥∥∥∥∥
∞∑
k=1

akfk

∥∥∥∥∥
p

� C

∥∥∥∥∥
∞∑
k=1

akgk

∥∥∥∥∥
p

,
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for any ak ∈ R, whence the inclusion operator I : X → Lp is an isomorphism on the
closed linear span [gk] in X. Since the functions gk are pairwise disjoint, we conclude
that I is not DSS. This contradiction finishes the proof. �

In the next section, we prove that, if 1 � p < 2, the unit ball BH of every Λ(p)-space
H has equi-absolutely continuous norms in Lp and therefore, by Proposition 1, there
is an Orlicz function N such that the inclusion LN ⊂ Lp is strong and H ⊂ LN . The
situation is completely different in the case when p � 2. Applying the above-mentioned
Bourgain’s result [7], in Example 1, we show that for every p > 2 there is a Λ(p)-space,
which is not embedded into any Orlicz space LN such that LN

�=
⊂ Lp. Furthermore, in

Example 2, we construct a Λ(2)-space spanned by a sequence of mean zero independent
functions, which is not embedded into any r.i. space X such that X

�=
⊂ L2.

Example 1. Let p > 2, and let |A| be the number of elements of a finite set A, [z] be
the integer part of z ∈ R. By Theorem 1 in [7], for any k = 1, 2, . . . there is a set
Sk ⊂ {n ∈ Z: 2k � n < 2k+1} such that

|Sk| =
[
4k/p

]
(6)

and ∥∥∥∥∑
j∈Sk

aje
2πijx

∥∥∥∥
p

� C

( ∑
j∈Sk

|aj |2
)1/2

(k = 1, 2, . . .) (7)

for some C > 0, which depends only on p, and for all aj ∈ R.
As in the proof of Theorem 2 in [7], we set S :=

⋃∞
k=1 Sk. Let us consider the subspace

H = [e2πijx]j∈S in Lp = Lp[−π, π]. By the Littlewood–Paley inequality (see e.g. [33,
Chapter XV, Theorem 4.22]), we have

∥∥∥∥∑
j∈S

aje
2πijx

∥∥∥∥
p

�
∥∥∥∥∥
( ∞∑

k=1

( ∑
j∈Sk

aje
2πijx

)2
)1/2∥∥∥∥∥

p

.

Hence, from (7) and Minkowski’s inequality it follows that

∥∥∥∥∑
j∈S

aje
2πijx

∥∥∥∥
p

� C

( ∞∑
k=1

∥∥∥∥∑
j∈Sk

aje
2πijx

∥∥∥∥2

p

)1/2

�
( ∞∑

j=1
|aj |2

)1/2

.

Since ∥∥∥∥∑
j∈S

aje
2πijx

∥∥∥∥
2

=
√

2π
( ∞∑

j=1
|aj |2

)1/2

,

we conclude that H is a Λ(p)-space.
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Let us show that the space H possesses the following property: if X is an r.i. space
such that X ⊂ Lp and H ⊂ X, then its fundamental function ϕX(t) is equivalent to
the function t1/p on [0, 1]. Indeed, denote fk := 2−k/p

∑
j∈Sk

e2πijx, k = 1, 2, . . . . Then,
by hypothesis and inequality (7), we have ‖fk‖X � C‖fk‖p � C for all k = 1, 2, . . . .
Therefore, in view of (6) and the quasi-concavity of ϕX , we obtain

C � ‖fkχ[−2−k/10,2−k/10]‖X � c2−k/p|Sk|‖χ[−2−k/10,2−k/10]‖X
� c2k/pϕX

(
2−k

)
(k = 1, 2, . . .),

whence ϕX(t) � Ct1/p. Since the opposite inequality follows from the embedding
X ⊂ Lp, the proof is complete.

The last property implies that H cannot be embedded into any Orlicz space LN such
that LN

�=
⊂ Lp. Indeed, if LN ⊂ Lp and H ⊂ LN , then, as is proved, ϕLN

(t) � t1/p

(0 � t � 1). Hence, since ϕLN
(t) = 1/N−1(1/t), it follows that for some C1 > 0, C2 > 0,

and all large t > 0 we have

N(C1t) � t1/p � N(C2t).

Therefore, LN = Lp (with equivalence of norms), and our assertion is proved.

Example 2. Let {fk}∞k=1 be a sequence of independent functions on [0, 1] such that∫ 1
0 fk(t) dt = 0, |fk(t)| = 2k/2, t ∈ Ek, where m(Ek) = 2−k−1, and |fk(t)| = 1, t ∈

[0, 1] \ Ek (k = 1, 2, . . .). Let us prove that H := [fk] is a Λ(2)-space. Since fk are mean
zero independent functions, and ‖fk‖2 � 1, k = 1, 2, . . . , we have∥∥∥∥∥

∞∑
k=1

ckfk

∥∥∥∥∥
2

�
∥∥(ck)∥∥2. (8)

Thus, it suffices to check only that the following inequality holds:∥∥∥∥∥
∞∑
k=1

ckfk

∥∥∥∥∥
1

� c
∥∥(ck)∥∥2. (9)

By using the independence of fk, from [14, Theorem 1] it follows∥∥∥∥∥
∞∑
k=1

ckfk

∥∥∥∥∥
1

�
∥∥∥∥∥

∞∑
k=1

ckf̄kχAk

∥∥∥∥∥
1

+
∥∥∥∥∥

∞∑
k=1

ckf̄kχBk

∥∥∥∥∥
2

for all ck ∈ R,

where f̄k are disjointly supported copies (defined on [0,∞)) of the functions fk, {Ak}∞k=1
and {Bk}∞k=1 are sequences of pairwise disjoint sets such that

⋃∞
k=1 Ak = [0, 1],⋃∞

k=1 Bk = [1,∞), m(Ak ∪ Bk) = 1 (k = 1, 2, . . .), and the function
∑∞

k=1 ckf̄kχAk

(resp.
∑∞

k=1 ckf̄kχBk
) is equimeasurable with the function (

∑∞
k=1 ckf̄k)∗χ[0,1] (resp.
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(
∑∞

k=1 ckf̄k)∗χ[1,∞)) (k = 1, 2, . . .). Further, we consider two cases separately: (a) there
is a k0 such that m(Ak0) > 1/2; (b) m(Ak) � 1/2 for all k = 1, 2, . . . . Clearly, in the
case (a) we have m(Bk) � 1/2 for all k �= k0. Hence, by definition of fk’s, we obtain∥∥∥∥∥

∞∑
k=1

ckfk

∥∥∥∥∥
1

� c

(
|ck0 |‖f̄k0χAk0

‖1 +
∥∥∥∥∑
k �=k0

ckf̄kχBk

∥∥∥∥
2

)

� c

(
1
2 |ck0 | +

( ∑
k �=k0

c2k‖f̄kχBk
‖2
2

)1/2)

� c

(
|ck0 | +

( ∑
k �=k0

c2k

)1/2)
� c

∥∥(ck)∥∥2.

In the case (b) we have m(Bk) � 1/2, k = 1, 2, . . . , whence

∥∥∥∥∥
∞∑
k=1

ckfk

∥∥∥∥∥
1

� c

∥∥∥∥∥
∞∑
k=1

ckf̄kχBk

∥∥∥∥∥
2

= c

( ∞∑
k=1

c2k‖f̄kχBk
‖2
2

)1/2

� c
∥∥(ck)∥∥2.

Thus, inequality (9) is proved, and hence H is a Λ(2)-space. Show that H cannot be
embedded into any r.i. space X such that X

�=
⊂ L2.

Suppose X is an r.i. space such that X ⊂ L2 and H ⊂ X. Applying [14, Theorem 1]
once more (this time to the space X), for all ck ∈ R we have∥∥∥∥∥

∞∑
k=1

ckfk

∥∥∥∥∥
X

� c

(∥∥∥∥∥
∞∑
k=1

ckf̄kχAk

∥∥∥∥∥
X

+
∥∥∥∥∥

∞∑
k=1

ckf̄kχBk

∥∥∥∥∥
2

)
,

where the functions f̄k and the sets {Ak}∞k=1, {Bk}∞k=1 are defined as above. Let ck > 0
be such that the sequence (ck2k/2)∞k=1 increases. Since

∑∞
k=1 ckf̄kχAk

is equimeasurable
with the function (

∑∞
k=1 ckf̄k)∗χ[0,1], then taking into account definition of fk’s, we

obtain ∥∥∥∥∥
∞∑
k=1

ckfk

∥∥∥∥∥
X

� c

∥∥∥∥∥
∞∑
k=1

ck2k/2χ(2−k−1,2−k]

∥∥∥∥∥
X

.

By hypothesis, the norms of X and L2 are equivalent on H. Therefore, from the preceding
inequality, the embedding X ⊂ L2, and the equivalence∥∥∥∥∥

∞∑
k=1

ckfk

∥∥∥∥∥
2

�
∥∥∥∥∥

∞∑
k=1

ck2k/2χ(2−k−1,2−k]

∥∥∥∥∥
2

it follows that
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∞∑
k=1

akχ(2−k−1,2−k]

∥∥∥∥∥
X

�
∥∥∥∥∥

∞∑
k=1

akχ(2−k−1,2−k]

∥∥∥∥∥
2

(10)

for every positive increasing sequence (ak)∞k=1 with constants, which depend only on X.
On the other hand, for arbitrary r.i. space Y on [0, 1] the following equivalence holds

‖y‖Y �
∥∥∥∥∥

∞∑
k=1

y∗
(
2−k

)
χ(2−k−1,2−k]

∥∥∥∥∥
Y

,

with constants independent of y ∈ Y . Hence, from (10) it follows that X = L2 (with
equivalence of norms).

4. Unit ball of a Λ(p)-space, 1 ��� p < ∞

By Lemma 2, for any 1 � p < ∞ every closed subspace of Lp whose unit ball has
equi-absolutely continuous norms in Lp is a Λ(p)-space. Here, we will consider the ques-
tion when the converse implication holds. From Proposition 1 and Examples 1 and 2 it
follows that the answer is negative if p � 2. At the same time, for the other values of
p we have the following positive result (a close statement follows also from the results,
which were announced in the short paper [24] and proved then in [25]).

Theorem 2. If H is a Λ(p)-space, where 1 � p < 2, then its unit ball BH has equi-
absolutely continuous norms in Lp.

Proof. By [3, Lemma 2], an arbitrary Λ(1)-set E ⊂ Z generates the reflexive space LE .
Using the same proof, this result can be extended to all Λ(1)-spaces. Therefore, if p = 1,
from the Dunford–Pettis theorem (see e.g. [1, Theorem 5.2.9]) it follows that the unit ball
BH has equi-absolutely continuous norms in L1. Thus, further we can confine ourselves
to the case 1 < p < 2.

Let us assume that BH fails to have equi-absolutely continuous norms in Lp. Then

α := 1
4 lim

δ→0
sup

m(E)<δ

sup
f∈BH

‖fχE‖p > 0.

We construct a bounded unconditional basic sequence {fi}∞i=1 in Lp, fi ∈ H (i = 1, 2, . . .),
such that for some pairwise disjoint sets Fi ⊂ [0, 1] it holds:

‖fiχFi
‖p � α (i = 1, 2, . . .). (11)

First, we define inductively auxiliary sequences of functions {gn}∞n=1 ⊂ H and sets
{E′

n}∞n=1 as follows. Let η1 = 1, and let E′
1 ⊂ [0, 1] and g1 ∈ H be such that

m(E′
1) < η1/2, ‖g1‖p = 1, and ‖g1χE′

1
‖p � 3α. If η2 ∈ (0, η1/2) is sufficiently small,
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then ‖g1χA‖p � α whenever m(A) � η2. Moreover, there are a set E′
2 ⊂ [0, 1], with

m(E′
2) < η2/2, and a function g2 ∈ H, with ‖g2‖p = 1, for which we have ‖g2χE′

2
‖p � 3α.

Assume that the functions g1, . . . , gn−1 from H, with ‖gi‖p = 1, the sets E′
1, . . . , E

′
n−1,

and the numbers η1, . . . , ηn−1 such that ηi ∈ (0, ηi−1/2) (i = 2, . . . , n− 1), m(E′
i) < ηi/2

(i = 1, . . . , n − 1), ‖giχE′
i
‖p � 3α and ‖gjχA‖p � α for all j = 1, . . . , i − 1 whenever

m(A) � ηi (i = 1, . . . , n − 1) are already chosen. Then there exists ηn ∈ (0, ηn−1/2)
with the property that ‖gjχA‖p � α for all 1 � j � n − 1 and for any set A such that
m(A) � ηn. Using hypothesis once again, we find a function gn ∈ H, ‖gn‖p = 1, and a
set E′

n ⊂ [0, 1], m(E′
n) < ηn/2, which satisfy the condition ‖gnχE′

n
‖p � 3α.

Now, let us define the pairwise disjoint sets En := E′
n \
⋃∞

i=n+1 E
′
i, n = 1, 2, . . . . Since

m

( ∞⋃
i=n+1

E′
i

)
�

∞∑
i=n+1

m
(
E′

i

)
� 1

2

∞∑
i=n+1

ηi � 1
2

∞∑
i=1

ηn+1
2i−1 = ηn+1,

in view of the choice of ηn+1 we have

‖gnχEn
‖p � ‖gnχE′

n
‖p − ‖gnχ⋃∞

i=n+1 E′
i
‖p � 2α, n = 1, 2, . . .

Hence,

‖gnχEn
‖p � 2α and ‖gjχEn

‖p � α, 1 � j � n− 1, n = 1, 2, . . . (12)

Let {xn}∞n=1 be an arbitrary unconditional basis in Lp (say, the Haar system), and
let {x∗

n}∞n=1 be the sequence of biorthogonal functionals associated with {xn}∞n=1. Since
‖gn‖p = 1 (n = 1, 2, . . .), for every k = 1, 2, . . . we can find a subsequence {g(k)

n } ⊂ {gn}
such that there is the limit limn→∞ x∗

k(g
(k)
n ). Applying the diagonal method, select a

further subsequence {gni
} ⊂ {gn}, for which limi→∞ x∗

k(gni
) exists for arbitrary k =

1, 2, . . . . Then, setting fi := gni+1 −gni
, we obtain that limi→∞ x∗

k(fi) = 0 (k = 1, 2, . . .).
Therefore, by [21, Proposition 1.a.12], we can find a subsequence of the sequence {fi}
(we still denote it by {fi}), which is equivalent to some block basis of {xn}∞n=1 in Lp,
and hence it is also an unconditional basic sequence in this space. Moreover, ‖fi‖p � 2
for all i = 1, 2, . . . , and from (12) it follows that

‖fiχEni+1
‖p � ‖gni+1χEni+1

‖p − ‖gni
χEni+1

‖p � α.

As a result, inequalities (11) hold if Fi := Eni+1 (i = 1, 2, . . .).
Thanks to unconditionality of {fi} and inequalities (11), we can apply Lemma 2 from

[13] and deduce that the sequence {fi} is equivalent to the standard basis of lp. Therefore,
since 1 < p < 2, by Rosenthal’s theorem [27, Theorem 13], we conclude that H fails to
be a Λ(p)-space. This contradiction finishes the proof. �
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Next, we consider the case p = 2. It turns out that, if a Λ(2)-space is obtained by a
special way, its unit ball has equi-absolutely continuous norms in L2. More precisely, the
following result holds.

Theorem 3. Let X be an r.i. space on [0, 1] such that X ⊂ L2, and let the norms of L2
and X be equivalent on some closed subspace H of L2. Then, if the inclusion operator
I : X → L2 is DSS, the unit ball BH of H has equi-absolutely continuous norms in L2.

Proof. Assuming that BH fails to have equi-absolutely continuous norms in L2 and
arguing in the same way as in the proof of Theorem 2, we find a bounded unconditional
basic sequence {fi}∞i=1 in L2, fi ∈ H (i = 1, 2, . . .), such that

‖fiχFi
‖2 � α (i = 1, 2, . . .) (13)

for some α > 0 and pairwise disjoint sets Fi ⊂ [0, 1]. Show that the norms of X and L2
are equivalent on the subspace [fnχFn

]∞n=1.
At first, as above, taking into account unconditionality of {fi} and (13), we can apply

Lemma 2 from [13] and deduce that the sequence {fi} is equivalent to the standard basis
of l2. Therefore, since {fn} ⊂ H, by condition, we have∥∥∥∥∥

∞∑
n=1

cnfn

∥∥∥∥∥
X

�
∥∥∥∥∥

∞∑
n=1

cnfn

∥∥∥∥∥
2

�
∥∥(cn)

∥∥
2.

Hence, since the sets Fn are pairwise disjoint, by Khintchine inequality for L1 with the
optimal constant [29], we infer

∥∥∥∥∥
∞∑

n=1
cnfnχFn

∥∥∥∥∥
X

�
∥∥∥∥∥
( ∞∑

n=1
c2nf

2
n

)1/2∥∥∥∥∥
X

�
√

2
∥∥∥∥∥

1∫
0

∣∣∣∣∣
∞∑

n=1
cnfnrn(s)

∣∣∣∣∣ ds
∥∥∥∥∥
X

�
√

2
1∫

0

∥∥∥∥∥
∞∑

n=1
cnfnrn(s)

∥∥∥∥∥
X

ds � C
∥∥(cn)

∥∥
2.

Moreover, from (13) it follows that

∥∥∥∥∥
∞∑

n=1
cnfnχFn

∥∥∥∥∥
2

=
( ∞∑

n=1
|cn|2‖fnχFn

‖2
2

)1/2

� α
∥∥(cn)

∥∥
2.

Therefore, we have
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∞∑

n=1
cnfnχFn

∥∥∥∥∥
X

� C

∥∥∥∥∥
∞∑

n=1
cnfnχFn

∥∥∥∥∥
2

.

On the other hand, from the embedding X ⊂ L2 it follows∥∥∥∥∥
∞∑

n=1
cnfnχFn

∥∥∥∥∥
2

� C

∥∥∥∥∥
∞∑

n=1
cnfnχFn

∥∥∥∥∥
X

,

and equivalence of the norms of X and L2 on the subspace [fnχFn
]∞n=1 is proved. Hence,

the inclusion operator I : X → L2 fails to have DSS-property. This contradicts the
hypothesis, and theorem is proved. �
Remark 2. Let us show that a modification of the proof of Theorem 2, allows to construct,
in the case p = 2, even an orthonormal sequence {fi}∞i=1 ⊂ H satisfying inequalities (13)
for some pairwise disjoint sets Fi ⊂ [0, 1], i = 1, 2, . . . .

Denoting by Bn (n = 1, 2, . . .) the maximum of all determinants of order n whose
elements have absolute value not exceeding 1 and arguing in the same way as above, we
can find sequences of functions {gn}∞n=1 ⊂ H and pairwise disjoint sets {Fn}∞n=1 such
that ‖gn‖2 = 1,

‖gnχFn
‖2 � 2α, and ‖gjχFn

‖2 � n−1B−1
n α, 1 � j � n− 1, n = 1, 2, . . . (14)

Now, the sequence {fn} can be obtained by applying the standard orthogonalization
method to the sequence {gn}. Namely, denoting by (f, g) the inner product in L2 =
L2[0, 1], we set

f ′
n =

n∑
k=1

α
(n)
k gk =

∣∣∣∣∣∣∣∣∣∣
(g1, g1) (g1, g2) · · · (g1, gn−1) g1
(g2, g1) (g2, g2) · · · (g2, gn−1) g2

...
... . . . ...

...
(gn, g1) (gn, g2) · · · (gn, gn−1) gn

∣∣∣∣∣∣∣∣∣∣
and fn := f ′

n/‖f ′
n‖2 (n = 1, 2, . . .) (coefficients α

(n)
k are calculated by formal expansion

of the determinant with respect to the last column). Since ‖gn‖2 = 1 (n = 1, 2, . . .),
from the Cauchy–Schwarz–Bunyakovskii inequality it follows that |α(n)

k | � Bn−1. On the
other hand, as is known,

f1 = g1, f ′
n = gn −

n−1∑
k=1

(gn, fk)fk, n � 2,

whence α
(n)
n = 1 (n = 1, 2, . . .). In addition, since the sum

∑n−1
k=1(gn, fk)fk is the orthog-

onal projection of gn to the subspace [fk]n−1
k=1 , we have ‖f ′

n‖2 � ‖gn‖2 � 1. Therefore,
by (14),
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‖fnχFn
‖2 �

∥∥f ′
n

∥∥−1
2

(
‖gnχFn

‖2 −
n−1∑
k=1

∣∣α(n)
k

∣∣‖gkχFn
‖2

)
� α.

Thus, fn ∈ H and Fn ⊂ [0, 1] (n = 1, 2, . . .) satisfy inequalities (13).

The following result is an immediate consequence of Theorem 3 and Proposition 1.

Corollary 1. Let H be a closed subspace of L2 such that there is an r.i. space X ⊂ L2
with H ⊂ X. If the inclusion operator I : X → L2 is DSS, then there is a 2-convex Orlicz
function N satisfying the Δ2-condition such that the embedding LN ⊂ L2 is strong and
H ⊂ LN .

Now, we show that in the case p > 2 the unit ball of a Λ(p)-space, in general, fails to
have equi-absolutely continuous norms in Lp even if there is an r.i. space X such that
H ⊂ X ⊂ Lp and the inclusion operator I : X → Lp is DSS.

Theorem 4. For arbitrary p > 2 there exists an Orlicz space LF with the following
properties: LF ⊂ Lp, the inclusion operator I : LF → Lp is DSS, and the norms of Lp and
LF are equivalent on some Λ(p)-space H whose unit ball BH fails to have equi-absolutely
continuous norms in Lp.

Proof. Let q ∈ R be arbitrary. Following [11] (see also [12, p. 236]), we consider the
function Fp,q, which is defined as follows: Fp,q(0) = 0 and Fp,q(t) = tpeqf(ln t) if t > 0,
where

f(x) :=
∞∑
k=1

(
1 − cos

(
πx2−k

))
. (15)

It is not hard to check (see also [11, Lemma 1.1]) that for every ε > 0 there is a constant
Cε > 0 such that for any s > 0

C−1
ε tp−|q|ε � Fp,q(st)

Fp,q(s)
� Cεt

p+|q|ε if t � 1, (16)

and

C−1
ε tp+|q|ε � Fp,q(st)

Fp,q(s)
� Cεt

p−|q|ε if 0 < t < 1. (17)

In particular, these inequalities imply that Fp,q is equivalent to a convex function on
[0,∞). Moreover, since f(x) � 0 for all x ∈ R, we have tp � Fp,q(t) (t � 0). Hence, the
Orlicz space LFp,q

is embedded into Lp and

‖f‖p � ‖f‖LFp,q
(f ∈ LFp,q

). (18)
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At the same time, for every n ∈ N we have

f
(
2n
)

=
∞∑
k=1

(
1 − cos

(
π2n−k

))
=

∞∑
k=1

(
1 − cos

(
π2−k+1))

= 2
∞∑
k=1

sin2(π2−k
)

� 2π2
∞∑
k=1

2−2k = 2π2

3 .

Therefore, if an := e2n , then

Fp,q(an) � Cqa
p
n (n ∈ N), (19)

with some constant Cq > 0 depending only on q. Setting bn := 1/Fp,q(an) (n ∈ N), we
see that bn → 0 as n → ∞. Also, since the fundamental function of an Orlicz space LF

is calculated by the formula ϕLF
(u) = 1/F−1(1/u) (F−1 is the inverse function to F )

[19, Chapter 2, §2], we have ϕLFp,q
(bn) = 1/an (n ∈ N). Hence, by inequality (19), we

obtain

ϕLFp,q
(bn) � C1/p

q ϕLp
(bn), n ∈ N. (20)

Thus, the inclusion LFp,q
⊂ Lp is not strong. On the other hand, in [11], it is proved that

under a certain condition on q the inclusion operator I : LFp,q
→ Lp is DSS. Namely, we

set

γf
n := inf

s>0
max

0�x,y�2n

(
f(x + s) − f(y + s)

)
, n = 1, 2, . . . ,

where the function f is still defined by (15). Then γf := lim infn→∞ γf
nn

−1 > 0, and if
q > 2p ln 2(γf )−1 the Orlicz space LFp,q

does not contain any complemented subspace
spanned by disjointly supported functions and isomorphic to lp [11, Lemma 1.5 and
Corollary 1.8]. Hence, taking into account Proposition 3.3 and Corollary 3.4 from the
same paper, we deduce that I is disjointly strictly singular.

Finally, we show that the subspace H spanned by a sequence of independent functions
{fk}∞k=1 on [0, 1] such that

∫ 1
0 fk(t) dt = 0, |fk(t)| = b

−1/p
k if t ∈ Ek, where m(Ek) = bk,

and |fk(t)| = 1 if t ∈ [0, 1] \ Ek (k = 1, 2, . . .), satisfies all required conditions. First, let
us prove that such a sequence is equivalent to the standard basis of l2 in both spaces Lp

and LFp,q
, i.e., ∥∥∥∥∥

∞∑
k=1

ckfk

∥∥∥∥∥
p

�
∥∥∥∥∥

∞∑
k=1

ckfk

∥∥∥∥∥
LFp,q

�
∥∥(ck)∥∥2. (21)

From (18) and (20) it follows that

‖fk‖p � ‖fk‖LFp,q
� 1, k = 1, 2, . . . (22)
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Furthermore, taking into account inequalities (16) and (17), we see that the dilation
indices of the fundamental function ϕLFp,q

are equal to 1/p. Therefore, Fp,q satisfies the
Δ2-condition at infinity, and we can apply Theorem 1 from [14]. Then, for all ck ∈ R we
have ∥∥∥∥∥

∞∑
k=1

ckfk

∥∥∥∥∥
LFp,q

�
∥∥∥∥∥

∞∑
k=1

ckf̄kχAk

∥∥∥∥∥
LFp,q

+
∥∥∥∥∥

∞∑
k=1

ckf̄kχBk

∥∥∥∥∥
2

, (23)

where f̄k are disjointly supported copies of the functions fk, {Ak}∞k=1 and {Bk}∞k=1
are sequences of pairwise disjoint sets such that

⋃∞
k=1 Ak = [0, 1],

⋃∞
k=1 Bk = [1,∞),

m(Ak ∪ Bk) = 1 (k = 1, 2, . . .), and the function
∑∞

k=1 ckf̄kχAk
(resp.

∑∞
k=1 ckf̄kχBk

)
is equimeasurable with the function (

∑∞
k=1 ckf̄k)∗χ[0,1] (resp. (

∑∞
k=1 ckf̄k)∗χ[1,∞)) (k =

1, 2, . . .). In view of the left hand side of (16) and the main result of the paper [16] the
space LFp,q

satisfies an upper r-estimate for arbitrary r < p. Fixing any r such that
2 < r < p and using (23) and (22), we obtain

∥∥∥∥∥
∞∑
k=1

ckfk

∥∥∥∥∥
LFp,q

� C ′
r

(( ∞∑
k=1

|ck|r‖f̄kχAk
‖rLFp,q

)1/r

+
( ∞∑

k=1
c2k‖f̄kχBk

‖2
2

)1/2)

� Cr

∥∥(ck)∥∥2. (24)

On the other hand, bk � a−p
k � e−2 (k = 1, 2, . . .), whence fk ∈ MLp,ε for all k = 1, 2, . . .

if ε > 0 is sufficiently small (see notation in the beginning of Section 4). Therefore, since
{fk} is an unconditional sequence in Lp, by (22) and [15, Corollary 4], we conclude that
{fk} is equivalent in Lp to the standard basis of l2. Thus, equivalence (21) follows from
inequalities (24) and (18).

Finally, from (21), DSS-property of the inclusion LFp,q
⊂ Lp, and Theorem 1 it follows

that the subspace H = [fk]∞k=1 in Lp is a Λ(p)-space. At the same time, in view of (22)
the relations

‖fkχEk
‖p = 1 (k = 1, 2, . . .) and m(Ek) = bk → 0 as k → ∞

show that the set BH fails to have equi-absolutely continuous norms in Lp. �
5. Uniformizable Λ(2)-spaces

In [6, Chapter III, Lemma 7], it is proved the following Hilbertian characterization
of Λ(2)-spaces: a closed subspace H of L2 is a Λ(2)-space if and only if there exists a
constant δ > 0 such that for every f ∈ H there is a function g ∈ H⊥, with f + g ∈ L∞
and ‖f + g‖∞ � δ‖f‖2 (H⊥ is the orthogonal complement of H). In the same book it is
introduced also a uniform variant of the last property (see Definition 6 in Chapter III).
A closed subspace H of L2 is called a uniformizable Λ(2)-space if for every ε > 0 there
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exists δ > 0 such that for arbitrary f ∈ H there is g ∈ H⊥ satisfying the conditions
f + g ∈ L∞, ‖f + g‖∞ � δ‖f‖2, and ‖g‖2 � ε‖f‖2. In particular, a subset E of Z is said
to be uniformizable Λ(2)-set if the corresponding subspace LE of L2 is a uniformizable
Λ(2)-space.

In [8], Fournier proved that E ⊂ Z is a uniformizable Λ(2)-set if and only if the unit
ball of LE has equi-absolutely continuous norms in L2. In the following statement we
extend this result to arbitrary Λ(2)-spaces.

Theorem 5. Let H be a closed subspace of L2. The following conditions are equivalent:

(a) the set BH = {f ∈ H: ‖f‖2 � 1} has equi-absolutely continuous norms in L2;
(b) H is a uniformizable Λ(2)-space.

Proof. (b) → (a). By hypothesis, for every ε > 0 we can find δ > 0 such that for arbitrary
f ∈ H, ‖f‖2 � 1, there is g ∈ H⊥ with the properties ‖f + g‖∞ � δ and ‖g‖2 � ε. Let
M > 2δ. From the embeddings

{
|f | > M

}
⊂
{
|f + g| + |g| > M

}
⊂
{
|g| > M − δ

}
,

it follows that

‖fχ{|f |>M}‖2 � ‖fχ{|g|>M−δ}‖2 �
∥∥(f + g)χ{|g|>M−δ}

∥∥
2

+ ‖gχ{|g|>M−δ}‖2 � δ‖χ{|g|>M−δ}‖2 + ‖g‖2

� δ
(
m
{
|g| > M − δ

})1/2 + ε � δ

M − δ
‖g‖2 + ε � 2ε.

Since ε > 0 is arbitrary, the condition (a) follows from Lemma 1.
(a) → (b). Let f ∈ H and ε > 0. Applying hypothesis and Lemma 1 once more, we

find M = M(ε) > 0, not depending on f , such that

‖fχ{|f |>M‖f‖2}‖2 � ε‖f‖2. (25)

Denoting

f1 := f, h1 := f1χ{|f1|�M‖f1‖2}, and ϕ1 := −fχ{|f1|>M‖f1‖2},

we have

h1 = f1 + ϕ1, ‖h1‖∞ � M‖f‖2, and ‖ϕ1‖2 � ε‖f‖2.

If f2 := πH(ϕ1), where πH : L2 → H is the orthogonal projection onto H, then ‖f2‖2 �
‖ϕ1‖2 � ε‖f‖2. Since f2 ∈ H, by (25), we have
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‖f2χ{|f2|>M‖f2‖2}‖2 � ε‖f2‖2.

Therefore, setting

h2 := f2χ{|f2|�M‖f2‖2} and ϕ2 := −f2χ{|f2|>M‖f2‖2},

we obtain

h2 = f2 + ϕ2, ‖h2‖∞ � M‖f2‖2 � Mε‖f‖2 and ‖ϕ2‖2 � ε‖f2‖2 � ε2‖f‖2.

Arguing as above, for every n ∈ N we find functions fn, hn, and ϕn (n = 1, 2, . . .) such
that

hn = fn + ϕn, fn+1 = πH(ϕn), ‖hn‖∞ � Mεn−1‖f‖2, and

‖ϕn‖2 � εn‖f‖2. (26)

Since hj = fj + πH(ϕj) + πH⊥(ϕj) = fj + fj+1 + πH⊥(ϕj) (j = 1, 2, . . .), where
πH⊥ : L2 → H⊥ is the orthogonal projection onto H⊥, we get

n∑
j=1

(−1)j−1hj =
n∑

j=1
(−1)j−1fj +

n−1∑
j=1

(−1)j−1fj+1

+ (−1)n−1πH(ϕn) +
n∑

j=1
(−1)j−1πH⊥(ϕj)

= f + (−1)n−1πH(ϕn) +
n∑

j=1
(−1)j−1πH⊥(ϕj).

Letting n → ∞ and taking into account (26), from the last equality we obtain
∞∑
j=1

(−1)j−1hj = f +
∞∑
j=1

(−1)j−1πH⊥(ϕj),

where the series in the left-hand side (resp. in the right-hand side) converges in L∞
(resp. L2). Since ‖πH⊥(ϕj)‖2 � ‖ϕj‖2 � εj‖f‖2, the function

g :=
∞∑
j=1

(−1)j−1πH⊥(ϕj)

belongs to H⊥, ‖g‖2 � ε/(1 − ε)‖f‖2, and

‖f + g‖∞ =
∥∥∥∥∥

∞∑
j=1

(−1)j−1hj

∥∥∥∥∥
∞

� M

1 − ε
‖f‖2.

Obviously, this concludes the proof. �
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The question whether the orthogonal sum of two Λ(2)-sets is a Λ(2)-set as well is
still open (the so-called Λ(2)-set union problem). At the same time, in [17], Kashin
constructed an orthogonal decomposition of L2 as a sum of two Λ(2)-spaces (see also
[26, Theorem 8.22]). Here, we present a more elementary example of such a sort based
on using independent functions.

Theorem 6. There exist mutually orthogonal Λ(2)-spaces H1 and H2 such that the sum
H1 ⊕H2 is not a Λ(2)-space.

Proof. For every k = 1, 2, . . . we set

uk := 2k/2(χ[0,2−k−2] − χ(2−k−2,2−k−1]), vk := χ(2−k−1,1/2+2−k−2] − χ(1/2+2−k−2,1],

and

hk,1 := uk + ckvk, hk,2 := uk − ckvk,

where reals ck are chosen to satisfy the orthogonality condition
∫ 1
0 hk,1(s)hk,2(s) ds = 0

(k = 1, 2, . . .). Since

1∫
0

hk,1(s)hk,2(s) ds = 2−k−1 · 2k − c2k
(
1 − 2−k−1) = 1

2 − c2k
(
1 − 2−k−1),

we set ck = (2(1 − 2−k−1))−1/2.
It is well-known that there is a measure-preserving mapping from ([0, 1],m) onto the

product measure space ([0, 1]∞,
∏∞

k=1 mk) (here, mk is the usual Lebesgue measure).
Therefore, rather than L2[0, 1] we may consider the space L2 := L2([0, 1]∞,

∏∞
k=1 mk).

We set fk(t̄) := hk,1(tk) and gk(t̄) := hk,2(tk) (k = 1, 2, . . .), where t̄ = (t1, t2, . . .) ∈
[0, 1]∞. Let H1 (resp. H2) be the subspace spanned by fk’s (resp. gk’s) in L2. First, by
definition of the functions hk,1 and hk,2, we have

∫
[0,1]∞

fk(t̄)gj(t̄) dt̄ =
1∫

0

hk,1(tk) dtk
1∫

0

hj,2(tj) dtj = 0 (1 � k �= j < ∞).

Moreover, thanks to the choice of ck,

∫
[0,1]∞

fk(t̄)gk(t̄) dt̄ =
1∫

0

hk,1(tk)hk,2(tk) dtk = 0 (k = 1, 2, . . .).

Therefore, the subspaces H1 and H2 are mutually orthogonal. Moreover, precisely in the
same way as in Example 2, we can check that H1 and H2 are Λ(2)-spaces.
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At the same time, it is easy to see that the sum H1 ⊕H2 is not a Λ(2)-space. Indeed,
it suffices to note that fk + gk = 2uk ∈ H1 +H2 for all k = 1, 2, . . . , ‖fk + gk‖2 = 1, and
‖fk + gk‖1 = 2 · 2k/22−k−1 = 2−k/2, k = 1, 2, . . . . �

As is well known, under the extra condition that at least one of two Λ(2)-sets is
uniformizable, their orthogonal sum is a Λ(2)-set as well (see e.g. [8]). In conclusion, we
extend this result to general Λ(2)-spaces.

Theorem 7. Let H1 (resp. H2) be a uniformizable Λ(2)-space (resp. Λ(2)-space). If H1
and H2 are mutually orthogonal, then their direct sum H1 ⊕H2 is a Λ(2)-space.

Proof. Assuming the contrary, we find fk ∈ H1 and gk ∈ H2 (k = 1, 2, . . .) such that
‖fk + gk‖2 = 1, k = 1, 2, . . . , and fk + gk → 0 in measure. First, suppose that there is
δ > 0 such that fk + gk ∈ ML2,δ for all k = 1, 2, . . . . Then, as is noted before Lemma 5,
we have

‖fk + gk‖1 � 1, k = 1, 2, . . . (27)

On the other hand, passing to a subsequence if it is necessary we can assume that
fk + gk → 0 a.e. Moreover, denoting hk = fk + gk, for each M > 0 we have

1∫
0

|hk| dt =
∫

{|hk|�M}

|hk| dt +
∫

{|hk|<M}

|hk| dt

� M−1
∫

{|hk|�M}

h2
k dt +

∫
{|hk|<M}

|hk| dt

� M−1 +
∫

{|hk|<M}

|hk| dt.

For any ε > 0, by the Lebesgue Bounded Convergence Theorem, there is a positive
integer N such that ∫

{|hk|<M}

|hk| dt <
ε

2 for all k � N.

Thus, setting M = 2/ε we obtain
∫ 1
0 |fk + gk| dt � ε for k � N , which contradicts (27)

if ε is sufficiently small.
Therefore, the sequence {fk + gk}∞k=1 is not contained in ML2,δ for any δ > 0, and

applying Lemma 5 we can select a subsequence (which will be denoted in the same way)
and a sequence {Ak} of pairwise disjoint subsets of [0, 1] such that
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lim
k→∞

∥∥fk + gk − (fk + gk)χAk

∥∥
2 = 0. (28)

Moreover, since H1 is a uniformizable Λ(2)-space and ‖fk‖2 � ‖fk + gk‖2 = 1, by
Theorem 5, we have

lim
k→∞

‖fkχAk
‖2 = 0. (29)

On the other hand, taking into account that H1 and H2 are mutually orthogonal, we
obtain∥∥fk + gk − (fk + gk)χAk

∥∥2
2 = ‖fk − fkχAk

‖2
2 + ‖gk − gkχAk

‖2
2

+ (fk − fkχAk
, gk − gkχAk

) + (gk − gkχAk
, fk − fkχAk

)

= ‖fk − fkχAk
‖2
2 + ‖gk − gkχAk

‖2
2

− (fkχAk
, gk) − (gk, fkχAk

).

By the Cauchy–Schwarz–Bunyakovskii inequality, the fact that ‖gk‖2 � 1, and (29), we
have

lim
k→∞

(fkχAk
, gk) = lim

k→∞
(gk, fkχAk

) = 0.

Therefore, from the preceding equality and (28) it follows that ‖fk − fkχAk
‖2 → 0.

Applying (29) once more, we obtain ‖fk‖2 → 0. Combining this with the fact that
fk + gk → 0 in measure we infer that gk → 0 in measure. Since H2 is a Λ(2)-space, we
obtain ‖gk‖2 → 0, and hence ‖fk + gk‖2 → 0, which contradicts the assumption. �
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