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We say that a closed subspace H of the space L, = L,[0, 1],
1< p< oo, isa A(p)-space if, in H, convergence in Lp-norm
is equivalent to convergence in measure. Mainly, we focus on
the problem when the unit ball By :={f € H: ||f|lp, < 1} of
a A(p)-space H has equi-absolutely continuous norms in L.
Moreover, assuming that a rearrangement invariant space X is
embedded into L,, 1 < p < oo, and that the inclusion operator
I:X — L, fails to be strictly singular, we are interested in
what we can say about the properties of subspaces on which
the norms of X and L, are equivalent. We reveal their essential
dependence on the value of p, which resembles the difference
in the classical theorems of Bourgain and Bachelis—Ebenstein
on A(p)-sets.
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1. Introduction

The classical Khintchine inequality (see e.g. [32, Chapter V, Theorem 8.4]) asserts

that, for every 0 < p < oo, there exist constants A, B, > 0 such that for any sequence

of real numbers {cj}?° ; we have
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where [|(cx)|l2 == (3r, c¢2)*/? and r}’s are the Rademacher functions, that is, ri(t) =
sign(sin 2¢7t), k € N, t € [0,1]. Thus, for every 0 < p < oo the sequence {ry} is equiva-
lent in L, to the standard basis of . The following notion reflects general phenomena
exemplified above by the Rademacher system. We say that a closed subspace H of the
space L, = L,[0,1], 1 < p < o0, is a A(p)-space if, in H, convergence in L,-norm is
equivalent to convergence in measure. Equivalently, for each (for some) 0 < ¢ < p there
exists a constant C; > 0 such that

Hf”p < Cq“f”q for all f € H (2)

(see e.g. [1, Proposition 6.4.5]).

Inequality (1) shows that the closed linear span [rg| (say, in L;) is a A(p)-space for
every 1 < p < oo. At the same time, the closed linear span [{;] of a sequence {&x}72
of independent identically distributed s-stable random variables (1 < s < 2) in L; is a
A(p)-space if and only if p € (0,s) (see e.g. [1, §6.4]). Note that sometimes a different
terminology is used; for instance, in the book [1] (see Definition 6.4.4) a subspace H
satisfying (2) is said to be strongly embedded in L,.

It is worth emphasizing that originally the concept of a A(p)-space was introduced by
Rudin [28], in the special setting of Fourier analysis on the circle group [0, 27r). Namely,
let 0 < p < oo. Aset EC Zis called a A(p)-set if for some 0 < g < p there exists a
constant C; > 0 such that inequality (2) holds for every polynomial f with spectrum
(i.e., support of Fourier transform) in E. Equivalently, the subspace H = Lg generated
by a set of exponentials {e?™"* n € E} is a A(p)-space. In [28], for all integers n > 1
Rudin constructed A(2n)-sets that are not A(q)-sets for every ¢ > 2n. In 1989, Bourgain
proved a deep result extending Rudin’s theorem to all p > 2 [7]. Earlier, in 1974, Bachelis
and Ebenstein [3] showed that in the case when p € (1,2) every A(p)-set is a A(q)-set
for some g > p. Note that the gap between Bourgain theorem and Bachelis—Ebenstein
theorem, i.e., the question whether any A(2)-set is a A(q)-set for some ¢ > 2 remains
still open (the so-called A(2)-set problem).

In this paper, A(p)-spaces are considered in a more general setting of rearrange-
ment invariant (r.i.) spaces. Mainly, we focus on the problem when the unit ball
By :={f € H: ||f|l, <1} of a A(p)-space H has equi-absolutely continuous norms in L,,.
Moreover, assuming that an r.i. space X is embedded into L,, 1 < p < 0o, and that the
inclusion operator I : X — L, fails to be strictly singular, we are interested in what we
can say about the properties of subspaces on which the norms of X and L, are equiv-
alent. This approach allows us to reveal an essential dependence of results on the value
of p, which resembles the difference in the above-mentioned theorems of Bourgain and
Bachelis-Ebenstein.
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Clearly, the notion of a A(p)-space naturally extends to an arbitrary r.i. space. In [30],
Tokarev introduced and studied the class K (X) of all infinite dimensional subspaces B of
an r.i. space X on the interval [0, 1] such that convergence in the norm || - || x is equivalent
in B to convergence in measure. Moreover, in [31], he announced (without proofs) a series
of results related to the family 7'(B) (where B is a fixed reflexive subspace of L) of all
r.i. spaces X such that B C X and convergence in the norm || - ||x is equivalent in B
to convergence in Li-norm. Here, we do not pursue such a goal and confine ourselves to
the case of A(p)-spaces.

The paper is organized as follows. After Section 2, where some necessary definitions
and auxiliary results are collected, in Section 3, we prove that every subspace H of L,,
1 < p < o0, is a A(p)-space whenever there is an r.i. space X C L, suchthat H C X C L,
and the inclusion operator I : X — L, is disjointly strictly singular (Theorem 1). In
the opposite direction, applying the above Bourgain’s result on A(p)-spaces spanned
by sequences of uniformly bounded orthogonal functions [7], we show that for every
p > 2 there is a A(p)-space, which is not embedded into any Orlicz space Ly such that

£
Ly C L, and therefore whose unit ball fails to have equi-absolutely continuous norms in
L, (Example 1). Moreover, we are able to construct a A(2)-space spanned by a sequence

of mean zero independent functions, which is not embedded into any r.i. space X such

that X é Ly (Example 2).

Section 4 contains main results of the paper. First, in Theorem 2, we prove that, for
1 < p < 2, the unit ball of arbitrary A(p)-space has equi-absolutely continuous norms
in L,. It is not the case if p > 2. However, if H is a closed subspace of Ly such that
there exists an r.i. space X with the properties that H € X C Lo and that the in-
clusion operator I : X — Lo is disjointly strictly singular, then the unit ball By has
equi-absolutely continuous norms in Ly (Theorem 3). On the contrary, using construc-
tions of the paper [11], for arbitrary p > 2 we are able to find an Orlicz space Lp
embedded into L, such that the inclusion operator I : Ly — L, is disjointly strictly
singular and the norms of L, and Lp are equivalent on some closed subspace H of
L, whose unit ball By fails to have equi-absolutely continuous norms in L, (Theo-
rem 4).

Finally, in Section 5 we consider uniformizable A(2)-spaces introduced by Blei in the
book [6] (see also [5]) and extend to them some results proved earlier in [8] in the special
case of A(2)-sets. In particular, we show that a closed subspace H of Ly is a uniformizable
A(2)-space if and only if the unit ball By has equi-absolutely continuous norms in Lo
(Theorem 5) and prove that the orthogonal sum of two A(2)-spaces is still a A(2)-space
provided that at least one of them is uniformizable (Theorem 7).

The author is grateful to Prof. E.M. Semenov for useful discussions and valuable
advices. He would also like to thank an anonymous referee for his (her) very helpful
remarks and suggestions.
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2. Preliminaries

In what follows given two positive functions (quasinorms) f and g are said to be equiv-
alent (we write f =< g) if there exists a positive constant C' such that C~1f < g < Cf.
Throughout we use the letters C' and ¢ to denote positive constants whose values may
change at different occurrences.

2.1. Rearrangement invariant spaces

Detailed exposition of theory of rearrangement invariant spaces see in [20,22,4].

A Banach space X of real-valued Lebesgue-measurable functions on the interval [0, 1]
is called rearrangement invariant (r.i.) if from the conditions y € X and z*(t) < y*(¢)
almost everywhere (a.e.) on [0, 1] it follows that x € X and ||z|y < |y|lx. Here and
throughout, m is the Lebesgue measure and z*(t) is the left-continuous non-increasing
rearrangement of |x(s)|, which is defined by

o*(t) == inf{7 > 0: m{s €[0,1]: |z(s)| >7} <t} (¢>0).
In particular, if x and y are equimeasurable functions, that is,
m{s €1[0,1]: |z(s)| >7} =m{s €[0,1]: |y(s)| > 7} forall T>0,

and y € X then z € X and ||z||y = |ly] x-

For each r.i. space X on [0, 1] the continuous embeddings L., C X C L hold. By X,
we will denote the separable part of X, i.e., the closure of L., in X; X, is an r.i. space
which is separable provided that X # L.,. Throughout x 4 is the characteristic function
of a set A. The fundamental function of an r.i. space X is the function ¢x (t) := ||x[0,4 x
0 <t < 1. The lower and upper dilation indices of px are defined by

Yox = lim log My, () and d,, = lim log My, ()
t—0+  logt t—oo  logt
respectively, where M, (t) = supg,<1,0<st<1 Px (5t)/@x (s). Since ¢x is quasi-concave
(i.e., px increases and ¢x (t)/t decreases), we have 0 < vy, <, < 1.

Most important examples of r.i. spaces are the L,-spaces (1 < p < oo) and their
natural generalization, the Orlicz spaces [19]. Let N(u) be an Orlicz function on
[0,00), that is, a continuous convex increasing function on [0, c0) such that N(0) = 0.
Then the Orlicz space Ly consists of all measurable functions z(¢) on [0, 1] such that
fol N(|z(t)|/A) dt < 1, for some A > 0. The Luxemburg norm ||x||r, := inf A\, where the
infimum is taken over all A satisfying the last inequality. An Orlicz space Ly is separable
if and only if the function N satisfies the As-condition at infinity (i.e., there exist ug > 0
and B > 0 such that N(2u) < BN(u) for all u > ug). The fundamental function of Ly
is o (s) =1/N71(1/s), where N~! is the inverse function to N.
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2.2. Subsets of r.i. spaces with equi-absolutely continuous norms

Let X be an r.i. space on [0,1]. We shall say that a set K C X has equi-absolutely
continuous norms in X if

lim sup sup ||fxelx =0.
020 (E)<s fEK

Two statements below can be proved by standard arguments (see e.g. [1, Lemmas 5.2.6
and 5.2.7]).

Lemma 1. For arbitrary r.i. space X on [0,1] such that X # Lo and for any set K C X
the following conditions are equivalent:

(i) K has equi-absolutely continuous norms in X;

(i)

li = 0.
Jim ?2}% I fxqir>all x

Lemma 2. Let 1 < p < oo, and let H be a closed subspace of L, = L,[0,1]. If the set
By = {f € H: ||f|l, < 1} has equi-absolutely continuous norms in L,, then H is a
A(p)-space.

2.3. Inclusions of r.i. spaces

A linear operator between two Banach spaces F and F' is called strictly singular, or
Kato, if it fails to be an isomorphism on any infinite dimensional subspace of E (cf.
21, 2.c.2]). The class of all strictly singular operators, which was introduced by Tosio
Kato in [18], is a well-known closed operator ideal with important applications. A weaker
notion for Banach lattices, introduced in [11], is the following one: a bounded operator
T from a Banach lattice E' to a Banach space F' is said to be disjointly strictly singular
(DSS, in short) if there is no disjoint sequence of non-null vectors {z,,}2>; in E such
that the restriction of 7" on the subspace [z,] spanned by the vectors x,, (n = 1,2,...) is
an isomorphism. This is a useful tool in studying the structure of r.i. spaces (cf. [11,9])
Clearly, every strictly singular operator is disjointly strictly singular but the converse is
not true in general; it is sufficient to consider the canonic inclusion L0, 1] — L,[0, 1],
1 < p < g < o0, and the sequence of Rademacher functions (see Introduction). In general,
the class of all disjointly strictly singular operators is not an operator ideal since it fails
to be stable with respect to the composition on the right.

Let X and Y be a pair of r.i. spaces on [0,1] and X C Y. The inclusion X C Y is
called strong if

lim sup Iflly =0
520 )| £l x <1,m(supp f)<68
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(supp f is the support of a measurable function f). If an inclusion X C Y is strong, then
lim; 0 oy (t)/vx(t) = 0, where px and ¢y are the fundamental functions of the spaces
X and Y, respectively. The inverse statement does not hold. More precisely, in [2] it is
constructed a pair of r.i. spaces X and Y with X C Y such that lim;_,¢ ¢y (t)/¢ox(t) =0
and the inclusion X C Y is not DSS. On the other hand, obviously, any strong inclusion
is DSS. Moreover, there are Orlicz spaces Lg and Ly such that the inclusion Lg C Ly
is DSS but not strong [11, Proposition 3.2]. We will need the following simple sufficient
condition under which the latter inclusion is strong (see also [10]).

Lemma 3. Suppose G and N are two Orlicz functions such that N satisfies the
Ay-condition at infinity and lim, o G(u)/N(u) = o0o. Then Lg C Ly and this in-
clusion is strong.

Proof. Firstly, the inclusion Lg C Ly follows from the assumption and the fact that the
norm of any Orlicz space on [0, 1] is determined (up to equivalence) by the behavior of
the corresponding Orlicz function for large values of argument.

Now, since N satisfies the As-condition at infinity, for arbitrary € > 0 there ex-
ist u9 > 0 and B = B, > 0 such that N(u/e) < BN(u) for all v > wug. Moreover,
let My = My(g) > ug and § > 0 be such that N(u) < (2B)"'G(u) for all u > M,
and 20N (My/e) < 1. Then for arbitrary f € Lg, with fol G(|f(z)])dx < 1 and
m(supp f) < J, we have

€ € €
{f(z)|>Mo} {1f(@)[<Mo}

O/1N<f(:v)>dx R CE) Py N P

<B / N(|f(:c)|)clx+N(%)m(Suppf)
{[f(z)|>Mo}

1
/G d:c+N(]\j)5<1.
0

Thus, ||f||lLy <€, and the proof is complete. O

l\.’)l»—\

The following lemma is a version of the well-known De La Vallee Poussin theorem on
uniformly integrable sets in L (see, for instance, [23, pp. 19-20]| and in a more general
setting [12, Proposition 6.6, p. 136]) and can be proved in a similar way.

Recall that an Orlicz function N is said to be p-convezr if the map t — N(t'/P) is
convex.
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Lemma 4. Let 1 < p < 0o and let K C L, = L,[0,1] be an arbitrary set.

(i) Suppose that there exists a non-decreasing function N(u) on [0,00), N(0) = 0, such
that
N
lim (w) =00 (3)

u—oo UP

and

N(|f(z)]) dz < . (4)

sup
feK

o —_ _

Then K has equi-absolutely continuous norms in L,,.

(ii) If the set K has equi-absolutely continuous norms in L,, then there exists a non-
decreasing function N(u) on [0,00), N(0) = 0, which is equivalent to some p-convex
function and satisfies the As-condition and relations (3) and (4).

By Lemma 3, condition (3) guarantees that the inclusion Ly C L, is strong. Therefore,
from Lemma 4 it follows

Proposition 1. Let 1 < p < oo, and let H be a closed subspace of L,. The following
conditions are equivalent:

(i) the unit ball of H has equi-absolutely continuous norms in Ly;
(ii) there is a p-convex Orlicz function N(u) satisfying the As-condition such that the
inclusion Ly C Ly, is strong and H C Ly;
(iii) there is an Orlicz function N(u) such that the inclusion Ly C L, is strong and
H C Ly.

Remark 1. It is worth to note that in the case of general A(p)-spaces we cannot prove
a result similar to Bachelis—Ebenstein theorem mentioned in the Introduction (see [3]).
Indeed, let 1 < p < oo and let fy be a mean zero function independent of the sequence
of Rademacher functions {ry}z2, such that fo € L, \ U, -, Lq- Then, the A(p)-space
H spanned by the set {fo} U {r}72, is not contained in L, and therefore it is not a
A(p')-space for any p’ > p. Moreover, it is not hard to check that the unit ball of H has
equi-absolutely continuous norms in L, and hence, by Proposition 1, there is an Orlicz
function N (u) such that the inclusion Ly C Ly, is strong and H C Ly.

3. A(p)-spaces and inclusions of r.i. spaces

Let 1 < p < oo, and let an r.i. space X on [0, 1] be embedded into L, = L,|0, 1].
Suppose that the (canonic) inclusion operator I : X — L, is strong but not strictly
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singular, and therefore there exists a subspace H of L, such that the norms of X and L,
are equivalent on H. Then, it is easy to check that the unit ball By = {f € H: ||f||, < 1}
has equi-absolutely continuous norms in L,. As we will see further, it is not the case, in
general, when the inclusion operator is only DSS. However, the following result holds.

Theorem 1. Let 1 < p < 0o, and let H be a closed subspace of L,. Suppose that there is
an r.i. space X such that H C X C L, and the inclusion operator I : X — L, is DSS.
Then H is a A(p)-space.

Before proving this theorem let us recall the following notation, which has its origin
in the classical Kadec—Petczyniski work [15] (see also [24]). For a given r.i. space X on
[0,1] and any § > 0 we set

Sxs(f) = {t€[0.1): [F(t)] > 6| fx}. where f € X,

and

MX’(; = {f e X: m(Sx,(;(f)) > 5}

It is not hard to check that for arbitrary set K C X the following conditions are equiv-
alent:

(a) there is a constant C' > 0 such that for every f € K we have ||f|[x < C| fl|1/2,

1
where |[fll1/2 = (fg [f(0)]'/? dt)?;
(b) there exists § > 0 such that K C Mx ;.

The following result is actually well known (see e.g. [22, Proposition 1.c.8 and its
proof] or [1, Lemma 5.2.1]) and therefore its proof is omitted.

Lemma 5. Let X be a separable r.i. space and let K be a subset of the unit ball of X. If
K ¢ Mx s for every d > 0, then there exist f, € K, n=1,2,..., and pairwise disjoint
sets Ap, C [0,1], n=1,2,..., such that lim, o || fr — faxa,||x =0.

Proof of Theorem 1. Since H is closed in L,, the inclusion X C L, is continuous, and
H C X, the norms of X and L, are equivalent on H. Hence, without loss of generality,
it can be assumed that, for some constant ¢y € (0, 1), we have

Ifllp <Ilfllx (feX) and cllfllx <|fll, (feH). ()

In particular, from inequalities (5) it follows that H C X,, where X, is the separable
part of X (see Section 2). Therefore, it is sufficient to prove the assertion in the case of
separable X.
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Assuming the contrary, by the definition of a A(p)-space, we deduce that the above
condition (a) does not hold for X = L, and K = By, where By :={f € H: ||f||, <1}
Therefore, from the remark preceding Lemma 5 it follows that By ¢ My, s for arbitrary
d > 0. Hence, taking into account (5), it is easy to see that the set {f € H: ||f||x =1}
is not contained in Mx s for every 6 > 0. Applying Lemma 5 to this set, we can find a
sequence of functions { f;}%>, C H, || fx]|x = 1, and pairwise disjoint subsets A; C [0, 1],
k=1,2,..., satisfying the inequalities

1fr = fexayllx <27 "% k=1,2,...

Combining this with (5), for all £ =1,2,... we infer

I frxanllp = fellp = 1 fx = fexaullp = co = [ fi = faxallx = co(1—27571),

and similarly

Ifexallx =1 —co27"7%

frexa, (

= Tfexaglix k=1,2,...), we have

Therefore, setting g :

i = gullx < |Ife = faxacllx + [1fexa, — grllx < co27 " +1— || fixallx <co2 %73
and

||kaAk||P

>>c0(1-2—k—4) > o k=1,2,...

Hence, by the first inequality in (5), we obtain

| fx — gl 11k — grllx
ZI e 2: <1

gkl gkl

and

> 1
Z ka _ngX < Z
k=1

Since {gr} is a basic sequence both in X and L,, from the last inequalities and the
well-known stability property (see e.g. [1, Theorem 1.3.9]) it follows that {fx} is also a
basic sequence equivalent to the sequence {gx} in both spaces X and L,. Therefore, by
the latter inequality in (5), we have

[e.e]

Z Gk

k=1

< < <C ;

p
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for any a;, € R, whence the inclusion operator I : X — L, is an isomorphism on the
closed linear span [gx] in X. Since the functions g; are pairwise disjoint, we conclude
that I is not DSS. This contradiction finishes the proof. O

In the next section, we prove that, if 1 < p < 2, the unit ball By of every A(p)-space
H has equi-absolutely continuous norms in L, and therefore, by Proposition 1, there
is an Orlicz function NV such that the inclusion Ly C L, is strong and H C Ly. The
situation is completely different in the case when p > 2. Applying the above-mentioned
Bourgain’s result [7], in Example 1, we show that for every p > 2 there is a A(p)-space,

£
which is not embedded into any Orlicz space Ly such that Ly C L,. Furthermore, in
Example 2, we construct a A(2)-space spanned by a sequence of mean zero independent

£
functions, which is not embedded into any r.i. space X such that X C Ls.

Example 1. Let p > 2, and let |A| be the number of elements of a finite set A, [z] be
the integer part of z € R. By Theorem 1 in [7], for any k£ = 1,2,... there is a set
S C {n € Z: 2F < n < 281} such that

|Sk| = [4%/7] (6)
and

L 2mijx
E a;e

JESk

p<0(2|aj|2)1/2 (k=1,2,...) (7)

JESk

for some C' > 0, which depends only on p, and for all a; € R.

As in the proof of Theorem 2 in [7], we set S := [J;-; Sk Let us consider the subspace
H = [e*™%);c5 in L, = L,[—m,7]. By the Littlewood—Paley inequality (see e.g. [33,
Chapter XV, Theorem 4.22]), we have

(S5 o)) y

k=1 *j€ESk

~
—~

p

E : 2mijx
a;e

JjeSs

p

Hence, from (7) and Minkowski’s inequality it follows that

o o\ 1/2 . 1/2
p p j=1

k=1
0o 1/2
2 j=1

2T
E aje

JjeSs

2mijx
E aje

JESk

Since

L 2mijx
E a;e

JES

we conclude that H is a A(p)-space.
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Let us show that the space H possesses the following property: if X is an r.i. space
such that X C L, and H C X, then its fundamental function ¢x(t) is equivalent to
the function ¢'/? on [0,1]. Indeed, denote f; := 27F/P Yes, €™, k=1,2,.... Then,
by hypothesis and inequality (7), we have ||fx||x < C|/fxllp, < C for all k = 1,2,....
Therefore, in view of (6) and the quasi-concavity of ¢x, we obtain

¢ > kaX[—Q*’“/loﬂf’C/lO]HX 2 C2_k/p|5k\HX[fsz/lo,sz/m]HX
> 2MPox (27F) (k=1,2,...),

whence @x(t) < Ct'/P. Since the opposite inequality follows from the embedding
X C Ly, the proof is complete.

The last property implies that H cannot be embedded into any Orlicz space Ly such
that Ly é L,. Indeed, if Ly C L, and H C Ly, then, as is proved, ¢, () < /P
(0 <t < 1). Hence, since or,, (t) = 1/N~1(1/t), it follows that for some C; > 0, Cy > 0,
and all large ¢ > 0 we have

N(C1t) < tY/P < N(Cyt).
Therefore, Ly = L, (with equivalence of norms), and our assertion is proved.

Example 2. Let {f;}72, be a sequence of independent functions on [0,1] such that
fol fet)dt = 0, |fe(t)| = 2¥/2, t € Ej, where m(Ey) = 27571 and |fu(t)| = 1, t €
0,1]\ E (k=1,2,...). Let us prove that H := [fi] is a A(2)-space. Since fj are mean
zero independent functions, and || fx|l2 <1, k =1,2,..., we have

~—

oo
> crtn
k=1

Thus, it suffices to check only that the following inequality holds:

oo
> crtn
k=1

= [l (8

> cf|(er)]l (9

~—

By using the independence of f, from [14, Theorem 1] it follows

chfk chkaAk Z:CkkaB;c
k=1 k=1 k=1

~
—~

+
1

for all ¢ € R,
2

1

where f;, are disjointly supported copies (defined on [0, 00)) of the functions f,, { A%},
and {Bj}, are sequences of pairwise disjoint sets such that -, Ax = [0,1],
Urey Br = [1,00), m(Ax U By) = 1 (k = 1,2,...), and the function > 7o | cxfrXa,
(resp. > po i ckfrXm,) is equimeasurable with the function (3., ckfk)*x[o,l] (resp.
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Oy ckfk)*x[lpo)) (k =1,2,...). Further, we consider two cases separately: (a) there
is a ko such that m(Ax,) > 1/2; (b) m(Ag) < 1/2 for all £ = 1,2,.... Clearly, in the
case (a) we have m(By) > 1/2 for all k # ko. Hence, by definition of f;’s, we obtain

)

Z CkkaBk

k+#ko

oo
chfk
=1

> c(|ck0|||fko>mko I+
1

1 B 1/2
> e(3lenl + (X dlivals) )

k+#kq

> c<|cko| + ( > k)/) > cl[(en)l,

k+#ko

In the case (b) we have m(By) > 1/2, k =1,2,..., whence

chfk >c chkaBk :C<Zcz||kaBkH%> > ¢||(cx) ||,
k=1 1 k=1 2 k=1

Thus, inequality (9) is proved, and hence H is a A(2)-space. Show that H cannot be

+
embedded into any r.i. space X such that X C Ls.

Suppose X is an r.i. space such that X C Ly and H C X. Applying [14, Theorem 1]
once more (this time to the space X), for all ¢, € R we have

oo oo oo
> crfn >C< D enfixay|| + (D erfexa >,
k=1 X k=1 x =1 2

where the functions f;, and the sets {45152, {B1}32, are defined as above. Let ¢, > 0
be such that the sequence (cka/ 2)2":1 increases. Since ZZ’;l ckfrxa, is equimeasurable
with the function (3°.7; cxfr)*X[0,1], then taking into account definition of fi’s, we

obtain
o0 o0
Z cefk|| =c Z cr2* 2 X 2-r-12-1
k=1 X k=1 b

By hypothesis, the norms of X and Ly are equivalent on H. Therefore, from the preceding
inequality, the embedding X C Lo, and the equivalence

~—
—~

o0
chfk
=1

Z Ckzk/QX(2—k—l,2—k]
k=1

2 2

it follows that
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(10)

for every positive increasing sequence (ax)32; with constants, which depend only on X.
On the other hand, for arbitrary r.i. space Y on [0, 1] the following equivalence holds

oo

Z X(2k12 k]

k=

lylly =

Y

Y

with constants independent of y € Y. Hence, from (10) it follows that X = Ly (with
equivalence of norms).

4. Unit ball of a A(p)-space, 1 < p < oo

By Lemma 2, for any 1 < p < oo every closed subspace of L, whose unit ball has
equi-absolutely continuous norms in L, is a A(p)-space. Here, we will consider the ques-
tion when the converse implication holds. From Proposition 1 and Examples 1 and 2 it
follows that the answer is negative if p > 2. At the same time, for the other values of
p we have the following positive result (a close statement follows also from the results,
which were announced in the short paper [24] and proved then in [25]).

Theorem 2. If H is a A(p)-space, where 1 < p < 2, then its unit ball By has equi-
absolutely continuous norms in L.

Proof. By [3, Lemma 2|, an arbitrary A(1)-set E C Z generates the reflexive space Lg.
Using the same proof, this result can be extended to all A(1)-spaces. Therefore, if p = 1,
from the Dunford—Pettis theorem (see e.g. [1, Theorem 5.2.9]) it follows that the unit ball
By has equi-absolutely continuous norms in L;. Thus, further we can confine ourselves
to the case 1 < p < 2.

Let us assume that By fails to have equi-absolutely continuous norms in L,. Then

1
a:=—-lim sup sup ||fxel,>0.
=0, (E)<6s fEBH

We construct a bounded unconditional basic sequence { f;}72, in L,, fi € H (i = 1,2,...),
such that for some pairwise disjoint sets F; C [0, 1] it holds:

lfixrllp 2o (1=1,2,...). (11)

First, we define inductively auxiliary sequences of functions {g,}52, C H and sets
{E]}>2, as follows. Let ;3 = 1, and let Ef C [0,1] and g1 € H be such that
(E{) <m/2, llgill, = 1, and [|gixg; [l, = 3c. If n2 € (0,11/2) is sufficiently small,
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then ||g1xallp, < o whenever m(A) < ny. Moreover, there are a set E5 C [0, 1], with
m(Ey) < n2/2, and a function go € H, with ||g2||, = 1, for which we have ||g2x g, = 3a.

Assume that the functions g1, ..., gn—1 from H, with ||g;||, = 1, the sets E1,..., E}, _4,
and the numbers 71, ..., n,—1 such that n; € (0,17,-1/2) (i =2,...,n—1), m(E}) < n;/2
(i=1,....,n—=1), lgixe:ll, = 3a and [|gjxall, < a for all j = 1,...,i — 1 whenever
m(A) < m; (i =1,...,n — 1) are already chosen. Then there exists 7, € (0,7,-1/2)
with the property that ||g;jxall, < o for all 1 < j < n —1 and for any set A such that
m(A) < n,. Using hypothesis once again, we find a function g, € H, ||gn||, = 1, and a
set B, C [0,1], m(E),) < n,/2, which satisfy the condition ||g,Xxg: ||, = 3c.

Now, let us define the pairwise disjoint sets E,, := E! \ U;’inﬂ El,n=1,2,.... Since

[e%e) [e%) 1 oo 1 &) ?7
m( U E;) < Z m(E£)<§ Z 77i<§ 27:L11 = Mn+1,

1=n+1 1=n41 1=n-41 =1

in view of the choice of 1,11 we have

|gnXxE,[lp = ||anE;||p - ||anU;’in+1 Bllp 220, n=12,...

Hence,

lgnXE,llp =2 and |lgixe,llp <o, 1<j<n—1 n=12,... (12)

Let {z,};2; be an arbitrary unconditional basis in L, (say, the Haar system), and
let {z}}°°, be the sequence of biorthogonal functionals associated with {z,,}72 ;. Since

lgnllp =1 (n=1,2,...), for every k = 1,2,... we can find a subsequence {gr(f)} C {gn}
such that there is the limit lim,, az}i(gq(f)) Applying the diagonal method, select a
further subsequence {g,,} C {gn}, for which lim,;_,. x}(gn,) exists for arbitrary k =
1,2,.... Then, setting f; := gn,,, — gn,, we obtain that lim; , z(f;) =0 (k =1,2,...).
Therefore, by [21, Proposition 1.a.12], we can find a subsequence of the sequence {f;}
(we still denote it by {f;}), which is equivalent to some block basis of {z,}72; in L,,
and hence it is also an unconditional basic sequence in this space. Moreover, | f;||, < 2

for all i =1,2,..., and from (12) it follows that

1fiXEn,, o Z 9nisi XEw, o = l9n:XE.,  Ip = o

As a result, inequalities (11) hold if F; := E,,,, (i =1,2,...).

Thanks to unconditionality of {f;} and inequalities (11), we can apply Lemma 2 from
[13] and deduce that the sequence { f; } is equivalent to the standard basis of [,. Therefore,
since 1 < p < 2, by Rosenthal’s theorem [27, Theorem 13|, we conclude that H fails to
be a A(p)-space. This contradiction finishes the proof. O
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Next, we consider the case p = 2. It turns out that, if a A(2)-space is obtained by a
special way, its unit ball has equi-absolutely continuous norms in Lo. More precisely, the
following result holds.

Theorem 3. Let X be an r.i. space on [0, 1] such that X C Lo, and let the norms of Lo
and X be equivalent on some closed subspace H of Lo. Then, if the inclusion operator
I:X — Ly is DSS, the unit ball By of H has equi-absolutely continuous norms in Lo.

Proof. Assuming that By fails to have equi-absolutely continuous norms in Lo and
arguing in the same way as in the proof of Theorem 2, we find a bounded unconditional
basic sequence {f;}52, in Lo, f; € H (i =1,2,...), such that

|| fi > (1=1,2,...) (13)

for some a > 0 and pairwise disjoint sets F; C [0, 1]. Show that the norms of X and Lo
are equivalent on the subspace [fn,xF, |52 ;.

At first, as above, taking into account unconditionality of { f;} and (13), we can apply
Lemma 2 from [13] and deduce that the sequence {f;} is equivalent to the standard basis

of ly. Therefore, since {f,} C H, by condition, we have

= (el

Hence, since the sets F), are pairwise disjoint, by Khintchine inequality for L; with the
optimal constant [29], we infer

~ ~ 1/2
> enfaxe.|| < (ZC?J&)
n=1 X n=1 X
1
/ Cnfnrn ) ds
o0 In= 1 X
1
/ Cnfnrn(s)|| ds < CH Cn H2
o lln= 1 X

Moreover, from (13) it follows that

o 0 1/2
Z CnanFn = (Z ’Cn|2’|anFn||§> > O“/H(Cn)HQ
n=1 2 n=1

Therefore, we have
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<C
X

chanFn chanFn
n=1 n=1

On the other hand, from the embedding X C Ls it follows

chanFn chanFn
n=1 n=1

and equivalence of the norms of X and Ls on the subspace [f,xr, ]2, is proved. Hence,

2

<C
2

Y

X

the inclusion operator I : X — Lo fails to have DSS-property. This contradicts the
hypothesis, and theorem is proved. O

Remark 2. Let us show that a modification of the proof of Theorem 2, allows to construct,
in the case p = 2, even an orthonormal sequence { f;}5°, C H satisfying inequalities (13)
for some pairwise disjoint sets F; C [0,1],i=1,2,....

Denoting by B, (n = 1,2,...) the maximum of all determinants of order n whose
elements have absolute value not exceeding 1 and arguing in the same way as above, we
can find sequences of functions {g,}52; C H and pairwise disjoint sets {F),}>2, such
that [|gnll2 = 1,

lgnxF,ll2 > 20, and  lgjxp, [z <n7'Brla, 1<j<n—1,n=12... (14)

Now, the sequence {f,} can be obtained by applying the standard orthogonalization
method to the sequence {g,}. Namely, denoting by (f,g) the inner product in Ly =
L[0,1], we set

(91591) (91792) (91>9n—1) g1

. (92,91) (92:92) -+ (92,9n-1) g2

fn= Zoé;(f g = : : : : :
k:]. . . . . .
(gnagl) (gnag2) T (gnagn—l) gn

and f, == fL/|flll2 (n =1,2,...) (coefficients a,(cn) are calculated by formal expansion
of the determinant with respect to the last column). Since ||gnllo = 1 (n = 1,2,...),
from the Cauchy—Schwarz—Bunyakovskii inequality it follows that ]a,(cn)| < B,,—1. On the
other hand, as is known,

n—1

flzgla fé:gn_Z(gnafk)fka n =2,

k=1

whence o) = 1 (n=1,2,...). In addition, since the sum Zz;ll(gn, fx) fx is the orthog-

onal projection of g, to the subspace [fx]7—;, we have ||f4|l2 < ||gnll2 < 1. Therefore,

by (14),
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n—1
1 fuxr 2 = |70, <HgannHz = Z\a,@mgkmuz) > a.
k=1

Thus, f, € H and F,, C [0,1] (n =1,2,...) satisfy inequalities (13).
The following result is an immediate consequence of Theorem 3 and Proposition 1.

Corollary 1. Let H be a closed subspace of Lo such that there is an r.i. space X C Lo
with H C X. If the inclusion operator I : X — Lo is DSS, then there is a 2-convex Orlicz
function N satisfying the As-condition such that the embedding Ly C Lo is strong and
H C Ly.

Now, we show that in the case p > 2 the unit ball of a A(p)-space, in general, fails to
have equi-absolutely continuous norms in L, even if there is an r.i. space X such that
H C X C L, and the inclusion operator I : X — L, is DSS.

Theorem 4. For arbitrary p > 2 there exists an Orlicz space L with the following
properties: Lrp C L, the inclusion operator I : Ly — L,, is DSS, and the norms of L, and
Lg are equivalent on some A(p)-space H whose unit ball By fails to have equi-absolutely
continuous norms in L.

Proof. Let ¢ € R be arbitrary. Following [11] (see also [12, p. 236]), we consider the
function F, ,, which is defined as follows: F}, ,(0) = 0 and F, ,(t) = tPe?/ ") if ¢ > 0,
where

f(z):= Z(l — cos(mz27F)). (15)

It is not hard to check (see also [11, Lemma 1.1]) that for every € > 0 there is a constant
C. > 0 such that for any s > 0

Cr&_—ltp—lczlE < M < OtPtlals if e >, (16)
Fpq(s)
and
O Lgptlale ¢ Frag(st) < CP7lalE ifo <t < 1. (17)
Fpq(s)

In particular, these inequalities imply that F), , is equivalent to a convex function on
[0,00). Moreover, since f(z) > 0 for all x € R, we have t* < F}, ,(t) (¢t > 0). Hence, the
Orlicz space L, , is embedded into L, and

Il <Wfllee,, (f€Lr,,) (18)
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At the same time, for every n € N we have

£(2) :i(l—cos 2" ") i 1 — cos(m27F1))
k=1 k=1

=23 sin?(r27) < 2 22—% - %
k=1 k=1
Therefore, if a,, := 2", then

Fpqlan) < Cyap (n €N), (19)

with some constant C; > 0 depending only on g. Setting b,, := 1/F}, ,(a,) (n € N), we
see that b, — 0 as n — 0o. Also, since the fundamental function of an Orlicz space Lg
is calculated by the formula ¢, (u) = 1/F~1(1/u) (F~! is the inverse function to F)
[19, Chapter 2, §2], we have ¢r, (bn) = 1/a, (n € N). Hence, by inequality (19), we
obtain

SDLprq (bn) < C’;/pgpr (bn); n € N. (20)

Thus, the inclusion Lg, . C Ly is not strong. On the other hand, in [11], it is proved that
under a certain condition on ¢ the inclusion operator I : Lg, . — L, is DSS. Namely, we
set

Yo = inf max (f(z+s)=fy+s), n=12...,
where the function f is still defined by (15). Then 7 := liminf,, vIn=t > 0, and if
q > 2pIn2(ys)~! the Orlicz space L F,, does not contain any complemented subspace
spanned by disjointly supported functions and isomorphic to [, [11, Lemma 1.5 and
Corollary 1.8]. Hence, taking into account Proposition 3.3 and Corollary 3.4 from the
same paper, we deduce that [ is disjointly strictly singular.

Finally, we show that the subspace H spanned by a sequence of independent functions
{f1}52, on [0,1] such that [, fi(t)dt = 0, | f(t)] = b, /P if t € Ey, where m(E},) = by,
and |fr(t)]=11ift € [0,1] \ Ex (k= 1,2,...), satisfies all required conditions. First, let
us prove that such a sequence is equivalent to the standard basis of l in both spaces L,
and Lg, ,i.e

= || ()|, (21)

LFpq

From (18) and (20) it follows that

1 fxllp = Mkl , =1, k=1,2,... (22)
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Furthermore, taking into account inequalities (16) and (17), we see that the dilation
indices of the fundamental function ¢y, ry., A€ equal to 1/p. Therefore, F), , satisfies the
As-condition at infinity, and we can apply Theorem 1 from [14]. Then, for all ¢, € R we

have
> crtn = 1D crfixa, + 1) enfrxs,|| (23)
k=1 k=1 k=1 2

Lrp.q LFpq

where fj, are disjointly supported copies of the functions fy, {Ax}32, and {Bx}?,
are sequences of pairwise disjoint sets such that (Jp—, Ax = [0,1], Up—; Br = [1,00),
m(Ar UBy) =1 (k=1,2,...), and the function > 7, Ck:.kaAk (resp. > pey Ck:kaXBk)
is equimeasurable with the function (377 ¢ fr)*X[0,1] (Tesp. (3 pe; crfr) X[1,00)) (k =
1,2,...). In view of the left hand side of (16) and the main result of the paper [16] the
space Lp, satisfies an upper r-estimate for arbitrary r < p. Fixing any r such that
2 <r < p and using (23) and (22), we obtain

0o 0o 1/r 0o 1/2
> et < C;«<<Z|Ck|r||kaAk||2prq> + (ZCinkXBng> )
k=1 k=1 k=1

Lry,q

On the other hand, by < a,” < e ? (k=1,2,...), whence fj € Mg, forall k=1,2,...
if € > 0 is sufficiently small (see notation in the beginning of Section 4). Therefore, since
{fr} is an unconditional sequence in L,, by (22) and [15, Corollary 4], we conclude that
{fx} is equivalent in L, to the standard basis of 5. Thus, equivalence (21) follows from
inequalities (24) and (18).

Finally, from (21), DSS-property of the inclusion Lr, , C Ly, and Theorem 1 it follows
that the subspace H = [f]32; in L, is a A(p)-space. At the same time, in view of (22)
the relations

\fexedlp=1 (E=1,2,...) and m(Ey) =b, —0 ask — o0
show that the set By fails to have equi-absolutely continuous norms in L,. O

5. Uniformizable A(2)-spaces

In [6, Chapter III, Lemma 7|, it is proved the following Hilbertian characterization
of A(2)-spaces: a closed subspace H of Lo is a A(2)-space if and only if there exists a
constant ¢ > 0 such that for every f € H there is a function g € H+, with f + g € L
and || f + glleo < 8||f]|2 (H* is the orthogonal complement of H). In the same book it is
introduced also a uniform variant of the last property (see Definition 6 in Chapter III).
A closed subspace H of L is called a uniformizable A(2)-space if for every € > 0 there
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exists § > 0 such that for arbitrary f € H there is ¢ € H™' satisfying the conditions
f4+9€ Loo, | f + 9lloo < Ofll2, and ||g]l2 < || f||2- In particular, a subset E of Z is said
to be uniformizable A(2)-set if the corresponding subspace Lg of Lo is a uniformizable
A(2)-space.

In [8], Fournier proved that E C Z is a uniformizable A(2)-set if and only if the unit
ball of Lr has equi-absolutely continuous norms in Ly. In the following statement we
extend this result to arbitrary A(2)-spaces.

Theorem 5. Let H be a closed subspace of Lo. The following conditions are equivalent:

(a) the set By = {f € H: ||f|l2 < 1} has equi-absolutely continuous norms in Lo;
(b) H is a uniformizable A(2)-space.

Proof. (b) — (a). By hypothesis, for every € > 0 we can find § > 0 such that for arbitrary

feH,|fllz <1, there is g € H' with the properties || f + glloc < J and ||g||2 < &. Let
M > 26. From the embeddings

{Ifl >M} c{If +g|+Igl > M} C {lg| > M -6},

it follows that

I x syl < I xqigrsar—syllz < ||(f + 9)xqgi>m-st 5
+ [lgxqig>m—syll2 < dllxqgi>nr—syll2 + lgll2

<d(m{lg) > M — 5})1/2 e < llgll2 + ¢ < 2e.

J
M -0
Since € > 0 is arbitrary, the condition (a) follows from Lemma 1.

(a) = (b). Let f € H and € > 0. Applying hypothesis and Lemma 1 once more, we
find M = M(e) > 0, not depending on f, such that

X r1mpp)23 112 < el fll2- (25)

Denoting

fi=1F hi=fixgasmingey,  and @1 = =X a > ML)

we have

hi = f1+ o1, [P1lloo < M| fll2, and |[e1]l2 < el f]l2.

If fo:=mg(p1), where Ty : Lo — H is the orthogonal projection onto H, then || fa]|2 <
leillz < ellf||2- Since fo € H, by (25), we have
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| f2X {1 fo)> Ml foll23 12 < €]l f2]]2-
Therefore, setting
he := fox{pol<m follz}  B0A Q2 7= —foX{|fa|> M| f2]|2}>

we obtain
hy = f2 + 2, 1helloo < M| falla < Me||fllz and [l@2]l2 < &l fall2 < 2] f]2-

Arguing as above, for every n € N we find functions f,, h,, and ¢, (n =1,2,...) such
that

= fn + ¢n, fnv1 = mr(Pn), a0 <]\45n—1”f||27 and
lenllz < ™[ fll2- (26)
Since h; = fj + wu(p;) + 7ui(e;) = fi + fi+1 + 7ue(p;) (G = 1,2,...), where
gL : Lo — H* is the orthogonal projection onto H+, we get

n

Z(_l)jflhj = Z Y7+ Z Y i

+ (1) wa(en) + Y (1) g (v))

J=1

= f4 (1" ma(on) + > (1) g (o).

Jj=1

n

Letting n — oo and taking into account (26), from the last equality we obtain
> (=1 —f+Z i (),
j=1

where the series in the left-hand side (resp. in the right-hand side) converges in Lo,
(resp. La). Since |71 (p;)]l2 < |@jll2 < 7| f|l2, the function

Z ' 7THi gOJ)

belongs to H*, ||g|l2 < /(1 — €)||f||2, and

oo

D (=17

j=1

1f + 9lloe =

[e.¢]

Obviously, this concludes the proof. O
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The question whether the orthogonal sum of two A(2)-sets is a A(2)-set as well is
still open (the so-called A(2)-set union problem). At the same time, in [17], Kashin
constructed an orthogonal decomposition of Ly as a sum of two A(2)-spaces (see also
126, Theorem 8.22]). Here, we present a more elementary example of such a sort based
on using independent functions.

Theorem 6. There exist mutually orthogonal A(2)-spaces Hy and Hy such that the sum
Hy @ Hy is not a A(2)-space.

Proof. For every kK =1,2,... we set
.— ok/2 _ - _
k= (X[O,Q—k—2] X(2—k—2,2—k—1])7 Uk *= X(2—k-1,1/242-k=2] = X(1/242-*-21];
and
hi1 = ug + cpug, hi2 = up — cpug,

where reals ¢, are chosen to satisfy the orthogonality condition fol hi1(8)hg2(s)ds =0
(k=1,2,...). Since

)

1
N S,
0

we set ¢, = (2(1 —27F-1))~1/2,

It is well-known that there is a measure-preserving mapping from ([0, 1], m) onto the
product measure space ([0,1]°°, [[,—, mx) (here, my is the usual Lebesgue measure).
Therefore, rather than L,[0, 1] we may consider the space Ly := Lo([0,1]>°, [To—, mux)-
We set fi(t) := hg1(ty) and gx(t) := hgo(ty) (kK = 1,2,...), where t = (t1,t2,...) €
[0,1]°°. Let Hy (resp. H2) be the subspace spanned by fi’s (resp. gx’s) in La. First, by
definition of the functions hj 1 and hy 2, we have

1 1
/ f t LTZ /hk71 dtk /hjyg(tj)dtj =0 (1 <k ;éj < OO)
0 0

[0,1]

Moreover, thanks to the choice of ¢,

1
/fk: (t)gw(t) t_:/hk,1tk hio(ty)dty =0 (k=1,2,...).
0

Therefore, the subspaces H; and Hy are mutually orthogonal. Moreover, precisely in the
same way as in Example 2, we can check that H; and Hy are A(2)-spaces.
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At the same time, it is easy to see that the sum Hy @ Hj is not a A(2)-space. Indeed,
it suffices to note that fx + gx = 2u € Hy + Hy for all k = 1,2, ..., || fx + gkll2 = 1, and
I fr+ gell = 2-28/227k=L —9-k/2 . —1 92 . O

As is well known, under the extra condition that at least one of two A(2)-sets is
uniformizable, their orthogonal sum is a A(2)-set as well (see e.g. [8]). In conclusion, we
extend this result to general A(2)-spaces.

Theorem 7. Let Hy (resp. Hs) be a uniformizable A(2)-space (resp. A(2)-space). If Hy
and Hy are mutually orthogonal, then their direct sum Hy ® Ha is a A(2)-space.

Proof. Assuming the contrary, we find fr € H; and gx € Hs (k = 1,2,...) such that
Ifk +gkllo =1, k=1,2,..., and fr + gr — 0 in measure. First, suppose that there is
d > 0 such that fi + gr € My, s for all k =1,2,.... Then, as is noted before Lemma 5,
we have

On the other hand, passing to a subsequence if it is necessary we can assume that
fr + g — 0 a.e. Moreover, denoting hy = fr + gi, for each M > 0 we have

1
/|hk’dt: / ’hk|d2§—|— / ‘hk|dt
0

{lhx|Z=M} {|hr|<M}

<M1 / hZ dt + / \h| dt

{|hx|=M} {|hx|<M}

<Mt / || dt.

{lhx|<M}

For any ¢ > 0, by the Lebesgue Bounded Convergence Theorem, there is a positive
integer N such that

i dt < g for all k > N.

{lhx|<M}

Thus, setting M = 2/¢ we obtain fol |fx + gr| dt < e for k > N, which contradicts (27)
if € is sufficiently small.

Therefore, the sequence {fr + gr}3p>, is not contained in My, 5 for any 6 > 0, and
applying Lemma 5 we can select a subsequence (which will be denoted in the same way)
and a sequence {A} of pairwise disjoint subsets of [0, 1] such that
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khm ka+9k—(fk+gk)XAkH2 = 0. (28)
—00
Moreover, since H; is a uniformizable A(2)-space and || fill2 < |[fx + gkll2 = 1, by
Theorem 5, we have
lim [[fixa,llz = 0. (29)
k— o0

On the other hand, taking into account that H; and Hs are mutually orthogonal, we
obtain

| fx + 95 — (Fr + 96) XA, Hz = 1fx = fexaulls + llgx — gexa,ll
+ (fe = feXay, 9k — grxa,) + (96 — grxa,s fe — fexay)
= Ifx = fexacll3 + llgx — grxa, ll3
— (fexay, 98) — (ks frexa)-

By the Cauchy—Schwarz—Bunyakovskii inequality, the fact that ||gx|l2 < 1, and (29), we
have

lim (frxa,,9x) = lim (g, frxa,) = 0.
k— o0 k—oo

Therefore, from the preceding equality and (28) it follows that ||fx — fixa,llz2 — O.
Applying (29) once more, we obtain ||fx|l2 — 0. Combining this with the fact that
fr + gr — 0 in measure we infer that g — 0 in measure. Since Hs is a A(2)-space, we
obtain ||gx||2 — 0, and hence || fi + gk||2 — 0, which contradicts the assumption. O
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