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FUNCTORIAL APPROACH TO INTERPOLATION OF OPERATORS 

OF WEAK TYPE 

S. V. Astashkin and V. I. Ovchin~ikov UDC 517.982.27 

i. If f(t) is a submultiplicative function on the semi-axis (0, ~), then, as is well 
known [I, p. 75], there exist the numbers 

In / (t) a s = l i t  n ln/(t),  ~ ] = l i m ~ .  
t--*O+ I n  t t - 4~  

In a particular case, if a function ~(t) is positive on (0, ~), then the function d{~(t)= 

q~ (st) sup-n-~v is submultiplicative and ~=~/K~ and 5~----~//~ are called respectively the lower and up- 
s>0 q) (s) 
per dilation exponents of ~. If ~ is concave, then 0 ~ ~< 5~ i. 

In another approach, let X be a symmetric space of measurable functions on (0, ~) with 
Lebesgue measure. Then the dilation operator OTX(t) = X(~-~t) is continuous on X and S(T) = 
~o~X+ X is a Submultiplicative function on (0, ~) [I, p. 131]. The numbers ~X = aS and ~X = 
~S are called respectively Boyd's lower and upper indices of the space X. It is easily veri- 

fiable that 0 ~ aX ~ ~X ~ i. 

Let ~(t) and K(t) be measurable positive functions on (0, ~). Given a symmetric space 
X, we denote by X<, 6 the space of measurable functions x(t) such that K(t)x**(~(t)) E X, 
with the norm 

( ) I x * ( s )  ds  . Ilxll~,6=]]• x** (t) =-T-"  
o 

Here x*(s) is the decreasing rearrangement of Ix(s)l [I]. 

The spaces XK, 6 arise in connection with the fundamental interpolation theorem for sym- 
metric spaces proved by S. G. Krein and E. M. Semenov. Recall that for a positive concave 
function ~ on (0, =) the Lorentz space A(~) is the Banach space of measurement functions on 
(0, =) with the norm 
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oo 

x l~(~ ) =- . (t) dq) (t), 
0 

and the Marcinkiewicz space is the space with the norm 

t 

~ x* (s) ds 
II x II~(~) = s u p  0 

t>o ~ (t) 

T h r o u g h o u t  what  f o l l o w s  ~( t )=t /<p( t ) ,  T - I ( t ) =  l/(~(t). 

K r e i n - S e m e n o v  Theorem [1,  Theorem 6 . 1 ,  p. 175] .  L e t  f u n c t i o n s  (0, oo) ~0(t), ~i( t) ,  ~ ( t )  
and r  d e f i n e d  on (0 ,  ~) be p o s i t i v e ,  c o n c a v e ,  and such  t h a t  

1) t h e  f u n c t i o n  (h(t)%(~o(t) i s  i n c r e a s i n g ;  

2) t h e  r a n g e  o f  t h e  f u n c t i o n  ~ 0 ( t ) / r  c o n t a i n s  t h e  domain o f  t h e  f u n c t i o n  (~o(~)/%(t) 
(0 < t < ~). 

If a linear operator acts boundediy from A(~ 0) to M(~0) and from A(~I) to M(~z) , then it 
acts boundedly from any symmetric space X satisfying the condition 6% <O~x~x'<y% to the 
space XK,6, where 6(t) is some measurable positive solution of the equation ~}o(5(t))/~1(6(t))= 
~0(t)/'q~l (t) and u( t )  =~0(6 (t))/c~o(t) = ~1 (6(t))/~1 (t). 

Th i s  t h e o r e m ,  c l o s e l y  c o n n e c t e d  w i t h  p ro b l em s  o f  i n t e r p o l a t i o n  o f  o p e r a t o r s  o f  weak 
t y p e ,  l a t e r  has  been  e x t e n d e d  in  v a r i o u s  ways.  We can p o i n t  ou t  [ 2 ] ,  where  t h e  c o u p l e  
(A(~0), A ( ~ ) )  i s  r e p l a c e d  by an a r b i t r a r y  c o u p l e  o f  Banach s p a c e s  and ,  which  i s  no l e s s  im- 
p o r t a n t ,  i t  i s  i n d i c a t e d  t h a t  i n t e r p o l a t i o n  s p a c e s  a r e  o b t a i n a b l e  by means o f  t h e  3~-method  
( s e e  [2 ,  C o r o l l a r y  2 ] ) .  These  t o p i c s  a r e  v e r y  t h o r o u g h l y  c o v e r e d  in  [ 3 ] .  

The main g o a l  o f  t h e  p r e s e n t  p a p e r  i s  t o  c l a r i f y  t h e  f u n c t i o n a l  meaning  o f  t h e  K r e i n -  
Semenov t h e o r e m  ( t h e  d e f i n i t i o n s  o f  t h e  i n t e r p o l a t i o n  s p a c e s  and f u n c t i o n s  s e e  in  [1]  or  [ 4 ] ) .  
Th i s  makes i t  p o s s i b l e  t o  p r o v e  an e x t e n s i o n  o f  t h e  t h e o r e m  in  t h e  s e n s e  t h a t  t h e  K r e i n -  
Semenov t h e o r e m  w i l l  a p p l y  t o  t h e  c o u p l e  (L1,  L~) o f  f u n c t i o n s  on t h e  s e m i a x i s .  

L e t  E be t h e  Banach i d e a l  s p a c e  (BIS)  [5] o f  t w o - s i d e d  n u m e r i c a l  s e q u e n c e s  a = (aj;j . . . .  
and l e t  q0 be a n o n n e g a t i v e  f u n c t i o n  on (0 ,  ~ ) .  Then E (~) i s  a BIS w i t h  t h e  norm [[(aj)ll~(~)= 

II (a~ (20)l~. 
Let us briefly recall the definition of the real interpolation method. For a Banach 

couple (X0, X~) and 0 < s, t < ~, we define Peetre's 3~- and f-functionals [6]: 

X~XO+X 1, 
x ~ X  i 

f ( s ,  t, x; Xo, X~)=  max[sllXllxs t[Ix]]:q] ( x ~ X  o 3 X~). 

As u s u a l ,  3~(t, x; Xo, X , ) = Y { ( I ,  t, x; X0, X,), ~ ( t ,  x; Xo, X 1 ) = ] ( i ,  t, x; X0, X1). L e t  ~ n s  -1 )  c 

E. The J - m e t h o d  s p a c e  (X0, Xz) ~ c o n s i s t s  o f  a l l  x e X 0 + Xz, f o r  which  t h e  norm ~x~ = 

~ ( 9 ~ ( 2 J ,  x;  X0, X 1 ) ) j ~ E  i s  f i n i t e .  I f  E c s 1 + s  t h e n  t h e  ~ - m e t h o d  s p a c e  (X o, Xz)~  
c o n s i s t s  o f  x e X0 + Xz a d m i t t i n g  t h e  r e p r e s e n t a t i o n  

oo 

X = ~ Uj (.convergence in X 0 q- X1) , 
j ~ - - m o  

where uj e X 0 n Xz, and the norm is defined as follows: 

li~!! = i,~ il ( S ( 2 ,  ~j; Xo, x~))jll~. 
(~,;) 

A BIS E is called a parameter of the real interpolation method if it is interpolative 

with respect to the couples s = (s = (s s and s = (~, s [i~ any lin- 
ear operator continuous from s to ~ and from s -z) to s -z) is continuous in El. 

In the sequel, we shall associate with any positive concave function ~ (s) the function 
of two variables ~(s, t)= t~(s/t) (there will be no confusion from denoting it by the same let- 
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ter). The function ~ (s, t) is increasing in each argument and homogeneous, ~(s, l)=.~(s), 
by ~*(s, t) we shall denote the function i/~(s -~, t-~). If E = s then it is not 

hard to show that the space (X0, X~)E ~ consists of x e X 0 + Xz expressible in the form x = 

u~ (u~X 0 ~ X1), where 
~=i 

and the norm is equivalent to inf ~ q~(IluhllXo, llu~tlx~) over all such representations. 

t 

From the equality ~f(t, x; L~, L~) = ; x*(s)ds (see, e.g., [i, p. 
0 

any p o s i t i v e  c o n c a v e  f u n c t i o n  q~ we have  

Analogously 

(L~, L 5~ o~)/oo(~--1) = M ((p). 

0 

(L~, L~) (~_~) = A ((~), 

where  ~ ( ~ )  i s  t h e  c l o s u r e  o f  L~ 5 L~ in  h(~)  w i t h  t h e  i n d u c e d  norm. 
h o l d s  i f  and o n l y  i f  lim ~(t) = ~ .  

108]) it follows that for 

o 

The equality A(~)= A(~) 

2. Let us first show how the spaces interpolative between the couples (A(,~0), A(.~)) 
and (M(~0), M(~)) can be described with the aid of the real interpolation method. 

THEOREM I. Let ~ 0 and ~ ~ be positive concave functions such that ~7~0 is increasing 
and 6%<?~. If Boyd's indices of a symmetric space X satisfy the conditions 

t h e n  X can be c o n s t r u c t e d  by t h e  j r - m e t h o d  f rom t h e  c o r r e s p o n d i n g  c o u p l e s  o f  L o r e n t z  and 
Marcinkiewicz spaces: 

0 ,~ 
x = (.~ (~0), A (~))~ = (M (~0), M (~))~',  

where E is a parameter of the real method. 

Proof. First consider this particular case: X = M~_ 8 = M(~), where ~(t)=t ~ 5%<0< 
?~.  [i]. If we put Here the space X coincides with the space Lp,~ for p = i/8 

then 
function p are nontrivial, i.e., 
results of [7] it follows that 

t o= p(~0(t), ~1(t)). A straightforward computation shows that dilation exponents of the 
0 < (0 -- 5%)/(I -- 5%)~ ?~ ~ 50 ~ 0/?~<i. Therefore, from the 

o o 

M~-0 = (M (~0), M ((Pl))z~(~-~), 

i.e., in this case the space s is a common parameter E. 

We now turn to the general case. Since 5mo<CZx~x<?~ I there can be found 00 and 8 l 
such that ~%<00<ex~x<01<?~1. From the inequalities 00 < a X <_ SX < 01 and the Krein- 
Semenov theorem it follows that the space X is interpolative between MI-O~ and MI-0~, conse- 
quently X = ~(Ml_00 , MI_01) , where ~- is some interpolation functor (see, e.g., [17). Hence 
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~ ~ ~ 

= f ((i~/[ (~0)' ~ ((~l))/co('~O1) , (]~{ ('~0), 1~ (~l))l~o('~(~l)), 
(1)  

where t~176 ~(t)), t ~ = p,(%(t), ~(t)). Since the dilation exponents of the functions P0 
and p~ are nontrivial, s z) and s are spaces-parameters of the real method [8], 
therefore the reiteration theorem for an arbitrary functor $r [9] applies to (I), which 
yields 

o o ,~ 
X = (A (~o), a (~))~. (~(~) ,~(~7~)) ,  

x = (M (~o), M ( ~ 0 ) ~ _ ( ~ ( ~ 9 , ~ ( ~ r 9 ) .  

Thus the space ~r(s s can be taken as a common parameter E. The theorem 
is proved. 

From the results of [i0] it is not hard to deduce that the space-parameter E in Theorem 
i is uniquely determined. Furthermore, there holds 

Prop_osition. The space E consists of all the sequences a=(ak)~=_~ such that $~(~I(/), 

~7 ~ (t), a; l~) ~ X. 

P r o o f .  Deno te  by G t h e  s p a c e  o f  s e q u e n c e s  a =(a~) f o r  which  J d ( ~ ( t ) ,  ~ l ( t ) ,  a; I ~ ) ~ X  
and show f i r s t  t h a t  E c G. 

On t h e  s p a c e  s + s  - z )  c o n s i d e r  t h e  sub l i n e a r  o p e r a t o r  P t h a t  c a r r i e s  a s e q u e n c e  
a=(a~)~=__~ into the function 3T(~o~(t), ~ ( t ) ,  a; l~ on the semiaxis (0, ~) .  We shall show 

that the operator P acts from s -~) to Ml_a~o and from s to M~_~, where ~0, 8z and 
the functions P0, Pz are like those in the proof of Theorem i. 

Indeed, 

~ (u, v, (ah); ~ )  ~ 2 sup rain (u, 2-~v) I a~ 1 ~< 2 [[ a[I /_-~ ~ sup rain (u, 2-by) p �9 ~ z  ~ ~ ~ p~(~,2_~ ) <~_~(u ,v )!!a  

for i = 0, i. 

Consequently, 

Therefore 

(~o ~ (0, ~X ~ (t), ~; 7~) < P{ ((PO (t), q~l (t)) 
2 I i 

" 'l)z~(.~T~ )/l~ I , ~ h - 0 i  - i - 

Let now a ' = ( a ~ ) ~ E .  For the 
S(O, ~) [the space of functions on 
T(a')=P(a') and iT(a) l ~P(a) (a~l~ 
f u n c t i o n s  w i t h  v a l u e s  i n / Z ~ - s p a c e s  
T acts from s -I) to Mz_o~ (i = 
~ ( P l - z ) )  to Sr(Mz-00 , Mz-e.) = X, 
then P(a') e X, i.e., a' e ~. 

Prove the reverse inclusion: 
then 

or 

As is well known (see, e.g., 

computable by the formula 

function P(a')(t) find a linear operator T: s + s -I)+ 
(0, ~) measurable and almost everywhere finite] such that 
+ l~(t-1)) (this extension of the Hahn-Banach theorem to 
is due to Kantorovich (see [Ii])). Like P, the operator 
0, i), therefore also from the space E =$r(s 
since ~- is an interpolation functor. Thus, if a' e E, 

G c E. By Theorem i, X=(M(~0) , M(~I))E Of, i.e., if a e G, 

/ (t) = .,v (~-~ (t), r (t), ~; l~) ~ (M (~'o), M (~'~))~ 

(u, v, i; {M (~0), M(~)})•  
t>O max ('~o (t)/u, ~1 (t)/v) 

(.XP(2 ", /; {M(~o), M ( ~ t ) } ) ) , ~ E .  (2 )  

[i]), a j~-functional in a couple of Marcinkiewicz spaces is 

t 

= sup 1"* (t) min (u% (t), vqh (t)). 
t>O 
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Since f**(t) -> f*(t) = f(t), we have 

3g' (u, v, f; {M (~o), M (~)}) ~ sup f (t) min (uq) o (t), vqh (t)) = 
t>O 

= sup ,7~ (q?7 ~ (t), q~-~ (t), a; -:~) rain (u% (t), vq)~ (t)) ---- $g' (u, v, a; 7oo). 
t>0 

The last equality follows from the fact that due to the condition 8 % < y %  the range of the 
ratio ~i/~0 is the whole semiaxis (0, ~). 

Thus, it follows from (2) that (/7{'(2 ~, a; ~))~E and since $IP(2 ~, a; ~)~ la~l a~E. The 
proposition is proved. 

Now let us show how Theorem i makes it possible to obtain a functorial interpretation 
of theKrein-Semenov theorem. For this, it suffices to investigate the space 

(Y[ (~)0)' M (~I))E ~ ,  
where 

0 0 ~z* 
(A (%), A (%))~ = (M (~o), M (~,))~ =X.  ( 3 ) 

I f  y e (M(~o) , M ( ~ ) ) ~  , t h e n  (a~)=(/7{(2% y; {M(~0), M ( ~ , ) } ) ) ~ E  h e n c e  by t h e  p r o p o s i t i o n  
(see above) we have 

i.e., 

3~ (~o:  (t), ~1: (t), (a~); ~ )  ~ X, 

sup anmin ((Po: (t), 2- ' (~- :  (t)) = sup/7d(2", y; {M (~o), M (~)})min ((Po: (t), 2-'~i-:(t))~ X. 
n~Z n 

Since for any quasiconcave function ~ we have 

(p(u, v ) ~  sup qD ('1, 2~)rain (u, 2-nv), 

the foregoing implies the inclusion $~ (To l(t), ~7 ~ (t), y; {M (}0), M (~,)}) e X. Then by formula of 
a 3~-functional for a couple of Marcinkiewicz spaces we have 

y* (s) ds 
I t  o 

o ~ X .  sup u>o max {% (t)/~;o (t), ~o 1 (t)/lpl (t)} 

If the range of the ratio ~:/~0 coincides with the range of ~i/~0 then for an~ t there will 
be found Ut such that q~0(t)/~0(ut)--~l(t)/~1(u~). Consequently, if y e (M(~0), M(~:))~, then 

(~0(ut)/90(t))y**(ut) e X. 

Turning to the notation of the Krein-Semenov theorem, we finally obtain 

(M (~o), M (~,))~ c X~,~, (4)  
0 

where  6 ( t )  = u t ,  and < ( t )  = t g o ( u t ) / q v o ( t ) .  S i n c e  A( (p )cA(q~)cM(~)  f rom (3)  we have  (A(%), 
A (%))z ~ X. Thus, the Krein-Semenov theorem is obtainable as the result of the application 

of a functor (., -)~ to the couples (A(q00), A(qh)) and (M(~0), M(~:)), i.e., if a linear 
operator T acts from A(~i) to M(~ i) (i = 0, i), then 

T: X = (A (%), A (%))~ -+(M (~o), - x' M (%))E ~ X~,~, 

where E is a suitable parameter of the real interpolation method. 

3. The discrete spaces-parameters of the J~-method are not very convenient in studying 
the real interpolation method, since the spaces interpolative between the weighted spaces 
s and E=(t-:) are as yet imperfectly understood. It turns out that the symmetric spaces 
interpolative between L: and L~, whose theory if well developed (see, e.g., [i]), can serve 
as natural parameters for the J~-method. 
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Let X be a symmetric interpolative between Li and L~ space of measurable functions on 

(0, ~). Following [12], we define the space X(A), where A = (A0, A i) is an arbitrary Banach 

couple: 

X(A)= a ~ A  o+A~: gf(t,a;A)~oO ~--dFN'(t,a;A)~X 

w i t h  t h e  norm tlal -~ = ' d j ~ ( t , a ; ~ ) x "  S p e c i f i c a l l y ,  X ( L i ,  L~) = X. S i n c e  i n t e r p o l a t i o n  in  
x(a)  

the couple (L i, L~) is describable by the $~-method, there will be found a space F [13] in- 

terpolative be tween  s and Z~( t  -1 )  and such  t h a t  X = (L i ,  g~)~$ . T h e r e f o r e ,  [Ixtlx= ~- x*(s)ds 

and a e X(A) mean that (2s ~, a; A))~F~(co+l~(t-~)) and i[ al[x(~) = I  (~~ (2 ~,a;A))]]F. 

Thus 

The last equality shows, 
Co + ~ ( t - ~ ) .  

Thus, any space of the form X(~) is a ]f-method space. 
converse is partly valid: For F c c 0 + s -i) 

where 

x (3) = (Ao, A,)F~(%+~ (~_~))~ 

among other things, that in what follows we can assume that F c 

It is not hard to see that the 

(A o, A J ~  = X (A-+), ( 5 ) 

x = (L1, L~)~ .  (6 )  

We s h a l l  show t h a t  an e x t e n s i o n  o f  t h e  K r e i n - S e m e n o v  t h e o r e m  h o l d s  f o r  t h e  s p a c e s  X(A)o 
& 

The p r o o f  i s  based  on t h e  f u n c t o r i a l  i n t e r p r e t a t i o n  o f  t h a t  t h e o r e m  o b t a i n e d  in  Sec .  2. 

THEOREM 2. L e t  h = (A0, Ai )  and B = (B0, Bi )  be a r b i t r a r y  Banach c o u p l e s ,  ] .et '~0, ~l, 
~0, ~i  be p o s i t i v e  c o n c a v e  f u n c t i o n s  l i k e  t h o s e  in  t h e  K re in -S em en o v  t h e o r e m ,  and l e t  X be 
a s y m me t r i c  s p a c e  whose Boyd i n d i c e s  s a t i s f y  t h e  r e l a t i o n s  6 % < ~ x ~ x < ? % .  Then any l i n e a r  

0 ~ ~ 

operator bounded§ from A(~i)(A) to M(~i)(B) (i = 0, l), will boundedly act from the space 

X(A) to XK,6(B), where K and ~ are constructed from ~G, ~i, ~0, ~:~ in the same way as in the 
Krein-Semenov theorem. 

Proof. Using Theorem i, for space X find a parameter E of the real method such that 
0 

(A(%), ~(%))~ = X. As was observed, any space of the form X(A) is constructible by the S- 
method, specifically 

~x (% = A , ~,X (%) (A) = 

By the reiteration theorem for the H-method [13], 

o ~ o ~ yf ( ~  - ~ ) . ~  
(A (%) (A), A ((P1)(A))E = A~ o, A h E 

->  

In  t h e  c a s e  A = ( L i ,  Leo) we o b t a i n  

A 7E- 
(ro,F1)'E 

Thus, from formulas (5), 

Analogously 

(6) we have 

(A (%) (A), A (%) ( ))~" = (Fo,F1)~ = X (A). (7) 

365 



therefore, in view of (4), 

The assertion of Theorem 2 in~nediately follows from relations (7) and (8). 

Theorem 2 can be somewhat strengthened. Using the relation between the $~- and f - 
methods of interpolation (see [13]), it is not hard to show that the equality 

(8) 

O 

A (~)(A o, A~) ---- ('4o, "41)~(~-i), 

where Ai is the completion of A i with ~espect to the sum A 0 + At, holds for any positive con- 

cave function ~ and any Banach couple A = (A o, Az). Therefore 

(A o, A1)~(~_I) ~ 7~ (q~)(Ao, A1). 

On the other hand, it is not hard to see that 

M (~p)(B) c B'~ 1 Z~o(,- ) 

for any positive concave function ~. 

THEOREM 3. Let functions ~0, ~i, 40, #~ and a space X satisfy the hypotheses of the 

Krein-Semenov theorem, and let A = (A0, At), B = (B0, B I) be Banach couples. Then any lin- 

ear+ operator bounded from (A 0,AJ) (~I) to (B 0, Bi)z~(~[i ) will boundedly act from X(~) to XK,6- 

(B). 
P r o o f .  In  a n a l o g y  w i t h  t h e  p r o o f  of  Theorem 2, c o n s i d e r  t h e  s p a c e  

~y 
�9 

Since E is a parameter of the real method, by the reiteration theorem in [14] we have 

AII('~-I-1).)E = A(/I(~'~--1),/I("~;1)) ~ = A(/I("~-I),~.I( '~-I)) ~ .  

..-> 
Specifically, for the couple A = (L Z, L~), 

0 0 7t L ~r 
X = ( A ( % ) ,  A ( % ) ) ' ~  = ( L : ,  oo) ~ _ ~  ~--1 ,~, 

whence, as before, Y = X(A). Analogously, 

The theorem is proved. 

4. In conclusion we shall show how with the aid of the above results the theorem on 
the continuity of bilinear functionals can be proved. 

Given a symmetric space X on (0, ~), we denote by X' the space associated with X, i.e., 

THEOREM 4. Let ~0, ~i, 40, ~i satisfy the hypotheses of the Krein-Semenov theorem, let 

A = (A 0, Az) and B = (B0, Bz) be Banach couples, and let B 0 n B I be everywhere dense in B0 
and B I. Let, further, R = R(a, b) be a bilinear functional defined on (A 0 N A I) x (B0 n 
BI) , and such that 

I R (a, b) I <-~ C rain (p~ ([I a I!A o, II a i',A~) ** (11 b lIB o, II b I!B1 ) , 
i~O,1 
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for a E A0 n Ai and b e B0 n Bi. 
dices satisfy 

If Y = X' is a symmetric space on (0, ~) whose Boyd in- 

then R can be extended to X'(A0, Ai) • XKi,6(Bi, B0) so that 

[ R (a, b) I < C [[ a [lx,~)I] b [[Xx~,6(B,,Bo), 
where Ki(t) = 6'(t)/K(t) (K and 6 are determined by 90, 91, ~a and ~i in the same way as in 
the Krein-Semenov theorem, and 6(t) is assumed monotonous and absolutely continuous)~ 

First let us prove two lemmas. 

Denote by E' the space associated with the BIS of sequences E, i.e., the set of all se- 
quences (b k) for which 

[[ (bk)Its' = sup ~] aabk <~ c~. 

LEMMA 1. I f  E i s  i n t e r p o l a t i v e  b e t w e e n  s and s  ~ r E,  t h e n  

2k 

ll(bh) lIE'N sup ~, bh x*(t) dt, 
I'x!x4i k=~-~o "o 

where X = (Li, L~)f. 

Proof. Since 

we have 

2~ 

sup k ~oo bh x* (t) dt ~ I] (bk)]]E,. 
l]xllx~< 1 = _  

On the other hand, since E is interpolative between ~ and g~(t-i), there can be found 
i 

Ci > 0 such that for any a e E the element a'=(ah), 

~'~ = ~upL ~jl mi~ 0, 2 ~-j) 
j~z 

will also belong to E and [la'[f~CiIiali~ (see [13, Sec. 4]). Furthermore, ~ahI~a~ and, in 
view of the monotonicity of (a k') and the condition ~ r E, 

The function 

t 

lira a k = O .  ( 9 )  

f~ (t) = akx[2~ ~+l )  (t) %e (t) = 
k=--~ , t ~ e ,  

i s  i n c r e a s i n g ,  and  i f  t i  < t 2,  t h e n  

],1 (t2)/t2 <~ 2f~(t,)/t~. 

Consequently~ f~ is equivalent to its minimal concave majorant f0 [i, p. 63]. From (9) it 
follows that ~ is absolutely continuous on [0, ~), therefore for some C 2 > 0 

Hence 

2k 

f (7o)' (t) dt = Io ( 2 9  ~< CJ (2 *) = C~;.  
0 
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2 k 

=-- h~--o~ h:--oo 0 

The lemma is proved. 

Let X be a symmetric space on (0, ~). We denote by X + the set of all functions y(t) 
measurable on (0, ~) and such that 

Jig!Ix+= sup IY**(t) x * * ( t ) d t < ~ ;  

X + is a symmetric space; if 0 < ~X ~ SX < I, then X + coincides with X'. 

Given a Banach couple ~ = (A 0, Al), we shall denote by ~t the couple (At, A0). 

LEMMA 2. Let A = (A0, At) be a Banach couple, and let A 0 n A l be everywhere dense in 
A 0 and A I. If X is interpolative between L z and L~, then 

( X ( A ) ) * ~ X  + *'), 

where A* = (A0*, At*). 

Proof. As has been indicated, we can assume that X = (L I, L~)~. where F is interpola- 
h tive between s and s -I) and F c c o + ~(t-1). Let a~Ao+Ai, a=a~§ ai~Ai (k~Z), 

a* = a~, ak~Ao n AI (convergence in A0* + Ai*). Then 

h=--oo ~=--=o 

From ]I a :Ix<i) = I[ (J/ '  (2 j, a; A)) j  liE 

whence, passing to the infimum in each summand, we obtain 

oo * --~ 

la* (a) 1< E Y (2% A*) (2t a; 

and t h e  d e f i n i t i o n  o f  t h e  S - m e t h o d  we h a v e  

o r  

I a* (a) l • II a* !t(Ao,A,)~+ II a llx(-~) 

(x (5))* = (Ao, A~)~+,* f 

where 77+ = { (a~) : (a-~) ~ F ' }  with the norm II (an)IIF+= ll(a-h)llz~'. 

The BIS F is interpolative between s and s Consequently, s n s -I) c F, 

F' c E l + s and F+ c s + s �9 Therefore, a*~(Ao, A1)F + satisfy the hypotheses of 
the fundamental lemma of the interpolation theory [4] 

]im ~ ( i ,  t, a*, -~*) = lira ~ (t, t ,  a*; A*) = O, 

by which theory we have 

Since 3r b; B ) :  tlC(l/t, b; B~) 

From (10)-(12) it follows that 

, . ~ * 

it is easy to see that 

. * J~ * A*'vTf 

( x  * = r ( A * ~ ) ,  

( io) 

(11) 

(i2) 
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where ]z _-- (L~, '~ Loo)~,(t- ~). 
It remains to show that Y = X +. 

h F ' ( t  -1)  [l(ah)l]F "-<I h=--oo 0 

c o  

= sup X 

The lemma i s  p r o v e d .  

P r o o f  o f  Theorem 4. 

Indeed, 

Indeed, by Lemma 1 

21~ 2k 2h 

l lx i lx  --<I h=-~ 0 o 

c o  

sup ( x** (t) y** (t) dt ---- [i g ilx+" 
[ lxl[x --<l 

First verify that R can be extended to a continuous functional on 

BOzA~i(t_~)) y" (i = O, U- (Ao, A1)~('$~-I)X (/~o, 

i f  a =  ah ( a a ~ A  o f) Ax) and b= [~bj ( b j ~ B  oNB~) t h e n  
k = l  j = l  

co co ~ * 

' ' a ,i ~ #i (l[ bj',!~o, [I bj',l~). 

It remains to take the infimum of all possible representations of a and b and make use of 
the definition of the ~-method spaces for the case of s (see Sec. i). 

P~(a, .)~=V~ and 

[12]), we have 

Thus 

IR(a, b) J<~ CILal'z~!Ib'b~ ~ (i = O, i), 

f where Ui = (A 0, Aa)fI~-1~, V~----(B 0, B1)q(~(t-1)). Consequently, for a fixed a~ U~ 
qk r ) 

for the corresponding linear operator T: U i + Vi* we have 

ii Ta fly, ~< c li a I i~  (z = o, :l ). 

Due to the duality between the f- and ~i p -methods of interpolation (see 

v* 

therefore, by Theorem 3, 

(13) Xx,6(B*) I~X'(A) 

It is not hard to verify that X~, 6' = (XK~,6) +, where Kl(t) = 6'(t)/<(t), and that X<l,6 is 
interpolative between Lz and L~. Then it~follows from (13) by Lemma 2 that 

[I T~ [i(x~..~(-~O)* < c L1 a lix,(Z 

or  ]R(a, b)[~Cllal!x,(-~)[]b[]x• The t h e o r e m  i s  p r o v e d .  
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DICHOTOMY OF THE SPECTRUM OF NON-SELF-ADJOINT OPERATORS 

A. G. Baskakov UDC 517.984.48 

Let ~ be a complex Hilbert space and let A, B be two self-adjoint operators from the 
Banach algebra End~ of bounded linear operators, acting in ~. We assume that the opera- 
tor B is (continuously) invertible. If the operators A and B commute, then the operator 
A + iB is normal and, therefore, its spectrum o(A + iB) is contained in the set {~ + iD e 
C: ~ e o(A), ~ e o(B)}. Consequently, the spectrum of the operator A + iB admits dichotomy 
(the terminology is taken from [i]), i.e., it does not intersect the imaginary axis i R. If, 
however, the operators A and B do not commute, then, in general, such a result does not hold. 
However, under the additional condition ~Aldist({0}, o(B)) < 1 (dist(o I, 02 ) denotes the 
distance between the sets o I and 02 from C), the spectrum of the operator A + iB does admit 
dichotomy. 

In this paper, as an additional condition, ensuring the dichotomy of the spectrum of 
the operator A + iB, there occurs, not the condition of the smallness of the norm of the 
operator A (typical condition of the regular theory of perturbations [2]), but the condition 
of the smallness of the operator AB - BA (or of other commutators). Since, in this case, 
the norm of the operator A is not used directly, it is natural to consider also unbounded 
operators A; therefore, the results obtained here refer also to the theory of singular per- 
turbations [3], as a consequence of which there arises the possibility of applications to 
differential operators with slowly varying "coefficients." 

A Theorem on the Dichotomy of the Spectrum 

In this paper we consider operators of the form 

L = A - - B :  D ( L ) = D ( A ) ~ a ~  a~, 

where A: D(A)~~ is a skew-adjoint (i.e., iA is self-adjoint) operator with domain of 
definition D(A) from~Y~, while B is a self-adjoint operator from End ~. For the formula- 
tion of the results, precisely such a notation of the operators is convenient. 

We introduce quantities and concepts, in terms of which the fundamental results will 

be formulated. 

Voronezh. Translated from Sibirskii Matematicheskii Zhurnal, Vol. 32, No. 3, pp. 24-30, 
May-June, 1991. Original article submitted June 19, 1989. 
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