ONE PROPERTY OF FUNCTORS OF THE REAL INTERPOLATION METHOD

S. V. Astashkin

1. Introduction

We recall some definitions from interpolation theory of linear operators (for details
see [1] or [2]).

A Banach space X is said to be intermediate for a Banach pair X = (X, X,), 1f X, N X, C
XC X,+ X, (henceforth, the embeddings are continuous); here, the collection (X, X,;, X)
is called a triple. We say that a triple (X, X;, X) is interpolative relative to a triple
(Yo, Yy, Y),if for each linear operator T: X,—> Y, (1 =0,1) T(X)CY. If X =Y, X is said to
be an interpolative space between the pairs (X, X,) and (Yo, Yy (if, moreover, X; =Y, (i =0,
1), then X is an interpolative space between the spaces Xo and X3). In particular, for each
interpolative functor (i1.f.) (see [1] or [2]) F and arbitrary Banach pairs X = (X, X,) and
Y = (Y, Y1) the triple (X,, X,, F(X')) If, in addition, for each linear operator (Y, Y, F(Y))

FT lp@yary < max (T x»v)
then F 1s said to be an exact i.f.
For a Banach pair (X, X,) and 0<s, << ®© , we define Peetre's X¥- and ¥- functionals [3]:
X (s t, x; Xoy Xy) =x=i££x‘ Shzollx, +tlzalla)} (z= Xo+ Xa);
%EX;
F(s btz Xo Xo)=max{s-|z|x, t-Jzlx)}) XN X1
If s = 1, these functionals are denoted by X (I, 2; X,, X;} and % (¢, z; X,, Xy).

Let E be a Banach ideal space (BIS) (e.g., see [4]) of two-sided number sequences
a = (a)j>_. We denote by (X,, XI)E the set of all z& X, + X,, for which the norm Izl =
| (% (2, z; X4, X)) Jg; is finite; by (X,, X)% the set of all ze& X, + X;, admitting a representa-
tion

= 2;_@ u; (convergence in Xo + Xy) 09
where u; & X, ) X,- The norm in (X,, X,)§ is defined as inf || (3 (27, uy; X0, X\));[e over all (uj)
in (1).

For a BIS of sequences G and a function f, we denote by G(f) the space with the norm
I (@) oy = | (@1 F @5 ()6  If by (max (1,4/8)) C EC h(min (1,1/2)), then the map (X, X)~ (Xo X1)E
(respectively, (X, X,) — (XX 1)5) determines an exact i.f.; their collection is called the
X method (respectively, the % -method) of interpolation. An important special case (e.g.,
see [1]) involves the spaces:

(X0 X1)p, p = (X0 XI)Z»«-G) = (Xo Xl)?p(l—e) OB 1<p<S o).

Suppose mow that a Banach space A is intermediate for a Banach pair 4 = (4, 4,). We

define exact i.f. 02 (the orbit of A relative to x-‘i) and 5& (the coorbit of A relative to
A) as follows (see [51):

O3 Xo X1) = {3, Tha: By, max | Ty haox, Jaxla<loo}
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with the norm inf {Z,__l nmxl N IR L P =2,\_=l T.ap}; PatXe X1) is the set of all ze Xo +- X,
i

such that for each linear operator T: X;— 4; (i=0,1) Tz A with the norm sup{fl Tx]a:
max || T jlx, .4, << 1)
1=0,1

We introduce a vartial order on the set of i.f.: F< G, if for each Banach pair
(Xo X)) F(X, X)) C G(X,, X If F<G and G F wewrite: F = G. Under this order

O4 1is the least i.f. with the property F (4, 4, D A, and .'70_‘} the greatest 1.f. with the
property F (A, AT A [5]1.

For a positive function f on (0, ~), we define the stretching function :
HMy(t) = sup (f(styf(s)) (Ot <o)
3504

Since .#; is semimultiplicative, there exist numbers
ln.4,(t)

Int

In #,(2)

H O =lim Tt

{00

v, = lim
1—0+

the lower and upper stretching exponents of the function f, respectively ({2], p. 75). If
f is a quasiconcave function on (0, «) (i.e., f(t) is increasing and t"!f ({) is decreasing),
then 0 < v << § 1.

We introduce a fundamental definition. A set of Banach pairs B is said to be suffi-
cient for an i.f. F if the condition that an 1.f. G coincides with F on 8 implies that G = F.

Henceforth, we use the following notation. 1If f,, f; and h are positive functions on
(0, =), then At = 1/h, h(t) = t/h (t), fo = fok (fr-fo') I, (fY) 1is the Bamach pair (i (fo')s & (£
(1 < p < ). Suppose that f, and f;, are quasiconcave, ¥, -1 >0 and 0 <y, <8 <1. Then
»I'vo
the results of [6] immediately imply that the set consisting only of two pairs, [ (f!) and

——

I (1Y), is sufficient for the i.f. (-, ')i:(n-') 1< p<®). In Sec. 2 a similar result will be
obtained for more general i.f. of the X% -method in whose parameter Zp is replaced by an arbi-
trary symmetric space of sequences. At the same time, we will prove a new interpolative
relation (see (16)), special cases of which have been known (see [l, p. 157] and [6]).

There also exist other two-element sets of pairs sufficient for i.f. of the real inter-
polation method. In Sec. 3, the case of symmetric functional spaces is studied (see {2,
Chap. 2]). 1In that situation, the !- and I, -spaces with "weights" are replaced by the spaces
of Lorentz and Marcinkiewicz. Let f be a positive concave function on (0, =), f(0) = 0.

The Lorentz space A(f) is the Banach space with the norm

Izl =", * @ 1),

where x*(t) is the decreasing permutation of |x(t)|. In the Marcinkiewicz space M(f) the
norm is defined as follows:

12 haop =3up (§, 2* 6) v/ ).

As usual, we call functions f and g equivalent (denoted by f ~ g) if for some C > 0 and
all 0 <t < =

CHIOI<zg®IS<CII@ L

The equivalence of sequences is defined in a similar way. Finally, {e,}i’;_; denotes, hence-
forth, the standard basis in spaces of two-sided sequences.

2. Spaces of Sequences

THEOREM 1. Let fo and f; be quasiconcave functions on (0, =) such that the relation
—_— —
hef' is increasing. If E is a BIS interpolative between [ (f') and I, (f™!), then the only {i.f.

(up to equality defined in Sec. 1) satisfying the relation
Fh(fM)=F(- ()= E, (2)

is the exact 1.f. Fy g
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F!.. f1 E (XO, X1)=Olﬁ,‘(i )(Xo, Xl) =.90E v )(Xo, Xl) =
={z = Xo 4 Xa: | (% (f0(2"), 1 (2%), z; Xo, X)) |l < 00} =
={z =D 13 (1o (2, 12 (25), wss Xo, X)) |2 < o0}
Proof. First of all, note that, by the assumption on the existence of a space inter-
—_— —_—
polative between I (f'; and Iy (f1), and by Theorem 2 in [7], ?/.-/;'>O’ and, thus, the relation

fifo' is increasing from 0 to .

We denote the functors O™ and P by G and H, respectivelv. Since the space E is
interpolative between I, (fy") and I, (f{') and between [, _(f;‘) and 4 (i'), we have (see [2, p. 56])
Gl (FY) =H (- (F))=E. (3)

Our main goal is proving the equality G = H; to this end, we will need several auxiliary
statements.

For each t > 0 we denote by fR the space of real numbers with the norm |jalkgr = ¢-|a |
If F is an exact i.f., then its characteristic function is defined by the isometric equality:

F(R,1/tR)=(1/g (t))R. (4)

LEMMA 1. Suppose that F is an exact i.f. with the characteristic funct:lion. g and, for
some 1 < pg, P1 <, F(ly, (fo"), &b, (fi')) = E. Then the sequences (| & |g) and (fz' (2*) are equiv-
alent.

Proof., For each ke Z we define operators Ty {a;) = a; and Sxa = a-¢ (a & R'. Since
I Txll

LU0 R
and (see (4))
F((fe' COR, (T 2PR)=(fz" (2*)-R, (5)
we deduce, by the exactness of the i.f., that
I Tl <G ®)
where C; > 0 does not depend on k= Z.

Similarly, by virtue of the fact that

Sl o o=
I ""(/i‘(z‘»a—»l.(ril)

and by relationship (5), we obtain:

"Sk "(, <C21 ' (7)

where C, > 0 also does not depend on ke=Z. The statement of the lemma follows from (6) and

).

We recall some notation from [7]. Suppose the shift operator Py (a;) = (aj1x)je-cw 18 con-

¢ CIR-E

tinuous in the BIS E for all k<= Z . Then there exist numbers
In| Pk le_r =1 In| Plg_r

Hg= kllm % ) %

ksc0
In the next three statements fy, f; and E are like those in Theorem 1.
LEMMA 2. If () ex ' ~ (g7 (2*)), then Yg,gl >0 and 6 <1 (g 1is a positive function on
(0, =)).
Proof. It suffices to show that for some C > 0 and all k= Z
A gri @) < C-l Poy|pgo—E (8)

and

Mg (2 < C | Py (9)

EGH-EITY
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Indeed, then, by the fact that E is interpolative and by Theorem 1 in [7], Ye';‘ > kE(gy >0
and 6g/‘ < wv < 1.

E(:’l)

For each k = 0, 1, . . . we find jix for which

~k+j 7
g 277w, (27 "
w@ g @ T T ot @

Then, by hypotheses,

j ~k+j
_ [ 1 f, 2’k 1 @ _ 1 _ ‘
P ~k€-k+jy e = €ix (A C—‘—;—(é,-—k)— = ac; —E'-W// 1 (29> 0, M y;l 2+ €-k+j) lzgo

whence

M (@) <20 sup M <2
[1]

S0 Temlzuy Ct: | Pk i—~Evy

and, therefore, (8) is proved. The proof of (9) is similar.

The following two statements are given without proofs. In the case when E is 7_ with
"weight," the former has been proved in [6] (see Theorem 13); the extension to the general
case presents no difficulties. The proof of the latter statement generalizing the funda-
mental lemma of interpolation theory is essentially identical to the proof of that lemma
itself (e.g., see [1, p. 62]).

Proposition !. For each Banach pair X = (X, X;) hold the equalities

" x "G(X) = inf {" (? (fﬂ (2k)’ fl (2’()' Uk, XOO Xl))k "E: T = 2:;-—09 uk}

and
b2, =1 (7 (fo (2), F1.(2%), 25 Xo, X1)he |5
LEMMA 3. Suppose that for some z & X, + X,
kl-}ilco ['y-;‘i:ll (7 (2)- % (fo (2°), £1.(2%), 23 Xo, X1)] =0, (10)

Then for each £ > 0 there exists a representation z =2:=_w u; such that for ke Z
y (fﬂ (zk’)' f_l (2,‘)' Uy, Xﬂ’ Xl) < (Y + e) x(fﬂ (Zk)' fl (2'): z, Xo, Xl)v
where Yy {3 is a universal constant.

We continue the proof of Theorem 1. We will first show that each Banach pair (X,, X1)
and each z= H (X0, X1) satisfy (10).

Let gy be the characteristic function of the i.f. H. Then, by (3), [8, p. 48], and
also [9, p. 23],

E=H TN C (=T gy =l (i),

so, by Proposition 1, for each z& H (X, X;) there exists C > 0 such that
% (fo (2), 11.(2°), 23 Xo, X1) S C-fg (2F). (11)

On the other hand, (3) and Lemma ! imply the equivalence of the sequences (f & fr) and (fg.u (2%)),
whence, by Lemma 2 and Lemma 3 in [7], 0 < 7 < 8y <<1. Thus, in particular,

t-+p

1—oo

From (11), (12), and the fact that the relation fi:fs} is increasing from 0 to =, follows the
validity of (10) for z & H (X, X,).

Everything is now ready for the proof of the equality G = H. Suppose a linear operator
T: LY > le (fi'Y (i =0,1) and ¢ E. Since E is interpolative between L (Y and l. (f'.l)

—_—
Ta=E, and, thus, H(,(f"') DE. Since G is the least i.f. possessing this property, we
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obtain: G  H. Conversely, let ze H (X, X;). Then (10) holds and, by Lemma 3, for each
¢ > 0 there exists a representation .’c=2.:°=_on u; such that for k=Z
¥ (Fo (2%, f1(2"), u; Xo, X1) (v + €) H# (fo(2'), 1(2"), £; Xo, Xy)-
Therefore, by Proposition 1, z &€ G (X,, X,) and |z, xo <<(¥+ &) z|mx., x,-
Thus, G = H. We denote the i.f. G by F, , g. By definitiom, F, , p possesses the re-
quired properties. We will prove its uniqueness. Suppose that for some i.f. F; F; (m) =

— .
Fi (s (fM) = E. Then, since G and H are extremal, G { F, and F, { H, whence F, =F; [ &
Theorem 1 is proved.

The functor F, ; g constructed in Theorem 1 depends, in general, on three parameters:
fo, f1, and E. Under certain assumptions on E, this dependence is substantially simplified.
Recall that a BIS of sequences E is said to be symmetric if for each injective map n: Z— Z,
a= (a5 E and

laxlle=lale (ax=(an;)it-oo)-

THEOREM 2. Suppose that E is a symmetric space of sequences, fo fi» Boy 1y £ are quasi-
concave functions on (0, =), the functions f;-fg' and k-ky' are increasing, ¥, ~ >0, 7, ,-12>0
o ko

and 0 <y, 6, <1. Then Fy, ,‘,E,=F,,“;,"E', where E; = E (f;") and E, = E'(h;1

Two lemmas are necessary for the proof, the flrst of which is proved in a standard
manner.

LEMMA 4 Let (E,, E,, E) be a triple of BIS of sequences, v a positive function on (O,
—> —
). Then OE = OE(,,,, where E = (Eq, E)), E (V) = (E, (v), E, (V).

LEMMA 5. Suppose that functions f,, f;, £ and w = f,-fo} satisfy the hypotheses of Theorem
2. For A >0, B >0, we define a set V{(4,B)C Z by

V(4 B) = {k 4<g@w@)<B)
Then for each C, >0 there exists C, > 0 such that B-A'  C, implies card V (4, B) < C

Proof. Since ¥ >0 and v, >0, To llmw(t)—hm () hm g(t)—hm 1“) = (. Therefore,

for any A > 0 and B > 0 there exist n = 0, 12, . . . and m = 0, 1, . . ., such that
g @) <A< g w(2)),
gw @) < BLgw(2mm).
Clearly, card V (4, By < m + 1, and if BA™' < C,, then
5—2,"’(—"‘)2(’;,;"%< 45 <ac,,
By the hypotheses of the lemma, for some € > 0 and k&= Z

¢ (w (2%) g (M, (1) w (2F) 't .
@ ) ST swey S ("”"’(T)K?'
So
n+m:
2me _gﬂ_)?. < 4. Cy,
T
whence

card VA, By Km + 1 Letlog, (4C) + 1 =

— —_—
Proof of Theorem 2. By Theorem 3 in [7], Ef is interpolative between }, (f') and l«(f™)

_— —_—
(respectively, Ep between [, (k™!) and Is(k™!)). Furthermore, by Theorem 1 and Lemma 4, Fy i, E;
is the least among i.f. F satisfying the condition

F (hi(g (h- o) b (g;'—,))) SE.
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A similar statement is true for 1",lw By, E- So for the proof of the theorem it suffices to show
the validity of the inclusion

-1y .
Fa, n. 5, (h (8 (fr-fo" ) (%)—))D E, (13)
i1-/g

and then use the extremality of the i.f. Fj, n. £, and equal status of fi and hij.

Since Y, .h;1>0, we have

k() g ko))
lim 5 o =lim 355 =0

so for each k= Z there exists

. 22H hy (2"*)}
Ji=min {]' e S ho@¥) |

Next, it follows from the definition of jx and quasiconcavity of the functions #4,.hs' and g
that '

Te(E) < (e <o () oo
and
h»(zjh (h1<2fk) ) <) g( 1CS) )<2. ho ') (h1<2’:')'). (15)
B (2R ho (22X H 25 5 (2*) () hy (2°%)
Let N; = card {k: j, = j}. We will prove that N = ?gg N;<< . To this end, we fix j and
denote

hy (2%)
A= —1__)
g( "o (@)

Then, if k is such that jp = j, then, by virtue of (14),

kY h@h
2 A<g( 10 (2 )<A

So, by lLemma 5, in its notation,
o 1 _
N,gN(-z—A, A)\ C,

where C > 0 does not depend on A and, therefore, on j& Z. Thus, N < o,

Now, we define for each g = (¢;) = E a sequence a’ ='(a;),f';_,,:
[max|a,,|, jiev,
7]

’ =
a; = _
0, jiev,
where V is the set of all je= Z, for which jx = j for some k& Z. Since E is a symmetric
space, a' = (g;) = E and |o' g <|ale. We define a linear operator T:

Z. o
T(Zj)—_—_ (ak* fk ) .
% Jk=—

I

Then T (a;) = (@), and T is continuous from I, (g (ky-kpY)) to L (g (fi-fo")). Indeed, by (14),
3 lckzjkl / (2" L) lakz~ l I 25);
T — i 1(2 ) - ik ( 1 {27%) )=
I 72 feacrsin Zku_m 5, 4 ( NG ) &Ek__m o B\t

2] Ry (2
T ey 2 Zj jla"'g(h:((zj; )QNMZHW(MA.»-
i oK
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In exactly the same way but using the relationship (15) one proves that

R e ) ST ey

1
Since the i.f. Fp p, g, 1s the orbit of E relative to the pair (ll(g(hl-hgl)), ll(—%)—)) (see
"o
Theorem ! and Lemma 4), the relationship (13) and with it, as has already been noted, also
Theorem 2 are proved.

COROLLARY 1, Suppose that E is a symmetric BIS, fo, f1, and g are quasiconcave func-
tions on (0, «), f,-f;' is increasing, Y, >0 0 <y, <6 <1. Then for each Banach pair
1 0 .

(Xo, X1)

F/ o BGSh (Xo, X1) = (Xo, X1)Fig-y = (Xo, Xl)E(g-x)
w i Elfg))

COROLLARY 2. In the hypotheses of Corollary 1, for all 1 <{ ¢, ¢ << o

(b, ("), Lo, (A Ve = (o (fa™)y ba, () = E () (16)
Theorems 1 and 2 immediately imply
THEOREM 3. Suppose that fo, fi, and g are quasiconcave functions on (0, =), fo e

is increasing, Vs -x> 0, 0<% <86, <1;E 1is a symmetric BIS of sequences. Then the set
————
{l1 (), l=(f)} is sufficient for the i.f. (-, )Egy="(. )E(g"‘)

3. Case of Symmetric Functional Spaces

— —
We denote by A(f) the Banach pair of Lorentz spaces (A (fy), A (f)), and by M (/) the pair
of Marcinkiewicz spaces (M (f,), M (f1)).

THEOREM 4. Suppose that fo, fi, and g are concave functions on (0, o), f;-f;' is increas-
ing, y, >0, 0<y, <6, <1 (1=0,1),0<y,<8<1,E isa symmetric BIS of sequences. Then
—_— .z—o) ) . x
A, M(f)) 1s a sufficient set of the i.f. (-, - )E@H-

In order to prove the theorem we will need

Proposition 2. Suppose that BIS of sequences E; and E; are interpolative between lo
and I, (1/t) and for each (q,) = E, | E,

lim a,=0.

Kk —+—00

Then the equality (L,, Lm)ﬁ: = (L,,Lo.,)‘grl implies Ey = E;.

Proof, Since the conditions are symmetric relative to Ej; and Ei, it suffices to show
that E,C E,.

1f (a;) = E,, then the sequence (ak), where
ay == sup [min (1, 2k-3) . |a;]|]
ez

also belongs to Eq (see [10] or [11]), so lim a;—=0. We denote

Kk —+—o0

a(t) =Dy BKUk gy ()-
Since for all 0<t, <<tz << oo
at)<am) “Hgol)

we deduce that, by [2] (p. 69), a(t) is equivalent to its least concave majorant a(t), and
lim a(t)= hm ay =0. Therefore, Z(t) is absolutely continuous on [0, =) and, thus, by [2,

a(t)= S: a' (s)ds=x (¢, a’; Ly, Lo).
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Thus, (X (2%, &;L, Ln))~(a},), whence @ &= (L, L,,,)Z{:(L,,Lm)z.f and (a;,)E E,. Since }a; | < ok, we
conclude that (a;) = £,. The proposition is proved.

Proof of Theorem 4. Thus, suppose that an i.f. F satisfies
FAED) =Ry F MG =M P)Ee.

By [7, Theorem 3], the spaces I, (i) and l. (fi’) are interpolative between the pairs (I,, I, (1/t)
and (L., i {1/8)). Furthermore (see [8)),

A(f)=(Ly, L)

= (L1, L) -
Wity M) =(Ly )15.,011)
So, by reiteration arguments (see [12, Corollary 3] or [10, Corollary 14.1]) and by Corol-
lary 2, we obtain:

X
(ng LG)F(W")) (Lh Lm)?(l <U~N) —( 14 m}E(f )

—_—
A direct verification shows that the spaces F (I, (f V), F (lm () and E (f') satisfy the hy-
potheses of Proposition 2 and, thus, F(, () =F (. ()) = F (f?). Therefore, by Theorem 3,
F=(,") AEU'” Theorem 4 is proved.

In conclusion, the author expresses his deep gratitude to E. M. Semenov and V. I.
Ovchinnikov for valuable discussions.
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