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where u / ~ X  o ~ X 1. 

in (I). 

I. Introduction 

We recall some definitions from interpolatlon theory of linear operators (for details 
see [i] or [2]). 

A Banach space X is said to he intermediate for a Banach pair X = (X0, XI) , if Xo ~ X,C 
X C Xoq-XI (henceforth, the embeddings are continuous); here, the collection (X0, X,, X) 
is called a triple. We say that a triple (Xo, X,, X) is interpolative relative to a triple 
(Yo, Y,, Y),if for each linear operator T: Xi-+Yi (i = 0, 1) T (X) cY. If X ffi Y, X is said to 
be an interpolative space between the pairs (X0, X,) and (Y0, Yt) (if, moreover, Xl = Yi (i = 0, 
i), then X is an interpolative space between the spaces X0 and XI). In particular, for each 
interpolative functor (i.f.) (see [I] or [2]) F and arbitrary Banach pairs ~ = (X 0, Xl) and 
F = (Yo, YI) the triple (X0, XI, F (~)) If, in addition, for each linear operator (Y0, Y,, F (~) 

H T ~F(~--F~) ~< max (I] r [[xi~yt ), 
i = O ,  1 ' ' 

then F is said to be an exact i.f. 

For a Banach pair (X0, XI) and 0<s, t<oo , we define Peetre's ~"- and ~-,functionals [3]: 

Y~" (s, t. z; Xo, X,)  = inf is ~ Xo fix. + t ]1 zl ~,} (z E Xo + X,); 

x i~X i 

@, t, z; Xo, X,)  ----- max {s. [[ x [Ix., t. ~ z Hx,} (x E Xo ~ X 1) 

If s = i, these functionals are denoted by ,~ (t, x; X0, XI) and ~ (t, z; Xo, XI). 

Let E be a Banach ideal space (BIS) (e.g., see [4]) of two-sided number sequences 
a = (a/)j~__~. We denote by (X0, X,)~ the set of all x~Xo~-XI, for which the norm []z H = 
[[(~(2, z; X0, XI))jH~; is finite; by (Xo, X,)~ the set of all x~Xoq-Xl, admitting a representa- 
tion 

z=~=_~ u~ (conve~encein Xo + X,), (I) 

The norm in (X0, XI) ~ is defined as inf9( ~ (2 j, ufi Xo, X,))/IIE over all (uj) 

For a BIS of sequences G and a function f, we denote by G(f) the space with the norm 
H (ak) fIG(t) = [[ (ak" ] [ (2~)[) Ha. If I= (max (l,I/t)) C E C It (rain (I, I/t)), then the map (X0, X,) ~ (X0, XI)~ 
(respectively, (Xo, X,)~-~(Xo,Xx)~) determines an exact i.f.; thoir collection is called the 
~method (respectively, the ~ -method) of interpolation. An important special case (e.g., 
see [i]) involves the spaces: 

~ (0 0<I, 1<p<~). (X0, X,)0, p = (X0, X09<,-0 ~ = (X0, Xl)~,~,-0~ < 

Suppose now that a Banach space A is intermediate for a B~nach pair A-= (A0, A,). We 

define exact i.f. O~ (the orbit of A relative to A) and ~ (the coorbit of A relative to 

A) as follows (see [5]): 

*=O, 1 
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.. "T,: i , , i . . .v i . ' la , . l lA:  ~ . = ~ : , T ~ a ~ . } "  iP~(Xo, X,) i s  the set of all xC--:Xo-,-X, with the norm inf{~1~_,max ~: . , 
~=0, 1 

such that for each linear operator T: Xi-~Ai (i~-0, |) Tx~ A with the norm sup{j]Tx[J.4: 

m a x  II r i!x i . .~ ...~. 
i = 0 ,  I 

We introduce a partial order on the set of i.f.: F ~  G, if for each Banach pair 

(X o, X,) F(Xo, XI) C G(Xo, X:L If f~ G and G <~ F we write: F = G. Under this order 

O~ is the least i.f. with the property F(A0, Al)~A, and .'P~ the greatest i.f. with the 
property F (A0, A,)C A [5]. 

For a positive function f on (0, ~), we define the stretching function ~gl: 

. l t t ( t ) = s u p ( l ( s t ) l / ( s  ) ) (O<t  < ~ ) .  
s>O~l 

Since .r t is semimultiplicative, there exist numbers 

ln.g1(t) In ,/41 (t) 
YI = lira "--lifT- H t~] ---- lira 

the lower and upper stretching exponents of the function f, respectively ([2], p. 75). If 
f is a quaslconcave function on (0, ~) (i.e., f(t) is increasing and t-I/(t) is decreasing), 
then 0 ~?I ~61 ~ I. 

We introduce a fundamental definltlon. A set of Banach pairs ~ is said to be suffl- 
clent for an i.f. F if the condition that an l.f. G coincides with F on ~ implies that G = F. 

Henceforth, we use the following notation. If f0~ fl and h are positive functions on 
(0, ~), then h -i = I/h, h (t) = t/h (t), /h =/o "h (/,'F01), Ip (f-i) is the Banach palr (G {~i), Ip ~f[1)) 
(J ~.~ p < oo). Suppose that f0 and fl are quaslconcave, Vq./~1 ~ 0 and 0 < Vh ~ 8~ < |. Then 

q~ 

the results of [6] immediately imply that the set consisting only of two pairs, I l (F l) and 
X 

l~ (~-I), is sufficient for the i.f. (., ")tp(~-q (i ~ P ~ oo). In Sec. 2 a similar result will be 

obtained for more general i.f. of the ~-method in whose parameter Zp is replaced by an arbl- 
trary symmetric space of sequences. At the same time, we will prove a new interpolative 
relation (see (16)), special cases of which have been known (see [i, p. 157] and [6]). 

There also exist other two-element sets of pairs sufficient for l.f. of the real inter- 
polatlon method. In Sec. 3, the case of symmetric functional spaces is studied (see [2, 
Chap. 2]). In that situation, the l I- and l~-spaces with "weights" are replaced by the spaces 
of Lorentz and Marcinkiewlcz. Let f be a positive concave function on (0, | f(0) = 0. 
The Lorentz space h(f) is the Banach space with the norm 

x ll^(l, = I :  x" ( t ) d / ( 0 ,  

where x*(t) is the decreasing permutation of Ix(t)]. In the Marclnklewlcz space M(f) the 

norm is defined as follows: 

~ x [IMO')= sup ( I '  z "  (s) ds/ / (0 ) �9 
|>@ 

As usual, we call functions f and g equlvalent (denoted by f ~ g) if for some C > 0 and 
all 0 < t < 

C-* I f ( t ) I ~  I g ( t ) I ~ C  I t ( t ) I .  

The equlvalence of sequences is defined in a similar way. Finally, {e~}~=-~ denotes, hence- 
forth, the standard basis in spaces of two-slded sequences. 

2. Spaces of Sequences 

THEOREM I. Let f0 and fl be quasiconcave functions on (0, ~) such that the relation 

t,'~ l is increasing. If E is a BIS interpolative between Ii(F l) and I~ (Fl), then the only l.f. 
(up to equality defined in Sec. I) satlsfyln~ the relation 

F (l, ( I-~) = ~ (l~ (F~)) = E. (2)  

is the exact l.f. FI..I,.E: 
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Ft., ,, E (X0, X0 = O~ u-4 (X0, X 0 j = ( l - , i . .  
= {~ ~ Xo + x~: II (or (Io (2~), fl (2e), x; Xo, X , ~  I1~ < ~} = 

= {x = ~ = _ ~  u~: II (~ (f0 (2~), h (2~). ~ ;  Xo, x,))~ llk < oo}. 
Proof. First of all, note that, by the assumption on the existence of a space inter- 

polatlve between l,(~*) and l= (~*) and by Theorem 2 in [7] ~ -,>0, and, thus, the relation 
' ' /"/0 

~ ' ~  is increasing from 0 to ~. 

�9 ~ _l~(f-') 
We denote the functors ~'-') and ~E by G and H, respectively. Since the space E is 

interpolative between l~ (~*) and l~ (~*) and between l,(~*) and l,(~*), we have (see [2, p. 56]) 

C (l, (/-i)) __ H (i~ (FI)) ---- E. (3) 

Our main goal  i s  p r o v i n g  the e q u a l i t y  G = H; to  t h i s  end, we w i l l  need s e v e r a l  a u x i l i a u  
statements. 

For each t > 0 we denote by tR the space of real numbers with the norm llal~s = t.]a I. 
If F is an exact i.f., then its characteristic function is defined by the isometric equallty: 

F (n,  1/t R) ---- ( t lg (t)) R. (4)  

LEMMA 1. Suppose  t h a t  F i s  an  e x a c t  i . f .  w i t h  t h e  c h a r a c t e r i s t i c  f u n c t i o n  R a n d ,  f o r  
some I < Po, P* < oo, F (It, (~'), l~, ~*~) = E. Then the sequences (ll r ll~) and (~' (2 ~)j are equiv- 
alent. 

~roof. For each k~Z we define operators T~ (aj) = a~ and S~a = a.e~(a~R'. Since 

and (see (4)) 

II Ta 11,,(,7,)_(t7%%~ = 1 

F ((1~' (2b) R, (fi' (2D) R) = (~'  (2~)). s, 
we deduce, by the exactness of the i.f., that 

where  C1 > 0 d o e s  n o t  d e p e n d  on k ~ Z .  

Similarly, by virtue of the fact that 

and by relationship (5), we obtain: 

(5) 

(6)  

V S~ ]1(,~,(?))._ E < c,, (7) 

where C2 > 0 a l so  does no t  depend on k ~_ Z. The s ta tement  o f  the lemma f o l l o w s  f rom (6) and 
(7). 

We recall some notation from [7]. Suppose the shift operator P~. {aj)= (a~+a)j~__~ is con- 
tinuous in the BIS E for all k ~ Z �9 Then there exist numbers 

In II P k ~E--E P E =  l i m  VE ~ l im InIIP~iE~E 
k-- , - -~  k ' k - * ~  k 

In the next three statements f0, fl and E are like those in Theorem i. 

LEMMA 2. If (If e~ IIm~ -~ (g-1 (2;.))~, then ?g~o* > 0 and 6g?, < | (g is a positive function on 

It suffices to show that for some C > 0 and all k~ Z 

..,,g,? (2 -~) < c .  II P-~ IIE(1o)~E(!.) (8) 

'#gT, (2~) ~ C II P~ !IEO~I)~EO;~ ) �9 (9) 

(0, ~)). 

Proof. 

and 
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Indeed, then, by the fact that E is interpolative and by Theorem I in [7], yg,~, /> ~ E ( / , ) > 0  

and 6g& .~ VE~7~ ) < t. 

For  each  k = 0,  1, . we f i n d  Jk  f o r  w h i c h  

g (2-~+J~)./o (2~) > +*'~'g,o I (2-~). 
1o(2-~'&)'r (2~5 " 

Then, by hypotheses, 

whence 

�9 t 10 (2 -~+~) , t Io(2 ok) >~ 2Cx "~g~o*(2-~)~"gg~o*(2-~)~e-~+i~(m' II P-:-~+& lieu.)----Jl % hEu.~ ~> C~ ~ (2~,~) . g (2-k+~) 

J/gto ~ (2-~). < 2.6~,. sup 
m~Z 

OP-~',IE(,.> < 2.~. U P-~ U~,.~-~Ua' 
era IE(&) 

and, therefore, (8) is proved. The proof of (9) is similar. 

The following two statements are given without proofs. In the case when E is Zp with 
"weight," the former has been proved in [6] (see Theorem 13); the extension to the general 
case presents no difficulties. The proof of the latter statement generalizing the funda- 
mental lemma of interpolation theory Is essentially identical to the proof of that lemma 
itself (e.g., see [I, p. 62]). 

Proposition I. For each Banach pair X = (Xo, Xx) hold the equalities 

and 

LEMMA 3. 

II = il.(~) = II (.~" Uo (2~), h (2~), x; Xo, X,))~ I[~. 
Suppose that for some x ~ X o -~- Xx 

lira [rain (/?* (2~))- ~g' (/o (2~), l* (2~), x; Xo, XO] = O. 
k-*i-r i----O, 1 

(1o) 

Then for each e > 0 there exists a representation z=~,~=_ u k such that for k~Z 

(f0 (25, I, (2~), "~; x0, x,) < (y + 8) x(1o (2~), h (2~). z; x0, x,), 
where y ~ 3 is a universal constant. 

We continue the proof of Theorem i. We wlll first show that each Banach palr (X0, Xl) 
and each z~H (X0, Xl) satisfy (I0). 

Let gH be the characteristic function of the l.f.H. Then, by (3), [8, p. 48], and 
also [9, p. 23], 

so, by Proposition I, for each z ~ H (Xe, X,) there exists C > 0 such that 

X (/o (2~), h (2~), x; X0, X,) < C./,, (2~). (11) 

On the other hand, (3) and Lemma I imply the equivalence of the sequences (R e~ ~) and (/~ (2~)), 
whence, by Lemma 2 and Lemma 3 in [7], 0< ?g, ~ 6g, < I. Thus, in particular, 

l im [min (t,  t / t)  g .  (t)] ----- 0.  ( 1 2 )  
t--~ 

t-~ao 

From ( 1 1 ) ,  ( 1 2 ) ,  and t h e  f a c t  t h a t  t h e  r e l a t i o n  / , . fo  1 t s  i n c r e a s i n g  f rom 0 to  | f o l l o w s  t h e  
v a l i d i t y  o f  (10) f o r  x E  H ( X  0,X1). 

Everything is now ready for the proof of the equality G = H. Suppose a linear operator 
) ) 

T: l, (~') -~ l~ (~') (i = 0, I) and a ~ E �9 Since E is interpolative between l, (~*) and I. (~'), 
) 

Ta~_.E, and, thus, ll(l,(/-*))~E. Since G is the least i.f. possessing thls !)roperty, we 
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o b t a i n :  G < H. C o n v e r s e l y ,  l e t  x ~ H (X0, XI~. Then (10) h o l d s  and,  by Lemma 3, f o r  each  

e > 0 t h e r e  e x i s t s  a r e p r e s e n t a t i o n  x = ~ , : = _ =  uh. such  t h a t  f o r  k ~  Z 

(/0 (2k),/1 (2~), u,; Xo, X 0 < (? + e) X (/0 (2'), h (2'), x; Xo, X0. 

T h e r e f o r e ,  by P r o p o s i t i o n  1, x ~ G (X0, XI) and I[ x [[G(X,, X0 ~ (Y Jr e) [[ X ][UCX,. X,). 

Thus,  G = H. We d e n o t e  t h e  t . f .  G by Ft. ,q .E.  By d e f i n i t i o n ,  F/,,h.g p o s s e s s e s  t he  r e -  

q u i r e d  p r o p e r t i e s .  We w i l l  p r o v e  i t s  u n i q u e n e s s .  Suppose t h a t  f o r  some i . f .  F,  F, (l I (/-x)) = 

Fl( l |  = E .  Then,  s i n c e  G and H a r e  e x t r e m a l ,  G ~ F  l and F I S H ,  whence F I = F I , , I , E .  
Theorem 1 i s  p r o v e d .  

The f u n c t o r  F/,,h,E c o n s t r u c t e d  i n  Theorem 1 d ep en d s ,  i n  g e n e r a l ,  on t h r e e  p a r a m e t e r s :  
f 0 ,  f l ,  and E. Under c e r t a i n  a s s u m p t i o n s  on E, t h i s  dependence  i s  s u b s t a n t i a l l y  s i m p l i f i e d .  
Recall that a BIS of sequences E is said to be symmetric if for each injectlve map n: Z-~Z, 
a = (aj~-~_-~ ~ g and 

1[ an [!E = ] a lie (an = (a.n(n)j~=-**). 
THEOREM 2. Suppose t h a t  E i s  a symmet r i c  space  o f  s e q u e n c e s ,  /0, ]1, h,, ha, g a r e  q u a s i -  

concave functions on (0, ~), the functions /i.~ I and hl.h~ I are increasing, ?h.1o-, ~ 0, ?h,.n0-, ~ 0 

and 0 < ?g ~ 6g < ~. Then FI," h, E t "~ Fn,, h,, E h, where  E l ---- E (if1) and Eh = E (h~l). 

Two lemmas are necessary for the proof, the first of which is proved in a standard 
manner. 

LEMMA 4. Let (g0, E,, E) be a triple of BIS of sequences, v a positive function on (0, 

~) Then O E = ,~E(~) �9 ~'z(~), where ~ = (Eo, El) , E (u) = (E 0 (~), El (u)). 

LEMHA 5. Suppose that functions [o, ],, g and w =/,'if0* satisfy the hypotheses of Theorem 
2. For A > 0, B > 0, we define a set V(A,B)~ Z by 

v CA, B) = {~: A < g (~ (2~)) < B). 

Then for each C~ ~ 0 there exists C~ ~ 0 such that B.A-* ~ C, implies card F (A, B) ~< C,. 

Proof. Since ~>0 and ?g>0, TO limw( t)~--lim i�9 =limg(t)=lim ! t-.0+ ,-.~ ~ (t) ,_~+ ,--~ - ~  =~ O. Therefore, 

for any A > 0 and B > 0 there exist n = 0, 12, . . and m = 0, I, . ., sBch that 

g (w (2~)) < A < g (w (2 "+')), 

g (w (2,,+,--,)) < n < g (w (2---)). 

Clearly, e a r d V ( A ,  B)~<m q- l ,  and if BA-*~< CI, then 

g (w (2n+ra)) B 
g (~ (2~) < 4-7-  < 4C~. 

By t h e  h y p o t h e s e s  o f  t h e  lemma, f o r  some r > 0 and k~_ Z 

So 

~' (w (2x')) ~ g (og w (lh) w (2~+1)) 
g (w (2 t )) g (w (2~§ 

whence 

2=8 < g (w (2"+~)) < 4.  G,  
g (w (2")) 

card V (A, B) ~< m + 1 ~ e-l . log2 (4CI) -k t --=- C~. 

P r o o f  o f  Theorem 2. By Theorem 3 i n  [ 7 ] ,  Ef i s  i n t e r p o l a t i v e  be tween  l~ ( ] - )  and l=(] -!) 

( r e s p e c t i v e l y ,  Eh be tween  ll (h -~) and l'~(h-~)). F u r t h e r m o r e ,  by Theorem 1 and Lernma 4, FI.,t,.E! 
i s  t h e  l e a s t  among i . f .  F s a t i s f y i n g  the  c o n d i t i o n  

F(l l"(g( f l . fo l ) ) , l l (  g (/I "]--01) 
/vl~ 1 ) ) ~  E. 
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A similar statement is true for F~,~,,E~. So for the proof of the theorem it suffices to show 
the validity of the inclusion 

Fn..~,. ~a(l, (g (/t.~*)), l,(g(h'l~ /x.~* ))~E, (13) 

and then use the extremality of the i.f. F&, ~,,~! and equal status of fi and hi. 

Since ?n,.~,>O, we have 

lira ~ =  lira ~ = 0 ,  
t-.o+ o() ,_~ ~() 

so for each k ~ Z  there exists 

�9 f.. h (2 t) " ~ 
],, = m , .  ll. 10-j - < - ho (2 ~) 

Next, it follows from the definition of Jk and quasiconcavity of the functions hz.~ x and g 
that 

and 

Let N 1 = card {k: ]k = J } .  

denote 

We will prove that N= supN I< oo. 
.~ez 

A - = g ~ } .  

To this end, we fix j and 

Then, if k is such that Jk = J, then, by virtue of (14), 

�9 h (2 ~) '~ t--- A ~<g ( ~ J  

So, by Lemma 5, in its notation, 

t c, 

where C > 0 does not depend on A and, therefore, on ]E Z. Thus, N < ~. 

Now, we define for each a = (a~)~ E a sequence a'-----{a~)~: 

{ maxi~t~ [ , ]EV, 
~t~ ~ Jk=J 

O, j~V, 
where  V i s  the  s e t  of  a l l  j ~ Z ,  fo r  which  Jk = J f o r  some k ~ Z .  Since  E i s  a symmetr ic  
space ,  a' = (a})~.-E and Ila 'n~<llallB. We d e f i n e  a l i n e a r  o p e r a t o r  T: 

T (zj)----- (a~- ~J~'~'"/k=-| 1~ " 

Then T (~-) = (a~), and T i s  c o n t i n u o u s  from l, (g (/h.h~*)) to  l, (g ([1-F0x)). I ndeed ,  by (16) ,  

151 7 .  h, (2 ~) 
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In exactly the same way but using the relationship (15) one proves that 

II Tzil,, ,r~=r ,Tn" ~' < z'/vllzll', ( ~ '  (~))" 

Since the i.f. Fh,,h,,Eh i s  the orbit of E relative to  the pair (l,(g(h,.t~l)),la(, g (ka'h~ ( see  

Theorem 1 and Lemma 4), the relationship (13) and with it, as has already been noted, also 
Theorem 2 are proved. 

COROLLARY I, Suppose that E is a symmetric BIS, f0, fl, and g are quasiconcave func- 
tions on (0, ~), /i.]~0 i is increasing, ~t,.to * ~ 0, 0 < ~g ~ 8e < I. Then for each Banach pair 

(X0, Xl) 

f (Xo, X O = ( X o ,  at " ~ X OE<g-,) = ( Xo, X,)~,,. h, h, e(/g 1) 

COROLLARY 2. In the hypotheses of Corollary I, for all | ~< q0, qx ~< ~ 

q, ( ~  ) )E(r , )  -~- (lq. (~ ), lq, (~'))a~(r.,) E (if'). (16 ) 
Theorems 1 and 2 immediately imply 

THEOREM $. Suppose that f0, fl, and g are quasiconcave functions on (0, ~), f,.~1 
is increasing, ? -, > 0, 0< ?h-,< 6~< I; E is a sy~aetric BIS of sequences. Then the set 

- h ' l  0 
�9 )B~,~ = ( . ,  {I, (p*), ..../**(f-a)} is sufficient for the i.f. (', at .~_,).~ 

3. Case of Symmetric Functional Spaces 

We denote by A {~ the Banach pair of Lorentz spaces (A (]0), A (]D), and by M-~) the pair 
of Marcinkiewicz spaces (M (f,), M (fD). 

THEOREM 4. Suppose that f0, fl, and g are concave functions on {0, co), [i.~ I is increas- 

t n g ; ] , h . t g , ? 0 ,  0 < y t i • f q < |  (i = 0, t ) , 0 < ? , . ~ < 6 e <  t , E  i s  a symmet r i c  BIS o f  s e q u e n c e s .  Then 

(A (j), M Or)) is a sufficient set of the i.f. (., ")~-9- 

In order to prove the theorem we will need 

Proposition 2. Suppose_ that BIS of sequences E0 and El are interpolative between Zm 
and l** (t/t) and for each (a~)~ E0 U E, 

lira a~-----0. 
/ r  

Then the equality (L,, ~)~.----(L~, L~)E, implies E0 = El. 

Proo[, Since the conditions are symmetric relative to E0 and El, it suffices to show 
that E0 C E,. 

If (el)~ Eo, then the sequence (~Zk) , where 

a~ = sup [rain (t, 2u- 0 �9 l aj l] 
~_z 

a l s o  b e l o n g s  t o  E0 ( s ee  [10] or  [ 1 1 ] ) ,  so lira a~.=0.  We d e n o t e  

Since for all 0<t1<G<oo 

a (tO < a (t~) . (t.____ L < ,, (t,) 
t8 t l  ' 

we deduce  t h a t ,  by [2] (p.  69 ) ,  a ( t )  i s  e q u i v a l e n t  t o  i t s  l e a s t  concave  majorala t  a ( t ) ,  
lira a(t)---- lira a~ = 0 .  
t-*O+ k--~-** 
p. 108] ,  

and 
Therefore, ~(t) is absolutely continuous on [0, =) and, thus, by [2, 

a (t) = I'o a' (s) = x (t, a'; L,, L . ) .  
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L ~ Thus,  I,~[Z~,a';Li, L~))'----(u~), whence a'(!j (L , ,L . )~ (L , ,  ~)~ and (a~)~--=E,. S i n c e  l ak i-.< a~, we 
conclude that (a~)~ E, The proposition is proved. 

Proof of Theorem 4. Thus, suppose that an i.f. F satisfies 

F (A (0) = (A (f))~{~-,), F ( ~ ) )  = ( ~ ) ~  

By [7, Theorem 3], the spaces I l (J~') and l~ (J~) are interpolative between the pairs (l~, I l (I/t)) 
and (l~. l~ (|It~. Furthermore (see [8~), 

A (I~) ---- (L,, L=)l,(17, ) , M (f0 -~-- (L,, L~)l| 

So, by r e i t e r a t i o n  a r g u m e n t s  ( s e e  [12,  C o r o l l a r y  3] o r  [10,  C o r o l l a r y  1 4 . 1 ] )  and  by C o r o l -  
l a r y  2, ~e obtain: 

(Lt, L.)r(~_~) = (/a, L ~ ) p < ~ 9  ) ----- (L,, ~)E(,~t . 

A direct verification shows that the spaces F (l x (~)), F (l= (~')) and E (~i) satisfy the hy- 

(IA)) potheses of Proposition 2 and, thus, F (l, = F  (l~ (El)) = E (~i). Therefore, by Theorem 3, 

F = ( ' ,  ")~<,;n. Theorem 4 i s  p r o v e d .  

In conclusion, the author expresses his deep gratitude to E. M. Semenov and V. l. 
Ovchinnikov for valuable discussions. 
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