An n-tuple (w1, . . ., Ww,) gives rise to the group F if and only if (w, ..., w,) and

(#y, ..., z,) are equivalent with respect to the transformations 1)-4%). Indeed, if the n-
tuple (w1, . . ., Wn) gives rise to the group F, then the following chain of transformations
is valid:
(Wyy ooy W) ~ Wy, oo, w4, 0 )~
N(wh"‘7wn1x11"'1x1)~($15'-'1$n-, wlv"‘:wn) N(xh oeey Ty 15 < ey '1)/\/(11, LR xn)'

Let us observe that transformations of the form 4) are used only in the beginning, and those
of the form 41) are used only at the end, of the chain of transformations.
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DESCRIPTION OF THE INTERPOLATION SPACES BETWEEN (Ii(°), /i(e!))
AND ([of0’), l(@'))

S. V. Astashkin

Let E be the Banach ideal space of the two-sided sequences of real numbers a = (@;)fe—oo;
and 0%= (O})reow and o©! = (0})j—-~ be two sequences of nonnegative numbers. It has been shown
in [1] that E is an interpolation space between (i; (0%, I; (0%)) and (I, (0%, l. (0Y)) 1if and only
if the operator Q such that (@a = (Qa);, where

Q=Y aj.min{__g} (a==(a;) EE) (1)
jm—co T i=0,1 | Wy
is continuous in this space.
In this note, we obtain a criterion for the continuity of Q in the case mizz( f225~>m
v fp== 00

where f4 in a nonmegative concave function on (0, o0} (i = 0,1). By the same tcken, the interpola-
tion spaces between the corresponding couples are effectively described.

1°. Definditions and Notation. Let (Ag, By) and (A;, By) be two Banach couples [2]. A
Banach space E such that

A, NB,CECA;+B;, (=01,
is called an interpolation space between (Ap, By) and (A;, B;) if each linear operator that

is continuous from Ay into A; and from By into By is continuous in E.

For each nonnegative function f on (0, «), its magnification function Mf is defined by

the equation
F (s
M) = sup B0 o),

[

\

/

The function My is semimultiplicative, and, therefore, the numbers

In M, (1)
Int

(@)
8, — Jim ———2 7
and  §;==lim T

t—

vy==lim
t—0-}-
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exist [3, p. 75] and are called the lower and the upper magnification indices of f. If f is
a concave function, then O <y, (6 <1 [3, p. 76].

Let S (Z) be the linear space of dll two-sided numerical sequences, ¥ (S (Z) be a Banach
ideal space [4, Chap. 4]. Let us assume that the shift operator P, (a;) = (4;4;)7%-» 15 contin-

uous in E for arbitrary k = 0, *1, . . .. Since the function h(Z/’):HP;;]]E_,E is semimulti-
plicative on the set {2%, k=0, =+1, ...}, the numbers
In) P, g In|P, . ..
Mg == lim ” }}:IE 2 and vg _—_111’1’1-—-n~”-—h—£1£‘i
koo k—o0 k
exist [3, p. 75] and —oo < ug < vg < oo.
If ug=wvgz =0 (in other words, sup | Prly_g<(cc), then the space E will be said to be

k=0, £1, .
strongly shift-invariant.

Let E be a Banach ideal space of sequences and f be a nonnegative function on (0, «).
Then E(f) is the space with the norm

1@ ey =1 (a;-F (27) &

Everywhere in the sequel, we will assume that fy, f1, and h are nonnegative concave
functions on (0, =) and fl.fo‘l increases from 0 to «.

In conclusion, we introduce the following notation:

Wi=—, BO=g h=fh(r) vr=bse
Vo= v ggen (=0, 1), T (7T = (s (") L (F))-

2°. Formulation of Results. THEOREM 1. The following statements are equivalent:

1) The Banach ideal space E is an interpolation space between [, (f) and [, (f);
2) up >0, vp< 1.
THEOREM 2. There exists an interpolation space between [, (1) and I, (/%) if and only
if vy >0
ftiqg
THEOREM 3. Let G be a strongly shift-invariant Banach ideal space and v, f_1> 0. Then
_— s ARk
G (f7) 1s an interpolation space between [, (f7!) and I. (/) if and only if 0 <y, << &, < L
THEOREM 4. Ify, =, ({ = 0, 1), then the Banach ideal space E is an interpolation space
SRt [ . v
between § (f1) and [, () if and only if v << pe << ve <V
3°., Proofs. We formulate and prove a series of lemmas.
We establish the validity of the first of them by standard arguments.

LEMMA 1. Let Ey, E,, Fy, F; and G be Banach ideal spaces of sequences and f be a nonnega-
tive function on (0, «). Then G is an interpolation space between (Z,, E;) and (F, F;) if
and only if G(f) is an interpolation space between (¥, (f), E, (f)) and (F, (/). Fi ().

We call a sequence (g;). . quasiconcave if a; > Oand a; < aj, << 2-q; j =0, £1, .. .).

LEMMA 2. Let E be a Banach ideal space that is an interpolation space between (I,
lo @) and (le, I (7)), and T: £ — S(Z) be a monotonic linear operator (i.e., if a =
(a;), a; = 0, then Ta = (Ta),, (T'a), > 0). Suppose that there exists a C > 0 such that

[ Tale<<Clale

for each quasiconcave a = (a;) = K .

Then there exists a C;(E) >0 such that

[Talg<<Ci(E)-C-la]e
for eachg=F .
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Proof. For each a = (aj) &= E , the sequence 4 = (4;), where

dy= sup [min(1,2%7)-]a;{],
-0 Lj<Lco
is quasiconcave and a3 | <Cd; (k =0, =+=1,...). Since E is an interpolation space between

(looy I (t71)) and (lm,lm(t'l)) there exists a C ( ) >0, such that [[d|p << C,(E)-llallg[5, p. 36].
Thus, by virtue of the monotonicity of T,
1 Tale<|Té|e<C|d]z<<C(E)-C-lla]s.

LEMMA 3. If Y; f_1>0, then the following conditions are equivalent:
l'.o
a) 0y <8<y
b) th-f51> ’ fh-?.<1‘

Proof. b) - a). Since ]‘yf&1 increases from 0 to « and ¢*.f, ({) decreases [3, p. 67],
for 0<<s <1 we have

I (t)> fu(st)
My — sup L@ M) _
n6) 03?<poo (;1 8) <oiltl£m h(;&é?) Mf,L.fgl(S)-
0 fo (¢

Since y _1>0 it follows that vy > 0.

U81ng the relations
R(f o) =hof' (2)
and [3, p. 144]
(3

—11

6h=1_vﬁ’ Gf, _:1_Vf1'fh

nfr
in exactly the same manner we get dy < 1.

a) ~ b). Since

<f1 (st) )
M -1 (q)_ sup ___fgﬁ)__
fn-fo 0<t<eo h(;o Eg)

SMp(M | —1(5))

fify

for 0 <<s<{1, it follows from the inequalities vj f_1>0 and yp > O that Y, f_1>0. We also
g nlo
prove the second inequality of b) with the help of (2) and (3).

Proof of Theorem 1. 1) -~ 2). By Lemma 1, E(f;) is an interpolation space between
(L &y (for /1)) and (I, le (fo- /i), and, therefore [1], the operator Q from (1) is continuous in
E(fy) for o = (1)k and o' = (f, 29/, (2");. Since f;-f;' is an increasing function, it follows

that the operator Q;, such that Q1a=(Qla)k:<2j<k aj)k, is continuous in E(f,).

For a quasiconcave sequence aq = (q;) = E (fo), k =1,2,. .., and j = 0, *1, . . ., we have
1 i 1
(P—}ga)]-zaj..k \TZS=]‘~]¢ as<_k-(()1@)j7
whence
@l
| Ppa g < kll lallegy- (4)
Since E(f;) is an interpolation space between (Lo, le (forfi) and (le, Lo (fo-fi)) and . i (fo- 11
is an interpolation space between (l.-, lx(t™) and (l., lo(t™)) [1], it follows that E(fp) is
an interpolation space between (l,le(t™)) and (iw, lw (£™1). Thus, by virtue of (4) and Lemma 2,

there exists a constant (, (F, f,) such that

1P legn—rgy SE Q1] Co(E, fo).
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Therefore [3, p. 75], uk > 0.
Considering the space E (f;'), the couples (I, (f;*-f1), I, (tY) » and (s (fo" 1D, 1o (tY), and
also the operator Q; such that Q,a = (Q,a),, where
(Qza)h' = Zj}k 2}"'—]—'0’]"
in exactly the same manner we get

Vv C.(E,
for k =1, 2, . . .. Hence, again with the help of [3, p. 75], we conclude that vh<<1.

2) ~ 1). 1t is sufficient to show that the operator Q from (1) is continuous in E in
the case ® = (1/f; @)x [1]. By virtue of the monotonicity of f;-f;' we have Qa:Zf__m b¥,

where
a‘ oc
ZJP( '7. ) N ,———07_/11 »
Bt — (fo( ) P fo(ZJ)) PN
- a . £
2P ( ]. ) , k=1,2,
(neyp(25))7
Since, by the condition, pf};>0 and v},;<1, it follows that for k = 0, —1, . . . we have
b zlp ( % <2 alg,
1 1e=|P0 (—5) | <2*lale

and for k=1, 2, . . . we have

18" [l = 27" Py (a;-F1 (27)) lpgy <2 llale

where ¢ > 0. Therefore,
1Qale < _ 10 e<Clals.

Theorem 1 is proved.

Proof of Theorem 2. 1If v, f_1>0, then by Lemma 3,
17

~ -
vfh‘-"al >0, 61‘)1"‘ <4 )

where 0 <<y, < 6, << 1.

Let Gbe an arbitrary strongly shift~invariant space. By direct computation, we verify that

0o __ 1 _
Me= th‘fgl’ VE == 6J‘h-f1’ (6)

where E = G (fa'). Consequently, by virtue of (5) and Theorem 1, E is an interpolation space
between [, (f4) and 1. (F7).
We prove the converse., Let E be a Banach ideal space that is an interpolation space
between [, (]"TS and [, (]“—1’), and set ¢; = (..., 0, 1,0, ...) (G =0, =1, ...). Since Pue; = ¢; (j, k = 0,
J

+1,...) and, by Theorem 1, pi >0 and vip << 1, it follows that for k = 0, 1, 2, . . . we have
N @)1 (@)
M _eh2 sup =
fx'fol( ) j'—o,ipl.... ffo(zj”k)'fl(zj)
Pyl =g
—2 sup I "j”E(f‘«)'HE;—k lexry <2k qup WP eion gy sup T ki < .2k
im0, 1. 1eplpgnhe;lpgy RS Y ST By S T Lele(le)

where ¢ > 0. Hence v, f_1>0, Theorem 2 is proved.
170

264



Theorem 3 follows immediately from Lemma 3, the relation (6), and Theorem 1.

Example. Let fy, f1, and h be nonnegative concave functions on (0, =), \G ~1>0,
s ———— l‘.,o

and 1 <{p < oo. It follows from Theorem 3 that Q)UES is an interpolation space between
T (5

LY and ls (f:f) if and only if 0 <y, L & < L.

Theorem 4 follows from Theorem 1 and the following two inequalities, whose validity
can be verified directly:

1

e | Py |2 g9=B 00 <] Pt lmse << M (27 | Pt | BG0-EGDS
M, (2%)

-k

| Py

(k=0,1,...).
My (279)

I Py gr S2M LY PR
E(flx)_%(fll)<” RN A
In conclusion, the author thanks E. M. Semenov for assistance with the note.

LITERATURE CITED

1. V. I. Ovchinnikov, "Interpolation theorems that follow from Grothendieck's inequality,"
Funkts. Anal. Prilozhen., 10, No. 4, 78-85 (1976).

2. J. Bergh and J. Lofstrom, Interpolation Spaces, An Introduction, Springer-Verlag,
Berlin—New York (1976).

3. S. G. Krein, Yu. I. Petunin, and E. M. Semenov, Interpolation of Linear Operators [in
Russian], Nauka, Moscow (1978).

4. L. V. Kantorovich and G. P. Akilov, Functional Analysis [in Russian], Nauka, Moscow
(1977).

5. Yu. A. Brudnyi and N. Ya. Kruglyak, Functors of Real Interpolation [in Russian], De-
posited in the All-Union Institute of Scientific and Technical Information as No.
2620-8T.

IMBEDDING THEOREMS FOR SPACES OF INFINITELY DIFFERENTIABLE FUNCTIONS

G. S. Balashova

When studying boundary-value problems for nonlinear differential equations of infinite
order, we have to consider spaces of infinitely differentiable functions u (z): G- C! having
the finite energy integral

o) =20 an || D"ulf,
where p > L, r>1,a4,>>0,n=20,1,. .., are numbers, and || - |, is the norm in Lebesgue space L, (G)
G C R,
Dubinskii discussed theory of spaces
W= Aay, p, rie = {u(z) = €= (G), p (u) < >}

e.g., in [1-3]. 1In particular, he stated in [3] criteria for the imbedding and compact im-
bedding of the spaces in terms of the asymptotic behavior of the norms of the imbedding oper-
ators of classical Sobolev spaces Wg as m > o,

In the present article we obtain necessary and sufficient conditions feor imbedding and
compact imbedding, connected with the concrete structure of spaces W= {a,, p, r} £for the case
of a rapidly decreasing sequence {4,}, satisfying the condition

G <Car<<1l, n=0,1,... (N

The results obtained below were announced in [4].
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